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Abstract

This paper analyzes the macroeconomic implications of asset price bubbles and crashes using
an overlapping-generation model with endogenous labor supply. This model highlights the effects
of asset price fluctuations on individuals’ labor supply decision, and shows how these fluctuations
can propagate to the aggregate economy through the labor-market channel. We show that asset
bubbles can potentially crowd in productive investment and promote employment. This is more
likely to happen when both the elasticity of intertemporal substitution for consumption and the
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1 Introduction

Economists have long been interested in the macroeconomic effects of asset price bubbles and
crashes. In a seminal paper, Tirole (1985) shows that asset price bubbles can be sustained in an
economy with overlapping generations of rational consumers. Weil (1987) extends this research by
including the possibility of bubble burst. Many subsequent studies have adopted a similar OLG
framework to analyze the nature and consequences of asset bubbles.! The models of Tirole (1985)
and Weil (1987), however, have two features that are at odd with empirical evidence. First, both
of them assume that individual labor supply and total employment are exogenously given. As a
result, the labor market in their models are largely unrelated to and unaffected by the fluctuations
in asset prices. The data, however, show that aggregate labor input tends to move closely with
asset prices. In particular, the bursting of asset bubbles is often followed by a rapid deterioration in
labor market conditions (see Section 2 for details). Second, both studies suggest that the formation
of asset bubbles will crowd out investment in physical capital and impede economic growth, while
the bursting of these bubbles will have the reverse effects. These predictions are also difficult to
square with the data. For instance, private nonresidential fixed investment in the U.S. has increased
significantly during the formation of the “dot-com” bubble in the 1990s and the housing bubble in
the 2000s; and dropped precipitously when these bubbles collapsed. Empirical studies, such as
Chirinko and Schaller (2001, 2011) and Gan (2007), provide solid evidence showing a positive effect
of asset bubbles on private investment in the U.S. and in Japan. Martin and Ventura (2012) also
observe that asset bubbles in these countries are often associated with robust economic growth.

In this paper, we show that these conflicts between theory and evidence can potentially be
resolved by relaxing the assumption of exogenous labor supply. Specifically, we consider a two-
period OLG model in which consumers can choose how much time to work, and how much to save
and consume in their first period of life. There are two types of assets in this economy: physical
capital and an intrinsically worthless asset. The latter is similar in nature to fiat money and
unbacked government debt. Asset bubble is said to occur when this type of asset is traded across
generations at a positive price. Following Weil (1987), we assume that asset bubbles may randomly
crash in any time period. A crash happens when the price of the intrinsically worthless asset falls
abruptly and unexpectedly to its fundamental value which is zero. Thus, unlike the deterministic
model of Tirole (1985), there is a substantial downside risk associated with the intrinsically worthless

asset. A key question is whether this type of risk will spawn uncertainty at the aggregate level. The

'Recent examples include Caballero and Krishnamurthy (2006), Farhi and Tirole (2012) and Ventura (2012) among
many others. For a brief survey of rational bubble theories, see Miao (2014).



answer depends crucially on the endogeneity of labor supply, and the reason is simple. Suppose
an asset bubble exists in the currrent period. Since the next-period stock of aggregate capital is
predetermined in the current period, it is independent of the next-period state of the asset bubble.
If labor supply is also exogenous as in Weil’s (1987) model, then even if a crash happens next period
it will have no immediate impact on aggregate output and factor prices.? Hence, the stochastic
bubble does not generate any uncertainty at the aggregate level. This is different once we allow
for an endogenous labor supply. In general, individuals’ labor supply decision is contingent on the
state of the asset bubble. As a result, the possibility of a crash in the future will create uncertainty
in future labor input and future prices, which will in turn affect consumers’ choice in the current
period. This provides a simple and intuitive mechanism through which bubbles and crashes can
affect the aggregate economy. The present study provides the first attempt to formulate and analyze
this mechanism in a rational bubble model.> We find that the existence of stochastic asset bubbles
can potentially crowd in productive investment, but this happens only if the bubbles can induce
the consumers to work longer hours and cut back consumption when young. These effects are more
likely to take place when both the elasticity of intertemporal substitution (IES) and the Frisch
elasticity of labor supply are large.

Several recent studies have explored other channels through which asset bubbles can crowd in
productive investment and foster economic growth in the context of OLG models. For instance,
Martin and Ventura (2012) and Ventura (2012) present models in which asset bubbles can improve
investment efficiency by shifting resources from less productive firms or countries to more productive
ones. Caballero and Krishnamurthy (2006) and Farhi and Tirole (2012) develop models in which
asset bubbles can facilitate investment by providing liquidity to financially constrained firms. For
analytical convenience, these studies typically ignore the intertemporal substitution in consumption
and the intratemporal substitution between consumption and labor.* The present study contributes
to this literature by showing that these fundamental economic forces are crucial in understanding
the effects of asset price bubbles and crashes.

The rest of this paper is organized as follows. Section 2 provides evidence showing that aggregate
labor hours and private investment tend to move closely with asset prices during episodes of asset

bubbles. Section 3 describes the setup of the model. Section 4 defines the equilibrium concepts and

?We assume that factor markets are competitive so that factor prices (i.e., the rental price of capital and wage
rate) are determined by the marginal products of capital and labor.

’In an earlier study (Shi and Suen, 2014), we extend the deterministic model of Tirole (1985) to allow for an
endogenous labor supply, and show that asset bubbles can potentially crowd in private investment. This study,
however, does not consider the possibility of bubble crashes.

4In addition to an exogenous labor supply, these studies also assume that consumers (or investors) are risk neutral
and only care about old-age consumption. Thus, the consumers will save all their income when young.



investigates the main properties of the model. Section 5 concludes.

2 Two Cases of Asset Bubbles in the U.S.

In this section, we use two recent cases of asset bubbles in the United States to demonstrate the
pattern of comovement among asset prices, aggregate labor hours and private investment. The first
case study is the “dot-com bubble” which is formed during the second half of the 1990s.> The
second case is the housing price bubble in the 2000s.° Unless otherwise stated, all the data reported
below are obtained from the Federal Reserve Economic Data (FRED) website.

Figure 1 shows the Dow Jones Industrial Average index during 1995-2003 and compares it to the
aggregate weekly hours index in the Current Employment Survey (CES) data. Figure 2 compares
the Dow Jones index to private nonresidential fixed investment (deflated by GDP deflator) over
the period 1995Q1-2003Q4. These diagrams show that both aggregate labor hours and private
investment have moved closely with stock prices during the “dotcom bubble” episode. Between
1995 and 2000, aggregate labor hours and real private nonresidential investment have recorded an
average annual growth rate of 2.6 percent and 7.1 percent, respectively. Both figures are much
higher than their long-term values.” Similar patterns can be observed during the housing price
bubble episode. Figures 3 and 4 show the Case-Shiller 20-City Home Price Index over the period
2003-2010, and compare it to the same measures of aggregate labor hours and private investment.
Between mid-2003 and mid-2006, aggregate labor hours and private investment have been growing
at an average annual rate of 2.4 percent and 5.6 percent, respectively. These are again much higher

than their long-term values.

