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Game-theoretic model of tax evasion: analysis of agents’ interaction

and optimization of tax burden

Abstract

The article analyzes a tax evasion problem using game-theoretic tools. The
model develops a well-known Alligham—Sandmo classic model by introducing
parameters of “transparency” of detected violations, of cost of control, of tax evasion
and of conscientious tax payment.

For that model we calculated Nash-equilibrium conditions in pure strategies.
Based on this we investigated the problem of optimization of real tax burden. It is
shown that curve describing the dependence between actual tax burden from declared
one has not / (like the Laffer curve), but 3 local maxima.

Those findings may contribute to better calculation of tax burden in the real

economy.

Keywords: tax evasion, game-theoretic model, Nash-equilibrium, tax burden,
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Introduction

The proposed study involves the development of a game-theoretic model of
interaction between the taxpayer and the tax inspector. In economic theory, one of the
main factors of non-fulfillment of the revenue part of the budget is the problem,
known as the “tax evasion problem”. In this article is examined the existing studies of

the problem of “tax evasion” by game-theoretic modeling of typical of it processes.

The first the tax evasion problem was formulated by Alingham & Sandmo
(1972), who proposed the simple basic model of relationship of the taxpayer and the
tax controller. In 2004 A Sandmo released a review of researches in this direction,

carried out over during 3 decades (Sandmo, 2004). Also should note the review



article by Slemrod & Yitzhaki (2000) that consider basic aspects of tax planning, tax
evasion and taxation.

In addition consideration each of general and some local issues related to the
tax evasion problem, can be found in Levaggi & Menoncin (2012), Yaniv (1988),
Koskela (1983), Yitzhaki (1974), Davidson et al. (2005), Bordignon (/993), Elffers et
al. (1992), Weigel et al. (1987), Wallschutzky (1984), Landskroner et al. (1991).

Note both Alingham and Sandmo, and their direct followers did not use game
theory in explicit form for their models. Its application in tasks of tax evasion can be

found in works Gottlieb D. (/985), Elffers et al. (1987).

At once based on an analysis of tax evasion research can be concluded there is
by actual still not solved problem is the problem is the problem of optimizing tax
burden (Bayer R.-C. (2006), Cremer H. & F. Gahvari (/993)), based on an analysis of
the dependence of the economic behavior of agents on the change in tax burden and
must necessary take into account the possibility of their opportunistic actions. Its
solution will increase the efficiency of the implementation of the revenue part of the
budgets.

Thus, there get the problem of calculation the optimal aggregate tax burden on
the subjects of economic activity, i.e. of such nominal burden, with the increase of

which the actual burden (actual taxes and fees) is decreased.
Analyzing of the basis of the Alingham — Sandmo model

The classic Alingham — Sandmo’s model (Alingham & Sandmo, 1972)
describes the relationship between the taxpayer and the tax controller (/) is very
simplistic:

E(U)=(1-p)U(R-7(X))+ pU(R-7(X)-y(R-X)). (D

Firstly, she consider only the taxpayer’s utility function, although actually it is
the interaction of 2 contractors, consequence, contractors' decisions are related.
Instead, Alingham and Sandmo fix for the tax inspector the probability of finding tax

evasion, that really depends on 2 factors: the frequency of inspections (of the part of



checked declarations) and of the tax inspector qualification (fixing the probability of
finding the violation when checking declarations with violations). l.e. the game-
theoretic issue turn to one-dimensional optimization issue with enough elementary an
objective function.

Second, the simple of basic model and the objective function is , in our
opinion, a consequence of neglect a number of important factors are quite realistic for
the actual relationship of this (and not only) type. In particular it is about follows.

Even when verifying a knowingly false declaration, the inspector detect the
violation not guaranteed. However for the abstract model this nuance is not very
fundamental: the probability to detect the violation is the function of the frequency of
inspections and the quality ones, so we can set the quality equal to /, reducing the
frequency.

At once, the inspector can “find” the violation where it really is not — while
checking the correct and complete declaration of income by the payer: due to its own
mistake or conscious opportunistic decision, e.g. using the unclearness of regulation,
the fuzzy designing of the declaration etc.

