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I st udy connect ed mani f ol ds and pr ove t hat a pr oper map f : M- Mi s gl obal l y

i nver t i bl e when i t has a nonvani shi ng Jacobi an and t he f undament al gr oup TT, ( M)

i s f i ni t e . Thi s i ncl udes f i ni t e and i nf i ni t e di mensi onal mani f ol ds . Reci pr ocal l y, i f

7r , ( M) i s i nf i ni t e, t her e exi st l ocal l y i nver t i bl e maps t hat ar e not gl obal l y i nver t i bl e .

The r esul t s pr ovi de si mpl e condi t i ons f or uni que sol ut i ons t o syst ems of si mul t ane-

ous equat i ons and f or uni que mar ket equi l i br i um. Under st andar d desi r abi l i t y

condi t i ons, i t i s shown t hat a compet i t i ve mar ket has a uni que equi l i br i um i f i t s

r educed excess demand has a nonvani shi ng Jacobi an . The appl i cat i ons ar e shar pest

i n mar ket s wi t h l i mi t ed ar bi t r age and st r i ct l y convex pr ef er ences : a nonvani shi ng

Jacobi an ensur es t he exi st ence of a uni que equi l i br i um i n f i ni t e or i nf i ni t e

di mensi ons, even when t he excess demand i s not def i ned f or some pr i ces, and wi t h

or wi t hout shor t sal es .

	

©1998 Academi c Pr ess

1 . I NTRODUCTI ON

Thi s paper gi ves a gl obal i nver t i bi l i t y t heor em, obt ai ned by usi ng al ge-

br ai c t opol ogy . The i nver se f unct i on t heor em gi ves a si mpl e condi t i on f or

t he l ocal i nver t i bi l i t y of a smoot h map f : M- - * M. I f f has a nonvani shi ng

Jacobi an at a poi nt , t hen i t i s l ocal l y i nver t i bl e . The mor al i s t hat a l i near

appr oxi mat i on t o t he map pr edi ct s i t s l ocal behavi or . What about gl obal

behavi or ?

A f i ni t e f undament al gr oup i s t he cr uci al l i nk bet ween l ocal and gl obal

i nver t i bi l i t y . The r esul t s ar e as f ol l ows . Let M be a connect ed compact

mani f ol d wi t h a f i ni t e f undament al gr oup 7T I ( M) . Then a smoot h map

f : M- - ) - Mwi t h a nonvani shi ng Jacobi an i s gl obal l y i nver t i bl e . Reci pr o-

cal l y, when wl ( M) i s not f i ni t e, t her e ar e l ocal l y i nver t i bl e maps f : N - * M

t hat ar e not gl obal l y i nver t i bl e . These r esul t s al so hol d when M i s not
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compact , pr ovi ded t hat f i s pr oper , ' and i ncl udes i nf i ni t e di mensi onal

Banach mani f ol ds . Mani f ol ds wi t h f i ni t e f undament al gr oups ar e not

di f f i cul t t o f i nd : exampl es ar e Eucl i dean space, open convex set s, t he

spher e S" , n >_ 2, al l Gr assmani an mani f ol ds G" , ' ` wi t h n > 2, and al l

Banach spaces .

A si mpl e exampl e i l l ust r at es t he r ol e of t opol ogy i n obt ai ni ng gl obal

i nver t i bi l i t y . Any r ot at i on f r om t he ci r cl e S' t o i t sel f i s a l ocal l y i nver t i bl e

map wi t h a nonvani shi ng Jacobi an . Yet most r ot at i ons ar e not gl obal l y

i nver t i bl e . What f ai l s i s t he t opol ogy : t he f undament al gr oup of t he ci r cl e

7r t ( S' ) i s t he i nt eger s Z, whi ch i s not a f i ni t e gr oup .

Fi ni t e f undament al gr oups ar e t he cr uci al l i nk bet ween l ocal and gl obal

i nver t i bi l i t y . The exampl e of t he ci r cl e pr ovi ded above i s t ypi cal . I show

bel ow t hat t he condi t i on on t he f undament al gr oup i s necessar y as wel l as

suf f i ci ent t o go f r om l ocal t o gl obal i nver t i bi l i t y i n t he f ol l owi ng sense : i f

t he gr oup 7r , ( M) of a mani f ol d Mi s not f i ni t e, t hen t her e exi st l ocal l y

i nver t i bl e maps f : N - - - > Mt hat ar e not gl obal l y i nver t i bl e .

The r esul t s of t hi s paper ar e si mpl e but have usef ul appl i cat i ons . These

i ncl ude condi t i ons f or uni que sol ut i ons t o syst ems of si mul t aneous nonl i n-

ear equat i ons . The r esul t s i mpl y a si mpl e condi t i on f or uni que mar ket

equi l i br i um. Under st andar d desi r abi l i t y condi t i ons, a compet i t i ve mar ket

has a uni que equi l i br i um i f i t s r educed excess demand has a nonvani shi ng

Jacobi an . When mar ket s have l i mi t ed ar bi t r age t he r esul t s ar e shar per .

