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Wage Differences, Bonus and Team Performances:
A parametric Non-Linear Integer Programming Model

Christos Papahristodoulou*

Abstract

We formulate a non-linear integer programming model and use plausible parameters to
examine: (i) the effects of wage differences between Super- and Normal- players in the
performance of four teams which participate in the UEFA CL group matches; (ii) whether the
expected qualification bonus received by UEFA and paid to the players of the non-qualified
teams, enhances effort and the teams manage to qualify. When performance is measured by
points” maximization, higher wage equality seems to improve the performance of three
teams, irrespectively if the elasticity of substitution between Super- and Normal- players is
high or low, while the most efficient team of the tournament is not affected by the wage
structure. The U-formed performance for that team is not excluded. When performance is
measured by profits’ maximization, the performance depends on both the “production”
technology and on wage differences. When all teams operate under increasing returns and
all pay the same, but varying relative wages, or when they operate under decreasing returns
and pay the marginal value product of their players, the most “balanced” team performs
better. The most “unbalanced” team performs best under increasing returns to scale and
egalitarian wages. In the last case, the non-qualified teams did not manage to improve their
performance and qualify, even if their players should receive the expected qualification
bonus that UEFA pays.
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1. Introduction

Over the last decades different empirical studies have been conducted to determine
whether compressed wages among a team’s players have a stronger impact on the
performance of the team, than the dispersed wages. Since players are heterogeneous,
Lazear & Rosen (1981) argued that a team’s performance increases if the best talents
are paid higher wages than the normal players. Milgrom (1988) and Lazear (1989) on
the other hand, stressed the possibility of bad field cooperation between players, and
consequently the performance could be inferior, if the under-paid players feel
discriminated. Levine (1991) took an extreme position and supported the egalitarian
wages if a team wants to improve its performance. Fehr and Schmidt (1999) tried to
balance these two effects and argued that, as a whole, the team losses more if wages

are more unequal than equal.

Franck & Niiesch (2007) have recently reviewed the empirical studies from sport
teams, in baseball, hockey, basket and football. Some of them seem to support the
compressed wages hypothesis. They argue that these findings can partly be
explained because most studies assume a linear relationship between wage
dispersion and team performance. In their own study, based on 5281 individual
salary proxies from German soccer players between 1995 and 2007, they allowed for
squares of the Gini coefficient and the coefficient of variation of the wage distribution
at the beginning of the season. They found a U-formed sportive success, i.e. teams
do better by either a rather egalitarian pay structure or a steep one. In addition, they
found evidence that teams with dispersed wages entertain better since the number of
seasonal dribblings and runs increases significantly! Pokorny (2004) on the other
hand, found an inverted U-performance. Torgler et al (2008), using also data from the
German Bundesliga (and the NBA), found that players care more about the salary
distribution within the team and not just about their own salary. In general, they
prefer a reduced inequality and in that case their performance improves. In addition,
a detailed investigation of the basketball data shows also that when a player moves

from a relative income advantage to a relative disadvantage, his performance
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decreases in a statistically significant way. On the other hand, moving from relative

income disadvantage to relative advantage has no effects.

The impact of a win bonus has recently been analyzed by Kesenne (2007), assuming a
Cournot-Nash model. Using various parameters, he found that if the small team
introduces a 10% win bonus, it hires fewer talents, but they are more efficient,
leading to higher winning percentage and profits. In that case, even the demand for
talents from the large team increases. The effects on winning percentage are rather
robust, irrespectively if the fixed wages remain unchanged, or are reduced. Profits
might decrease though, if the expected increase in effort that the bonus is assumed to
lead, does not realize. A problem with the Kesenne model is the “normalization” and
the interpretation of his results. For instance, while talents are defined as “units”, the
optimal solution is a non-integer one, such as 4/9. Moreover, by “normalizing” 4/9
to 44 as Kesenne does, is not consistent with the selected parameters. In addition, the
frequently used winning percentages exclude draws and would require a large
number of games to interpret them properly. Finally, predictions from duopoly
models might be erroneous in sport tournaments when the number of teams is
higher. It is therefore important to develop a consistent model with more teams that

participate in a tournament, with integer players, victories and draws.

In this paper we formulate and solve a non-linear integer programming model to
examine mainly two effects: (i) the effects of wage differences between Super (S)- and
Normal (N)- players in the performance of teams, measured by (a) points collected
from a tournament like the UEFA Champions League (CL) twelve group matches, in
which the four participating teams play, and (b) profits; (ii) since only two teams
qualify, the non-qualified teams have an incentive to qualify, by paying their players
the qualification bonus they will receive from UEFA, in case of qualification. Which
teams perform better, those with compressed wages or those with dispersed ones?

Does the qualification bonus enhance effort of players and lead to qualification?



A key feature of this model is the different “team production” functions. For
instance, in points’ maximization, the S- and N-players of these teams are considered
as being from almost complements (or non-substitutes) to almost substitutes. Also, in
profits’ maximization, teams operate under both increasing and decreasing returns to
scale. In section two we formulate and solve the points” maximization model and in

section three we formulate and solve the profits” maximization model.

2. The model

There are four teams, 1, 2, 3, and 4 which play home and away matches in a
tournament like the group matches in the UEFA CL. As a whole there are 12 matches
and the maximum number of points is 36. The two teams which collect most points

are qualified for the next round and the other two are eliminated.