3 The Model

3.1 The Environment

Time is discrete and is denoted by ¢ € {0,1,2,...} . The economy under study is inhabited by an

infinite sequence of overlapping generations. In each period, a new generation of identical consumers

’Both the Dow Jones index and the S&P 500 have tripled between January 1995 and January 2000; and collapsed
shortly afterward. Ofek and Richardson (2002) and LeRoy (2004) provide detailed account on why this surge in stock
prices cannot be explained by the growth in fundamentals (e.g., corporate earnings and dividends), and thus suggest
the existence of an asset bubble.

b According to the Case-Shiller 20-City Home Price Index, housing prices in the U.S. have increased by 46 percent
between June 2003 and June 2010. Shiller (2007) and many other studies argue that this surge represents a substantial
deviation from the fundamentals (e.g., rent and construction costs).

"The average annual growth rate of the same labor hours index was 1.5 percent during 1963-2013. The average
annual growth rate of real private nonresidential investment was 3.1 percent during 1943-2012.



is born. The size of generation t is given by Ny = (1 +n)", with n > 0. Each consumer lives two
periods, which we will refer to as the young age and the old age. In each period, each consumer
has one unit of time which can be allocated between work and leisure. Retirement is mandatory
in the old age, so the labor supply of old consumers is zero. Young consumers, on the other hand,
can choose how much time to spend on work and how much to save and consume. There is a single
commodity in this economy which can be used for consumption and capital accumulation. All prices
are expressed in terms of this commodity.

Consider a consumer who is born in period ¢t > 0. Let ¢y, c,44+1 and [; denote, respectively,
his young-age consumption, old-age consumption and labor supply when young. The consumer’s

expected lifetime utility is given by

Cl—a Zg+¢ cl—a

E yt o,t+1 1
t 1—o 1+¢+/61—O' ) ()

where o > 0 is the coeflicient of relative risk aversion and the reciprocal of the elasticity of intertem-
poral substitution (EIS) for consumption, ¢ > 0 is the reciprocal of the Frisch elasticity of labor
supply, B € (0,1) is the subjective discount factor and A is a positive constant.® The consumer
can invest in two types of assets: physical capital and an intrinsically worthless asset. The latter
is called “intrinsically worthless” because it has no consumption value and cannot be used in the
production of goods. The only motivation for holding this asset is to resell it at a higher price in the
next period. The total supply of the intrinsically worthless asset is fixed and is denoted by M > 0.

Let p;11 > 0 be the price of the intrinsically worthless asset in period ¢+ 1, which is unknown in
period t. Since the fundamental value of this asset is zero, any strictly positive price will be referred
to as an asset bubble. Following Weil (1987), we assume that p;+1 can be separated into a random
component e;41 and a deterministic component p;11 according to pry1 = €r41pi+1. The random
component, or asset price shock, is exogenous and follows a Markov chain with two possible states

{0, 1}; transition probabilities

Pr{e1 =1les =1} =q € (0,1),

Pr{eiy1 =0|er =0} = 1;

8 All young consumers will supply one unit of labor inelastically if A = 0. In this case, our model is identical to the
production economy in Weil (1987).

%Tn period 0, all assets are owned by a group of “initial-old” consumers. The decisions of these consumers are
trivial and do not play any role in the following analysis.



and initial value eg = 1. The asset price shock is the only source of uncertainty in this economy. On
the other hand, the time path of the deterministic component, {p};°, , is endogenously determined
in equilibrium. At the beginning of each period ¢, the value of &; is revealed and publicly observed.
Suppose ¢; = 1 and p; > 0 so that an asset bubble exists in period t. Then, with probability g,
the price of the intrinsically worthless asset will remain on the deterministic time path in the next
period (i.e., pr+1 = pr+1); and with probability (1 — ¢), it will drop to zero. One can think of the
latter scenario as the result of a sudden, unanticipated change in market sentiment which triggers
a crash in the financial market. The parameter ¢ can be interpreted as the persistence of asset
bubbles. Since the probability of moving from state ¢ = 1 to state € = 0 is strictly positive, every
asset bubble will eventually crash (in other words, p; will converge in probability to zero as t tends
to infinity). The timing of the crash, however, is uncertain. Figure 5 shows the probability tree
diagram for the asset price shock. The dark line in the diagram traces the time path of ¢; before
the crash. We will refer to this as the pre-crash economy and the other parts of the diagram as the
post-crash economy. Once the crash state is reached, p; will remain zero forever. Hence, there is no

incentive to hold the intrinsically worthless asset in the post-crash economy.

3.2 Consumer’s Problem

We now analyze the consumer’s problem both before and after the crash. To distinguish between
these two states of the world, all variables in the post-crash economy will be indicated by a hat
(7). First, consider the consumer’s problem in the post-crash economy, which is deterministic.

Specifically, this is given by

~l—0o 71+ -0
c I c
t t+1
max vt At ot
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Cy,t,5¢,lt,Co,t4+1

subject to the budget constraints:
Cyt + 5 = Wily, and Cot+1 = Rit15t,

where s; denotes savings in physical capital, w; is the market wage rate, and ]?it+1 is the gross return

from savings between periods ¢t and ¢ 4+ 1. The solution of this problem is given by

Q=
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The function ¥ : Ry — [0, 1] defined in (4) summarizes two effects of interest rate on savings.
First, holding other things constant, a higher interest rate will bring more interest income in the
old age. This creates an income effect which encourages young-age consumption and discourages
saving. Second, a higher interest rate will make old-age consumption cheaper relative to young-age
consumption. This creates an intertemporal substitution effect which promotes saving. The latter
effect dominates if and only if o < 1. In this case, ¥ (+) is a strictly increasing function. The two
effects exactly cancel out when o = 1. In this case, X (-) is a positive constant. The consumer’s

propensity to consume in the post-crash economy is given by

Cy,t D 1/ %_1 -
Gt _q-y (Rm) = |1+ 87 (Rt“) . (5)
wtlt

Next, consider the consumer’s problem in the post-crash economy. Let m; be the consumer’s
demand for the intrinsically worthless asset in period ¢. A young consumer now faces the following

budget constraint

Cy,t + 5t + Py = wily. (6)

Except in some special cases (which we will discuss below), the gross return from physical capital
between periods ¢ and ¢t + 1 will depend on the realization of €41 and is thus uncertain in period
t. Let Ryy1 and fitH denote, respectively, the gross return when €447 = 1 and e;11 = 0. The

consumer’s old-age consumption is then given by

Rii18: + pee1mye with probability g, )

Riy1s¢ with probability 1 — q.