Li mi t ed ar bi t r age i s a condi t i on on endowment s and pr ef er ences t hat was

i nt r oduced and shown t o be necessar y and suf f i ci ent f or t he exi st ence of

equi l i br i um, t he cor e and soci al choi ce i n f i ni t e or i nf i ni t e economi es . 3

Wi t h st r i ct l y convex pr ef er ences, a nonvani shi ng Jacobi an def i ned on par t

of t he pr i ce space- t he i nt er sect i on of " mar ket cones" - ensur es t he

exi st ence and uni queness of an equi l i br i um. Thi s cover s economi es t hat

wer e negl ect ed i n t he l i t er at ur e on uni que equi l i br i um, hol di ng equal l y

wi t h f i ni t e or i nf i ni t el y many mar ket s and wi t h or wi t hout shor t sal es .

2 . DEFI NI TI ONS AND BACKGROUND

Unl ess ot her wi se speci f i ed, al l mani f ol ds ar e smoot h 4 connect ed and

wi t hout boundar y and maps ar e smoot h . The mani f ol ds consi der ed her e

may be compact or not , and t hey may be f i ni t e or i nf i ni t e di mensi onal . I n

t he l at t er case t hey ar e Banach mani f ol ds [ 2] . A map f : M- 3- N i s l ocal l y

' These r esul t s wer e di scussed i n Chi chi l ni sky [ 3] . A speci al case of t hi s r esul t , when Mi s

si mpl y connect ed and f i ni t e di mensi onal , was known t o Hadamar d ( 1906) .
2

1 consi der f undament al gr oups t hat ar e f i ni t el y gener at ed but not f i ni t e .

3 See Chi chi l ni sky [ 4- 9] .
4
Le . , Ck , wi t h k z 2 .
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i nver t i bl e when f or each x E Mt her e exi st s nei ghbor hoods UX and Uy of x

and of y = f ( x) , r espect i vel y, such t hat f maps UX one t o one and ont o Uy .

A map f : M- - * N i s gl obal l y i nver t i bl e when i t i s one t o one and f ( M) = N.

Gi ven t wo t opol ogi cal spaces, X and Y, a cont i nuous map f : X - 4 Y i s

pr oper when t he i nver se i mage of ever y compact set C, f ` ' ( C) , i s compact .

EXAMPLE 1 .

	

I f X and Y ar e open convex open set s, t hen f : X - - ) ' Y i s

pr oper i f x" - 3- x E dX => f ( x" ) - + y E d Y. 5 I f X i s an open convex set

and Y = R^' , t hen t he map f : X - - * R' i s pr oper when x" - > x E dX

i mpl i es 11 f ( x) 11 - ~ oo .

DEFI NI TI ON 1 .

	

Let 12( Z, A) be t he space of al l squar e i nt egr abl e

sequences of r eal number s, i . e . , of al l squar e i nt egr abl e f unct i ons f r omt he

i nt eger s t o t he r eal s f : Z - - + R such t hat E, =I f ( t ) 2N, ( t ) < oo .

Remar k 1 . 1 2 i s a Banach space, i ndeed i t i s a Hi l ber t space wi t h t he

i nner pr oduct def i ned by ( f , g) = Ef ( t ) - g( t ) g( t ) [ 2] . When A i s a f i ni t e

measur e on Z, i . e . , E, g( t ) < oo, t hen 1 2 ( Z, , u, ) cont ai ns unbounded se-

quences .

The f ol l owi ng pr esent s concept s and r esul t s of al gebr ai c t opol ogy t hat

can be f ound i n any st andar d t ext book, e . g . Spani er [ 12] or Gr eenber g [ 11 ] .

Al l t opol ogi cal spaces ar e assumed t o be connect ed and l ocal l y pat h

connect ed .

. DEFI NI TI ON 2 .

	

Gi ven t wo t opol ogi cal spaces, X and Y, X i s a cover i ng

space of Y i f t her e exi st s a cont i nuous ont o map 0 : X - - * Y such t hat each

y E Y has a nei ghbor hood Uy whose i nver se i mage 0 - ' ( Uy ) i s t he di sj oi nt

uni on of set s i n X, each of whi ch i s homeomor phi c t o Uy . The map 0 i s

cal l ed a cover i ng map . When t he i nver se i mage 0 - ' ( y) of each poi nt y E Y

cont ai ns exact l y k >_ 1 poi nt s, t hen t he cover i ng i s cal l ed a k- f ol d cover i ng .

EXAMPLE 2 .

	

The map 9( r ) = e" r ` f r om t he l i ne R t o t he ci r cl e S 1 i s a

cover i ng map t hat makes t he l i ne a cover i ng space of t he ci r cl e . The map

9( e" r ' ) = e' 27r r makes t he ci r cl e a t wo- f ol d cover i ng of i t sel f .

DEFI NI TI ON 3 .

	

The f i r st homot opy gr oup of X, al so cal l ed i t s f unda-

ment al gr oup, i s denot ed 7r IM.

EXAMPLE 3 . Thi s gr oup i s zer o, and t her ef or e f i ni t e, whenever X i s

convex or cont r act i bl e, f or exampl e, X = Rk or R+ , any k . The f undamen-

t al gr oup of t he ci r cl e S' i s Z, t he gr oup of i nt eger s, and i s not a f i ni t e

gr oup . Al l ot her spher es S" , n > 1, have zer o ( and t her ef or e f i ni t e)

f undament al gr oups, i . e . - r r l ( S" ) = 0 . Al l Gr assmani an mani f ol ds ( ot her

t han t he ci r cl e S' ) have f undament al gr oups equal t o Z2, t he gr oup of

5dMdenot es t he boundar y of t he set M.
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i nt eger s modul o 2. Thi s gr oup has t wo el ement s Z2 = ( 0, 1) , and t her ef or e

t he f undament al gr oups of al l of t he Gr assmani an mani f ol ds ot her t han S'

ar e f i ni t e .