We follow Kesenne and also assume that all teams have a certain number of S-
talented and N-players. All S-players are equally “Super” and all N-players are
equally “Normal”. Obviously, there are players who, objectively, belong to one
category or the other, like AC Milan’s world player of the year 2007, Kaka,
Barcelona’s star Messi or Manchester United’s, Ronaldo. Moreover, most players are
neither that excellent to be classified in the first category, or that “Normal” to be
classified in the second category. In the football world, it is very common that the
supporters of a team tend to overvalue their own players and undervalue the
competitor’s players. This is an empirical issue, left to supporters, to managers, to
journalists or even to those who do research in efficiency analysis. Teams use their S-
and N- players in order to (a) “produce” points, or (b) maximize profits. The supply
of S- and N-players is unlimited. The wages the S- and N-players receive are
exogenous to all teams or implicitly determined, based on the value of the marginal
product of players. We assume that teams have no other fixed costs (like managers
or other facilities); they have only variable costs, the wages they pay to their players.

In reality, these teams participate in other home leagues or championships as well

1 The third team continues in the UEFA-Cup.



and pay wages to their players according to the contracts signed. We simplify the
model and concentrate only on these six matches each team play. Finally we simplify
and assume that all teams receive similar revenues, either directly from UEFA,

and/or from their public and sponsors.

We will formulate and solve two “Cournot” type problems: (a) all teams
simultaneously maximize points, subject to non-negative profits and some other
“technical” or “structural” constraints; (b) all teams maximize profits, either
simultaneously, or individually. In both models we will mainly examine how teams
perform when their own initial wage difference between the S- and N-players
increases or decreases, or if the competitors” wage difference changes. We will also
investigate whether the tournament remains balanced or turns to imbalanced, and
whether teams who use more S-players collect more points than teams who use less

S-players.
2.1 Teams maximize points

Let Pi1, P>, Ps;, P4, be the points collected by the teams; let Si, S», S;, Ss, be the S-
players, and N1, N>, N3, Ny the N-players the teams use in these matches. Let ws, w»,
w3, wa, be the victories of the teams, di, d», d3, ds, the draw matches and I3, Iy, I3, 14, the

losses (defeats) of the teams. All these 24 variables are positive integers.

Since all firms aim at maximizing points, the tournament’s objective function is:
4
Max z P (1)

There are various kinds of “technical” or “structural” constraints valid to all teams.
The key constraints that differentiate teams are the teams” “production” functions
constraints. We assume that all functions are of Constant Elasticity of Substitution
(CES) type of degree one, but with different elasticity. Team 1 has almost Leontief

“production” function, i.e. very low elasticity of substitution between its S- and N-
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players?. Team 4 is the other extreme, with almost Cobb-Douglas “production”
function, i.e. almost excellent elasticity of substitution. Team 2 is close to team 1, and

team 3 close to team 4.

The demand for S- and N-players for each team will be endogenously determined
from the optimal solution. When the composition of the team has been determined,
the same team will be used for all six matches. Teams of course change the
composition of their players for tactical reasons, for instance if they play away
against a stronger team or if they play at home against a weaker team, or because
some of their players might be injured or punished and are not available for a
particular match. The model neglects such possibilities. Moreover, since the roster of
teams consists of more than 11 players, teams might change their starting eleven, if
some key parameters, like the “price” per point collected, or the wage costs of
players, change. Notice that, due to the integer constraint of players, the composition
of the team can remain unchanged, even if the players” wages change. The four teams

“production” functions are:

1
B =t (a8 +(1—a)N,"") 1
1
P=1,(,8," + (1=, )N;°) 0
B 2)-0)
P =1, (8, +(1=a;)N;*?) 03
1

Po=t,(a,S;" +(-a,)N;") !

ti is the efficiency parameter and a; is the distribution parameter, with i =1, 2, 3, 4,

assuming the following bounds: ;>0 and 0 <a;< 1.

The next constraint is the number of players each team uses in its matches. Thus,

given some key parameters, they might use 9 N- and 2 S-players, while for other

2 In reality, an S-player can substitute an N-player more easily than the reverse. We assume that the
elasticity of substitution is unchanged, irrespectively if the S- substitutes the N-player, or if the N-
substitutes the S-player.
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parameters they might use 7 N- and 4 S-players. Since the only costs are the players’

wages, the wage bill to non-used players is zero.

Si+Ni=11 6) - (9)

In reality, even for top and rich teams, the number of S- seems to lower than the
number of N-players. Despite the fact, that such condition is not necessary, we state
it explicitly in order to speed up the solution of this complex model.

S, <N, (10) - (13)

As is well known, victories are worth 3 points draws are worth only 1 point and

defeats, zero points. Thus, the constraints are:

P; = 3w; + d; (14) - (17)

Each one of the 12 matches in the group ends either with a home team victory (wh),
with an away team victory (wa), or with a home team draw (dh), and in the last case
with the away team draw (da) as well. But, in order to identify the correct pair of
teams which play draw at home (dh) and/or draw away (da), we can separate the
home team draw from the away team draw, i.e. we need 24 additional constraints.
The first 12 constraints below relate (wh) and (wa) to (dh) and the remaining 12 relate
(wh) and (wa) to (da). For instance, wh12 = 1, means that team 1 wins at home against

team 2, and dh13 = 1, means that team 1 plays draw at home against team 3.

If dh12 =1 (and consequently wh12 = wa21 = 0), from constraints (18) and (30) we are
ensured that da21 =1 as well. If that match ends with a home or away victory, it
implies that dh12 = da21 = 0. Moreover, these constraints do not exclude impossible
(non-binary) match results, such as dh12 = da21 = 0.5 and wh12 = wa21 = 0.25.
Therefore we require that all these variables are binary, as given in the following

constraints.