Obviously, checking declarations is not free. The costs also contain the
inspector's salary that well may depend on the intensity of him work, i.e. the
frequency of checking of declarations, resource cost, that the inspector uses for the
control, and the cost of the advanced training of the inspector, that will facilitate to
increase the probability of detecting violations. In addition, the disregard of the factor
of the cost of inspections naturally raises an issue of implementation of other factor —
the probability of detecting of existing violations: if the control process is free, then it
i1s expedient to implement total control with the unconditional of detecting actual
violations and with unconditional sanction for tax evasion. In this case the taxpayer
loses every sense to evade of tax, and tax evasion problem disappears on itself.
However, the situation described is unrealistic, because in any area of human activity
total control has not been achieved yet, there are violations, evasion of compliance

with agreements and obligations. Therefore, it is logical to consider the parameter of



the cost of inspections is fundamentally important for an adequate description of the
model of the relationship between taxpayer and tax inspector.

Considering the basic Alingham — Sandmo model uses the probability of
detection of tax evasion, tax evasion, that in usually is less than /, it may assume, the
cost of inspections don’t equal to O and this parameter is taken into account in the
model implicitly — precisely because of the limited probability of detecting tax
evasion. Since such approach complicates the possibility to regulate the inspector's
activities, explicit consideration of the cost of inspections in the model is more
appropriate.

At once the Alingham — Sandmo model does not uses at all a parameter “the
cost of taxpayer’s activity”, despite the fact that the principle of taking into account
this parameter is the same as for the cost of inspections: the disregard of the cost of
design of the payer, at least the camouflage of evasion, makes the logic of the
relationship between the taxpayer and the tax unnatural: attracting unlimited powerful
resource of accountants, lawyers, etc., the payer can uniquely confuse any inspector
with a limited resource of inspections.

Above simplifications of the basic model: the absence of inspector’s utility
function; guaranteed the detection of a violation when checking the declarations, in
which it is present; guaranteed the non-detection of a violation when checking of
declarations, in which it is absent; the absence of the cost of inspections and the
design of payer: the camouflage of tax evasion or the presentation of conscientious
behavior and the full tax payment — naturally leads to a fairly simple analytical
decision, about which arises the question of adequacy to its realities.

It can be written the basic model more strictly — as a game of 2 agents: of the

taxpayer and tax inspector:

I'=(SP, SA, (G,H)(SPx SA));

{(TIR —;T)R} : 2)

(G.H)=




where R — the expected payer’s income, R>0;

7 — the aggregate tax burden, 7>0;

y — the penalty coefficient for the evasion of taxpaying.

It is easily seen, the game (2) has a unified equilibrium in poor strategies

(g11; h;;), that is: the payer conscientious pays the required amount of taxes, in return,
the inspector total controls to the payer. The solution looks trivial and simultaneously
inadequate in practice: as already noted, total control in a sufficiently large and
complex system is impossible, at once if all payers always chose the strategy
“conscientious pay taxes”, there would be no tax evasion problem. The slight
complication of the model, as indicated above — the implicit set of the cost of
inspections by fixing the probability of finding violations O0<p<1:

I'=(SP, SA, (G, H)(SPxSA));
PR

{p(1+7/)rR; } {TR; }
(1—p(1+7/)f)R (l—r)R

reduces the triviality of the decision a little bit. The taxpayer really has an alternative:

3)

-

(G.H)=

similarly to  the  previous case to pay tax in  full, if

(1—p(1+y)r)R<(1—r)R SN p>L or to evade taxes, if p < (if p:L

I+y I+y 1+y

the payer does not care how many taxes to pay: completely, partially or not pay
anything). Simultaneously, impossible in practice total control of taxpayers is an
optimal tax strategy of the tax controller also in this case.

The last model adds such problems. In terms of the issue of finding the optimal
solution is nullified, because it is obvious. By itself, it is not negative, but the
presence of such result “hints” on the final solution to the tax evasion problem, that is
disproved by practical experience and the presence of further researches in taxation.
Moreover, such conclusions are not supported by practical experience in taxation.

Thus, the basic model (/) needed improvement. The main direction was taken

the complication (sometimes unnatural) of the initial issue, e.g., consideration of



nonlinear functions of expected utility. Srinivasan (/973), McCaleb (1976), Singh
(1973), Christiansen (/980), Baldry (/984), Borck (2004) researched an issue of the
optimization of the relationship between the probability of detecting violations and
the size of penalties, and use of these instruments for tax evasion prevention. In
general, similar theoretical studies are focused at establishing the possibility of using
various tax instruments (tax rates and fines, the probability of a tax check, etc.) of
opposition to tax evasion.