I nt ui t i vel y, 7r , ( X) i s t he space of al l l oops i n X, wher e a l oop i s a

cont i nuous map 0 : S' - - + X, under t he f ol l owi ng nat ur al equi val ence r el a-

t i on : t wo l oops 0, and Y' 2 ar e equi val ent i f and onl y i f one i s a cont i nuous

def or mat i on of t he ot her ; i . e . , t her e exi st s a cont i nuous map F : S' x [ 0, 1]

- ~ X such t hat ` dx E X, F( x, 0) = 0, ( x) , and F( x, l ) = 02( x) . The gr oup

oper at i on i n 7r , ( X) i s def i ned by r unni ng one l oop af t er t he ot her

sequent i al l y, t hus obt ai ni ng anot her l oop ; f or f or mal def i ni t i ons see [ 11] .

DEFI NI TI ON 4.

	

A map bet ween t opol ogi cal spaces f : X

	

Y def i nes a

homeomor phi sm of t he cor r espondi ng f undament al gr oups f * : 7r , ( X )

7T
1( y) . 6 The map f , , i s cal l ed a monomor phi sm when i t i s one t o one.

THEOREM 1 .

	

Let p : X - 4 Y be a cover i ng map . Then p, , : 7r , ( X )

7r , ( Y) i s a monomor phi sm. See [ 11] , p . 19 .

DEFI NI TI ON 5 .

	

Two cover i ng spaces p : X - + Y and p' : X' - - + Y ar e

equi val ent when t her e i s a uni que homeomor phi sm 0 : X - - - > X' such t hat

p- 0 = p' .

THEOREM 2 .

	

Any mani f ol d M has a cover i ng space p : X - - ) , M wi t h

- r r I ( X) = 0, cal l ed i t s uni ver sal cover i ng space . See [ 11] , p. 23, ( 6 . 7) .

THEOREM 3.

	

Let p : X - - + Y be a cover i ng space . For any subgr oup Hof

7r , ( Y) t her e exi st s a cover i ng space p : X - - - ) Y uni que up t o an equi val ence,

such t hat H = p, , 7r
I ( X).

See [ I 1 ] , p. 24, ( 6 . 9) .

THEOREM 4.

	

I nver se Funct i on Theor em [ 2] . Let Mand Nbe t wo mani -

f ol ds of t he same di mensi on, f : M- 4 Na smoot h map, and y = f ( x) . I f t he

Jacobi an of f i s nonvani shi ng at x, t her e exi st nei ghbor hoods Ux and Uy of x

and y, r espect i vel y, such t hat f l Ux : Ux	 U y i s a di f f eomor phi sm. 7

3. RESULTS

Thi s sect i on est abl i shes t he gl obal i nver t i bi l i t y of maps wi t h nonvani sh-

i ng Jacobi an on compact mani f ol ds, and t hen ext ends t hi s t o pr oper maps

on noncompact mani f ol ds .

THEOREM 5. Let Mbe a compact , connect ed mani f ol d wi t h a f i ni t e

f undament al gr oup 7r , (W) , and l et f : M- - - > Mbe a smoot h map. I f t he

Jacobi an of f i s nonvani shi ng, t hen f i s gl obal l y i nver t i bl e .

6 Le . , t l a, 13 E - r r , ( X ) , f , , ( a* 0) = f ( a) * f ( P ) , wher e* denot es t he gr oup oper at i on i n

7r t ( X) .

A di f f eomor phi sm i s a one- t o- one ont o map t hat i s smoot h and has a smoot h i nver se .
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Pr oof .

	

By t he i mpl i ci t f unct i on t heor em, t he i mage f ( M) i s an open set

i n M. I wi l l show t hat under t he assumpt i ons f ( M) i s cl osed as wel l .

Consi der t wo sequences { x" } c Mand { y" } c Msuch t hat y" = f ( x" ) ,

x" - - - > x and y" - > y . Si nce Mi s compact and t he Jacobi an of f does not

vani sh, t hi s Jacobi an i s bounded away f r omzer o . Ther ef or e t her e exi st s S,

e > 0 such t hat Mcan be cover ed by a f ami l y of 5- nei ghbor hoods' ( Ux ) on

each of whi ch f i s a di f f eomor phi sm, and t he i mage under f of each U, .

cover s an - - nei ghbor hood i n M. Si nce y" - ) , y, f or n l ar ge enough y i s

cont ai ned i n such an e nei ghbor hood of y" , so t hat by const r uct i on

y E f ( M) . Ther ef or e t he i mage f ( M) i s cl osed . Si nce f ( M) i s bot h open

and cl osed and Mi s connect ed, f ( M) = M, i . e . , t he map f i s ont o .

