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Abstract. In this paper, we consider testing if a density satisfies a differential equation. This result can be
applied to see if a density belongs to a particular family of distributions. For example, the standard normal density
S @) =@2r)"? exp(—t>/2) satisfies the differential equation f'(r)+¢f(f)=0. If a density satisfies this equation
at that point ¢, then it is called locally standard normal at that point. Thus, there is a practical need to test whether a

L
density satisfies a certain differential equation. We consider the expression £(x) = Zg, (x)f 0 (x) .We can test the
1=0

null hypothesis Hy: f satisfies the equation F(x) = 0 against the alternative hypothesis H,: F(x) # 0. The testing pro-
cedure is accompanied by an asymptotic normality statement.

1. Introduction. In statistics, normality tests are used to determine if a data set is well-modeled by a
normal distribution and to compute how likely it is for a random variable underlying the data set to be
normally distributed. Nevertheless normality tests are useful in many areas of forecasting and econometric
inference as complements to other diagnostic tests. The tests are a form of model selection, and can be
interpreted several ways, depending on one's interpretations of probability, for example, in frequentist
statistics, statistical hypothesis testing, data are tested against the null hypothesis that it is normally
distributed.

In this paper, we propose a local normality test. Consider, for example, the standard normal density

fF(t)=Q2rm)"? exp(=t>/2) . 1t satisfies a differential equation f'(¢)+f(¢#)=0. The general solution of

this equation is f(¢) = cexp(—t>/2), and if it is to be a density, one has to put ¢ = (27)""">. We say that

a density fis locally standard normal at point ¢ if it satisfies the above differential equation at that point.
Thus, there is a practical need to test whether a density satisfies a certain differential equation. The testing
procedure is accompanied by an asymptotic normality statement.

There are a variety of statistical tests designed specifically to test the normality of data distribution.
Different tests of normality often produce different results. The latest references concerning normality
testing include [1-7]. According to [1], the Shapiro-Wilk test has the best power for a given level of
significance, followed closely by the Anderson-Darling test, Lilliefors test and Kolmogorov-Smirnov test.
[2] showed that the Jarque-Bera test is superior in power to its competitors for symmetric distributions
with medium up to long tails and for slightly skewed distributions with long tails. The power of the
Jarque-Bera test is poor for distributions with short tails, especially if the shape is bimodal, sometimes the
test is even biased. According to [3], for testing other distributions, the statistics based on generalized
sample spacings and the modified Anderson—Darling statistic provide the most powerful tests. [6]
compared the power of six formal tests of normality and showed that D’ Agostino-Pearson test achieves
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the highest power under all conditions for large sample size. Most existing tests are based on some global
properties of normal distributions. Our test is local. Both global and local approaches have their
advantages and deficiencies. The main difference between the global and local approaches consists in the
amount of calculation: rejecting normality locally is enough to reject it globally.
2. Main results. Let X}, X;, ... X, be independent identically distributed observation from distribution
having unknown density /- The Rosenblat-Parzen estimator for the density f'evaluated at x € R is defined by
A 11 [(x—X,
=— ) K /
=235,

J=1

where /> 0 is a bandwidth and K is a kernel on R satisfying IK (1)dt =1 Denote « (K) = Ixj K (x)dx
R

R
the j-th moment of K and let K be a kernel of order ¢, thatis «,(K) =0, j=L...,¢-1, o (K)#0

If fand K are / times continuously differentiable, then differentiation of f »(x) leads to the estimator

of fU(x)

0y L Lo X=X |
S n;h,ﬂ ( - (1)

In asymptotic statements the sample size n tends to infinity and the bandwidth # depends on » but this
dependence usually is not reflected in the notation.
Now we turn to the testing for local normality. More generally, consider the expression

F(x)=> g, "), )

where { g (x)} are given functions and the senior coefficient g, is different from zero at the given point

x. We can test
a) the null hypothesis Hy: fsatisfies the equation F(x) = 0 against
b) the alternative hypothesis H,: F(x) # 0.
It is convenient to use the differential operator D defined by (Df)(x) = F(x). Since the derivative

f 9 (x) is estimated by (1), it is natural to estimate F(x) by
R L n 1 & L (X) x—X.
(=Y g, (k) =— 3 BLPK | —=L |, G)
1=0 n3i=s h h
As one can see from part (a) of the next theorem, under the null hypothesis it also makes sense to
consider the random variable G, (x) = ﬁh (x)/ h . Provided that

f(x)g, (x)#0, (4)
let ¥ denote a normal variable distributed as N(O,f(x) UgL ()C)K(L)(t)}2 dtj .

