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2 . 2 . Nor t h- Sout h Tr ade and t he Dynami cs

of t he Envi r onment

1 . I nt r oduct i on

Thi s paper devel ops a dynami c model of Nor t h- Sout h t r ade i n w

envi r onment pl ays an i mpor t ant r ol e . Our model i s based on Chi ch

Nor t h- Sout h model f or t he macr oeconomi c i nt er act i on bet ween t wc

of t he wor l d economy. The l at t er was i nt r oduced i n a st at i c cont e)

We i nt r oduce dynami cs i n t he or i gi nal Nor t h- Sout h model by al l o,

endogenous accumul at i on of capi t al . As a second ext ensi on of [ 1] ,

duce her e a var i abl e whi ch r epr esent s t he syst em of pr oper t y r i gh

envi r onment al asset whi ch i s used as an i nput t o pr oduct i on . I Thi s

coul d r epr esent , f or exampl e, t he pr oper t y r i ght s on f or est s f r omwhi

i s ext r act ed t o be used as an i nput t o t he pr oduct i on of t r aded good

pr oper t y r i ght s on wat er whi ch i s si mi l ar l y used, per haps f or agr

goods f or expor t .
The paper expl ai ns mat hemat i cal l y and t hr ough si mul at i ons t he d

of a t wo- r egi on wor l d . Ther e ar e t wo pr oduced goods and t wo i

pr oduct i on . Capi t al i s one i nput : i t accumul at es i n t he t wo r egi ons

t i me as a f unct i on of pr of i t s . We showt hat as we var y t he pr oper t y 1

t he envi r onment t he dynami cs of t he syst em changes . The l ess wel l

ar e t he pr oper t y r i ght s, t he mor e chaot i c ar e t he model ' s dynami cs .

The model s whi ch r esul t bear some si mi l ar i t y t o one cr eat ed by J

Neumann i n 1932 and ext ended by Ri char d Goodwi n i n 1990 [ 12, ch

We est abl i sh, i n a sequence of st eps, t hat t hese model s ar e var i an

coupl ed l ogi st i c maps st udi ed i n sever al r ecent paper s, f or exampl e, [
i dea i s t o al t er [ 1] t o al l ow capi t al accumul at i on t hr ough t i me, assun
t he appr oach t o equi l i br i umf ol l ows r api dl y. Newequat i ons ar e i nt r o
our model , whi ch ar e not f ound i n [ 1] or [ 3] . These equat i ons desi
evol ut i on of capi t al st ock t hr ough t i me by accumul at i on and depr eci
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The out l i ne of t hepaper3 andt he mai n r esul t s ar e as f ol l ows . I n Sect i on 2 we

i nt r oduce some usef ul not at i on, and i n Sect i on 3 t he st at i c Nor t h- Sout h model

[ 1] i s r ecal l ed . Fol l owi ng t hat , we devel op i n Sect i on 4 a r at her si mpl e one-

di mensi onal model whi ch i s pedagogi cal l y usef ul because i t ant i ci pat es t he

mat hemat i cal st r uct ur e of our mai n model . We anal yze i t s dynami cal behavi or

i n a sequence of pr oposi t i ons, and conf i r mt hi s behavi or t hr ough si mul at i on.

Thi s dynami cal behavi or i s essent i al l y equi val ent t o t he l ogi st i c map, and i s

si mi l ar t o t hat whi ch wi l l be f ound l at er i n our mai n model . I n Sect i on 5 . 2

we i nt r oduce our mai n ( t wo- di mensi onal ) model , and est abl i sh i t s dynami c

behavi or t hr ough si mul at i on . We f i nd a ver y r i ch dynami c behavi or , wi t h an

ext ensi ve web of bi f ur cat i ons cont r ol l ed by t he envi r onment al pr oper t y r i ght s

par amet er s . We f i nd chaot i c at t r act or s, and chaot i c separ at r i ces . That i s, t he

basi ns of at t r act i on f or m a f r act al st r uct ur e . I n Sect i on 6, t he concl usi ons,

we i nt er pr et our r esul t s i n t he br oader cont ext of Nor t h- Sout h t r ade and t he

envi r onment .

1 . 1 . The Dynami c Nor t h- Sout h Model

Our dynami c model i s based on [ I ] , but wi t h a maj or ext ensi on . Two f un-

dament al equat i ons ar e added t o t hose of [ 1] , whi ch endogeni ze t he changes

i n capi t al st ock i n t he t wo r egi ons t hr ough t i me . We f i r st expl ai n i nt ui t i ve-

l y how t he dynami cal model i s def i ned, and f ol l owi ng t hi s we pr ovi de t he

mat hemat i cal def i ni t i ons .

The dynami cal model i s const r uct ed i t er at i vel y as f ol l ows . St ar t f r omgi ven

val ues of t he exogenous par amet er s of t he Nor t h- Sout h model ' of [ 1] . The

vect or of i ni t i al l evel s of capi t al st ocks i n t he t wo r egi ons i s a t wo- di mensi onal

par amet er , whi ch wi l l be t he i ni t i al val ue ( f or t = 1) of our dynami cal syst em

i n t he pl ane . Now sol ve t he st at i c Nor t h- Sout h model anal yt i cal l y . ' The

sol ut i on gi ves us, i nt er al i a, t he equi l i br i umval ue of GNP i n each r egi on . b So

f ar t he model i s st at i c, and i dent i cal t o t hat i n [ 1] . Howdoes our dynami cal

syst em move i n t he pl ane f r om per i od t = 1 t o per i od t = 2? To def i ne

t he dynami cs we wi l l i nt r oduce t wo new equat i ons, one i n each r egi on, bot h

dependi ng on t he cor r espondi ng equi l i br i um l evel of GDPi n t he r egi on i n

per i od t = 1 . These equat i ons expl ai n howcapi t al accumul at es : a pr opor t i on

of GDPi n t = 1 i s saved and i ncr eases pr evi ous per i od capi t al st ock, whi l e

some of t he ol d capi t al depr eci at es . Fr omt hese equat i ons one updat es capi t al

st ocks and obt ai ns a newset of exogenous par amet er s f or t he ( st at i c) Nor t h-

Sout h model f or t = 2. These di f f er f r omt he pr evi ous set ( f or t = 1) onl y

wi t h r espect t o t he i ni t i al capi t al st ocks, whi ch have nowvar i ed accor di ng t o

our t wo new equat i ons . The new capi t al st ocks f or t he Nor t h and t he Sout h

def i ne a t wo- di mensi onal vect or descr i bi ng t he per i od t = 2 val ue of our

dynami cal syst em. Nowsol ve t he ( st at i c) Nor t h- Sout h model f or t hi s newset

of exogenous par amet er s, and obt ai n GDP f or per i od t = 2. I t er at i ng t hi s

pr ocedur e def i nes t he dynami cal syst em i n t he pl ane f or ever y per i od t > 1 .
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The f ol l owi ng i s t he mat hemat i cal f or mul at i on of t he pr ocedur e expl ai ned

above.

Our f i r st goal i s t o def i ne t he t wo newcapi t al accumul at i on equat i ons whi ch

add t o t he equat i ons of t he ( st at i c) Nor t h- Sout h model and obt ai n, f r omt hese

t wo newequat i ons, a t wo- di mensi onal di scr et e dynami cal syst em, gener at ed

by an endomor phi smof t he pl ane, T : R2 + R2 . The t wo newequat i ons ar e :

KN( t + 1) + = 8N( GNPN) + ( 1 - SN) KN( t ) ,

	

( 1 . 1 . 1)

Ks( t + 1) + = ss( GNPs) + ( 1 - bs) Ks( t ) .