The next st ep i s t o show t hat f i s a cover i ng map. By t he i nver se

f unct i on t heor em, i f f ( x) = y, t her e exi st nei ghbor hoods Ux and Uy of x

and y, r espect i vel y, such t hat t he r est r i ct i on of t he map f on Ux, f l Ux : Ux

- - * Uy , i s one t o one and ont o . By t he cont i nui t y of t he map f , f or any

y E M, t he set f ' ( y) i s cl osed ; si nce Mi s compact , t he set f ' ( y) i s al so

compact , and by t he i nver se f unct i on t heor em i t i s 0- di mensi onal . Ther e-

f or e f or any y E M, t he set f - ' ( y) consi st s of f i ni t el y many poi nt s { x ; }

i = 1, . . . , k . We may t hen choose a nei ghbor hood Uy , of y such t hat

f ' ( Uy ) consi st s of a uni on of di sj oi nt nei ghbor hoods of each di f f eomor -

phi c t o Uy ; compact ness of Mi mpl i es t hat f - ' ( Uy ) = U x, E f - , ( y) { Ux} . Thi s

i mpl i es t hat f i s a cover i ng map f r om Mont o M. '

The l ast st ep i s t o show t hat f i s gl obal l y i nver t i bl e . We know by

Theor em 3 t hat f or each subgr oup H of 7r , ( M) t her e exi st s a cover i ng

0 : X - - * M, whi ch i s uni que up t o equi val ence, such t hat 0 * ( 7r , ( X ) ) = H.

Now l et H= 7r , ( M) . The i dent i t y map i : M- - + Mdef i nes a cover i ng such

t hat i * ( 7r , ( M) ) = 7T ( M) . We al r eady saw t hat f : M~Mi s a cover i ng

map, so t hat f * : 7r , ( M) - 4 7r , ( M) i s a monomor phi sm by Theor em l .

Si nce t he f i r st homot opy gr oup 7r , ( M) i s f i ni t e, and f * : 7r , ( M) - 4 7r , ( M)

i s one t o one, t hen f * must be an ont o, so t hat f * ( 7r , ( M) ) = 7r , ( M) .

Ther ef or e bot h maps f and i sat i sf y f * ( 7r , ( M) ) = i * ( 7r , ( M) ) = u I ( M) ; i t

f ol l ows f r omTheor em3 t hat f and i def i ne equi val ent cover i ngs . Si nce i i s

t he i dent i t y map, f must be a onef ol d cover i ng of M, i . e . , f i s a gl obal l y

i nver t i bl e map, as we wi shed t o pr ove .

The f ol l owi ng pr ovi des an ext ensi on of Theor em 5 t o par acompact

mani f ol ds, such as, f or exampl e, R̂ ' .

8We can choose t he coor di nat e pat ches t hat def i ne t he mani f ol d Mso t hat a 5- nei ghbor -

hood i n Mi s t he i mage of a bal l of r adi us S i n t he l i near space t hat i s t he model f or M.

9Ehr esman ( 1947) pr oved t hat f or compact mani f ol ds a di f f er ent i al submer si on i s a l ocal l y

t r i vi al f i br at i on ; i n connect ed f i ni t e di mensi onal mani f ol ds t hi s i mpl i es i t i s a cover i ng map .
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COROLLARY 1 . Let Mbe a par acompact connect ed mani f ol d" ' wi t h

7r , ( M) f i ni t e, and f : M- - ) , Ma pr oper map . When t he Jacobi an of f i s

nonvani shi ng, f i s gl obal l y i nver t i bl e .

Pr oof . Fi r st we check t hat si nce f i s pr oper and i t s Jacobi an i s

nonvani shi ng, t hen f ( M) = M. We know t hat f ( M) i s an open set by t he

i nver se f unct i on t heor em. Next we show t hat f ( M) i s cl osed . Let y" E

f ( M) , yn - - , , y . I wi l l show t hat y E f ( M) . Si nce y" - - * y, t he set ( yn) Uy i s

compact , and si nce f i s pr oper , t he set f ' ( ( yn) Uy) i s compact as wel l .

Let ( x" ) sat i sf y f ( x" ) = y" ; t hen t he set ( x" ) i s cont ai ned i n t he compact

set f ' ( ( y" ) Uy) . Ther ef or e we may appl y t he pr oof of Theor em 5,

i mpl yi ng t hat y E f ( M) , so t hat f ( M) i s cl osed . Si nce f ( M) i s open and

cl osed and Mi s connect ed, f ( M) = M.

Si nce f i s a pr oper map, f ' ( y) i s a compact set , and t her ef or e, by t he

i nver se f unct i on t heor em, f ' ( y) consi st s of f i ni t el y many poi nt s . The

same ar gument as i n Theor em 5 est abl i shes, t her ef or e, t hat f : M- - + Mi s

a cover i ng map, and t hat f i s gl obal l y i nver t i bl e .

COROLLARY 2 .

	

Let C be a convex open r egi on of R and assume t hat

f : C - * R^ ' sat i sf i es x" - - * x E dC =* I l f ( x" ) l l - - + oo . Then i f t he Jacobi an of f

i s nonvani shi ng, t he map f i s gl obal l y i nver t i bl e .

The r esul t s ext end al so t o i nf i ni t e di mensi onal mani f ol ds, pr ovi ded t hey

ar e Banach mani f ol ds, so t he i nver se f unct i on t heor em hol ds [ 2] :

COROLLARY 3 . Let Mbe a connect ed Banach mani f ol d wi t h 7r , ( M)

f i ni t e . Let f : M- ) , Mbe a pr oper map . I f i t s Fr echet der i vat i ve i s i nver t i bl e,

t hen f i s gl obal l y i nver t i bl e .

Pr oof . The ar gument i s si mi l ar t o t hose i n Theor em 5 : si nce f i s

pr oper , t he condi t i on on i t s Fr echet der i vat i ve ensur es t hat t he i mage

f ( M) i s open and cl osed i n M, so t hat f ( M) = M. The r est of t he pr oof

f ol l ows t hat of Theor em 5 wi t hout modi f i cat i on .