Assumption 1.
a) f'is infinitely differentiable.

Theorem 1. Suppose that Assumption 1 holds. Then the following statements are true:
a) The bias of (3) is given by

. (4+2)
EF 09~ P = 8,0 C2 () a1, (K) - 0. ®)
Consequently, under H,
EF,(x)=0(h") (6)
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If, however, Eﬁh (x) > const #0,as h— 0, then F(x)#0 and H can be rejected.
b) If nh***" — oo and (4) holds, then under the null p limﬁ'h (x) =0 (this equation is preferable to (6)

because in practice EF, L (x) is unknown).
¢) If nh — oo and (4) holds, then
20+ \2[ 2 2 d
d) (nh?) [ﬂ(x)—EFh(x)}—»P. 7)

W3 >0, then

(n ) (B0 = F) |~

If, in addition, n

1/2 ~
¢) If nh— oo, and nh**"> — 0 and (4) holds, then under the null (nhzm) G,(x)—>V¥.

Proof: a) Denoting
&) g X=X,
@; Z ;lm [ P j =1

we rewrite (3) as

A~ 1 n
Ex)==Y o, (®)
n j:1
A 1 X
Eﬂ(x):;Z_;L;Eg}’/(jf)K (XTD ZEw = Ew,. )

Assumption 2.
To justify integration by parts below, forany 2#>0and j=0,...,/—-1,/>1

th s)f”’(x+sh)—th (=) "7 (x+sh) =0
Using (9),
Ea = EF,(x)= 1 z(zEg;/(jlc) [x—hX,-j]_ g;ll(jlc) ( j/( s =

(changing Variables)

gl - j KO (=0)f (x-+ htydr = Zg, (x)( [K 0 fx+ ht)dt] -

=0 R

(then Assumption 2 allows us to integrate / times by parts)

—Zg,(x)(——Kll( t)f(x+ht)j +Zg,(x)[h,1jK“ t)f(x—i—ht)dtJ

L

=2 & (x)(—%K (=0 Ce+ ht)y + Zgl (x)[ [K 0"+ ht)dtJ =

=0

= ZL:g, (x)(jK(—t) e+ ht)dtj

This integral typically is not analytically solvable, so we approximate it using Taylor expansion of
f (1)(x+ ht) in the argument k¢, which is valid as 2 — 0. For a g-th order kernel we take the expansion
out to the g-th term

© (i+1) ] (g+1)
f(l)(x+ht) - ;%(ht)l — f(l)(x)_i_%(ht)q +0(hq+1)

— 44 ——
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Using J- K(#)dt=1and  (K)= quK(x)dx , we get

R

f‘“’()

Zg;(X)f (X)+Zgz(X) UK( (= )qd1j+0(hq”)

(DN g, 0 L@ ( L (<h)’ a,(K)+o(h™). (10)
Equation (5) follows from (3) and (10)
EF L(X)—F(x)=g,(x) f pr ( )( )q (xq(K)+0(hq”).

The rest of part a) is an obvious consequence of (5).

b) We need an asymptotic expression for the variance of Ia »(x). By the i.i.d. assumption
Var(@(x)) ZVar( ) [Ea)1 (Ea)l)z}
We need to evaluate E@ and (Ea)l) .

Eoi= Y &(;ﬁ(x) (x XJ,d )(x_thj:

[,m=0

= Z & (;l?ffz(X) IK (x S] ( Jf(s)ds -
- Z g’(,ﬁfia(x)IK K™ (=t)f (v + ht)dt =
= ingfl) {f( )J.( ) dt}—i— ingfl) ?:l%fl & (xL)(gm)(x)th “Iem [f(x)}[K(l) (—I)K(m) (—l‘)dt} _

_ iég){f( (K () dt+0(h)}
(11

Combining (10) and (11), we obtain the expression for the variance

var(F,(x)) = g;lz(“? {f (e [ K] +O(h)>—%[F(x)+0(h)]2 - "
= ﬁ{f(x)ao 20K + O(h)}.