Also there are quite well-known attempts to describe economic behavior of
contractors (first of all of the taxpayer) using paradigms alternative of classical
expected utility theory: the nonexpected utility analysis (Konrad & Skaperdas, 1993),
prospect theory (Elffers & Hessing, /1997), Dhami & al-Nowaihi, 2007, 2010) etc.

However these studies all one do not deprive the model of interaction between
the payer and the inspector of all its unnaturalities.

From the logic of the model a paradoxical conclusion has following about the
independence of the optimal behavior of the taxpayer from the tax rate: whatever the
tax burden (even if 100%), the taxpayer's economic behavior does not change (it is a
dream of any government, but such payer's behavior looks rather unlikely).

In addition obviously both the camouflage of evasion and the presentation of
compliance require the resource spend, and their effectiveness depends on the cost
value, i.e. we have a situation fully corresponds to the classical model of the
production process: the resource is invested that brings income depending on the
value this resource and production efficiency. In last direction there are almost no
results, only sporadic studies that implement the cost of tax inspections, but the most
often, limit their number (that is definitely worse, because the probability of the
discovery of evasion depends not only on the frequency of inspections, but also of
their costs). Sometimes can be consider, the frequency and the diligence of
inspections are directly dependent on direct dependence on funds allocated for its
execution, but such an approach does not take into account the controller’s skill

parameter: a more qualified specialist is more expensive.



On the basis, it is proposed to improvement the basis Alingham — Sandmo’s
model taken into account above nuances.

Consider an agreement between the principal and an agent, in which the agent
undertakes to perform a definite work, income from which parties share in a pre-
agreed proportion: 7 — the part of the principal: 7 — the part of the principal, /-t — the
part of the agent. In addition the principal has the right to control the agent’s activity,
spending on it some resource (). The agent also may spend a resource either on the
presentation of him conscientious activity (known as design, u), or on the camouflage
of evasion compliance with the agreement (opportunism, v).

It should also be noted the interaction between the principal and the agent
implies the incompleteness of the information of the parties, and hence the opacity of
the "agent" activity evaluation, that causes the eventual opportunism of both the agent
and the principal. It is naturally believed the level of persuasiveness of the agent (as
with opportunistic, and with conscientious activity), as well as the level of the
principal's competence depends on the resources spent by the parties on the solution
of these issues.

Under these conditions the relationship between the principal and the agent is

described by the game (4):

I'=(SP, SA, (G, H)(SPx SA));

{(Iz—v} {(TlR—;f)R—ﬂ} , )

{P(V’”)(“ y)TR - } (1+q(ux)(1+7))R-7;

(1-p(v7)(1+7)7)R-v (1—(1+q(y,ﬂ)(1+7/))r)R—y

(G.H)=

where p, g are, in accordance, frequencies of detection the actual and fictitious
evasion of the agent from complying with the agreement;
r, v, i are values of resources, in accordance, to control the activities of the agent,
to camouflage the agent's evasion and to support the transparency of agent's
activities.

The differences between the proposed model and the basic one are as follows.



v in the base model, from the outset, there is used an equilibrium in mixed
strategies, in return, this model proposes a full set of the relationship;
v' this model taken into account the eventual opportunism of principal on the
conscientious behaviour of agent;
v'also it takes into account the cost of inspections by the principal and the agent’s
design (both of the presentation of the conscientious compliance with the
agreement and camouflage evasion of the compliance);
Consider advances, provides the implementation of above costs.
Assume v and u are identically 0. Then the conditions for the Nash equilibrium

in pure strategies are as follows:

Eyy: 0<tR<—

or
Ey : TR<m; (5)
Ey : TR<O: 6)
E : m<r& 7)
Ey TR>m. (8)

Because >0 and R>0, the abidance by E,; and E;; is impossible. Therefore,

(5)—(8) can be simplified to:



Enn : R<L; 9
L T )

T
Ein: R>——m — . (10)
0 ) +7)

As can be seen, the inequalities (9) and (/0) completely cover the admitted
range of product zR, that is, there is no other cases are possible. It means that of the
whole theoretical spectrum of equilibriums (4 pure and / mixed) under condition
v=0, u=0 there are possible only 2: Ey and E;y. In other words, the tax inspector
decides to control the taxpayer or not on the basis of the productivity of payer and tax
burden: all other conditions being equal it will control more productive payers. At the
same time, regardless of the degree of positive tax burden, the payer will always
evade pays taxes. Such situation looks paradoxical and is bad corresponded of results
of observation of the real behavior of economic agents. This leads to the conclusion
of the fundamental importance of taking into account the value of resources, that
payer spends on the design him activity: either on the presentation of conscientious
compliance with the agreement with principal («), or on the camouflage of evasion of
the compliance with this agreement (v) — depending on his choice, i.e. all parameters
in the model (4) are value.