A par t i al conver se of t he above r esul t s can be gi ven . A f i ni t e f undamen-

t al gr oup 7r , ( M) i s necessar y f or ensur i ng t hat a l ocal l y i nver t i bl e map i s

gl obal l y i nver t i bl e :

COROLLARY 4 . Let 7r , ( M) be a f i ni t el y gener at ed Abel i an gr oup . I f

7r , ( M) i s i nf i ni t e, t hen t her e exi st s a l ocal l y i nver t i bl e map f : N- * Mt hat i s

not gl obal l y i nver t i bl e .

Pr oof . I f 7r , ( M) i s i nf i ni t e, i t cont ai ns a st r i ct subgr oup H t hat i s

i somor phi c t o 7r , ( M) . By Theor em 3 we know t hat t her e exi st s a cover i ng

space p : N- - ) , Msuch t hat p, , OT M) = H, and t he cover i ng map p i s

not gl obal l y i nver t i bl e . Yet t he cover i ng map p i s a l ocal l y i nver t i bl e map,

by def i ni t i on of a cover i ng .

1°A mani f ol d i s par acompact i f i t can be cover ed by a count abl e set of pr ecompact char t s .
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4 . APPLI CATI ONS

4 . 1 . Gr assmani ans and Si mul t aneous Equat i ons

Thi s sect i on descr i bes t wo si mpl e appl i cat i ons of t he gl obal i nver t i bi l i t y

r esul t s : one t o compact mani f ol ds, and t he ot her t o open r egi ons i n R^' .

COROLLARY 5 .

	

I f Gk, " denot es t he cl assi cal Gr assmani an mani f ol d of k

pl anes i n R" and n > 2, n > k . Then any smoot h map f : Gk . " - - - >
Gk . ' r wi t h

nonvani shi ng Jacobi an i s gl obal l y i nver t i bl e .

Pr oof .

	

When n > 2, t he f undament al gr oup 7r , ( Gk, " ) i s f i ni t e . I ndeed,

- r r l ( Gk, " ) = Z2 f or al l n, k except G' 2 = S' .

COROLLARY 6 . Consi der a syst em of equat i ons t hat def i ne a smoot h

nonl i near map f : X - * R' , wher e X c R' i s open and convex . I f t he map f i s

pr oper and has a nonvani shi ng Jacobi an, t her e i s a uni que sol ut i on t o t he

pr obl emf ( x) = 0 .

4 . 2 . Mar ket Equi l i br i um

Consi der t he posi t i ve vect or s i n t he uni t spher e : A = { p ( =- RN : p >> 0

and
y

^' , P? = 1} . Thi s r epr esent s t he set of r el at i ve pr i ces of a mar ket t hat

cont ai ns N commodi t i es . An excess demand f unct i on f or a mar ket econ-

omy i s a smoot h map Z : 0 - 4 R^ ' sat i sf yi ng ` dp E 0, ( p, Z( p) ) = 0 . The

condi t i on i s der i ved f r om t he r equi r ement t hat al l t r ader s have bal anced

budget s, and i s descr i bed by sayi ng t hat t he val ue of demand equal s t he

val ue of suppl y . A st andar d desi r abi l i t y condi t i on of t he excess demand

f unct i on Z i s :

DEFI NI TI ON 6 .

	

Desi r abi l i t y condi t i on : i f p" - - * p E d0 t hen

	

Jj Z( pj ) 11

Si mi l ar condi t i ons ar e i n, e . g . , [ 10] .

Remar k 2 .

	

The desi r abi l i t y condi t i on i mpl i es t hat t he map Z : 0 - - * RN

i s pr oper . However , Z does not gener al l y have a nonvani shi ng Jacobi an .

A mar ket i s sai d t o be at an equi l i br i um when suppl y equal s demand i n

al l mar ket s . For mal l y :

DEFI NI TI ON 7 .

	

A mar ket equi l i br i um p* i s a zer o of t he excess demand

f unct i on Z : 0 - - - > R^ ' , i . e . , p* E Z - ' ( 0) .

Obser ve t hat when t he vect or Z( p) has al l but one coor di nat e equal t o

zer o, t hen Z( p) i s t he zer o vect or , because dp E A, ( p, Z( p) ) = 0 .

Ther ef or e, t o i dent i f y a mar ket equi l i br i um i t suf f i ces t o f i nd a zer o of

anot her map, t he composi t i on map Z; = 7r ; o Z : 0 ~ R^ ' - ' , wher e i E
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{ 1, . . . , N) and

	

7r ; : RN - - * RN- '

	

i s t he pr oj ect i on map on t he

	

N- 1

coor di nat es ot her t han i . Obser ve t hat t he composi t i on map Z; =

7; 0 Z : 0 - * RN- ' maps an open convex set of RN- ' i nt o
RN-

' , and t hat

under t he desi r abi l i t y condi t i on, Z; i s a pr oper map . Z; i s cal l ed a r educed

excess demand .