Cot+1 =

Taking {wtapt7pt+17Rt+l7§t+1} as given, the consumer’s problem is to choose an allocation
{cy.t, St, 1, me, Copq1} SO as to maximize his expected lifetime utility in (1), subject to the budget

constraints in (6) and (7), and the non-negativity constraint: m; > 0.1 The Euler equation for

'"Civen a constant-relative-risk-aversion (CRRA) utility function, it is never optimal for the consumer to choose
cy,t = 0 or cor41 = 0, regardless of the state of the asset bubble. Hence, the non-negativity constraint for these
variables is never binding. It is also never optimal to have s; < 0 and l; = 0. Suppose the contrary that s; < 0, then
the consumer will end up having cot41 < 0 when €441 = 0, which cannot be optimal. This, together with m; > 0,



consumption and the optimality condition for labor supply are given by

¢yt = B |qRir1 (Ri1st + pryamy) 7 + (1 —q) Riy1 <§t+1st) B } , (8)
wic, | = Al 9)

The optimal choice of m; is determined by

picy? = BE; [Prr1 (Corr1) 7] = Baper1 (Revase + pryima) ™7, (10)

with equality holds in the first part if m; > 0. Equation (10) states it is optimal to choose m; = 0
if the marginal cost of holding this asset (which is pic,7) exceeds the marginal benefit (which is

BE; [§t+1 (Co7t+]_)70-]). This equation can be rewritten as

—a
B (cg’tH) D41
b
Cy,t

which is the standard consumption-based asset pricing equation.

pt > Ey

We now explore the conditions under which the optimal choice of my is strictly positive. Consider
a young consumer who initially chooses m; = 0. Suppose now he is considering increasing it to £/p; >
0, where £ > 0 is infinitesimal. In order to balance his budget, the consumer will simultaneously
reduce s; by &. Define w11 = pi41/pe as the gross return from the intrinsically worthless asset when
i1 = 1. Increasing my from zero to £/p; will generate an expected return of gm;y1&, which will in
turn increase expected future utility by qmir1 (Rer15:)” ° €. At the same time, the reduction in s;

will lower expected future utility by

[thH (Rit15t) 7+ (1—q) Rty (ﬁt—i-lst) _U} €. (11)

Such an increase in my is desirable if and only if

qrip1 (Repasy) 7€ > [thH (Res15t) 7 + (1 — q) R (§t+15t)_ } §,

means that consumers will never borrow. Finally, since labor income is the only source of lifetime income, it is never
optimal to choose I = 0.



which can be simplified to become

~ l1-0o
R
qmee1 > g+ (1—q) (é:) Riq1. (12)

Equation (12) states that the consumer is willing to hold the intrinsically worthless asset if and only
if its expected return gm;11 exceeds a certain threshold. This threshold level is determined by three
factors: (i) the persistence of asset bubble g; (ii) the state-dependent returns from physical capital
Riy1 and }ABtH; and (iii) the preference parameter o. If the gross return from physical capital is not
state-dependent, i.e., Ry11 = §t+1, then the above condition becomes gmi11 > Ryy1. If the utility
function for consumption is logarithmic, i.e., o = 1, then the expression in (11) can be simplified to
s; ¢ In this case, both the marginal benefit and the marginal cost of increasing m; are independent
of Ry41, and the condition in (12) will again be simplified to become g1 > Rey1.

Suppose the condition in (12) is valid. Then the optimal investment in the intrinsically worthless

asset, denoted by a; = pymy, is given by

p ~
at = Py = 7'5 (Qt—HRt—H — Rt+1) St, (13)
Pt+1

where

o

Qpiy = [€I(7Ft+1 — Ri41) (14)

(1 - Q) §t+1

It is straightforward to show that ;41 §t+1 > Ry41 is equivalent to (12). The consumer’s propensity

to consume in the pre-crash economy is given by

. 1
Syt _ {1 + (Bami1)e [1 v 2 <Qt+1§t+1 - Rt+1>] } : (15)

wely Q1 Rig1 Dt+1

The formal derivation of (15) is shown in the Appendix.

3.3 Production

On the supply side of the economy, there is a large number of identical firms. In each period ¢, each
firm hires labor (L;) and physical capital (K};) from the competitive factor markets, and produces

output (¥;) according to a Cobb-Douglas production function

Y; = K{L©, with a € (0,1).



Since the production function exhibits constant returns to scale, we can focus on the problem faced
by a single representative firm. We assume that physical capital is fully depreciated after one period,
so that R; coincides with the rental price of physical capital at time t. The representative firm’s
problem is given by

K&LI™® — Ry K, — w;L
Irgagi{ t Ly Ri Ky — wy t}7

and the first-order conditions are
Ry =aK L~ and wy = (1 —a) KL, “. (16)

Since the firm’s problem is not directly affected by the asset price shock, the above equations are

valid both before and after the asset bubble crashes.

4 Equilibrium

In this section, we will define and characterize an equilibrium in which the intrinsically worthless
asset is valued at some point, i.e., p; > 0 for some t. We will refer to this type of equilibrium as a
bubbly equilibrium. Such an equilibrium will have to take into account the stochastic timing of the
crash, as well as the interactions between the pre-crash and post-crash economies. Firstly, given
the timing of events, the equilibrium allocations in the pre-crash economy will determine the initial
state of the post-crash economy. Secondly, when the consumers are making their decisions before
the crash, say in some period t, their anticipated value of ﬁtﬂ will have to be consistent with a
post-crash equilibrium in the following period. Thus, the equilibrium quantities and prices in the

post-crash economy will also affect the equilibrium outcomes before the crash.!!

4.1 Post-crash Equilibrium

We begin by fully characterizing the equilibrium of the post-crash economy. Suppose the crash
happens in some period 7' > 0, i.e., ep_1 = 1 and e = 0. Then the economy is free of asset bubbles

from period T onward. Given an initial value I?T > 0, a post-crash equilibrium is made up of

(e 9]

~ o
sequences of allocation {cy,t, St, ltco,t}
t

~ ~ ~ o
. aggregate inputs {Kt, Lt} , and prices {ﬁ?t, Rt}

t=T t=T

such that for all £ > T, (i) the allocation {/c\y,t, /s\t,l:”c\o,tﬂ} solves the consumer’s problem in period

"' The second type of interaction is absent from Weil’s (1987) model.
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t given w; and ﬁtﬂ; (ii) old-age consumption in period 7' is determined by
Nr_1¢, 1 = RrKr;

(iii) the aggregate inputs {IAQ, Et} solve the representative firm’s problem in period ¢ given w; and
]3%; and (iv) all markets clear in every period, i.e., L= Ntl: and I?Hl = N,5; for all .
Define Et = I?t /N¢. Then the equilibrium dynamics of Et and f{t are determined by!?
1/5 51
~ 1—a B <Rt+1>

ki1 = Rk 1

1+ B¢ <§t+1) 7

g

_ ol ﬁ 1/~ 1 175+
d-a) 7 [1 + 87 (Rt+1) 7 1] ' ; (18)

ngt:&n A

where n = 1% + -2 129 - (. The initial value 7<:\T = IA(T /N7 is predetermined in the pre-crash

a " l-aoct+y
economy. Once the equilibrium time path of Et and }A?,t are known, all other variables in the post-
crash equilibrium can be uniquely determined.