	

( 1 . 1 . 2)

Equat i on ( 1 . 1 . 1) descr i bes capi t al accumul at i on t hr ough t i me i n t he Nor t h,

and ( 1 . 1 . 2) i n t he Sout h . These equat i ons ar e st andar d, and ar e i nt er pr et ed

as f ol l ows . Equat i on ( 1 . 1 . 1) expl ai ns capi t al st ock at t i me t + 1 i n t he Nor t h

( N) as t he sumof capi t al st ock i n t he pr evi ous per i od i n t he Nor t h, KN( t ) ,

mi nus t he par t of t hi s whi ch i s depr eci at ed ON i s t he depr eci at i on f act or i n

t he Nor t h) pl us savi ngs, whi ch i s t he savi ngs r at e i n t he Nor t h, SN, t i mes t he

gr oss nat i onal pr oduct i n t he Nor t h, GNPN.

I n or der t o det er mi ne our t wo- di mensi onal di scr et e dynami c syst em we

need t o def i ne f r omt hese equat i ons an endomor phi smof t he pl ane, T :
R2

R2 . The depr eci at i on and savi ngs r at e ar e exogenousl y gi ven par amet er s . But

how do we det er mi ne GNPi n t he t wo r egi ons f or any gi ven val ues of t he

capi t al st ocks i n each, consi der i ng t hat t hey t r ade wi t h each ot her t hr ough t he

i nt er nat i onal mar ket ?

The sol ut i on t o t hi s pr obl emi s one of t he mai n cont r i but i ons of our paper :

t he speci f i cat i ons of t he GNPvar i abl es as t he sol ut i ons of t wo si mul t aneous

mar ket equi l i br i umpr obl ems . Her e i s wher e we use [ 1] . The combi nat i on of

Equat i ons ( 1 . 1 . 1) and ( 1 . 1 . 2) wi t h t he Nor t h- Sout h t r ade model i s done her e

f or t he f i r st t i me, and we cal l t hi s t he dynami c Nor t h- Sout h model .

Howdo we obt ai n an endomor phi smof t he pl ane f r omt he t wo equat i ons

f or capi t al accumul at i on? We st ar t wi t h i ni t i al val ues of t he t wo capi t al st ocks,

one f or each r egi on, KN and Ks . The st at i c Nor t h- Sout h model sol ves t he

wor l d economy equat i ons f r omt he f ol l owi ng i ni t i al par amet er s : capi t al and

l abor suppl y, t echnol ogi es and demand i n each r egi on. Her e, f or t he dynami c

Nor t h- Sout h model , we assume i nst ead t hat capi t al and l abor suppl y and

t echnol ogi es ar e i ni t i al l y gi ven i n each r egi on .

I n each r egi on, at t i me t , we sol ve f ul l y t he st at i c Nor t h- Sout h model at t i me

t and obt ai n GNP at t i me t . Fr omt hi s, i n t ur n, we comput e t he capi t al st ocks,

at t i me t + 1, usi ng our new dynami c equat i ons f or capi t al accumul at i on,

( l . l . l ) and ( 1 . 1 . 2) .

The pr ocedur e can be summar i zed as f ol l ows . The st at i c Nor t h- Sout h mod-

el det er mi nes endogenousl y f i ve pr i ce var i abl es and si xt eenquant i t y var i abl es .

I t has t wo goods t r aded i nt er nat i onal l y ( basi c goods, B, and i ndust r i al goods,

I ) and t wo f act or of pr oduct i on ( capi t al , K, and l abor , L) . The pr i ce var i abl es

ar e t he i nt er nat i onal t er ms of t r ade f or t he t wo t r aded goods Band I , denot ed

byPB andpr , ( t hese ar e r educed t o one by t he nor mal i zi ng assumpt i onpr = 1,
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and hencef or t h p = PB) , and t hepr i ces of l abor and r ent al of capi t al i n each

r egi on, denot ed wand r . Technol ogi es ar e di f f er ent i n t he t wo r egi ons so t hat

t he r ewar ds t o l abor and t o capi t al ar e al so di f f er ent . The si xt een quant i t i es

whi ch ar e endogenousl y det er mi ned ar e : suppl y and demand f or t he basi c

and i ndust r i al goods, empl oyment of f act or s i n t he t wo sect or s, i mpor t s and

expor t s of bot h goods, al l i n each of t he t wo r egi ons . Fr omt hese endogenous

var i abl es we obt ai n an expr essi on f or t he desi r ed GNPi n each r egi on. By

def i ni t i on, GNP i s t he val ue of t he gr oss nat i onal pr oduct , t hat i s, t he val ue of

al l out put s mi nus al l i nput s ( of Band I ) comput ed at t he equi l i br i ummar ket

pr i ces, p. These ar e t he pr i ces at whi ch al l mar ket s cl ear . Recal l t hat par t of

t he pr oduct i on of each count r y i s consumed i n t he ot her count r y, and t hat

r el at i ve pr i ces p have adj ust ed t o per mi t t hi s t r ade and t o cl ear mar ket s, so

t hat i mpor t s equal expor t s i n each of t he t wo t r aded goods . The r esul t i s an

equi l i br i uml evel of GNPi n each r egi on,

GNPN = pBN+

	

( 1 . 1 . 3)I N,

GNPs = pBs + I S .

	

( 1 . 1 . 4)

Her e p, Bs, and I s ar e det er mi ned as t he sol ut i on of a syst emof 22 si mul -

t aneous equat i ons i n 22 var i abl es, as i n t he st at i c Nor t h- Sout h model , Thi s

i s expl ai ned i n Sect i on 5. 2 bel ow. Ther ef or e, f or each val ue of capi t al st ock

we have assumed an i nst ant aneous adj ust ment t o an equi l i br i umi n t he st at i c

Nor t h- Sout h model .

Fr omal l t hi s we obt ai n t he GNP i n each r egi on at t i me t . The t wo dynami c

equat i ons ( 1 . 1 . 1) and ( 1 . 1 . 2) t hen pr ovi de capi t al st ocks i n t he t wo r egi ons at

t he next per i od, t + 1 . Our pl ane endomor phi sm, T, i s nowwel l def i ned.

The equat i ons descr i bi ng GNP i n each r egi on ar e nonl i near . Ther ef or e,

t he endomor phi smT i s nonl i near as wel l . I n t he f ol l owi ng we shal l st udy i t s

qual i t at i ve pr oper t i es and exper i ment wi t h si mul at i ons depi ct ed gr aphi cal l y .

But bef or e anal yzi ng t he model , i t wi l l be usef ul t o expl ai n t he connect i ons

wi t h t he envi r onment .

1 . 2 . Nor t h- Sout h Tr ade and t he Envi r onment

The envi r onment appear s i n t hi s model as one of t he i nput s, or f act or s of pr o-

duct i on . Whi l e i n t he or i gi nal Nor t h- Sout h model t he t wo f act or of pr oduct i on

ar e l abor and capi t al , r ecent l y [ 4] t he model has been ext ended t o t hr ee f ac-

t or s of pr oduct i on, one of whi ch i s a nat ur al r esour ce, such as wat er f r om

an aqui f er , or f i sh f r om a common body of wat er , or wood f r om a common
f or est . I n t he or i gi nal Nor t h- Sout h model t he behavi or of a cer t ai n par amet er
a - r epr esent i ng t he suppl y r esponse of a f act or t o i t s pr i ce - i s shown t o be
cr uci al i n expl ai ni ng t he pat t er ns of t r ade bet ween t he t wo r egi ons, i ncl udi ng

t he t er ms of t r ade and t he gai ns f r omt r ade . Fur t her mor e, i n [ 4] , t he absol ut e

val ue of t hi s par amet er i n t he Sout h, as, i s pr oven t o var y wi t h t he pr oper t y

Nor t h- Sout h

r i ght s r egi me f or t he r esour

f or t he pr oduct i on of t he t r a

oi l ) . I t i s, t her ef or e, of i nt o
model wi t h di f f er ent pr ope

di f f er ent val ues of aNand

about pr oper t y r i ght s . I t v

pr oper t y r i ght s ar e wel l def

exampl e, [ 4] pr edi ct s t hat a

t o t he l ocal s of t he r ai nf or e
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i t s r ai nf or est .