The relationship model described in this way 1s to analyze the level of
efficiency of Nash equilibriums, to which may lead contractors’ relationship.

Adding of the complexity of the model of the investigated situation, the
increase the number of parameters of the payoff function, increases the possibility of
the existence of the game equilibrium in pure strategies. Despite can be always build
an equilibrium mixed mutual strategy, we emphasize the equilibrium in pure
strategies, because the policy of using mixed strategies to solve the problem of
finding equilibriums does not seem to be enough appropriate. The found "mixed"
equilibrium, firstly, is not stable, i.e. the least deviation from the one player own
optimal strategy prompts another player to apply a certain pure strategy; second, it is

practically inapproachable. Consider why this statement is true.



Instability of equilibrium in mixed strategies

The stability of the mutual strategy of 2 players, we understand as a sufficiently
small deviation of the optimal strategy of one player, provided a sufficiently small

deviation of the strategy of the second player and vice versa.

Ph

For game 2x2 F(Pr,Ag,G(Pr,Ag),H(Pr,Ag)), Pr:£ j, Ag:(ago; agl)

h

with an arbitrary payoff matrix (G,H ) = ((gl.j,h )) when using by players the mixed

’

strategy (x, y),

where x — the probability of selection the /st player the strategy pr; (in accordance
the strategy pry 1s applied by him with the probability of /—x);

y — the probability of selection of the /st player the strategy ag; (in accordance the
strategy agy is applied by him with the probability of /—y);

payoffs of each player are, in accordance:
g(x,¥) =8 —X(goo —810)— y(goo - 801)+xy(8oo — 801 — 810 T 811)2
h(x, y) = ho = x(ho = o) = ¥ (oo = bioy ) + xy (oo = gy =Py + )

Nash equilibrium means for this case that
Ix,y: Vy:ye[0;1]: A(X,y) —const; Vx: x €[0;1]: g(x,y) — const
1.e.
hy, (X, y) =—(hoo — ho1) + X (oo — ho1 — Mo + M1 ) =0,

8 (¥ =—(800 — &10)+ ¥(&00 — &o1 — &10 + &11)=0;

z= oo — hoy .
hoo — Mo — Mo + Iy

— 800 — 8

v = 00 — 810

800 — 801 — 810 + 811

Because functions g (x,y) and h; (x,y) are linear, they reach its maximum

(except direct indifference x =Xx; y =7y ) at boundaries of the definition area x and y

— at points 0 or /. It follows that the minimum deviation of the /st player from the



equilibrium strategy x=Xx or of the 2st player from the equilibrium strategy y=7Yy

leads to the maximum deviation of the optimal strategy for his vis-a-vis: to one or
another pure strategy. Own this is evidence the equilibrium in mixed strategies is

unstable.
Unavailability of equilibrium in mixed strategies

Adhere to a mixed (i.e. probabilistic, frequency) strategy is not only difficult,
but impossible. if weight numbers for pure strategies are even rational (the assertion,
it is practically impossible to implement a mixed strategy with irrational weight
numbers for pure strategies, is obvious), the optimal value can only be achieved
through the number of steps that equal to the least integer common multiple of
coefficients; the next time — also through the same number of steps etc. In the next
steps, the player's behavior will not be optimal, even on average. If to consider each
local game separately, the player with all desire will never be able to apply the
optimal strategy.

Considering that the equilibrium in mixed strategies E:

— 1 V—u

’ (P(M)—CI(M”))(HV)@_ 7R j
1

(p(v.7) = a(pm))(1+7)

<
Il

in the game is unstable and practically approachless, depending on the specific values
of the parameters of the model, the evolution of the contractors' relations tend to one
of the four possible Nash equilibrium in pure strategies, namely:

v Eyy = {do not control; evade},

v'Ey; = {do not control; do not evade},

v'E,;» = {to control; evade},

v'E;; = {to control; do not evade}.