For any o > 0, the dynamical system in (17)-(18) has a unique steady state, which we will refer

to as the post-crash steady state. This result is formally stated in Proposition 1. All proofs can be

found in the Appendix.

Proposition 1 A unique post-crash steady state exists for any o > 0. The steady-state values

(ﬁ*,%*) are determined by

Bw (R -
1+ [33,((@))371 B (11+—no)za7 (19)
B =(1-a)sw A 5w [1 + 87 (E*)i_l] ﬁ (}%)n. (20)

Next, we consider the stability of the post-crash steady state. If the EIS is no less than one,
i.e., 0 < 1, then this steady state is globally saddle-path stable. This means starting from any

~ ~ ~ o
initial value kp > 0 there exists a unique set of time paths {k:t, Rt+1}
t=

. that solves (17)-(18) and
converges to the post-crash steady state. In addition, if ET is greater (or less) than the steady-state

value @*, then Et will decline (or increase) monotonically during the transition and Ry will rise (or

fall) monotonically towards R*. These results are formally stated in Proposition 2.

12The derivation of these equations and further details of the post-crash economy can be found in an online appendix
available on the author’s website.
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Proposition 2 Suppose o < 1. Then for any initial value ET > 0, there exists a unique post-

crash equilibrium with {7{:\75,]%,54_1}

[e.0]
. that converges momnotonically to the post-crash steady state.

t=

In particular, the value of ET is uniquely determined by }ART = (%\T> , where @ : Ry — Ry is a

strictly decreasing function. In the transitional dynamics, ﬁit and %t will move in opposite directions

so that (7{:} — E*) (ét — E*) <0 forallt>T.

When o > 1, the post-crash steady state can be either a sink or a saddle. A sink means that
there are multiple equilibrium time paths that originate from the same initial value ET > 0 and
converge to the unique post-crash steady state. In other words, local indeterminacy may occur
when ¢ > 1. In this study, we confine our attention to equilibrium time paths that can be uniquely
determined. Hence, we focus on the case of o < 1. Intuitively, o < 1 means that the intertemporal
substitution effect of a higher interest rate is no weaker than the income effect. This assumption is
not uncommon in OLG models. For instance, Galor and Ryder (1989) show that this assumption
plays an important role in establishing the existence, uniqueness and global stability of stationary
equilibrium in the absence of labor-leisure choice. Fuster (1999) uses this assumption to establish
the existence and uniqueness of non-stationary equilibrium in a model with uncertain lifetime and
accidental bequest. More recently, Andersen and Bhattacharya (2013) adopt the same assumption
to analyze the welfare implications of unfunded pensions in an OLG model with endogenous labor
supply. In the rational bubble literature, Weil (1987, Section 2) focuses on equilibria in which
the interest elasticity of savings is non-negative. For CRRA utility functions, this elasticity is

nonnegative if and only if o < 1.

4.2 Bubbly Equilibrium

We are now ready to state the complete definition of a bubbly equilibrium. Given the initial
conditions, Ky > 0 and ¢y = 1, a bubbly equilibrium consists of two sets of allocations, prices
o

. o0 ~ ~ T~ B o~ > 7
and aggrega’te lnputs, {Cy,ta Co,t) lt7 Sty M, Rt7 Wt, Pt, Kt7 Lt}t:[] and {Cy,tv Co,ts lta St, Rt7 Wt, Kta Lt}tfo )

that satisfy the following conditions in every period t > 0.

~ ~ ~ ~ o0
1. If & = 0, then {Ey,T,Eo,T, lr,8r, Rry iy, K iy LT} form a post-crash equilibrium.

T=t

2. If &g =1, then

(i) given {wt, Dty Pea1, Rit1, Rt+1} , the allocation {c¢y ¢, co t41, lt, St, Mt } solves the consumer’s

problem in period ¢, i.e., (6)-(10) are satisfied;

(ii) given R; and wy, the aggregate inputs K; and L; solve the firm’s problem in period ¢;

12



(iii) all markets clear in every period, i.e., Ly = Nyly, Kip1 = Nysy and Nymy = M for all ¢;

(iv) if 441 = 0, then I?t—l-l =K1,

The last condition states that if the crash happens in period ¢ + 1, then Ky; will provide the
initial condition for the post-crash equilibrium.

Before proceeding further, we first highlight the main difference between our model and the one
in Weil (1987). In both models, the stock of aggregate capital is predetermined in the previous
period. Thus, K;; is contingent on €; but not on &;41. In the production economy of Weil (1987),
every young consumer supplies one unit of labor inelastically regardless of the state of the asset
bubble; hence Li11 = Zt—f—l = N4y, for all ¢. Since neither K;yj nor L;y; depend on €41, a bubble
crash in period t + 1 will have no immediate impact on aggregate output and factor prices. In
particular, the gross return from physical capital is never affected by the realization of the asset
price shock, so that R;y1 = §t+1 for all ¢. Thus, the stochastic bubble does not generate any
aggregate uncertainty in Weil’s model. Differently, in our model, the equilibrium quantity of L4
is endogenously determined by individuals’ labor supply decisions. If the optimal choice of l;4; is
contingent on &441, then asset price fluctuations will affect the aggregate economy through the labor

market. Our next proposition shows that this mechanism is operative only if o # 1.

Proposition 3 Suppose the utility function for consumption is logarithmic, i.e., 0 = 1. Then the
optimal labor supply is constant over time and does not depend on the state of the asset bubble.

Specifically,

1
~ 1 %
=1, = (;5) , for all t > 0.

This result holds because the income and substitution effects of wage rate on labor supply
cancel out each other when o = 1. As a result, individual labor supply is independent of current
consumption and current wage rate. Without the labor-market channel, the asset price shock will
not generate any aggregate uncertainty. Thus, our model is effectively the same as the production
economy in Weil (1987) when o = 1.

When o < 1, the optimal choice of I; is not a constant in general, and it will depend on the
current state of the asset price shock. The rest of this paper is devoted to analyzing the effects
of bubbles and crashes in this case. To simplify the analysis, suppose the economy is initially in
a pre-crash steady state. Specifically, a pre-crash steady state is a stationary equilibrium in the
pre-crash economy with the following features: (i) the market wage rate (w*) and the expected

return from the bubbly asset (¢n*) are identical in every period; and (ii) the state-contingent
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returns for physical capital are identical in every period. Let R* be the return for physical captial
if the asset bubble prevails in the next period and ]/%3 be the return if it crashes. These two
conditions ensure that every cohort of young consumers in the pre-crash economy faces the same
economic conditions and thus make the same choices. Formally, a pre-crash steady state consists
of a set of values {CZ, ch, %, 8%, a*, R*, ]%3, w*, ", k:*} such that the following are true in the bubbly
equilibrium defined earlier: if e, = 1, then pyy1/pr = 7%, Ky = Nik*, Ly = NJ*, ppmy = a* > 0,

. *

and (cyt, Cot, St, I, R, wy) = (cy,co, s*,l*,R*,w*) . Once the asset bubble crashes, the post-crash

economy will begin with initial conditions £* and }/%3 = & (k*) and converge to the post-crash steady
state (E*,E*) .