We nowappl y our mod(

t he envi r onment and t r ade

pr oper t y r esour ce whi ch i ,
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r i ght s r egi me f or t he r esour ce ( such as l and) . Thi s r esour ce i s used as an i nput

f or t he pr oduct i on of t he t r aded goods ( such as cash cr ops : cof f ee, cot t on pal m

oi l ) . I t i s, t her ef or e, of i nt er est t o si mul at e t he behavi or of t he Nor t h- Sout h

model wi t h di f f er ent pr oper t y r i ght s f or t hi s envi r onment al r esour ce, t hat i s,

di f f er ent val ues of aN and as . These par amet er s cont ai n cr uci al i nf or mat i on

about pr oper t y r i ght s . I t was shown i n [ 4- 6] t hat as i s smal l er when t he

pr oper t y r i ght s ar e wel l def i ned, and i s l ar ger when t hey ar e i l l - def i ned. As an

exampl e, [ 4] pr edi ct s t hat a r egi me of pr oper t y r i ght s whi ch gi ves bet t er r i ght s

t o t he l ocal s of t he r ai nf or est ( f or exampl e, i n Guat emal a and Ecuador ) coul d

i mpr ove t he t er ms of t r ade on cash cr ops and cont r ol t he over expl oi t at i on of

i t s r ai nf or est .

We nowappl y our model t o expl ai n t he f undament al connect i on bet ween

t he envi r onment and t r ade . We wi l l l ook at t he envi r onment as a common

pr oper t y r esour ce whi ch i s used as an i nput t o pr oduct i on i n bot h r egi ons .

Exampl es ar e: , r ai nf or est s, bodi es of wat er , or f i sher i es . These ar e i nput s t o

t he pr oduct i on of envi r onment al l y i nt ensi ve goods whi ch ar e i nt er nat i onal l y

t r aded, such as: wood pr oduct s, i ndust r i al out put , cash cr ops ( cot t on, cof f ee,

soya beans, pal moi l ) . I n our model , we shal l nowr ei nt er pr et L as an envi -

r onment al i nput used, t oget her wi t h t he ot her i nput , K, t o pr oduce basi c and

i ndust r i al goods, B and I . Thus, we r ename L as Ef or t he r emai nder of t hi s

sect i on .

As al r eady ment i oned, a cr uci al par amet er i n t he Nor t h- Sout h model i s
t he r esponse of t he suppl y of E t o i t r el at i ve pr i ce, w/ p. I n [ 1] and

t hi s par amet er was shown t o det er mi ne t he pr oper t i es of t he sol ut i ons
ui l i hr i a) . Her e, a wi l l pl ay a si mi l ar r ol e: i t r epr esent s t he pr oper t y r i ght s

) n t he envi r onment al r esour ce, E: a i s smal l er when t he pr oper t y r i ght s ar e
wel l def i ned, and l ar ger when t hey ar e i l l - def i ned . For exampl e: i f t he l ocal

opul at i on has wel l - def i ned pr oper t y r i ght s on t he bi odi ver si t y of a r ai nf or est ,
whi ch i s an i nput t o t he pr oduct i on of phar maceut i cal s, t hen t he wood i nput4

' , , wi l l b

	

hear vest ed mor e car ef ul l y. Obt ai ni ng a l ar ger suppl y of Er equi r es
l ar ger i ncr ease of t he pr i ce of E, pE. Thus, a i s smal l er when t he pr oper t y

11ght s on t he r ai nf or est ar e wel l def i ned . The t heor y and t he anal yt i cs pr ovi ng
s- : f act appear i n [ 5] as l emma 1 When pr oper t y r i ght s on t he+.

	

La 1%10

i l l - def i ned, a i s l ar ge : t hi s means t hat a l ot mor e wood wi l l be har vest ed,
' t he f r etos may be dest r oyed, f or smal l er i ncr eases i n pr i ces . The pr i ce
' " ent s helvaue of t he i nput .

' as been shown i n [ 4, 6] t hat wel l - def i ned pr oper t y r i ght s l ead t o bet -
l uat con of scar ce r esocs Good exampl es ar e pr ovi ded by Mer ckur e .
^eeut i clas I nc . and Shaman Phar maceut i cal s, I nc . These compani es
wed i nt o agr eement s t o advance cash and t o shar e t he pr of i t s f r om

~g bi doi ver si t y sampl es i n Cost a Ri ca and i n Sout h Amer i can coun-
bi odi ver si t y sampl es ar e an i nput t o t he pr oduct i on of val uabl e. . I + al

	

( xseampl es : cur ar e and t he mor e r ecent l y di scover ed per i -
h t r eat s Hodgki ns di sease and l eukemi a i n chi l dr en) shar i ng t he
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pr of i t s wi t h t he l ocal s . Thi s amount s t o i mpr ovi ng t he pr oper t y r i ght s of t he

l ocal popul at i on on t he common pr oper t y r esour ce : t he r ai nf or est ' s bi odi ver -

si t y . Thi s scheme i s not t oo di f f er ent f r om t he vent ur e capi t al agr eement s

whi ch advance wor ki ng capi t al t o use i nt el l ect ual pr oper t y ( sof t war e i deas)

and shar e t he r i ght s subsequent l y wi t h t he ent r epr eneur s . By i ncr easi ng t he

r eal i zed val ue of t he common pr oper t y i nput , t hese agr eement s i ncr ease t he

i nt er est i n conser vat i on by t hose who woul d ot her wi se over use or over expl oi t

t he r esour ce beyond i t s bi ol ogi cal st eady- st at e ext r act i on r at e .

Al l of t hese consi der at i ons may be r epr esent ed i n t he Nor t h- Sout h model

by var yi ng t he par amet er as i n t he Sout h . Thi s var i at i on si mul at es t he i nput of

pr oper t y r i ght agr eement s i n devel opi ng count r i es f or t hei r val uabl e common

pr oper t y r esour ces . For t he t heor i es expl ai ni ng t he gener al i mpact of var yi ng

i n t he st at i c Nor t h- Sout h model i n [ 3] , see [ 5] . I n t hi s paper we addr ess t he

dynami c Nor t h- Sout h model , and ask t he same quest i ons . The pr obl em i s

mor e compl ex si nce our model i s dynami c, and we r el y on si mul at i on t o

pr ovi de our answer s .

1 . 3 . Or gani zat i on of t he Paper

We begi n by r ecal l i ng t he st at i c Nor t h- Sout h model . Then we wi l l devel op

t he equat i ons f or t he gener al f or mof t he dynami c Nor t h- Sout h model i n t he

sequence of st eps. To r eveal t he mat hemat i cal st r uct ur e of t he pr obl em, we wi l l

pr esent , i n t he f i r st of t hese st eps, a ver y si mpl i f i ed one- di mensi onal dynami c

ver si on of our t wo- di mensi onal dynami c syst em. Thi s i s onl y a mat hemat i cal

ar t i f i ce, as t he economi cs ar e embodi ed onl y i n t he f ul l t wo- di mensi onal

ver si on, our mai n model , of Sect i on 5. 2. We t hen expl ai n some pr oper t i es of

t he dynami cal model and pr esent si mul at i ons whi ch conf i r mour r esul t s and

suggest possi bl e ext ensi ons . We end wi t h a pr oposal f or a dynami cal syst em

l i nki ng our dynami c Nor t h- Sout h model wi t h t he at mospher i c chemi st r y of

t he car bon cycl e .