The def i ni t i ons pr ovi ded her e ext end t o mar ket s i n whi ch t he t r adi ng

space r at her t han RN i s t he i nf i ni t e di mensi onal Hi l ber t space 12 ( see

Chi chi l ni sky and Heal [ 9] ) . 1 2 has an i nner pr oduct and a count abl e basi s

of coor di nat es, pr oper t i es t hat al l Hi l ber t spaces shar e, and i s t he cl osest

t o Eucl i dean space RN t o i nf i ni t e di mensi ons . These pr oper t i es al l ow one

t o t r eat t he t r adi ng space t he same as Eucl i dean space, and al l of t he

def i ni t i ons gi ven above appl y wi t hout modi f i cat i on . I n par t i cul ar , si nce t he

Hi l ber t space i s sel f - dual , i t i s possi bl e t o f i nd i nver t i bl e oper at or s f r om

t he pr i ce space t o t he commodi t y space : bot h ar e t he same space H. Thi s

makes Hi l ber t spaces t he pr ef er r ed space f or i nf i ni t e di mensi onal mar ket s :

THEOREM 6 .

	

Under t he desi r abi l i t y condi t i on, i f t he r educed excess de

mand Z; : 0 - - ) , RN- '

	

has a nonvani shi ng Jacobi an, t hen Zi i s gl obal l y

i nver t i bl e . I n t hi s case t he mar ket has a uni que equi l i br i um. Thi s i s al so t r ue i n

i nf i ni t e di mensi onal mar ket s when t he Fr echet der i vat i ve of Z; i s an i nver t i bl e

oper at or .

Pr oof .

	

Obser ve t hat t he i mage of A under t he map Z, Z( 0) , i s con-

t r act i bl e " because 0 i s cont r act i bl e . The i mage Z; ( 0) i s al so cont r act i bl e,

because Z; i s Z composed wi t h a pr oj ect i on . I t f ol l ows t hat 7r , ( Z; ( 0) ) = 0 .

Next obser ve t hat t he i mage Z; ( 0) i s open under t he hypot hesi s, by t he

i nver se f unct i on t heor em. I n par t i cul ar , Z; ( 0) i s a mani f ol d . The desi r abi l -

i t y condi t i on of Def i ni t i on 5 i mpl i es t hat t he map Z; i s pr oper . The r esul t

now f ol l ows f r om Cor ol l ar y 1 f or t he f i ni t e di mensi onal case, and f r om

Cor ol l ar y 3 f or i nf i ni t e di mensi ons .

The f ol l owi ng r esul t appl i es t o economi es i n whi ch t he excess demand

f unct i on i s not wel l def i ned at al l pr i ces, but onl y on a subset of pr i ces :

COROLLARY 7 .

	

I f t he demand f unct i on Z : C - - - ) RN i s def i ned on a

convex subset of pr i ces C C A, and t he desi r abi l i t y condi t i on i s sat i sf i ed i n C,

i . e . , p' - ) p E dC => JJZ( p' ) 11 - * oo, t hen t her e exi st s a uni que mar ket equi -

l i br i um pr i ce i n C when t he Jacobi an of t he r educed excess demand Zj i s

nonvani shi ng on C. When t he mar ket i s i nf i ni t e di mensi onal , X = 1 2 , t he

r esul t obt ai ns when t he Fr echet der i vat i ve of Zi i s i nver t i bl e .

11A t opol ogi cal space X i s cont r act i bl e when t her e exi st s a cont i nuous map F : X x [ 0, 1]

- > X and x ° E X such t hat Hx EX, F( x, 0) = x, and F( x, 1) = x ° . A cont r act i bl e space has

a zer o f undament al gr oup, vr , ( X) = 0 .
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4 . 3 . Li mi t ed Ar bi t r age and Uni queness wi t h Shor t Sal es

Thi s subsect i on expl i ci t l y i ncl udes economi es wi t h shor t sal es and wi t h

f i ni t e or i nf i ni t el y many mar ket s . These cases have been negl ect ed i n t he

l i t er at ur e on uni queness of equi l i br i um.

The f ol l owi ng uses a condi t i on of l i mi t ed ar bi t r age, whi ch i s def i ned on

t he pr ef er ences and endowment s of a mar ket . I t was i nt r oduced and shown

t o be necessar y and suf f i ci ent f or t he exi st ence of a compet i t i ve equi l i b-

r i um, t he cor e and soci al choi ce i n mar ket s wi t h or wi t hout shor t sal es, i n

Chi chi l ni sky [ 4- 8] , and i n i nf i ni t e di mensi ons i n Chi chi l ni sky and Heal [ 9] .

Consi der a mar ket wi t h t r adi ng space X = R^' or X = 1 2 , wher e t r ader s

have pr oper t y r i ght s r epr esent ed by vect or s f ; E X and pr ef er ences

r epr esent ed by st r i ct l y concave i ncr easi ng ut i l i t y f unct i ons u ; : X - - * R. ' 2

For t r ader i def i ne t he gl obal cone G; as t he set of di r ect i ons al ong whi ch

ut i l i t y never ceases t o i ncr ease :

G; = { x E X: - 3ar gmax A , o u ; ( f ; + Ax) )

and t he mar ket cone as

D; = { yeX : VxeG; , ~y, x) >0) .

DEFI NI TI ON 8 .

	

The mar ket has l i mi t ed ar bi t r age when D = n H, D;

00 .

Remar k 3 .

	

The i nt er sect i on D = n HI D; denot es t he set of pr i ces at

whi ch t he excess demand of t he economy i s wel l def i ned . I t has been

shown t hat l i mi t ed ar bi t r age, i . e . , D 0 QS, i s equi val ent t o t he exi st ence of

an equi l i br i um, t he cor e and soci al choi ce [ 4- 8] .