1 = (wh12+wa21)+ (dh12)
1 = (wh21+wal2)+ (dh21)
1 = (wh13+wa31)+ (dh13)
1 = (wh31+wal3)+ (dh31)
1 = (whl14+wa41)+ (dh14)
1 = (wh41+wal4)+ (dh41) (18) - (29)
1 = (wh23+wa32)+ (dh23)
1 = (wh32+wa23)+ (dh32)
1 = (wh24+wa42)+ (dh24)
1 = (wh42+wa24)+ (dh42)
1 = (wh34+wa43)+ (dh34)
1 = (wh43+wa34)+ (dh43)

1 = (wh12+wa21)+ (da21)
1 = (wh21+wal2)+ (dal2)
1 = (wh13+wa31)+ (da31)
1 = (wh31+wal3)+ (dal3)
1 = (whl4+wa41)+ (da41)
1 = (wh41+wal4)+ (dal4)
1 = (wh23+wa32)+ (da32)
1= (wh32+wa23)+ (da23)
1 = (wh24+wa42)+ (da42)
1 = (wh42+wa24)+ (da24)
1 = (wh34+wa43)+ (da43)
1 = (wh43+wa34)+ (da34)

(30)- (41)

Obviously, the draws (and the victories) for each firm is the sum of all possible draws
(and victories) against all other teams. Constraints (18)-(41) above, together with
constraints (42)-(45) below ensure that the number of draws in constraints is always
an integer (even) number, or zero. For instance, when team 1 plays only one match
draw, it is d;=1. If the draw match was a home match against team 2, it must be dh12
=1, and da21 = 1, as well. In that case, if team 2 does not play another match draw, it
is d,=1 as well. Of course, if team 2 plays three draw matches, d>=3, implying that it

must have played draw against other teams.

di=dh12+da12+dh13+dal3+dh14+dal4
dy=dh21+dh23+dh24+da21+da23+da24
ds=dh31+dh32+dh34+da31+da32+da34 (42) - (45)
ds=dh41+dh42+dh43+dad1+dad2+da43

A similar interpretation is for the victory constraints (46)-(49).

wi=wh12+wal2+wh13+wal3+whl4+wal4
wo=wh21+wh23+wh24+wa21+wa23+wa24
ws=wh31+wh32+wh34+wa31+wa32+wa34 (46) - (49)
we=wh41+wh42+wh43+wa41+wa42+wa43



Since each team play six matches, there are 6 possible results from its games.
witdi+=6 (50) - (33)

No team can collect more than 18 points. That is simply:

P<I8 (54) - (57)

In addition, the maximum number of points from all matches is 36, composed only

with 12 victories (or 12 defeats), without any draws.

4
Y P <36 (58)

Finally, we need the non-negative profits constraints. One can assume a simple

(linear) or a non-linear revenue function. We assume a quadratic revenue function in
the points collected, such as R, =12P. —0.5P". This function has revenue maximum at

P =12, which is high enough collected points for qualification to the next round.

As we mentioned above, the only costs are the players” wages. We assume that all
teams pay the same, higher wages to their S-players, and the same, lower wages to
their N-players. Initially, we assume the following wages: wis = 8 and win = 4.8, i.e.
the N-players receive 60% of the S-players’ wages. Thereafter, we increase and
decrease the win to investigate the wage dispersion on the own and other teams’
performance and on own and other teams’ starting team (demand for S- and N-

players). According to the Italian Gazzeta, (http://www.gazzeta.it, calcio/11

September 2007), three of the participating teams in the UEFA CL, AC Milan, Inter
and Roma paid the following annual wages: AC Milan, an average of €2.86 million,
varying from €6 (Kakd) to €1 million; Inter, an average of €2.7 million, varying from
€5 (Ibrahimovic, Adriano, Vieira) to €0.3 million; and Roma, an average of €1.27

million, varying from €5.46 (Totti) to €0.15 million.



Given the revenue and costs parameters, the non-negative profits constraints for all
teams are satisfied if each team collects at least 6 points. With less than 6 points there
is no integer value of N- and S-players to ensure non-negative profits. Thus, the non-

negative profits constraints are:
7, =12P —0.5P” — 8w} —4.8w}, >0 (59) - (62)

As mentioned earlier, all P;, S;, N;, di and w; are positive integers; all 12 dhj;, da;, whi

and wa;; are binaries, and finally all ;>0 and 0 <a;<1.

The model is now complete. We solved the problem in Lingo, using Global Solver.

2.1.1 The Solution

The initial solution, with wis = 8 and wix = 4.8, shows that the tournament is
completely balanced, because each team wins its three home matches and collects 9
points. Despite the differences in their “production” functions, all four teams have a
similar team composition, consisting of 1 S-player and 10 N-players and each team

makes a profit of 11.5.

We solved the model 124 times, i.e. using 31 different N-wages per team, assuming
N-wages starting from 3.4 and increasing up to 6.4, at a range of 0.1. When each team
at a time changed its N-wages, we assumed that all other teams keep their own S-
and N-wages unchanged. Notice that N-wages above 6.4 lead to non-feasible

solution, because the non-negative profits constraint(s) are violated.

In Table 1, we summarize the regression estimates of both a linear
model, P =a + f(8—w,) and a quadratic one, P=a+ B,(8—w, )+ 3,(8—w,)’ for every
team, to investigate if a U-type or an inverse U-type performance exists. The right
hand side variable is the wage difference between the S-wages (assumed to be fixed

at 8) and the various N-wages, while the dependant variable is points collected. The
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estimates for every team are based on 31 observations, obtained from the 31
corresponding optimal solutions when the team under consideration changes its N-
wages. Negative (positive) f-estimates imply that the performance of teams
improves if the wage equality (inequality) between the S- and N-players increases.
Similarly, negative fj-estimates and positive frestimates imply a U-type
performance, i.e. either highly unequal or highly equal wages improve performance.
In addition we show the average number of points and its variance the teams have

collected from these 31 optimal solutions.