2 . Not at i onal Convent i ons

We wi l l wr i t e KN i n pl ace of K( N) used i n [ 3] . We ar e goi ng t o encount er
symbol i c expr essi ons i n t he var i abl es :

KN, KS, SN, SS, . . . 7

and so on. We wi l l r ef er t o Kf or exampl e as a r oot symbol , and onl y when
accompani ed by a subscr i pt Nor S wi l l t he symbol denot e a var i abl e. Thus,
we may wr i t e expr essi ons or equat i ons i n t hese r oot var i abl es, but t hey ar e
symbol i c onl y . When t he appr opr i at e subscr i pt s ar e adj oi ned, t hey become
expr essi ons or equat i ons of var i abl es def i ned i n our model s . Let A be an
expr essi on of r oot symbol s . Then AN wi l l denot e t he same expr essi on i n

Nor t h- Sout h

t he cor r espondi ng var i abl e,
Sout h, whi l e AT wi l l be de

Not e: Equat i on ( GC2 . 21

3. Recal l i ng t he Nor t h- S
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ar e adj oi ned, t hey become
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We begi n wi t h t he par amet er s, var i abl es, and not at i ons of t he st at i c Nor t h-

Sout h model as def i ned i n [ 3] . The r oot symbol s of t he ei ght par amet er s

i n each r egi on ar e: al , a2, cl , c2, azyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� Q, K and L. Thus, we wi l l encount er

al = a1N, al s, et c . The cr uci al var i abl es whi ch det er mi ne t he model ar e f i ve

pr i ce var i abl es and si xt een quant i t y var i abl es . The pr i ce var i abl es ar e :

1 . p = pB denot es t hepr i ce of basi c goods, B. Si nce t hepr i ce of i ndust r i al

goods, I , had been set t o uni t y, pi = 1, p i s t he r el at i ve pr i ce of basi cs
wi t h r espect t o i ndust r i al goods . I t i s al so cal l ed t he t er ms of t r ade si nce
B and I ar e t he onl y t wo goods i n t he i nt er nat i onal mar ket . I n a mar ket

equi l i br i um, p i s t he same i n bot h r egi ons, Nor t h and Sout h, but al l ot her

pr i ce var i abl es may di f f er i n t he t wo r egi ons .

2 . wdenot es wages.

3. r denot es t he capi t al r ent al pr i ce .

Si nce l abor and capi t al ar e not t r aded i nt er nat i onal l y ( t hat i s, bet ween

t he t wo r egi ons) , t hei r val ues ar e det er mi ned by p accor di ng t o l ocal

condi t i ons ( Equat i ons GC2. 21b, GC2. 4a) whi ch ar e unequal i n t he t wo

r egi ons ( because t wo r egi ons have di f f er ent pr oduct i on t echnol ogi es) .
The f i ve pr i ce var i abl es, or pr i ces, ar e p, r N, r s, WN, WS-
The quant i t y var i abl es ar e t he f ol l owi ng.

4 . Kdenot es capi t al st ock. Thi s i s det er mi ned by r , see ( GC2 . 4) and Fi g-
ur e 1 . Thi s r el at i onshi p i s f or t he st at i c model onl y . Thi s K wi l l be
det er mi ned, i n t he dynami c model s of t hi s paper , by a di scr et e dynami cal
syst emmodel i ng t he annual var i at i on of capi t al st ock i n each r egi on .

5 . L denot es l abor . Thi s i s det er mi ned by wand p, see ( GC2 . 3) .

6 . Bs and BD denot e quant i t i es of basi c goods suppl i es and basi c goods
demanded.

7 . I s and I D denot e quant i t i es of i ndust r i al goods suppl i ed and demanded .
8 . XB = Bs - BD and XI - I s - I D denot e expor t s of goods, t he excess

of what i s suppl i ed over what i s consumed i n each r egi on.
The si xt een quant i t y var i abl es ar e : L, K, Bs, Bs, I s, I D, XB, XIS, i n each

r egi on. The di agr am of Fi gur e 1 shows howp ( and t he par amet er s i n each
r egi on) det er mi ne al l of t hese ot her var i abl es . Labor , L, and capi t al , K, ar e
t he i nput s t o pr oduct i on . Usi ng l abor can capi t al t he t wo economi es pr oduce
t he t wo goods, or commodi t i es, Bs and I s . I n each r egi on, Bs i s pr oduced
usi ng l abor and capi t al accor di ng t o
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t he cor r espondi ng var i abl es of t he Nor t h syst em, and l i kewi se f or As f or t he

Sout h, whi l e AT wi l l be def i ned t o mean AN+ As .
Not e : Equat i on ( GC2 . 21b) denot es equat i on 2. 21b i n [ 3) .

3 . Recal l i ng t he Nor t h- Sout h Model

Bs = mi n( L/ al , K/ cl ) .

	

( 3 . 1)
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K

r

Fi gur e 1 .

	

Gr ahp of K( r ) . The y- i nt er cept i s at K, and t he sl ope i s 0.

Ther ef or e, ef f i ci ent use of L and Kr equi r es t hat

BS = Ll al = K/ cl ,

t hat i s, l abor and capi t al ar e used i n f i xed pr opor t i ons f or each l evel of out put

of BS, or

L/ K = al / Cl ,

wher e al i s cal l ed t he l abor - out put r at i o ( si nce BS = L/ al ) and cl i s cal l ed

t he capi t al out put r at i o ( si nce BS = Kl cl ) . Equat i on ( 3 . 1) i s t hepr oduct i on

t echnol ogy whi ch det er mi nes howmuch Bcan be pr oduced wi t h t he avai l abl e

Kand L . Si mi l ar l y, each r egi on has a pr oduct i on t echnol ogy f or I ,

I S = mi n( L/ a2, K/ c2)

	

( 3 . 2)

wi t h t he same i nt er pr et at i on f or t he par amet er s a2 and c2 . Equat i ons ( 3 . 1)

and ( 3 . 2) gi ve r i se t o ( GC2 . 20) . ( GC2 . 20 i ndi cat es equat i on number 20 f r om

sect i on 2 of [ 3] . )

Now a and 0 r epr esent t he r esponses of l abor and capi t al suppl i es t o

changes i n t hei r pr i ces : wand r . We post ul at e :

Nor t h- Sout h T

wi t h K> 0. Equat i on ( GC2 . :

does t he suppl y of l abor . An

The negat i ve val ue of L i nc

bef or e peopl e suppl y posi t i ve

Not e : t hese r el at i onshi ps

paper , whi l e r et ai ni ng t he st at
wi t h a dynami c r ul e of capi t E

Some f ur t her r el at i onshi p :

pB = ( at - r D) / a2

BS = ( c2L - a2K) )

I s = ( al K - cI L) l

w= ( PBC2 - cl ) / D

al l of whi ch ar e non- negat i ve

D= al c2 - a2cl .

Al l r emai ni ng symbol s denor

scr i pt Si n B and I S and dei

Al so t he subscr i pt B i n pB i n

Hencef or t h, we wi l l omi t t he

Sect i on 4) . Hence : L f or LS

p1) , B f or BS ( we wi l l not us
mean demand f or i ndust r i al zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA¬

p = ( al - r D) / a2

B= ( c2L - a2K) / 1

I = ( al K - cI L) / L

L=aw/ p+L

w= ( pct - cl ) / D

r = ( K - K) 1Q

al l non- negat i ve, and

D= al c2
- a2cl .