A pre-crash steady state can be characterized as follows: Using the market-clearing condition
for the intrinsically worthless asset, i.e., Nym; = M, and the stationary conditions: p;+1/pr = 7*

and pymy = pry1mer1 = a*, we can get

Di+1 . my Nit1
—_— 7'(' prng = —_—
Dt me41 Ny

=14n

Thus, before the crash happens, the price of the intrinsically worthless asset is growing determinis-

tically at rate n. Given ES > 0, the values { R*, w*,[*, k*, a*} are uniquely determined by

1 ~ 1-1 1
_1 _1 q 3 R ’ R* \- 1 R*

1+[1+(BQ) (1 +n)! ] <1—q> <1—|—On> <1_1+n> =atyn A

« a1t
w = (1-a) ()" (22)

s |(1—a)R* ’
A() = Bg|(1 4+ m)wr) |12 (23)
aQ*RS
a\1a
=1 (ﬁ) : (24)
a* = (Q*ﬁ;; - R*) k*, (25)
where
«_ |la(l4+n—-R")|"

(1—q) Ry
A detailed derivation of these equations can be found in the Appendix. Once these values are

known, the remaining variables {c* cr 8*} can be uniquely determined from the consumer’s budget

Yr -0

constraints. Equations (21)-(24) implicitly define a one-to-one mapping between }?38 and k*, which
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we will denote by k* = T’ (ES) . This, together with the mapping }/%6 = & (k*) mentioned in

Proposition 2, can be used to determine the value of 1:23 and k*.

4.3 Expansionary Effect of Asset Bubbles

We now turn to the main subject of this paper, which is the potential expansionary effect of asset
bubbles. Specifically, we want to identify the conditions under which the pre-crash steady state has
a higher level of labor supply and capital-labor ratio than the post-crash steady state, i.e., [* > T*

and k* > k*.13 We begin by stating an intermediate result.

Proposition 4 Suppose 0 < 1. Then the existence of asset bubble is associated with a higher level

of steady-state interest rate, i.e., R* > R*.

The above result can be attributed to two factors. Firstly, since aggregate uncertainty exists
before the crash happens, consumers will demand a higher return from savings in the pre-crash
steady state. Secondly, even in the absence of uncertainty, the existence of asset bubble tends to
lower the capital-labor ratio and drives up the steady-state interest rate.'*

Using (24), which is valid in both the pre-crash and post-crash economies, we can get

1 1

1
e o/ ON\NT=a _ ~ [ a\Ta ~, * (R*)la
(R*) (R*) I R* (26)

This shows that asset bubbles can potentially crowd in productive investment, but this happens
only if there is a sufficiently large expansion in labor supply among the young consumers. In both
economies, optimal labor supply is determined by equation (9), which can be restated as

ALY =)o <Cyt> : (27)

wyly

Equation (27) shows that individual labor supply is jointly determined by the current wage rate and
the propensity to consume when young. Holding the propensity to consume constant, individual
labor supply is an increasing function in wage rate when o < 1. Since R* > R* implies w* < w*,

this wage-rate effect alone will lower the supply of labor in the pre-crash steady state. Thus, I* > T*

Note that k* > k* also means that the post-crash economy will start with a higher capital-labor ratio than
its steady-state value. Thus, by the results in Proposition 2, kt is strictly decreasing towards k* in the transition
dynamics.

14See Shi and Suen (2014) Proposition 2 for a proof of this statement. Other rational bubble models, such as Tirole
(1985), Weil (1987), Olivier (2000), and Farhi and Tirole (2012), also predict a higher long-run interest rate in the
presence of asset bubble.
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is possible only if the consumers have a lower propensity to consume before the crash, i.e.,

~ *
Cy Cy

@l T oW

Using (5) and (15), one can express these propensities in terms of R*, R*, R* and m* =1+ n.

To summarize, asset bubbles can potentially crowd in productive investment in our model, but
this happens only if these bubbles can induce the young consumers to consume less and work more.
This is more likely to happen when the EIS for consumption (i.e., 1/0) and the Frisch elasticity of
labor supply (i.e., 1/9) are large. The exact conditions for [* > 7* and k* > E*, expressed in terms

of R*, ﬁ{") and ﬁ*, are shown in Proposition 5.

Proposition 5 Suppose 0 < 1. Then I* > 1* if and only if

a(l—o) ~
|:q(1 _|_n):|;' (R*)(lla)o' Q*RE‘S
- = = > P}
R* R* R*

and the asset bubble can crowd in productive investment, i.e., k* > E*, if and only if

|:q(1 +n):|417 <R*)_[1+(1111:;‘7)0] . Q*ES

4.4 Numerical Examples

In this section we use some numerical examples to illustrate the effects of an asset bubble crash
in our model. We mention at the outset that these examples are only intended to demonstrate
the working of the model and the theoretical results in the previous section. Thus, some of the
parameter values are specifically chosen so that asset bubbles can crowd in productive investment.

Suppose one model period takes 30 years. Set the annual subjective discount factor to 0.9950 and
the annual employment growth rate to 1.6 percent.'® These values imply 8 = (0.9950)30 = (0.8604
and n = (1.0160)30 —1=10.6099. In addition, we set ¢ = 0.90, a = 0.30 and ¢ = 0. Our choice of ¢
and n implies that the expected return from the intrinsically worthless asset is g (1 +n) = 1.4490.
We consider four different values of o between 0.10 and 0.30. For each value of o, the parameter A
is chosen so that [* is 0.50.16 Using these parameter values, we solve for the equilibrium time paths

under the following scenario: Suppose the economy starts from a pre-crash steady state at

5The latter is consistent with the average annual growth rate of U.S. employment over the period 1953-2008.