The estimates show that the two non-qualified teams, 2 and 4, and also the second
qualified team 1 improve their performances when the wage equality increases. On

the other hand, the first qualified team 3 is very robust in its collected points,

irrespectively if it pays more or less egalitarian wages. Not only is its R® almost zero,
its festimate is not statistically significant from zero either, implying that its wage
differences have no impact on its performance. Team 3 collects the highest average
number of points (11.42), which is strongly different from zero, precisely as its

constant « estimate (10.71) is.

Table 1: OLS estimates: P=a+ f(8-w,) & P:0(+ﬂ1(8—WN)+ﬂ2(8—WN)2

Team 1 Team 2 Team 3 Team 4
P =8.84 P =8.26 P=1142 P=8.16
o’ =521 o> =587 o’ =145 o’ =4.81
a 13.5%* 15.23** 10.71** 15.04**
(11.22) (17.84) (13.7) (26.05)
yij -1.50** -2.25%* 0.23 -2.22%*
(-4.32) (8.50) (0.95) (-12.62)
2 0.337 0.704 0.00 0.841
F 16.25 72.26 0.90 159.2
a 20.95** 18.52** 16.20** 20.22%*
(5.09) (6.12) (6.18) (11.3)
B -6.743* -4.56* -3.64* -5.87**
(-2.41) (-2.21) (-2.04) (-4.83)
B> 0.845 0.373 0.624* 0.59**
(1.89) (1.13) (2.19) (3.03)
F 0.391 0.707 0.112 0.876
F 10.63 37.12 2.90 106.7

** significant at 0.01 level; * significant at 0.05 level; t-statistics is in parentheses
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Apart from team 3, the U-type performance for all other teams is rejected, either
because the quadratic function overestimate the constant ¢, and/or the S, estimates
for teams 1 and 2 are not statistically different from zero. On the other hand, despite
the fact that the explanatory power of the quadratic function for team 3 is very low,
the existence of a U-type performance is not rejected. Team 3 minimizes its
performance if its N-wages are approximately 5.1, (i.e. if its N-players receive 63.75%
of the S-wages), reaching almost 11 points (with three victories, two draws and one
defeat). Moreover, that team can collect more than 12 points (i.e. one more draw
instead of a defeat, or four victories and two defeats), if its N-players were paid

either less than 44 %, or more than 81% of what its S-players were paid.

In Table 2 we show both the own effects on performance and team composition,
based on just four N-wages decreases and six N-wages increases (in bald in
diagonal), and also the effects to other teams (off-diagonal). As a whole, for each
team we show only 40/124 possible team compositions, points collected and profits.

Some points from the Table 2 are worth mentioned.

1. As expected, team 1, with almost Leontief technology, never changes its team
composition. It always uses 1 S- and 10 N-players. On the other hand, team 4,
with almost Cobb-Douglas technology, does not change it more frequent than
team 2 does, which is close to team 1.

2. There are both positive and negative cross effects to the performances to other
teams, if another team changes its own N-wages. (i) If team 1 decreases its N-
wages, teams 2 and 3 seem to be favoured, but not team 4. On the other hand,
if it increases its N-wages, the effects on other teams’ performance are
unchanged. (ii) If team 2 reduces its N-wages, teams 3 and 4 are favoured,
while team 1 is always hurt. (iii) If team 3 changes its N-wages, it has no effect
on the performance of team 4, but it often deteriorates the performance of
teams 1 and 2. (iv)If team 4 changes its N-wages, it improves the performance
of team 3 and has no effect on teams 1 and 2. Thus, the first qualified team 3 is
always benefited!
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Table 2: Points maximization, subject to non-negative profits for selected N-wages; initial