The r esul t bel ow pr oves t he uni queness of an equi l i br i um i n an economy

wi t h l i mi t ed ar bi t r age, wi t h f i ni t e or i nf i ni t el y many commodi t i es and

wi t hout shor t sal es :

COROLLARY 8 .

	

Consi der an economy wi t h l i mi t ed ar bi t r age and st r i ct l y

convex pr ef er ences . I f t he r educed excess demand f unct i on Z; has a nonvan-

i shi ng Jacobi an on D = n HI D; c D, t 3 t hen t her e exi st s a uni que compet i t i ve

equi l i br i um. Thi s i s al so t r ue i n i nf i ni t e di mensi onal mar ket s ( X = 1 2 ) when

t he Fr echet der i vat i ve of Z; i s i nver t i bl e .

Pr oof .

	

By Cor ol l ar y 7 i t suf f i ces t o show t hat under l i mi t ed ar bi t r age

t he r educed excess demand i s a pr oper map on a convex subset of 0 on

whi ch i t s Jacobi an i s nonvani shi ng .

By t he def i ni t i on of l i mi t ed ar bi t r age, t he set D = ( 1 H I D; c 0 i s not

empt y . D i s a convex set si nce, under t he assumpt i ons on pr ef er ences,

12 Or , mor e gener al l y, by ut i l i t i es whose i ndi f f er ences have no hal f l i nes .
13

I n t he i nf i ni t e di mensi onal case, when t he Fr echet der i vat i ve i s an i nver t i bl e oper at or .
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each set D; i s convex . I f y E R^' i s i n t he boundar y of D= ( 1 H I D; , t hen

i t i s i n t he boundar y of D; , dD; , f or some t r ader i . Si nce pr ef er ences ar e

st r i ct l y convex, t hi s i mpl i es t hat f or t r ader i t he nor m of t he excess

demand i ncr eases wi t hout ever r eachi ng a maxi mum al ong t he di r ect i on

def i ned by y f r om f l ; ; see [ 7] . By Exampl e 1, t hi s i mpl i es t hat f or al l j , t he

r educed excess demand f unct i on Zj i s pr oper on D. Ther ef or e under t he

assumpt i ons, by Cor ol l ar y 7 t her e exi st s a uni que compet i t i ve equi l i br i um.

1

4. 4 . Rel at ed Li t er at ur e on Uni que Equi l i br i um

I t seems wor t h compar i ng t hese r esul t s wi t h ot her appr oaches t o t he

uni queness of equi l i br i um. A mai n di f f er ence i s t hat t he r esul t s pr esent ed

her e appl y equal l y t o f i ni t e or i nf i ni t e di mensi onal mar ket s and appl i es

wi t h or wi t hout shor t sal es, whi l e t he exi st i ng l i t er at ur e concent r at es

i nst ead on f i ni t e di mensi onal mar ket s wi t hout shor t sal es . For ease of

compar i son, t he f ol l owi ng di scussi on concent r at es on economi es wi t h f i ni t e

di mensi ons and wi t hout shor t sal es.

The cl osest t o Theor em 6 above i n f i ni t e economi es wi t hout shor t sal es

i s Theor em 15 on p. 236 of Ar r ow and Hahn [ 1] , whose pr oof i s connect ed

t o t he conver gence t o equi l i br i um of t he gl obal Newt on met hod . However ,

t he pr oof of Theor em 15, on p. 304 of [ 1] , uses a " numer ai r e assumpt i on"

A. 11 . 2 gi ven on page 268. ' 4 No such condi t i on i s r equi r ed i n t hi s paper , so

t hat Theor em 6 above i s st r i ct l y st r onger t han t he r esul t s i n [ 1] . Fur t her -

mor e, Cor ol l ar i es 7 and 8 above i ncl ude mar ket s i n whi ch t he excess

demand f unct i on i s not def i ned on t he whol e pr i ce space, as assumed i n

Theor em 15 of Ar r ow and Hahn, and Cor ol l ar y 8 above cover s mar ket s

wi t h shor t sal es and whi ch ar e f i ni t e or i nf i ni t e di mensi onal .

Wor ki ng al so on f i ni t e economi es wi t hout shor t sal es, Di er ker [ 10]

assumes a desi r abi l i t y condi t i on t hat i s si mi l ar t o t hat r equi r ed her e, and

uses an i ndex ar gument t o show t he uni queness of equi l i br i um. Hi s

condi t i ons and r esul t s ar e di f f er ent : I assume t hat t he Jacobi an never

vani shes i n t he i nt er i or of 0, or on a convex subset C C 0, whi l e [ 10]

assumes t hat t her e i s a pr i ce adj ust ment syst em t hat i s st abl e at each

equi l i br i um, or mor e gener al l y t hat t he Jacobi an of t he syst em has t he

same si gn at each equi l i br i um. The r esul t obt ai ned her e i s st r onger t han

t hose i n [ 10] : I pr ove t he gl obal i nver t i bi l i t y of t he map Z; and hence

uni queness of equi l i br i um, whi l e [ 10] pr oves onl y t hat t he equi l i br i um i s

uni que .