1 Under the assumption of indivisible labor (¢» = 0), the variable I; is more suitably interpreted as the labor force
participation rate at time t. Thus, we choose a target value of 7* based on the average labor force participation rate
in the United States during the postwar period, which is about 0.50.
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Table 1

Pre-crash and Post-crash Steady States

o =0.10 o=0.15 o =20.20 o =0.30
Post-crash  Pre-crash Post-crash ~ Pre-crash Post-crash ~ Pre-crash Post-crash ~ Pre-crash
R 1.2176 1.4671 1.2416 1.4548 1.2637 1.4485 1.3036 1.4434
Cy 0.0832 0.0374 0.0846 0.0538 0.0858 0.0640 0.0878 0.0758
l 0.5000 0.7306 0.5000 0.5862 0.5000 0.5416 0.5000 0.5132
k 0.0676 0.0757 0.0657 0.0614 0.0641 0.0571 0.0613 0.0544
Y 0.2743 0.3701 0.2720 0.2980 0.2700 0.2758 0.2664 0.2617
a 0 0.0998 0 0.0559 0 0.0371 0 0.0198

Note: The notation y denotes per-worker output, i.e., y = k¥,

time ¢t = 0, and suppose the bubble bursts unexpectedly at time ¢t = 3.7 The economy then con-
verges to the unique post-crash steady state. The transition dynamics in the post-crash economy
is computed using backward shooting method.

Table 1 shows the key variables in the pre-crash and post-crash steady states under different
values of o. The first row reports the value of R* and R*. In all four cases, the return from physical
capital is higher in the pre-crash steady state than in the post-crash steady state, which is consistent
with the prediction of Proposition 4. In all the reported cases, we have [* > * which means labor
supply is higher before the crash. In particular, the gap between [* and 7* widens as o decreases.
This captures an increasingly stronger intertemporal substitution effect which induce the young
consumers to consume less and work more. When o = 0.1, the difference between [* and T* is
sufficiently large so that asset bubble can also crowd in productive investment (i.e., k* > E*)

Figures 6-8 show the time path of interest rate (R), labor supply (/) and capital-labor ratio (k)
before and after the crash. In all four cases, the crash induces an immediate reduction in interest
rate and labor supply. During the transition in the post-crash economy, ]/%t and 7{:} move in opposite
directions as predicted by Proposition 2. In the more interesting case where asset bubble crowds in
physical capital (i.e., o = 0.1), labor supply and productive investment fall markedly at the time of

the crash and continue to decline afterward.

17In other words, we consider a particular sequence of asset price shocks in which e, = 1 for ¢ € {0,1,2} and e, =0
for t > 3. As explained earlier, the non-stationary bubbleless equilibrium will always begin with the same initial values
k* and R{ regardless of the timing of the crash. Thus, the exact time period when the crash happens is immaterial.

17



5 Concluding Remarks

This paper contributes to the stochastic bubble literature by demonstrating the importance of en-
dogenous labor supply and intertemporal substitution in understanding the effects of asset price
bubbles and crashes. In particular, we show that stochastic bubbles can crowd in productive invest-
ment and promote aggregate employment when the intertemporal substitution effect is sufficiently
strong. We remark that the present study is mainly theoretical in nature and more effort is needed
in order to generate realistic quantitative results. In particular, expanding the consumer’s planning
horizon (and thus reducing the length of each model period) is crucial for matching the model to the
data. Introducing other model features, such as financial market imperfections and heterogeneity in
firm productivity as in Martin and Ventura (2012) and Farhi and Tirole (2012), may also help ex-
pand the range of parameter values under which asset bubbles can crowd in productive investment.

We leave these possibilities for future research.
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Appendix

Derivation of Equation (15)

Consider the consumer’s problem in the pre-crash economy. The first-order conditions for an interior

solution of (s¢,my,l;) are given by

(welp — st —prmy)” 7 = [th-H (Rit18t + pryrime) 7 + (1 —q) §t+1 (§t+13t)_ ] ;

- Pt+1 _
(wily — s —pymy) ™7 = Py <p+) (Reg15¢ + pryrmy) 7,
t

Alff’ = Wy (wtlt — St — ptmt)fg .

Define 7441 = p+1/pe. Combining (28) and (29), and rearranging terms gives

=

o

T - R ~
Ryy18¢ + pryamy = a(misy = +1) (Rt+15t) ;
(1—q) Riy1
Qir1

which implies

1 .
my = — (Qt+1Rt+1 - Rt+1) st,
Dt+1

p o~
St + pemy = {1 + <Qt+1Rt+1 — Rt+1>:| S¢.
Pt+1

Using (29), (31) and (32), we can get

1
5 = (Bamiq1)e wil,
— _ . - ,
Qp1Rip1 + (Bamep1)e [1 + ptpjl (Qt+1Rt+1 - Rt—&—l)}
Q1R
eyt = Wely — (8¢ + pymy) = — T AR t;tl — wyly.
V1 Ry + (Bamg1)© [1 + e (Qt—HRt—H — Rt+1)}

Equation (15) can be obtained by simplifying the last equation.
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Proof of Proposition 1

o~

In any post-crash steady state, we have ki1 = Et — %* and §t+1 = ﬁt — R* for all ¢. Substituting

these into (4) and rearranging terms gives

1
N
~ B (R)° 1+n)a
O(R*) = ( >1_1:(1_i . (35)

1+ 87 <J§*)"

Substituting the same steady state conditions into (18) and rearranging terms gives (20). Note that
the function © : Ry — Ry defined in (35) is continuously differentiable and satisfies © (0) = 0.

Straightforward differentiation gives

o' <§> = 3 > 0, for any o > 0.

Hence, there exists a unique value of B* > 0 that solves (35). Using (20), one can obtain a unique

value of &* > 0. This proves Proposition 1.

Proof of Proposition 2

First, consider the case when o = 1. Equations (17) and (18) now become

1
~ 1 — o 6 ~ o~ Aili ~ 1 1+ /8 1+¢
= « — 11—« - . 36
Pt a(l+n) (1 + 5) Bk, and Bk =a < A ) (36)

Combining the two gives

B(1-a) <1+[3>113E?

M = A ) A

Since « € (0, 1), there exists a unique non-trivial steady state k* > 0 which is globally stable. The

second equation in (36) can be rewritten as

oo (S0) T (R) 7 20 (8),

where @ (+) is a strictly decreasing function.
Next, consider the case when o < 1. To prove that the post-crash steady state is globally saddle-

path stable, we will use the same “phase diagram” approach as in Tirole (1985) and Weil (1987).
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To start, define a function F : Ry — Ry according to

1
1— l1—0 | o+ o
F(R)=a” (Z) (1 + ﬁ%R%*) R, (37)

Note that the unique post-crash steady state must satisfy k*=F (E*) . Taking the logarithm of

both sides of (37) and differentiating the resultant expression with respect to R gives

, o [ pERE —o

F(R) o+ \14p7R> o+
where 7 = (6 +1¢)n/(1 —0) and X (-) is the function defined in (4). There are two possible
scenarios: (i) 7 > 1 and (ii) 7 < 1. Since X (+) is strictly increasing and bounded above by one, in
the first scenario we have ' (R) < 0 for all R > 0, limp_,o F (R) = 400 and limp_. F (R) = 0. In
the second scenario, F (-) is a U-shaped function. Figures B1 and B2 provide a graphical illustration
of these two scenarios. In both diagrams, the function F (-) and the vertical line representing R = R*

divide the (R, k)-space into four quadrants:
O = {(R,k) k< F(R), R< R, and (R k) # (E%)}

QQE{(R,k):k>}"(R) andR<§*},
Qs = {(R,k:):ka(R), R> R, and (R, k) # (fz%)}
Q4E{(R,k:):k:<]—"(R) andR>1§*}.