To cl ose t he st at i c model i n [ :

L = aw/ PB + L ( GC2 . 3)

exogenousl y i n each r egi on .
wi t h L < 0, and Thi s " cl osur e" cor r espon

r =
( K

- K) 1Q
( GC2 . 4) assumi ng a si mpl e pr ef er enc



t

2

r

t K, and t he sl ope i s 0 .

Li ons f or each l evel of out put

BS = L/ al ) and cl i s cal l ed

cat i on ( 3 . 1) i s t he pr oduct i on

e pr oduced wi t h t he avai l abl e

i n t echnol ogy f or I ,

( 3 . 2)

s a2 and c2 . Equat i ons ( 3 . 1)

, t es equat i on number 20 f r om

abor and capi t al suppl i es t o

( GC2 . 3)

( GC2 . 4)
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wi t h K> 0. Equat i on ( GC2 . 3) means t hat as t he r eal wage w/ PB i ncr eases, so
does t he suppl y of l abor . And Equat i on ( GC2 . 4) means t he same f or capi t al .
The negat i ve val ue of L i ndi cat es t he mi ni mum wage needed f or sur vi val

bef or e peopl e suppl y posi t i ve l abor .

Not e : t hese r el at i onshi ps ar e par t i cul ar t o t he st at i c model . Lat er i n t hi s

paper , whi l e r et ai ni ng t he st at i c r el at i onshi p ( GC2 . 3) , we shal l r epl ace ( GC2 . 4)

wi t h a dynami c r ul e of capi t al accuml at i on .

Some f ur t her r el at i onshi ps ar e t he f ol l owi ng, al l f r om[ 3] :

pB = ( al - r D) / a2,

	

( GC2 . 21)

BS = ( c2L - a2K) / D

	

( GC2 . 20)

I s = ( a1K - c1L) / D

	

( GC2 . 20)

w= ( PBC2 - Cl ) / D,

	

( GC2 . 21)

al l of whi ch ar e non- negat i ve, and

D= a1C2
- a2C1 .

Al l r emai symbol s denot e const ant s def i ned i n [ 3] . Not e t hat t he super -

scr i pt S i n B and I s and denot es Suppl y ( vs Demand) , not Sout h ( vs Nor t h) .

Al so t he subscr i pt B i n pB i ndi cat es Basi c ( vs t he subscr i pt I f or I ndust r i al ) .

Hencef or t h, we wi l l omi t t hese subscr i pt s when no conf usi on r esul t s ( esp . i n

Sect i on 4) . Hence: L f or LS ( we wi l l not use LD) , p f or pB ( we wi l l not use
pj ) , B f or BS ( we wi l l not use BD) , and I f or I s ( we wi l l wr i t e I Dwhen we
mean demand f or i ndust r i al goods) . Thus t he equat i ons above become :

p = ( al - r D) / a2

B = ( c2L - a2K) / D

I = ( al K - c1L) / D

L=aw/ p+L

w= ( pct - cl ) / D

r = ( K - K) l , 6

al l non- negat i ve, and

D=al c2- a2e1 .

To cl ose t he st at i c model i n [ 3] , t wo mor e var i abl es wer e f i xed :

I =I D

( GC2 . 21a)

( GC2 . 20a)

( GC2 . 20b)

( GC2 . 3a)

( GC2 . 21b)

( GC2. 4a)

exogenousl y i n each r egi on.

Thi s " cl osur e" cor r esponds t o t he demand speci f i cat i on der i ved f r om
assumi ng a si mpl e pr ef er ence f or m, whi ch was def i ned and i l l ust r at ed i n
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[ 3] . One can consi der sever al ot her demand speci f i cat i ons wi t hout changi ng

t he st r uct ur e of t he model or i t s behavi or , as shown i n [ 1, 3] . I ndeed, i n

t he speci f i cat i on of our dynami cal Nor t h- Sout h model , t he t wo- di mensi onal

endomor phi smi s def i ned usi ng ademand speci f i cat i on ( 5 . 3 . 1) whi ch amount s

t o r equi r i ng t hat t he demand f or i ndust r i al goods I D i s a pr opor t i on 1 - - y

of GNP. Thi s l ast speci f i cat i on i s usef ul i n a Nor t h- Sout h wor l d, because

t ypi cal l y i ndust r i al count r i es consume a hi gher pr opor t i on of t hei r GNPi n

t he f or m of i ndust r i al goods, whi l e devel opi ng count r i es consume pr opor -

t i onat el y mor e basi c goods. Wi t h our speci f i cat i on ( 5 . 2. 6) i t i s al so possi bl e

t o si mul at e an economy wher e t he pr opor t i on y depends on t he GNPl evel ,

wi t h y decr easi ng as a f unct i on of GNP. We nowbegi n a st ep- by- st ep devel -

opment of our t wo- di mensi onal dynami cal syst em. The f i r st st ep wi l l be a

si mpl e one- di mensi onal model .

4. One- Di mensi onal Model s

I n pr epar at i on f or our mai n model , t he t wo- di mensi onal map def i ned i n Sec-

t i on 5. 2, we nowst udy a pr el i mi nar y, one- di mensi onal model . Thi s si mpl e

model i s l ess r eal i st i c i n economi c t er ms t han our mai n model of Sect i on 5 . 2 .

Our pur pose i n i nt r oduci ng a si mpl e model f i r st i s pedagogi c : t hi s ser ves t o

ant i ci pat e and expl ai n t he mat hemat i cal behavi or of t he l ar ger model i n a

t r anspar ent f ashi on. I t i s i mpor t ant t o not e t hat t he r esul t s of t hi s paper do

not depend on t hi s si mpl e model but r at her on t he mai n model , whi ch i s

i nt r oduced and devel oped i n Sect i on 5. 2 .

We nowi nt r oduce dynami cs f or t he macr oeconomi c var i abl es of t he Nor t h

r egi on. The var i abl es of t he Sout h wi l l t hen be obt ai ned as f unct i ons of t hose

of t he Nor t h, as f ol l ows .

PROPOSI TI ON 1 . I n t he Nor t h- Sout h model , t he Sout h capi t al i s obt ai ned

f r omt he Nor t h by t he a, f i ne i somor phi sm,

wher e

and

and

Ks = Ho + Hj KN,

Hl =
Qsa2sDN

) 3Na2NDs

Ho = Qs

	

_a1N
a2s + al s - HI KN+ Ks .

Ds I - a2N

Pr oof. Fr om( GC2 . 4) we have

KN= ONr N+KN

	

( 4. 0. 1)

Ks = , Qsr s + Ks .

	

( 4. 0. 2)

Nor t h- Soul

As we assume t he t er ms of
or f r om ( GC2. 21 a) ,

p = ( ai s - r sD. ,

or , sol vi ng f or r s,

r s

	

Ds
I ( r NL

we nowsubst i t ut e ( 4 . 0. 1)

Ks = Qsr s + K

Usi ng ( GC2. 4a) t o r epl ac

Ks = Qs

	

_a2s-

Ds I a2

and si mpl i f yi ng, we get t

Hencef or t h i n Sect i on 4,

4. 1 . The Dynami cs of t he

We envi si on a dynami c
r esul t , af t er a r api d t r an

val ues of t he var i abl es . VA

of t hese var i abl es . And
equat i on, so t hat , Q < 0.
wi l l be def i ned by a f unc
poi nt : t subsequent l y) , se

Al so, we wr i t e K+ f or f

f ( K) = ( 1 - b)

wher e t he depr eci at i on r
smal l , posi t i ve val ues, ar

GNP=pB+I .