The r esul t s pr esent ed her e ar e al so di f f er ent f r om ot her gl obal i nver t -

i bi l i t y r esul t s f or f i ni t e di mensi onal economi es, such as t he Gal e- Ni kai do

t heor em, whi ch appl y t o maps def i ned on cl osed cubes, and r equi r e a

" Assumpt i on A. 11 . 2 i s used t o show t hat as r el at i ve pr i ces I p( t ) 1 - - > x, t he excess demand

f or a speci f i c good, t he " numer ai r e, " goes t o pl us i nf i ni t y ; see p . 304 of [ 1] .
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nonvani shi ng Jacobi an on t he i nt er i or of t he cube, as wel l as si mi l ar

condi t i ons on t he boundar y of t he cube . The di f f er ence i s t hat I onl y

r equi r e condi t i ons on t he i nt er i or of t he pr i ce space 0 or on a convex

subset C C 0, and I al l ow i nf i ni t e di mensi ons ; t he ot her r esul t s do not .

The desi r abi l i t y condi t i on el i mi nat es boundar y equi l i br i um, so t her e i s no

need t o st udy t he boundar y of t he pr i ce space .

ACKNOWLEDGMENTS

Comment s f r om K. Ar r ow, G. Heal , D. Fol ey, W. Shaf er , and N. Yannel i s ar e gr at ef ul l y

acknowl edged .

REFERENCES

1 . K. Ar r ow and F . Hahn, " Gener al Compet i t i ve Anal ysi s, " Nor t h- Hol l and, Amst er dam,

New Yor k, and Tokyo, 1986 .

2 . R. Abr aham and J . Robbi n, " Tr ansver sal Mappi ngs and Fl ows, " W. A. Benj ami n, New

Yor k and Amst er dam, 1967 .

3 . G. Chi chi l ni sky, " Mani f ol ds of Pr ef er ences and Equi l i br i a, " Ph . D. di sser t at i on, Uni ver si t y

of Cal i f or ni a, Ber kel ey, 1976 ; Pr oj ect on Ef f i ci ent Deci si on Maki ng i n Economi c Syst ems,

Har var d Uni ver si t y, 1976, i n " Essays i n Honor of G. Debr ev" ( Hi l denbr and and Mas-

Col el l , Eds . ) , pp . 131- 142, Nor t h Hol l and, 1986 .

4 . G. Chi chi l ni sky, Mar ket , ar bi t r age, soci al choi ce and t he cor e, i n " Col umbi a Cel ebr at es

Ar r ow' s Cont r i but i ons, " Col umbi a Uni ver si t y, New Yor k, Oct ober 27, 1991 ; CORE

Di scussi on Paper No . 9342, CORE, Uni ver si t e Cat ol i que de Louvai n, Louvai n l a Neuve,

Bel gi um, 1993, Soci al Choi ce and Wel f ar e 14 ( 1997) , 161- 198 .

5 . G. Chi chi l ni sky, Li mi t ed ar bi t r age i s necessar y and suf f i ci ent f or t he exi st ence of a

compet i t i ve equi l i br i um and t he cor e and l i mi t s vot i ng cycl es, Economi c Let t . December

( 1994) ; The paper r eappear ed i n Economi c Let t . 52 ( 1996) , 177- 180.

6 . G. Chi chi l ni sky, " Li mi t ed Ar bi t r age i s Necessar y and Suf f i ci ent f or t he Exi st ence of a

Compet i t i ve Equi l i br i um wi t h or Wi t hout Shor t Sal es, " Wor ki ng Paper No . 650, Col umbi a

Uni ver si t y, December 1992 ; publ i shed i n Econom. Theor y 5 ( 1995) , 79- 108 .

7. G. Chi chi l ni sky, " A Uni f i ed Per spect i ve on Resour ce Al l ocat i on : Li mi t ed Ar bi t r age I s

Necessar y and Suf f i ci ent f or t he Exi st ence of a Compet i t i ve Equi l i br i um, t he Cor e and

Soci al Choi ce, " CORE Di scussi on Paper No . 9527, 1995 ( t o appear i n " Soci al Choi ce

Reexami ned" ( K. Ar r ow, A. Sen, and T. Suzumur a, Eds) , I nt er nat i onal Economi c

Associ at i on, al so i n Met r oeconomi ca 47, No . 3 ( 1996) , 266- 280 .

8. G. Chi chi l ni sky, " A Topol ogi cal I nvar i ant f or Compet i t i ve Mar ket s, " Wor ki ng Paper ,

Col umbi a Uni ver si t y, May 1996, J . Mat h . Econom. 28 ( 1997) , 445- 469 .

9. G. Chi chi l ni sky and Y. Zhou, Smoot h i nf i ni t e economi es, J . Mat h . Econom. 29, No. 1

( 1998) , 27- 41 .

10. E. Di er ker , Two r emar ks on t he number of equi l i br i a of an economy, Economet r i ca 40

( 1972) , 951- 955 .

11 . C. Ehr esman, Sur l es espaces f i br es di f f er ent i abl es, C. R. Hebd. Seanc . Acad. Par i s 224

( 1947) , 1611- 1612 .

12. M. J . Gr eenber g, " Lect ur es on Al gebr ai c Topol ogy, " Mat hemat i cs Lect ur e Not e Ser i es,

W. A. Benj ami n, Readi ng, MA, 1967 .

13 . J . Hadamar d, Sur l es t r ansf or mat i ons ponet uel l es, Bul l . Soc . Mat h . de Fr ance, 34, ( 1906) .

14. E. Spani er , " Al gebr ai c Topol ogy, " McGr aw- Hi l l , New Yor k, 1966 .