The rest of the proof is divided into a number of intermediate steps. These steps are valid both

when 77 > 1 and when 77 < 1.

Step 1 For any initial value (RST,%T) > 0, there exists a unique sequence {§T+1, ET+1, §T+2, ET—&—Q, }
that solves the dynamical system in (17)-(18). Whether this is part of a non-stationary post-crash
equilibrium depends on the location of (]%T, 7<:\T) on the (R, k)-space. A solution {§T+1, ETH, §T+2, /I;T+2,
is said to originate from @, if (ﬁT,ET> € Qn, forn € {1,2,3,4} . In the first step of the proof, it is
shown that any solution that originates from )1 or Q3 cannot be part of a post-crash equilibrium.
Suppose (ﬁt’@ is in @; for some ¢t > T. This means either (i) 74:} < F <§t> and ]3% < E*, or
(ii) Et =F (§t> and Et < R*. First consider the case when Et < F (Et) and R\t < R*. Using (18),
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we can obtain

Rlky = a" Sl [l-i-ﬂflf (Rt+1> ]

1—o)l-o]7 N\ Li-1]74w
< o' % [1+5‘1’ (Rt> ] )

which implies Ry41 < R; < R*. Recall that the function X (-) defined in (4) is strictly increasing

when o < 1. Then it follows from (17) that

~ 1—« ~ ~ o~
kt—i—l = mz (Rt—i-l) Rtkt
1l—a

mE <§*> Riky < Omz (ﬁ*) Rk = ki

The last equality follows from equation (19). This result implies Et—f—l < Et <F (Z/%t) <F <§t+1) .
Next, consider the case when Et =F <§t) and ﬁt < R*. Equation (18) and Et =F (E&) together
imply ﬁitH = ﬁt < R*. This, together with (17), implies /k\t+1 < %t < F (Et) =F <§t+1> . This
proves the following: Any solution that originates from ()7 is a strictly decreasing sequence and is
confined in @)1, i.e., (}Aﬁt,%) € 1 for all ¢ > T. Since both 76\,5 and ﬁt are strictly decreasing over
time, in the long run we will have either %t =0or f?t = 0, which cannot happen in equilibrium.
Using a similar argument, we can show that any solution that originates from @3 is a strictly
increasing sequence and is confined in (3. Using the young consumer’s budget constraint and the

capital market clearing condition, we can obtain the following condition

~ /k\?t+1 P o\ tme
- < - - = .
St Tin < Wil < W4 (]. Oé) 7

Obviously, this will be violated at some point if both Et and }A%t are strictly increasing over time.

Hence, any solution that originates from )5 cannot be part of a post-crash equilibrium.

Step 2 We now show that any solution that originates from Q)2 will never enter @4, i.e., (ﬁT, ET) €
Q2 implies (Et’/]%o ¢ Qu, for all t > T likewise, any solution that originates from @4 will never

enter QQo.
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Suppose (}A%t,/k\:t) is in Q2 for some t > T. Then we have

P 1—a)to]7 L N\ L1
Rlk, = a" (A) [1+ﬂf’ (Rt+1> ]
i oA L ,
(1—a) 77" 1/~ 2—1] o+
n S o
> a8 1467 () ,

which implies §t+1 > ﬁt. Suppose the contrary that (EtH,EtH) is in @4, so that §t+1 > R* > ﬁt
and /k?t+1 <F <§t+1) . Then, using (17) we can get

o | B (R ]
a(l+n)

Ry 1k

1 /5%
_ tl—fn) B 1(;3) - Riky = Riky. (38)

The second line uses the fact that X (-) is strictly increasing and §t+1 > R*. The last equality

follows from the steady-state condition in (19). Since n > 1, we also have E?;ll > E?fl. This,

together with (18) and (38), implies

1
o+

(1 _ a)l—o

R?+1kt+1 > R?kt =qa" 1

(e
11] o+

[1 + B (ﬁt—i-l) 7

= k1 > F (EtJrl) )

which gives rise to a contradiction. Hence, any solution that originates from Qo will never enter Q4.

Using similar arguments, we can show that any solution that originates from Q4 will never enter

Q2.

Step 3 Consider a solution that originates from Q2. As shown in Step 2, (ET,ET> € Q9 implies

}AZTH > ET. If ETH > }A%*, then the economy is in QY3 at time T'+ 1 and by the results in Step 1, we
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know that R, will diverge to infinity in the long run. If §T+1 < R*, then using (17) we can obtain

11—« _ 5% (}/%T-i-l);_l
a(l+n) _1+/3% <§T+1);_
L [ 55 <}§*)E R R
a(l+mn) ’

Rrkr

kri1

There are two possible scenarios: First, if ET+1 < R* and %TH < F (ETH) , then the economy
is in @1 at time T 4 1. By the results in Step 1, we know that all subsequent values of ﬁt will be
strictly less than R*. Second, if }A?TH < R* and F (§T+1) < ET—H, then that means the economy
remains in Qs at time 7'+ 1. In addition, we have ET-H > ﬁT and /IET > ET+1 which means the
economy is now getting closer to the steady state (ﬁ*,@*) . Thus, any solution that originates from
@2 has three possible fates: (i) It will enter Q3 at some point and R, will then diverge to infinity. (ii)
It will enter ()1 at some point and ]3% will be strictly less than R* afterward. (iii) It will converge
to the post-crash steady state. For reasons explained above, the first two types of solutions cannot
be part of an equilibrium. Hence, a solution originating from () is an equilibrium path only if it
converges to the steady state <1§*, E*) . The above argument also shows that, along the convergent
path, Et is decreasing towards k* while ﬁt is increasing towards R*.

Using a similar argument, we can show that any solution originating from @4 is an equilibrium
path only if it converges to the steady state (E*,E*) , and that along the convergent path, /k\:t is

increasing towards k* while R; is decreasing towards R*.

Step 4 We now establish the uniqueness of saddle path. Fix ET > 0. Suppose the contrary that

there exists two saddle paths, denoted by {ﬁzg,%g}

oo o~ o~ o0 ~ o~ o~

and R/, kI , with k% = K\, = kp and
=T DR fyer
R, > R/, > 0. By the results in Step 3, we know that tlirgloRg = tli)rgloRg’ = R*. Substituting k7. = k.

and I/%’T > R, into (18) gives

1_ ot
~ N\ 1_1_55 R c—17 o9
Ry T+1
D) T 15 > 1,
RT
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which implies §1T+1 > E%H > 0. Using (17), we can get

2 Y (E/T 1) R
T+1 _ +1) Ry > 1.

o 5 (Ren) R

Using (18) again, but now for ¢t = 7"+ 1, gives

N n oy~ 1 e -1 v
(HTH) (m)_ +6 (Rhyo) .
= = = 1_ ’
Ry KT41 1+ 8 (R\%H)” '

which implies fz’T 4o > }Aﬂ} 42+ By an induction argument, we can show that Eif > E{} +j implies
E’Tﬂ- > E&QH, and EITJrj+1 > ﬁ%ﬂ-“, for all j > 1. The last result contradicts tlg&ﬁii = tlirgoﬁg’ =
R*. Hence, we can rule out the possibility of multiple saddle paths.