parameters: wiy = 4.8, wis=8

Wy St Nt Pl ' |S2 N2 P2 2 | S3 N3 P3 ° |S4 N4 P¢ g
Wit =4.0 1 10 12 24 1 10 9 11 2 9 7 0.3 1 10 7 35
Wit =4.5 1 10 6 1 1 10 12 16 1 10 9 11 1 10 9 11
Wl =4.6 1 10 6 0 2 9 9 83 |5 6 12 32 |1 10 9 11.5
Wit =47 1 10 7 4.5 4 7 9 19 1 10 12 16 1 10 7 35
Wnt =49 1 10 9 105 | 2 9 9 83 |2 9 9 83 |1 10 9 11.5
Wn1=5.0 1 10 9 95 |1 10 9 115 |1 10 9 115 |1 10 9 11.5
Wit =5.1 1 10 9 8.5 1 10 9 115 |1 10 9 115 |1 10 9 11.5
Wl =5.2 1 10 9 75 |1 10 9 115 |1 10 9 115 | 2 9 9 8.3
Wn1=5.3 1 10 12 11 1 10 9 115 |1 10 7 35 |1 10 7 35
Wn1=54 1 10 9 55 |1 10 9 115 |1 10 9 115 |1 10 9 11.5
Wn2=4.0 1 10 7 3.5 1 10 6 6 1 10 15 1151 10 7 35
WnZ2=4.5 1 10 7 35 1 10 6 1 1 10 15 1151 10 7 35
Wn2=4.6 1 10 7 3.5 1 10 6 0 1 10 7 35 1 10 15 115
Wn2 =47 1 10 7 35 1 10 7 4.5 1 10 12 16 1 10 9 11.5
Wn2=49 1 10 7 35 |1 10 9 105 | 2 9 12 128 |1 10 7 35
Wn2=5.0 1 10 7 35 |1 10 7 15 |1 10 12 16 1 10 9 11.5
Wn2=5.1 1 10 7 3.5 1 10 7 0.5 1 10 12 16 1 10 9 11.5
Wn2=5.2 1 10 7 35 |1 10 12 12 2 9 9 83 |1 10 7 35
Wn2=5.3 1 10 7 35 |1 10 12 11 2 9 9 83 |1 10 7 35
Wn2=54 1 10 7 35 |1 10 12 10 1 10 9 115 |1 10 7 35
Wn2=4.0 1 10 7 3.5 1 10 7 35 |1 10 12 24 1 10 9 115
W =45 1 10 7 3.5 1 10 7 35 |1 10 12 19 1 10 9 11.5
Wne=4.6 1 10 7 3.5 1 10 7 35 |1 10 12 18 1 10 9 115
WnNE =47 1 10 9 115 | 2 9 9 83 |1 10 9 125 | 1 10 9 11.5
WnE =49 1 10 7 35 |1 10 7 35 |1 10 12 15 1 10 9 11.5
Wn2=5.0 1 10 7 3.5 1 10 7 35 |1 10 12 14 1 10 9 11.5
Wne =51 1 10 9 115 | 1 10 9 115 |1 10 9 85 |2 9 9 8.3
Wn3=5.2 1 10 7 35 |2 9 7 35 |1 10 12 12 1 10 9 11.5
WnE=5.3 1 10 7 35 |1 10 7 35 |1 10 12 11 1 10 9 11.5
Wnd =54 1 10 9 115 | 3 8 9 51 |1 10 9 55 |3 8 9 51
Wnt=4.0 1 10 9 115 |1 10 9 115 |1 10 12 16 1 10 6 6
Wnt=4.5 1 10 9 115 | 1 10 9 1151 10 12 16 1 10 6 1
Wnt=4.6 1 10 9 115 |1 10 9 115 |1 10 12 16 1 10 6 0
Wnt =47 1 10 7 3.5 1 10 9 115 |1 10 12 16 1 10 7 4.5
Wnt=4.9 1 10 7 35 |1 10 7 35 |1 10 12 16 1 10 9 10.5
Wnt=5.0 1 10 9 115 | 3 8 9 51 2 9 9 83 |4 7 9 0.5
Wnt=5.1 1 10 7 35 |2 9 7 03 |1 10 12 16 2 9 9 5.6
Wnt=5.2 1 10 7 35 |2 9 7 03 |1 10 12 16 2 9 9 4.7
Wnt=5.3 1 10 9 115 |1 10 9 1151 10 9 115 |1 10 9 6.5
Wnt =54 1 10 9 115 |1 10 9 115 |1 10 9 115 |1 10 9 5.5

3. The most striking result is that more S-players do not necessary increase the

performance of teams! For instance, in four cases (three for team 2 and one for
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team 3) teams with 2 S- and 9 N-players collect only seven points and these
teams are eliminated. Also, in two other cases (one for team 2 and one for
team 4), teams with 4 S- and 7 N-players collect just nine points.

4. Regarding the effect of wage differences on the balance of tournament, there is
no clear relationship. The tournament remains balanced in 11/40 cases,
mainly if team 1 increases its N-wages up to 5.3, or if teams 3 and 4 increase
their N-wages to some specific values. When team 2 changes its N-wages, the
tournament is always unbalanced.

5. Zero profits appear only in very few cases.

6. In many cases, the total number of points is 35, indicating that one match ends

in draw, and that the tournament is often unbalanced.

Thus, the non-negativity profits constraints, together with the integer conditions, on
players, victories and draws, can lead to, positive, negative or zero effects on points
(or wins and draws), and on own and other teams” demands for N- and S-players,
when teams change their N-wages. The model seems to favour the performance of
team 3, which has a “production” function close to team 4. Moreover, team 4, with
the highest elasticity of substitution between the S- and N-players, performs worse,

while team 1 with the lowest elasticity of substitution performs better.

Additional simulations are therefore required to find out if can identify the clear
“winners” or “losers”. For instance, a possible way to obtain higher differences in
performances is to increase the “price” parameter from 12 to 15 or 18, so that the
maximum performance will be even higher, when the non-negative profits
constraints will be satisfied with less than 6 points. Another interesting path to
follow is to allow different teams compositions in different matches, or combine the
“production” functions per match, to find out if the “Leontief team” beats or is
defeated by the “Cobb-Douglas team”, at home or away. Finally, since our CES
functions do not let teams use various tactical dispositions of players, it would be

desirable to stress the field positions of the S- and N-players. That is similar in spirit
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to Hirotsu & Wright (2006), who applied a Nash-Cournot game to figure out the win
probabilities of the 4-4-2 strategy over the 4-5-1 one.

3. Teams maximize profits

Let us now assume that teams’ objective function is to maximize profits. One can
choose that either all teams maximize profits simultaneously, or individually, subject

to non-negative profits of all other teams.

We simplified the revenue function to be linear in the points collected. On the other
hand, with regard to costs, we assumed that S- and N-players will receive the value
of their marginal products3. We maximized profits for all teams simultaneously and
for each one separately, subject to non-negative profits for the other teams. Keeping
our players as integers, we failed to obtain feasible solutions. Feasible solutions exist

only if players are non-integers.

In order to obtain feasible solutions with integer players, we had to simplify the
profit function and/or the production and cost functions as well. Below we will
present four cases. In the first three we assumed simultaneous profit maximization
with different parameters in revenues and costs, while in the fourth case we assumed

individual profit maximization.