If H, holds then by (5) Eﬁ'h (x) > 0, 7 — 0 and by the Chebyshov inequality (12) implies
P(\@(x)—E@(x)\ > g) < izvar(ﬁ,,(x)) 50,0, forany £>0.
£
Hence, £, (x) = [ﬁh (x)—EF, (x)] + EF, (x)—20.

c) Let wus prove convergence in  distribution of the standardized version

S = [ﬁh (x)—EF, (x)} / [Var(ﬁ}, (x))T/2 of F (x). Using (8), we have
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1< w.—Ew. 1
Sn:;z jA ’ 172 =2an
J=1 [Var(Fh (x))] j=1
where X, =, - Ew, /[Var(ﬁh (x))}m

It is easy to see that by the i.i.d property

var(®,) 1
EX _0 Var(an)—z—,\]=_, VaI'(Sn)=1.
n*var(Fy(x)

Alternatively, using the notation in the Lindeberg-Feller theorem [7], we can rewrite
1
lunj =0, o-nj =;, o, =1.
Let F, be the distribution function of X, . Since X are iid., all F coincide withF}, and the

nj

Lindeberg function takes the form

Z J- szy =n j xzdﬂl(x)égﬂxr% F (x)=

O, j- ld>e [x[>¢
13
_ 248 E|a)1 —ECUI|2+5 ( )
- - . ~ 1+5/2 °
&' [var(Fh (x))]

By Holder’s inequality
(Elor— Eaaf** |77 <2(EJof P <
(plugging @, in and applying Minkowski’s inequality)
0 (x - Sj
h

1
246 |45
sl g

:2i|gz<x)|[”1<a>(z)rw f(x+ht)dt} < |gL( il { fx )HK ‘”dt+0(h)}m .

Therefore,
2+6

(Elo~Eaf*) < 32*5“‘?5 L {f f|K (o) ar+ O(h)}] . (14)

Combing (12) and (14), we get

+ 2+0
pltO12 2LAN+8/2) [3|gL (x)ﬂz ’ {f(x)HK(L) (t)‘ di+ O(h)}
R

1+5hL+1—1/(2+5)

_c(&,0,x)
- (nh)5/2

- g§n (L) 2 1+5/2 ’
a2,k + 00|
as nh — .
By the Lindeberg-Feller theorem the assumption ns — oo implies S, —4 5 N(0,1).

Now we can prove the convergence stated in (7). By (12) the limit in distribution of
12 A R
(nhu”) |:Fh(x)—EFh (x)] is the same as that of

— 4 ——
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"2 F(0) - EE,(x) _
[var(F,)]

|7,k T 00|

| [, k"] + 0(h>}m 5, —> W,

In the equation

1/2

(nh1) " [ £, = F () | = (mt? ) [ £, = EF, (o) |+ (nh*") [ EF, ()~ F(x) ]

the first term on the right converges in distribution, as we have just proved, and the second is of order

O((nhu+1 )1/2 h) = O((nhu+3 )1/2) =0(1) , according to (5) and the assumption nh**"> —0.

(d) Under the null one has the identity (nh””)l/2 Gﬂh()c):(nhu“)l/2 [Fh(x)—F(x)}, the

conclusion follows from part (c).
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JUOOEPEHIIUAJIABIK INAPTTAPJABI TECTIJIEY
ZKOHE TBIFbI3JIBIKTHIH KEPTTJIIKTI HOPMAJII

K. T. Ml,mﬁaenl, A. C. Aunenosa’

lKa3aKCTaH—BpI/ITaH TEXHUKAaJIBIK YHUBEpCcUTeTi, Anmatel, Kasakcran
PMK «Matemaruka jxoHe MaTeMaTUKAJIBIK MOJIENbACY HHCTUTYTh, AiMarsl, KazakcraH,
*on-Mapabu ateiHaarsl Kasak ynTThIK yHuBepcuTeTi, Anvarsl, KasakcTaH,
PMK «MatemaTtuka jx9H€ MaTeMaTHKAJIbIK MOJIETIbACY MHCTUTYTh», AnMmatsl, Kazakcran

Tipek ce3aep: Tecriiey, }KEPrilikTi HOPMAJIbIbl TECT, Oanamalbl OoDKay, HOJAIK 0OJDKAY, aCHMITOTHKANBIK
HOPMAJIb/IBIK.