As usual , GNP i s t he i n

( GC2. 16) .

Af t er subst i t ut i on of

mophi smf may be wr i t

PROPOSI TI ON2. Thej

f ( K) =Ao+1



; i f i cat i ons wi t hout changi ng

>hown i n [ 1, 3] . I ndeed, i n

model , t he t wo- di mensi onal

: at i on ( 5 . 3 . 1) whi ch amount s

i s I D i s a pr opor t i on 1 - , y
l or t h- Sout h wor l d, because

pr opor t i on of t hei r GNP i n

count r i es consume pr opor -

on ( 5 . 2 . 6) i t i s al so possi bl e

depends on t he GNP l evel ,

v begi n a st ep- by- st ep devel -

: em. The f i r st st ep wi l l be a

, nsi onal map def i ned i n Sec-

ensi onal model . Thi s si mpl e

x mai n model of Sect i on 5. 2 .

t i s pedagogi c : t hi s ser ves t o

f or of t he l ar ger model i n a

t he r esul t s of t hi s paper do

a t he mai n model , whi ch i s

momi c var i abl es of t he Nor t h

bt ai ned as f unct i ons of t hose

he Sout h capi t al i s obt ai ned

N + Ks .

( 4 . 0 . 1)

( 4 . 0 . 2)
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As we assume t he t er ms of t r adep = PBar et he same i n each r egi on, ps = PN,
or f r om( GC2 . 21 a) ,

p = ( al s - r sDs) / a2s = ( a1N - r NDN) l a2N,

or , sol vi ng f or r s,

1

	

a2s }
r S = - -

	

( r NDN -
a1N) - - + a1S

	

,
Ds ~

we nowsubst i t ut e ( 4 . 0 . 1) i nt o ( 4. 0 . 2) and obt ai n

Ks = Qsr s + Ks

	

Ds

	

( r NDN - al N)
a2s + al s} + Ks .

f

	

a2N

Usi ng ( GC2 . 4a) t o r epl ace r Nwe have

a1N + ai s ~ + Ks

Hencef or t h i n Sect i on 4, we wi l l wr i t e Ki n pl ace of Kr , , and so f or t h .

( 4 . 0. 3)

( 4 . 0 . 4)

__ _Qs

	

a2sDN KN - K _
KS

	

DS I a2N

	

I

	

ON

	

a2N

and si mpl i f yi ng, we get t he pr oposi t i on.

4. 1 . The Dynami cs of t he One- Di mensi onal Model

We envi si on a dynami c i n whi ch changes i n t he capi t al st ock i n t he Nor t h
r esul t , af t er a r api d t r ansi t t o new st at i c equi l i br i um, i n new equi l i br i um

val ues of t he var i abl es. We use di scr et e dynami cs t o model t he annual r epor t s

of t hese var i abl es . And now, Equat i on ( 4 . 0 . 1) i s under st ood as a demand

equat i on, so t hat Q < 0. Thi s di f f er s f r om [ 3] . The annual i ncr ement s of K

wi l l be def i ned by a f unct i on, f : R\ { t } - > R( we wi l l i dent i f y t he excl uded
poi nt . t subsequent l y) , so t hat f or year n + 1, we have K( n + 1) = f ( K( n) ) .
Al so, we wr i t e K+ f or f ( K) . Thi s f unct i on i s assumed t o be def i ned by

f ( K) = ( 1 - 8) K + s( GNP) ,

	

0 < S,

	

s < 1,

	

( 4. 1 . 1)

wher e t he depr eci at i on r at e, b, and t he r at e of savi ngs, s, ar e const ant s wi t h
smal l , posi t i ve val ues, and

GNP=pB+I .

	

( 4 . 1 . 2)

As usual , GNP i s t he i nner pr oduct of goods and pr i ces, and agai n, pt = 1
( GC2 . 16) .

Af t er subst i t ut i on of t he expr essi ons i n t he pr ecedi ng sect i on, t he endo-
mophi smf may be wr i t t en i n t he f ol l owi ng f or m.

PROPOSI TI ON2. Thef unct i on def i ned i n ( 4. 1 . 1) may be expr essed as

f ( K) = Ao + AI K + A2K2 +A. / ( K - Ko) ,

	

( 4 . 1 . 3)
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wher e t he coef f i ci ent s ar e gi ven by

Ao = ( s/ a) [ 1 + c2Kl , Q] ( L + ace/ D) - sa2c1,

Al = ( 1 - 8) + ( s/ , 3) { - K - ( c2/ a2) ( L + ace/ D) } ,

A2 = s/ Q,

A* = - s( c2a2Q/ D) ,

and t he si ngul ar poi nt ( t above) i s

Ko = K+ aj O/ D.

4. 2 . Pr oof of Pr oposi t i on 2

We wi l l demonst r at e t he dynami cal r ul e gi ven above i n si x st eps .

St ep 1 . Fi r st we obser ve :

p = ui ( K - Ko) ,

wher e ul = - D/ a2) 3, and KO = K+ ai / 3/ D .

Pr oof . Fr om( GC2 . 21 a) of Sect i on 2 we have

p = ( al - r D) / a2

al

	

( K - K) D
P

a2 a2Q

f r omwhi ch we obt ai n

p=uo+u1K,

wher e u 1 i s def i ned above, and

al Q+ DK
uo

_

	

a2Q

Then St ep 1 f ol l ows, wi t h

a16 + DK

	

a20

	

al , 6
Ko = - uo/ ui =

	

a2, 3

	

+ D=D+ K.

St ep 2. Cont i nui ng, we f i nd:

PL

	

ace + LD

K+

ac2 + LD

	

a

ai Q

	

al Q

	

K+ L + D ( c2

Nor t h- Sout h

Not e : Combi ni ng St eps

K. Combi ni ng wi t h Pr opo :

t he pr i mar y var i abl es, KN,

di mensi onal model .

Pr oof. Fr om( GC2 . 3a) of

pL=P( a~' +L)
p

and subst i t ut i ng f or Wf r on

pL=aPc2- cl +
D

Usi ng St ep 1,

pL= ~D2 +L)

ace + LL

, 3a l

ace + LL

, 3a l

and subst i t ut i ng f or r f r om( GC2 . 4a) above,

	

_ _ ace + LL

, 3ai

compl et i ng t he der i vat i on .

St ep 3. Next , see t hat :

pK=- aQ K2 +

Pr oof. Fr om St ep 1 we h,

pK = pi ( K- Ko

= pI K
2

- Pi j

St ep 4. Put t i ng t hese t oget h



Not e : Combi ni ng St eps 1 and 2, we have expr essed L as a f unct i on of
K. Combi ni ng wi t h Pr oposi t i on 1, we see t hat t he evol ut i on of al l f our of
t he pr i mar y var i abl es, KN, LN, KS and LS, ar e det er mi ned f r om our one-

di mensi onal model .

Pr oof . Fr om( GC2 . 3a) of Sect i on 2 we have

pL=p( aE+L) =aw+pL
P

and subst i t ut i ng f or Wf r om( GC2 . 21b) ,

pL = apc2 - Cl +pL =

	

ace
+ L P___,acl

D - ( D )

Usi ng St ep 1,

ace
pL = ( D+ L) pi ( K -

KO)
-

acl

D

compl et i ng t he der i vat i on .