3.1 Simultaneous profit maximization under increasing returns (case 1)

The objective function is linear in revenues and costs, assuming equal wages to both

S- and N-players, for all teams:

at
. . . I+p
3 - - . —_—r—
The marginal products of the S- and N-player are in a CES function are: ( La, a )P glto ’
NP s
(1-a)t
1 — l1-0o
( Lo, a % o where, O = o ,and ois the elasticity of substitution.
NP sP
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4 4
Max =12 P.—6> (S,+N,) (1)
1

1

All “production” functions constraints are of Cobb-Douglas type with increasing
returns to scale. The sum of S- and N-players’ elasticity is 1.75 for all teams and the
elasticity of the S-players is higher than of the N-players. The parameters are selected
to ensure both integer players (around 3 to 5 S- and 8 to 6 N-players) and a balanced
tournament, with approximately 9 points per team. For the same P, S and N, the S-
players of the teams 1 and 2 have higher marginal products compared to S-players of
teams 3 and 4, and the N-players of teams 3 and 4 have higher marginal products
compared to N-players of teams 1 and 2. We define team 1 as the most “unbalanced”
team, with extremely good S-players and rather poor N-players. Team 3 on the other
hand is the most “balanced” team?, because the marginal products of its S-players are
not much higher than the respective ones of its N-players. Notice that positive profits
are ensured, if teams collect at least 6 points, because the “price” per point is 12 and

the ad-hoc unit cost per player is 6.

-,

The “production” functions are given in (2)"-(5)".

R=n(s=N)
() @ -6
P =t (S3I.OSN30.7)
P =1, (Siij.és)

As before, t; is the positive efficiency parameter of the teams.

All other constraints, (6) - (58), integer, binary and bounds apply.

4 By “unbalanced” (“balanced”) teams we mean high (low) differences in the marginal products (or
elasticity in our Cobb-Douglas functions) of the S- and N-players and not by very unequal (almost
equal) number of S- and N-players in the team composition.
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The solution to these teams is: 15, 9, 6, and 6 points respectively, implying that the
tournament is slightly unbalanced. All teams use 5 S- and 6 N-players, their
respective efficiency estimates are 0.8190, 0.4825, 0.3159 and 0.3188, and their profits
are 114, 42, 6 and 6.

In theory, the estimates are as expected. For instance, since all teams pay exactly the
same wage to both types of players, all of them will use their maximum number of S-
players who are more productive. As a consequence, the most “unbalanced” team 1,
who has the most productive S-players, performs better. That team wins 5 out of 6
matches and obtains the highest profit as well. Thus, if the elasticity parameter of the
S-players remains very high, even if they receive exactly the same wages as their N-
colleagues, the team performs best. In reality though, there is a risk that the ex-ante
(or expected) high elasticity of the S-players will decrease, if wages are equal. On the
other hand, the S- and N-players of the “balanced” team 3, with a lower and higher
elasticity respectively, are not able to help their team, even if such “egalitarian”

wages are considered more fair to them than to team 1.

3.1.1 Pay the qualification bonus to players

As is known, UEFA pays to qualified teams, a qualification bonus of CHF 2.5 million,
in addition to CHF 0.5 million per victory. Since teams 3 and 4 do not qualify, they
have an incentive to pay a qualification bonus to enhance the effort of their players.
On the other hand, the qualified teams 1 and 2 do not need to pay that bonus to their
players. We will therefore formulate the qualification bonus for teams 3 and 4,

separately.

Under normal conditions, if team collects about 10 points is qualified®> and will
receive from the UEFA a qualification bonus of CHF 2.5 and victory premium of at

least CHF 1.5 from its victories and draws.

5 Depending on how much balanced or unbalanced the group is, a team can qualify with 7 points (like
Rangers in 2005/06, with Inter 13, Artmedia 6 and Porto 5 points, the other teams in the group) and

17



Let team 3 pay its players, at most, the UEFA qualification bonus &; (not the victory
premium) it will receive. Let g3 be a binary variable with the following interpretation:
if the team qualifies its sum of bonus and victory premium (i.e. 25 + 1.5 = 4) is
included in its revenue part of the objective function, i.e. g3 = 1. In that case, the non-
qualified team 3 must pay at most 2.5/11 > ¢; to its 11 players. If on the other hand,
the sum of bonus and victory premium is not sufficient to increase the revenues of

the team and the team does not qualify, g5 = 0.

Thus, the objective function changes now into:

4 4
Max =12 P, -6 (S, +N,)+4q, — q,&,(S, + N;) (1a)’
1 1

Notice that, if g5 = 0, the product g¢,&,(S, + N,)is zero, irrespectively if &;is positive.

We need also the following constraints which ensure that the bonus will be paid if
and only if the team is qualified. If the team does not qualify, it will collect again 6
points, as before. Therefore, we use a new binary variable 3, with the following
meaning: if the team does not qualify, x5 = 1, while if it qualifies, x5 = 0. And when
the team qualifies, it must collect at least 10 points. These conditions are simply

formulated as:

&b <641
&P, 210¢,
Hy+qy=1
25/11>¢&,20

might not qualify with 10 points (like Olympiacos in 2004/05, with Monaco 11, Liverpool 11 and
Deportivo 1 point). In theory, a team B can qualify with 6 points (such as 1 victory against C and 3
draws, in both matches against D and 1 against C), if team A wins all its matches and collects 18
points, the third team C collects 5 points (1 victory against D and 2 draws, against B and C) and the
fourth team D collects 3 points (3 draws, in both matches against B and 1 against C).
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We solved the model with these modifications. Team 3 remains unqualified, but the
solution changed to 12, 6, 6 and 12 points, i.e. team 4 qualifies now (!) at the cost of

team 2 previously.