In sum, we have shown that any equilibrium path that originates from a given value of ET >0
must be unique and converge to the post-crash steady state. Hence, the dynamical system in (17)-
(18) is globally saddle-path stable. The one-to-one relationship between JTZT and ET can be captured
by a function ® : Ry — Ry. Since the saddle path is downward sloping in the (R, k)-space, @ (+)

must be strictly decreasing. This completes the proof of Proposition 2.

Proof of Proposition 3

In the post-crash economy, optimal labor supply is determined by (3). Setting o = 1 gives

1
Iy = (%) " for all t. Next, consider the pre-crash economy. Substituting (34) into (30) and

rearranging terms give

g

; (39)

~ 1 —~
V1R + (Bamg)e [1 + (Qt+1Rt+1 - Rt-l—l)]

DPt+1

AT = (wy)t e _
! () Q1R

where 441 is defined in (14). When o = 1, the right-hand side of the above equation becomes

~ -1 ~
1+ (Qt+1Rt+1) (Bqmit1) [1 + ptpijl (Qt+1Rt+1 - Rt+1>]
1— -R
~ o4 B(l—q) [Wt—&-l C Ry + q(miq1 t+1)} 148
Ter1 — R l—gq
Hence, we have Al}f o4 B for all t. This completes the proof of Proposition 3.
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Derivation of Equations (21)-(25)

Recall that the optimal choice of s; in the pre-crash economy is determined by equation (33). Using

this and awil; = (1 — «) Rk, we can write the market-clearing condition for physical capital as

1 _
(1 + n) k;t+]_ — - l(5qﬂ—t+1) < Oé> Rtkjt_ (40)
V1 Rep1 + (Bamg1)© [1 + (Qt+1Rt+1 Rt—l—l)} «

Pt+1

Combining (39) and (40) gives

Al;/}‘HT _ (wt)la{(ﬁqmil)g [ -« } Rtk’t} . (41)

Q1R Lla(l+n)] ke

Upon setting ki1 = ky = k*, Ry = Ry11 = RY, §t+1 = }/%6 and 7441 = 1 +n, equation (40) becomes

=407 Palleml <1_0‘> R (42)
YRy + [Bq (1 +n)]- {1 + (Q*R* _R*ﬂ a
1 1 O*R* %
=1+ |1+(Bg) - (1+n)17;} (1 +R72> a clvlin

Equation (21) can be obtained by rearranging the terms in the above equation. Similarly, after

substituting the stationarity conditions into (41), we can obtain

«\Y+o _ w0 [ﬁq (1 + n)]% 11—« R* 7
AT = (w) { O R <a)1+n}

Equation (23) follows immediately from this equation. Equations (22) and (24) can be obtained
from (16). Finally, equation (25) can be obtained from (13).

Define 0" = R*/(1 4+ n). Then we can rewrite (21) as

Q=

(07 =14 [1+ (Ba) 7 (1+0)1 7] ( q )

1—gq 1+n

D -2 *
( It ) (1-0%)7 = % (43)

For any }A%S > 0and o >0, ¥:[0,1] — Ry is a strictly decreasing function that satisfies ¥ (0) > 0
and ¥ (1) =1 < 1/a. Meanwhile, the right-hand side of the above equation is a straight line that
passes through the origin and 1/« (when #* = 1). Thus, for any ﬁs > 0 and o > 0, there exists a
unique 6* € (0,1) that solves (43). Once R* = (14 n) 0" is determined, the value of {k*, w*,I*, a*}

can be uniquely determined using (22)-(25).
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Proof of Proposition 4

The proof of this result is divided into two parts: First, by comparing the optimal labor supply
and capital market clearing condition in the pre-crash and post-crash steady states, we show that
c<1l,a">0and R* < R together imply £* > k*. Thus, by the results in Proposition 2, we will
have }A?,("; < R*. Second, we show that the same conditions o < 1, a* > 0 and R* < R* also imply
ﬁa‘ > R*. Hence, there is a contradiction and it must be the case that R* > R* when o < 1.

We begin by establishing some useful intermediate results. First, in any pre-crash steady state,
a* > 0 if and only Q*}ABS > R*. Using the definition of 2*, we can rewrite this condition as

o—1
q(1+£*—R)>(1_q)(%> ' (44)
0

Next, we compare the optimal labor supply in the two steady states. In the post-crash steady state,

v+ = L1 1
~ 4 a -« 1/~ o -«
A@®) 2o w (2 LR |
[( @) ( R*> ] B v 1w
The counterpart of this in the pre-crash steady state is equation (23). Taken together, they imply
a(l—o)
<Z*>TZJ+U_ (R*>_ I—a [q(1+n)} R* o .
g 2 I \om)

Using (19), we can write

l—a R*
a 14+n

1
o

1/~ \1—
v (1)
A similar equation for the pre-crash economy can be obtained from (42), i.e.,

l—a R* Q*R; — R* RSP
=14+—-—0 - 1 o Q'R
a 1en YT + [Bg (1 +n)] Ry

Combining the two gives

e (R = TR st erRy -t (R)

Hence, Q*ES > R* and R* < R* together imply

1

[q(1+n)] 7 QR < (ﬁz*)l_”

27



< 2drn) <Q§§*> . (46)
0

Equations (45)-(46) and R* < R* then imply [* > 1*. Using (24), we can get

This establishes the first part of the proof. On the other hand, using the definition of *, we can

rewrite (46) as

~ o—1
(1+n—RY) R*
11 S (1-9) (E’S) : (47)

If 0 < 1 and R* < R* are true, then we can combine (44) and (47) to get

~ o—1 o—1

1+n—R* R* R* 14+n—-R*

(+n-R) )g(l—q) - <(1-9|= <q( )’
1+n R i

which implies R* < ¢ (1 + n), or equivalently,

(1+n—RY)

> (1—-gq).
1+n ( %)

Equation (47) then implies ﬁs > R* which is inconsistent with the fact that k* > k*. Hence, it
must be the case that R* > R*. This completes the proof of Proposition 4.

Proof of Proposition 5

The necessary and sufficient condition for I* > I* follows immediately from (45). Using (24), we

can get
1

ke (R
wOR\R)

The necessary and sufficient condition for k* > k* is obtained by combining this and (45).
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