St ep 3. Next , see t hat :
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- ( D+L) aPK+( D+L) aPKo- Dl

- ace + LDK+ ace + LD
( K + al , 3 ) - _acl

Pal Pa t D D

- ace + LD
K

+ ace + LD
K

+ ace
+ L - acl

Pa l Pa l D D
_ace

+LD K+ ace+LD
K+L+ a c c

Pal

	

Pa l	 D ( 2 -

	

1) ,

pK

	

2P K2+ I 2P K+ a2J K
.

Pr oof. Fr omSt ep 1 we have

pK = pi ( K - Ko) K

= pl K2 _ P, KoK

0K

2+

20
[ - k

+aD
] K

=- D K2 +I D K+a1 I K.
a2P

	

La2P

	

a , 2

St ep 4. Put t i ng t hese t oget her , we have
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pB = Co + CI K+ C2K2,

wher e

C2 = 11A

_ ace + LD -

	

a
Co

aI , a
K+L+D( c2- cl ) ,

CI
- - ac22 - c2L_ - K_ - al

al , ( 3D

	

al Q

	

, l 3

	

D ,

Pr oof. Fr omSect i on 2 ( GC2 . 20a) we have

pB

	

c2L - a2K

-
p

	

D

_ C2pL - a2 pK,

i n whi ch we may r epl ace pL wi t h St ep 2, and pK by St ep 3, obt ai ni ng

wher e

whi ch i s St ep 5

=_
_c2

	

_ ace + LD

	

ac2 + LD

	

a
pB

	

D{

	

al b

	

K+

	

al b

	

K+ L +
D

( c2 - CI )

	

GNP= Go + GI K

whi ch i s St ep 4.

St ep 5. Si mi l ar l y, see t hat :

- a2{ - D K2 +[ D K+aI K}
2) 3 a2, 6 a2

2 ( c2 2

	

I~K - j aDD+ai , 3+~+D} K

+

f ac2 + LD
K+ L

	

a

	

l

aI Q

	

+ a ( c2 - cl ) j ,

I =I o+I I K+I * / ( K- Ko) ,

I o
_CI L acl c2

=_[ D
+

D2
,

a
I I =D,

I *
- - a i a2C21

D3

Pr oof. Fr omSect i on 2 ( C

aI K - CI L

wher e

Nor t h- Sout h

D

al a

D
K_

cl

D
j _

al K - CI L

D

aI K- CI L

D

aI K - CI L

D

DK- I D

Go = Co+I o=
aq
=

GI = Cl +I I =- I

G2 = C2 = 1 / Q,

G* = I * = _aPa2C~j

Pr oof. Fr omSect i on 4 ( 4

GNP=pB+I ,

i n whi ch we may r epl ace pi

GNP=C2K2 +( (

whi ch compl et es our der i va

4. 3 . Pr el i mi nar i es on Quad,

I n t he pr ecedi ng sect i ons we

gener at i ng a semi - cascade
t he Nor t h- Sout h model . Thi



Pr oof. Fr omSect i on 2 ( GC2. 20b) we have

a1K - c1L

-

	

K- LI I aw
+ L]

p
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D

a1K- c1L

	

acl w

D

	

D p

a1K- c1L _ act [

	

cl ~

D

	

D
c2

p

a1K- c1L _ aCI c2

	

_a

	

1

D

	

D2 + D2 p

al _ c 1L ac1c2 a~ 1

D
K

- [ D +

	

DZ

	

+ D2 pi ( K - Ko) '

whi ch i s St ep 5

GNP=Go+GI K+G2K2 +G* / ( K- KO) ,

wher e

_

	

- ace + LD -

	

cl

	

a

	

ac1C2
Go Co+I o

	

al b
K+( 1 D) L+D( c2 - cl ) -

DZ

G1 = Cl +I 1=- [
aOD +di p+ QJ

G2=C2=1/ A

G* = I * = - af l a2C21 / D
3 .

Pr oof. Fr omSect i on 4 ( 4. 1 . 2) we have

GNP=pB+I ,

i n whi ch we may r epl ace pB by St ep 4, and I by St ep 5, obt ai ni ng

GNP=C2K2+( CI +I I ) K+( Co+I o) +I zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA�

	

1
K

- Ko .

whi ch compl et es our der i vat i on.

4. 3 . Pr el i mi nar i es on Quadr at i c Maps

I n t he pr ecedi ng sect i ons we have obt ai ned an endomor phi smof r eal number s,
gener at i ng a semi - cascade ( di scr et e dynami cal syst em) , f or t he dynami cs of
t he Nor t h- Sout h model . Thi s one- di mensi onal model wi l l be usef ul t o us, as
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we wi l l see l at er i n t he st udy of our mai n ( t wo- di mensi onal ) model . Thi s i s

because dynami cs i n one di mensi on has been ext ensi vel y st udi es, wher eas

dynami cs i n t wo di mensi on i s a cur r ent f r ont i er . To r el at e t hi s one- di mensi onal

model t o t he wel l known l ogi st i c map, we wi l l make use of t he f ol l owi ng .

PROPOSI TI ON3. A quadr at i c f unct i on, f : R- - ; H, def i ned by

f ( x) = Ao + . AI x + A2x2

wi t h A2 0 Q and t he di scr i mi nant A = ( AI - 1) 2 - 4AOA2 > 0, has a

r epel l i ngf i xedpoi nt at

B°

	

( Al
2A2 1) +

A2

wi t h i t s di st i nct pr ei mage at Bo + BI , wher e

BI = - AI / A2 - 2Bo .

The azyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA� f i ne f unct i on

x : R- 1, $?; yHx( y) =Bo+Bi y

i s an af ne i somor phi sm, and conj ugat es f i nt o t he canoni cal f or mf or t he

quadr at i c f ami l y

g( y) = x - I ( f ( x( y) ) ) = Ay( 1 - y) ,

wi t h

Fur t her mor e, t he usual domai n of t hi s l ogi st i c f unct i on, y E J = [ 0, 1] , i s
mapped t o an i nt er val x E I = [ Bo, Bo + BI ] , i n t he or i ent at i on pr eser vi ng
case B° > 0, el se x E I = [ Bo + BI , Bo] , by t hi s af cne i somor phi sm.

Pr oof . To comput e t he next val ue of y under t he conj ugat e map, we appl y
t he i nver se map t o y+,

y+ =
- Bo

+

	

I
x

+

BI BI

and t hen wi t h x Hy,

_
- Bi

+
BI

Px)

_ - $i +
BI

[ Ao + AI x + A2x2] ,

A

y + = - B° + A- ° + 1 ( Bo + BI y) +_

	

A2

( Bo + Bl y) 2
BI BI BI

	

BI

_

	

__Bo
+_

	

+ AI
Bo + A2 Bo

BI `

	

BI

	

BI

	

BI

+ [ AI + 2A2Bo] y + ( A2BI ) y2 .

Nor t h- Sout h

Nowwe equat e t hi s wi t h t he

y+ = 9( y) = hy( 1

t er mby t er m.

For degr ee zer o,

Bo Ao AI
_

BI
+

BI
+

BI

1

and as A2 0 0 and BI 0 0

A2Bo + ( AI - 1) F

f r omwhi ch, by t he bi nomi E

B°

__ ( Al - 1±

2A2

Not e : The quadr at i c equ;

of t he map f , so t he f yi el ,

t wo possi bl e val ues f or Bo

f ' ( Bo) = AI + 2A

we choose t he posi t i ve si gl

ot her r oot , wi t h t he mi nus

a f ol d bi f ur cat i on, and i ni t i

di st i nct pr ei mage i s Bo + 1

t he cr i t i cal poi nt i s x e = -
For degr ee one,

p = AI + 2A2Bo

and f or degr ee t wo,

12
= - A2BI .