We repeated this model for the other non-qualified team 4. Precisely as team 3, team
4 does not qualify either. The solution changed now to 9, 12, 9 and 6, indicating that
team 2 qualifies as in the initial case. Team 3, might qualify now, since it ends second

together with team 1 with 9 points.

Thus, we conclude that if all teams maximize profits simultaneously, the two non-
qualified teams can not improve their position by paying the qualification bonus to
its players to enhance performance. Instead they improve the position of the other

non-qualified team!
3.2 Simultaneous profit maximization under increasing returns (case 2)

In this case we made two changes compared to case 1. First, we differentiated the
wages among the S- and N-players, assuming wis = 8 and win = (1, 7), increased at a
range of 0.5. Second, we changed the revenue function to a quadratic one. The

objective function is now:

4 4 4

Max = 1224:13. -0.5> P> -8>5,—(1,...8)) N, 1)
1

1 1 1
All other constraints, (2)"-(5)", (6) - (568), integer, binary and bounds apply.
All 13 wage parameters gave the same answer, 6, 6, 18 and 6 points respectively. In
12 solutions, all teams use 1 S- and 10 N-players. In one case only, when wis = 8 and

win = 3.5, the winner, team 3, uses 3 S- and 8 N-players. These results are also

expected. Obviously, when all teams must pay lower (ad hoc) wages to their N-
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players, all teams use more N-players and the most “balanced” team 3, in which the

N-players have the highest elasticity, performs best.
3.3 Simultaneous profit maximization under decreasing returns (case 3)

In this case we made the following changes. First, the “production” functions are
now characterized by decreasing returns to scale with the sum of S- and N-players’
elasticity equal to 0.90. With decreasing returns and the necessary points collected,
the efficiency parameters t; would be very high. Thus, we multiplied all “production”
functions with the number of matches (6) they play. Second, instead of using “ad
hoc” wages to the players, we assumed that all teams pay the value of the marginal
product of their players, determined endogenously in the model. Because the
mobility of players during the tournament is not permitted, any differences in
absolute and relative wages of players will persist. Third, to keep the complex
objective function as “simple” as possible, we assumed a linear revenue function,
and the “price” per point equal to 15. Thus, given the “production” functions below,

(2)7"- (5)"", the objective function is now:

4
ZPz —(4.84,N/S°%)S, = (0.66, N S/)N, —
1

Max =15| (4.2t,N)*S;°*)S, —(1.2t,N;"*SY" )N, — (1)
(3.6t,N{°S;°)S, — (1.8t,N;*" ST )N, —
(3.0t,N)*S,%*)S, —(2.4t,N,*°S)°)N,

The parentheses, multiplied by the unit price of points, 15, are the respective values

of the marginal player, i.e. wis and wix.

The new “production” functions are:
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P =6t,(S)*N}")
P, =61, (S}7N;?)
P, =61,(S7°Ny")
P, =61,(S)°N}*)

In this case, team 1 is again the most “unbalanced” team, while team 4 is the most
“balanced” one, since the S- and N-players have almost the same marginal product
(elasticity).

All other constraints (6) - (58), integer, binary and bounds apply.

Unfortunately, there is no feasible (integer) solution. Feasible solutions exist, only if
players are allowed to be non-integer (continuous). In that case, all teams use 5.5 N
and 5.5 S, and collect 12, 9, 6 and 9 points respectively.

3.4 Individual profit maximization under decreasing returns (case 4)
In this case we maximized profits separately for every team, given the non-negative
profits of all other teams as constraints, and paying wages according to the value of

the marginal product of their players, as in case 3. The revenue function is again

linear and the “price” per point is 15. Thus the objective function for team i is:
Max =15(P,—(MPS,)S, —(MPN,)N, ) (1)

The non-negative profits constraints for j#i are:

15(P, —(MPS)S,—(MPN )N )0

All other constraints, (2)"""-(5)""“and (6) - (58), integer, binary and bounds apply.

No feasible (integer) solutions exist in this case either.
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We disregarded the integer condition on players, removed constraints (10) - (13) and
assumed instead lower and upper bounds of S;, equal to 1 and 5 respectively. The
solutions are summarized in Table 3¢. The bald values (in diagonal) show the optimal
solution, for the team that maximizes its profits. All other values (off diagonal) show
the respective implied solutions for the other teams whose non-negative profits

constraints are satisfied.

It is clear that the profit maximizing team wins all its matches and apart from team 3,
all other teams use 5 N- and 6 S-players. The most “balanced” team 4 seems to
perform better, since it is qualified when teams 1 and 3 maximize their profits and
ends second, together with teams 1 and 3, when team 2 maximizes its profits. While
teams 1 and 3 need to pay extremely unequal wages when they maximize their
profits (9.6 and 8.52 times higher to their S-players respectively), team 4 achieves the
same profit, and wins all its matches too, by paying just 1.5 times higher. Finally
team 2 is an intermediate case and needs to pay 4.2 times higher wages to its S-
players in order to maximize its profits and win all its matches. These ratios are not
far away to some published statistics. For instance, the maximum wage range for AC
Milan is 6 times, for Inter 16 times and for Roma 34 times. Thus, if these solutions are
global, we find again that the most “balanced” team performs better, precisely as we
found when we assumed “production” functions characterized by increasing returns

to scale (case 2).