AnHotanusi. J)Kymbicta, THIFBI3ABIK (QyHKUMACH IuddepeHmaniplK TeHACYlI KaHaFaTTaHAbIPAThIH TECTiliey
oz1ici yChIHBUIABL. ByJl HOTHXKE THIFBI3IBIK (QYHKIMACH HAKThl YJIECTIPIMIED JKUBIHBIHA JKATATHIHBIH TEKCEPY YIIiH

KOJIAHBUTYBI MyMKiH. Mbicabl, CTanzapTTsl HopManbi Thrbusik £ (1) = (277) "% exp(—t> /2) xubiusl keneci

mudpdepentmanipsik reraeyai f'(¢)+1f (t) =0 xanararranasipazsl. Erep THIFBI3ABIK OCHI TEHACYAI ¢ HYKTECiHIe

KaHaraTTaHJbIPCa, OHZIAa OJ1 OChI HYKTE/IE KEPriliKTi CTAHAAPTTHl HOPMabi Jen aranaabl. COHIBIKTaH, TeKCePYAiH
TOKIPUOETIK KKETTUTIr TYBIHAAMIBI, SFHU THIFBI3ABIK (PyHKUMSCH KaHnaina Oip muddepeHiuanapiKk TeHaey i

L
KaHAFaTTaH/BIPAThIHBIH TeKcepy Kepek. MbiHanait epuekti F'(x) = Z g(x)f m(x) Kapactsipambi3. biz Hy Hemmik

=0

OospKay el TeKcepe anambi3, erep f GyHkuusacel F(x) = 0 TeHIIKTI KaHaraTTaHIbIpca Oagamaibl OoJDKayFa KapChl
H,: F(x)#0.
Tecriney a/1ici aCHMITOTHKANIBIK HOPMaNBIBIK YHFApHIMMEH aHBIKTaJIA/IbL.
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TECTUPOBAHME JIU®GDEPEHIIUAJIBHBIX YCJIOBUI
N JIOKAJIBHASI HOPMAJIBHOCTSD IIVIOTHOCTH

K. T. Mbiu6aes', A. C. Aunenosa’

'Kasaxcrancko-bpuraHckuii TexHuueckuii yausepcuter, AnMarsl, Kazaxcras,
PI'TI «IHCTUTYT MaTEMATHKH 1 MaTEMaTHIECKOT'O MOJIETTUpOBaHus», Anmartsl, Kazaxcran;
*Kasaxckuii HALMOHANBHBII yHHBepcHTeT UM, anb-Dapabu, Anmarsl, Kazaxcras,
PT'TI «IHCTUTYT MaTEMAaTHKU U MaTEMaTHYECKOTO MOJIETUPOBaHus», Anmarsl, Kazaxcran

KiroueBbie c10Ba: TeCTHPOBAHUE, TECTHPOBAHUE JIOKATHHOW HOPMAIBHOCTH, alIbTepPHATHBHAS THIIOTE3a, HYJIe-
Bas TUIIOTE3a, ACHMITOTHYECKAsi HOPMAIIbHOCTb.

AHoTamusi. B »Toif craThe mpemmaraercss mNpoleAypa TECTHPOBAHUS JIM TUIOTHOCTH YIOBJIETBOPSET JIH
IUIOTHOCTh U depeHnaIbHOMY ypaBHEHHIO. JTOT Ppe3yJbTaT MOXET ObITh NPUMEHEH /sl MPOBEPKH, YTO
IUIOTHOCTHh OTHOCHUTCSI K KOHKPETHOMY CEeMEHCTBY pacupeznenenuii. Hampumep, cTangapTHas HopMalibHast IIIOTHOCTH

f(t)=Q2r) "> exp(—t*/2) ynosnersopsier muddepenmansromy ypasuermo f '(£)+¢f(t)=0. Ecmu miot-

HOCTb yJIOBJIETBOPSIET 3TOMY YPABHEHHUIO B 9TON TOUKE /, TO OHA HA3bIBAETCS JIOKAIBHO CTaHAAPTHON HOPMANbHOM B
9TO# Touke. Takum 00pa3oM, CyIIECTBYET MPAKTHIECKass HEOOXOANMOCTD B IPOBEPKE, YIOBIETBOPSIET JIM MIIOTHOCTh

L
HekoTopoMy auddepeHuansHOMy ypaBHeHuo. PaccmoTpum Beipaxkenue F(x) = Z g,(x) f(’) (x). Mbr MoxeM
1=0
MIPOBEPUTH HYIEBYIO THIOTE3y Hy: [ ymoBieTBopseT ypaBHeHHIO F(x) = 0 mpOTHUB ambTEpHATHBHOW THITOTE3HI
H,: F(x)#0.
MerToz TeCTHPOBaHUS CONPOBOXKIACTCS YTBEPKICHNEM 00 aCHMITOTHYECKOH HOPMAIBHOCTH.

Tocmynuna 01.10.2014 2.
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