Considers of the achievement each of these equilibriums (the generalization

(5)-(8)) are such:



E()O: V—u<tR< (11)

p(v,r)(1+7) ;

T
Ey; 0 tR<min| v — u; ; (12)
N { q(ﬂﬂ)(1+7)j

. 7K > max 7 . V_,U .
Fo: R (P(V’”)(“V)’1—(1’("’”)—‘1(#’7’))(“7)} U

T Re VoH .
I i) T aeA ) o

The value TR characterizes both the power of tax burden of principal and the

agent’s productivity.
The optimal tax burden

The model (4) can help in research of problem of optimization of actually tax
burden. The beginning of these studies is counted from development by Arthur Betz
Laffer of his hypothesis the function of the actual tax burden from the declared has
the following properties:
v'the function is convex;
v'values of the function on the whole segment [0; /] are less than its argument;
v'at points 0 and 1 its values are equal to 0,

v'maximum of the function is between points 0 and / (Wanniski, /978).

Laffer’s considering, resulted in this conclusion, was enough simple and is as
follows. Nobody wants to pay taxes i.e. to give out his own income. In addition, the
higher the tax, the less there are willing to pay it. Finally, with a /00% tax (when it
need to pay all the earnings), obviously there will be nobody willing to pay it. It is
know that Laffer did not build quantitative dependencies, limiting himself to a
qualitative description of regularities. Therefore, for illustration, you can take any
simplest function that corresponds to Laffer’s logic. E.g. the dependence of the

number of willing to pay taxes can be considered proportional to tax burden: n=1-7



Then the actual tax burden may be described by function:
ern:r(l—r)zr—rz. O=1-27; 0'=0<=7t=0,5.. 0"=-2<0. Thus at

7=0,5 we get maximum of & 9(0,5) =0,25 (Fig. 1).

Figure 1. The dependence of actual tax burden from declared based on the

simple Laffer function
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It is clear the function n may also be more complicated.

In our opinion, Arthur Laffer and his followers simplify the situation in this
way. In Laffer’s model of behaviour the taxpayer either the payer agrees to pay the
tax and pays it or refuses to pay the tax and does not pay it. In addition the reasons
that motivate payers to compliance their responsibilities, maybe against their desire
are not considered, also does not taken into account the possibility of punishing those
who evade from paying, with the additional payment of post-factum.

The above game-theoretic model (3), describes the relationship between
taxpayers and tax inspectors, enables to be taken into account for these factors. In
addition, its analysis shows the taxpayer’s behaviour depends not only on tax burden,

as in the Laffer’s one-factor model, but also on the payer’s productivity, as well as on



a set of parameters of relationship’s environment. Such an improvement of the model
shows that the function the actual tax burden from the declared has potentially three

local maxima, not one (and in accordance, 2 local minima, if not to count end-points
0 and 1) (Fig. 2).

Figure 2. The dependence of actual tax burden from declared, calculated on the

basis of the game model
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Conclusion

1.The classic Alingham — Sandmo’s model, was very innovative for its time, has a
number of shortcomings, first of all, regarding to not taking into account several
important determinants of the behavior of economic agents - taxpayer and tax
inspector, namely:

v" the model fixes a tax inspector’s behaviour in general terms, given only single
parameter — the probability of checking of the declaration;
v’ is realized through the probability of non-detection by the inspector of actual

violations, as well as the “detection” of fictitious violations;



v' is ignored the fact tax inspections, the tax evasion's camouflage and the
presentation of the conscientious behavior by the payer are not free and need
resource spend.

2.Such model constraints lead to distortion of economic behaviour of contractors:
Nash equilibriums that provide for the total government’s control, at once, the total
conscientiousness or, conversely, the total payer’s evasion; the independence of
optimal agent’s behaviour of tax burden.

3.The model of the relationship of the taxpayer and the inspector, takes into account
above factors, releases the contractor's behaviour of these imperfections. Apart
from the fact that this is useful for obtaining additional information on the
behavioral obligations of the payer and the controller, the above fact indicates the
common ways of complicating the model: limit on the number of inspections; the
implementation of non-elementary functions of expected utility; the application of
non-mainstream behavioral theories (non-expected utility, prospect theory, etc.) are
not fundamental decisions, therefore them can be completely ignored.

4.The proposed model also allows for a new look at the problem of optimizing tax
burden, which is associated with the name of Arthur Laffer. The selection of
parameters in the simulation of the relationship between the tax inspector and the

taxpayer it allows to obtain the Laffer curve with 3 local maxima.
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