Neither compressed nor unequal wages can explain the performances of teams,
based on all sixteen observations from Table 3. If we look at every team individually
(with just four observations), anything is possible. If team 1 maximizes, it seems that
a U-type performance exists. On the other hand, if team 2 maximizes, the

performance seems to be of a reverse U-type. If team 3 maximizes, it is unclear if

6 We first tried to solve the problem for the first team. Since the Global algorithm in Lingo iterated for
hours, we set a maximum limit of 1 hour of runtime for all teams (which is equivalent to more than 20
millions of iterations). As a consequence, all reported solutions are the best found, within 1 hour of
elapsed runtime and might not be globally optimal.
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wage differences matter, and if team 4 maximizes, it seems that higher inequality

reduces performance.

Table 3: Individual profits maximization, subject to non-negative profits for the other teams (the

variable players, is continuous)

The maximizing Team 1 Team 2 Team 3 Team 4
team
Team 1 Sl =5 S2=5 S3=5 St =5
Nl=6 N2=6 N3 =6 N4 =6
tt =0.6920 2=0.1132 8=0.1112 t4 =0.2912
P1=18 P2=3 P3=3 Pt=8§
n =27 =45 =45 =12
wn! =45 wn2=1.5 wn® =2.25 wnt =8
ws! =43.2 ws2 =63 wsd =54 wet =12
Team 2 Sl =5 S2=5 S3=5 St =47
Nl=6 N2=6 N3 =6 N4=6.3
t1 =0.1538 t2=0.6795 3 =0.1482 t4 =0.1472
Pl=4 P2=18 P3=4 P+=4
=6 =27 =6 =6
wnt=1 wn2=9 wNe =3 wnt = 3.81
wsl =9.6 ws? =37.8 wed =72 wet = 6.37
Team 3 Sl =1 S2=5 S3=21 G4 =5
N1 =10 N2=6 N3=8.9 N4=6
t1 =0.2648 t2 = 0.0755 t3 =1 (limit) t4 =0.4368
Pl=2 P2=2 P3=18 Pi=12
=3 =3 =27 =18
wn! =03 w2 =1 wn® =9.09 wnt =12
wgl =24 wg2 =4.2 ws® =77.49 wgt =18
Team 4 Sl =5 SZ=5 S3=5 S4 =5
Nl =6 N2=6 N3 =6 N4=6
tt =0.1153 t2 =0.2265 3 =0.1482 t =0.6552
pP1=3 P2=6 P3=4 Pt=18
=45 =9 =6 =27
wnt =0.75 wn2 =3 wne =3 wnt =18
wsl =7.20 ws2 =12.6 wed =72 wst =27

Finally, an interesting difference in this case, compared to all other three cases in

profit maximization, is that some matches end in draw and consequently the total

number of points which is less than thirty-six.
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4. Conclusions

The purpose of this paper was to develop a consistent and a “general equilibrium”
kind of model to investigate if teams perform better or worse when they pay rather
compressed or more dispersed wages to their different quality players. Working with
four teams, with different “production” technologies (of CES type), which participate
in a tournament like the UEFA CL group matches, we formulated a non-linear
integer programming and used “plausible” parameters to examine the effects of

wage differences and of qualification bonus on the performance of the teams.

When we measured performance by their effort to qualify in the next round
(maximization of points), our simulations show that higher wage equality seems to
improve the performance of three teams. One of these teams has the lowest elasticity
of substitution between S- and N- players (almost Leontief “production” function)
and the other has the highest elasticity of substitution (almost Cobb-Douglas
“production” function). The fourth team, which is characterized by a rather high
elasticity of substitution, is the most efficient team of the tournament, and its
performance is not affected by the wage structure. The U-formed performance for

that team, i.e. both lower and higher wage equality, is not excluded though.

In most cases, the starting team is composed by 1 S- and 10 N-players. And, as it
happens in football, in some cases in which teams field more S- players, they do not
necessarily perform better than teams with just 1 S-player! Because our model is a
kind of “general equilibrium”, the performance of the teams is not only affected by
their own team composition, derived from the own differences between the N- and
S-wages, but also by the other teams” differences between their N- and S-wages. As a
consequence, the cross effects to some teams are positive and to other teams

negative.

When performance is measured by profits’ maximization, the problem becomes

complex. We changed the CES “production” functions to “Cobb-Douglas” ones
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under both increasing and decreasing returns to scale, assuming a sum of elasticity
equal to 1.75 respective 0.90. We select one team to be very “balanced” in terms of N-
and S-players elasticity, another very “unbalanced” and the other teams to be close to
one or the other. Teams can maximize their profits simultaneously or separately,
given the non-negative profits constraints for the other three teams. We worked with
equal (ad hoc) wages to all players, with (ad hoc) wage differences among S- and N-
players and with implicitly optimal wages to their players, reflecting the value of
their marginal products. Similarly we worked with linear and quadratic revenue

functions.

Under increasing returns to scale, when teams pay equal wages, the team that
performs best is the most “unbalanced” one. In that case, the non-qualified teams, the
most and the second “balanced” teams, did not manage to improve their
performance and qualify, even if their players should receive the qualification bonus
that UEFA would pay. On the other hand, under increasing returns to scale and ad-
hoc wage differences, the most “balanced” team performs always best and all others

equally bad.

Finally, under decreasing returns to scale, we allowed the optimal wages to be
determined endogenously. Unfortunately, our solutions violated the non-integer
condition on players. However, if we accept our non-integer players’ solution, we
can not support that wage differences matter. Some teams need to pay extremely
unequal wages, while others can perform exactly equally well with more compressed
wages. What matters, is if the team is “balanced” or not. A “balanced” team does it

better!
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