Subt r act i ng t hese t wo expr

BI = - A' - 2Bt

A2

compl et i ng t he speci f i cat i c

si on f or p above we obt ai n

COROLLARY 4 . Gi ven t h

f ( x) =Ao+AI x

wi t h A2 0, 0, and ( AI - 1

AI - 1+
Bo=-

2A2



dmensi onal ) model . Thi s i s

xt ensi vel y st udi es, wher eas

r el at e t hi s one- di mensi onal

sake use of t he f ol l owi ng .

* f i t , def i ned by

- 1) 2 - 4AOA2 > 0, has a

t he canoni cal f or mf or t he

i nct i on, y E J = [ 0, 1] , i s
t he or i ent at i on pr eser vi ng
mi ne i somor phi sm.
e conj ugat e map, we appl y

B2
( Bo + BI y) 2

BI

A2

Wi l l 11 ' Tr r r i m. ; -
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Nowwe equat e t hi s wi t h t he desi r ed canoni cal f or m,

y+ = g( y) = py( 1 - y) = 0 + I cy + ( - p) y2

t er mby t er m.

For degr ee zer o,

- Bo+B
+B, Bo+Bi B0=0,

and as A2 0 0 and BI 0 0

A2B2 + ( AI - 1) Bo + Ao = 0

f r omwhi ch, by t he bi nomi al f or mul a,

B°

	

( Al - 1 t 0)

2A2

Not e : The quadr at i c equat i on f or Bo her e i s t he condi t i on f or a f i xed poi nt

of t he map f , so t he f yi el ds t he t wo f i xed poi nt s . As t he sl ope of f at t hese

t wo possi bl e val ues f or Bo i s

f ' ( Bo) = AI + 2A2Bo = 1 t A

we choose t he posi t i ve si gn f or t he r epel l i ng f i xed poi nt . I f Bo denot es t he

ot her r oot , wi t h t he mi nus si gn, t hen t hi s i s t he pai r ed f i xed poi nt , cr eat ed by

a f ol d bi f ur cat i on, and i ni t i al l y at t r act i ve, f or A smal l and posi t i ve . Then i t s

di st i nct pr ei mage i s Bo + Bi , wher e BI = - AI / A2 - 2Bo . Al so, not e t hat
t he cr i t i cal poi nt i s x e = - AI / 2A2 .

For degr ee one,

p = AI + 2A2Bo

and f or degr ee t wo,

u = _A2BI .

Subt r act i ng t hese t wo expr essi ons and sol vi ng f or BI

BI
_AI

A2

2A2

2Bo

compl et i ng t he speci f i cat i on of t he af f i ne i somor phi sm. Fr omt he f i r st expr es-
si on f or p above we obt ai n i t s f or m i n t he pr oposi t i on.

	

p

COROLLARY 4. Gi ven t hef unct i on f : R\ { t } - - 4 f i t , def i ned by

f ( x) = Ao + AI x + A2x 2 +A. / ( x - . t )

wi t h A2 54, 0, and ( A I - 1) 2 > 4AOA2, t hen y ~- + x = Bo + BI y wi t h

AI - 1+A
Bo = -
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and

Bi = - A1/ A2 - 2Bo

i s an af f i ne i somor phi sm, and conj ugat es f t o t he canoni cal f or mg : H\ I V}

R, wi t h

g( y) = X- 1 ( f WY) ) ) = my( 1- y) +VAY - y)

wi t h v = A* / B2, y = t / Bl - Bo/ Bi = x - 1 ( . t ) , and I L + A as above. And

as above, t he usual domai n of t he l ogi st i c f unct i on, y E J = [ 0, 1] , assumi ng

y 0 J, i s agai n mapped t o t he i nt er val , x E I = [ Bo, Bo + BI ] , by t he af f i ne

i somor phi sm.

Pr oof. The quadr at i c t er ms ar e conj ugat ed as shown, accor di ng t o Pr opo-

si t i on 3 above. For t he l ast t er m, see t hat

( 1/ B1) A* ~ =

	

v
x

y
-

y

wi t h whi ch, t he f or mul a f or g i s obt ai ned .

	

o

Remar k. I f t he si ngul ar poi nt l i es out si de t he i nt er val J, t hen t hi s i nt er val

	

Fi gur e 2a. Gr aph of t he one- di me

as appr oxi mat el y t he i nvar i ant i nt er val def i ned by t he i ni t i al l y r epel l i ng f i xed

	

at t he l ef t . Thi s i s t he si ngul ar i t y, s

poi nt and i t s di st i nct pr ei mage. I n case t he poi nt y l i es t o t he r i ght of t he

i nt er val J, t he domai n of g shoul d be r educed t o t he subi nt er val J* def i ned

by t he expandi ng f i xed poi nt and i t s near by pr ei mage . I n case y l i es t o t he l ef t

of J, t hen t he i nt er val may be i ncr eased t o J* . The case wi t h y i n t he i nt er val

shown i n Fi gur e 2.

The i nvar i ant i nt er val of g, J* , i s not i dent i cal t o t he r ef er ence i nt er val ,

J = [ 0, 1] unl ess v = 0. Li kewi se, we have an i nt er val f or f , I * , not i dent i cal

t o t he cor r espondi ng r ef er ence i nt er val , I = [ Bo, Bo + Bi ] .

I n summar y, we see t hat i n t he case i n whi ch t he si ngul ar poi nt i s out si de

t he i nt er val of i nt er est , our one- di mensi onal model must behave exact l y l i ke

t he wel l - known l ogi st i c ( or quadr at i c) map, wi t h a conver gent sequences of

per i od- doubl i ng bi f ur cat i ons, and chaot i c at t r act or s . I n t he ot her case ( whi ch

occur s wi t h r easonabl e val ues of our numer ous par amet er s) t he behavi or

shoul d be si mi l ar . Thi s i s di f f i cul t ( but possi bl e) t o est abl i sh anal yt i cal l y, but

we wi l l use si mul at i on i nst ead .

4. 4. Si mul at i ons

We now est abl i sh t hat , i ndeed, t he behavi or of our one- di mensi onal model

i s t hat of t he f ami l i ar l ogi st i c f unct i on, even t hough t he si ngul ar i t y f al l s i n

t he domai n of t he mhp. We begi n by f i xi ng val ues f or t he many par amet er s

appear i ng i n t hi s dynami cal syst em. Fi r st , l et b = 0. 1 and s = 0. 08 . For t he

Fi gur e 2b. Gr aph of t he one- di me
i n t he map.



canoni cal f or mg : f i t \ { y} - +

~t ) , and i s + 0 as above . And

i on, y E J = [ 0, 1] , assumi ng

= [ Bo, Bo + B1] , by t he af f i ne

. s shown, accor di ng t o Pr opo-

0

e i nt er val J, t hen t hi s i nt er val

by t he i ni t i al l y r epel l i ng f i xed

Di nt y l i es t o t he r i ght of t he

t o t he subi nt er val J* def i ned

i mage. I n case y l i es t o t he l ef t

The case wi t h y i n t he i nt er val

t i cal t o t he r ef er ence i nt er val ,

i nt er val f or f , I * , not i dent i cal

; o, Bo + BI ] .

h t he si ngul ar poi nt i s out si de

odel must behave exact l y l i ke

i t h a conver gent sequences of

ct or s . I n t he ot her case ( whi ch

pus par amet er s) t he behavi or

- ) t o est abl i sh anal yt i cal l y, but

r f our one- di mensi onal model

t hough t he si ngul ar i t y f al l s i n

dues f or t he many par amet er s

S=0. 1ands=0. 08 . For t he
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t Nnnl I , MI e1911nr ,

Fi gur e 2a. Gr aph of t he one- di mensi onal model wi t h 0 < x < 163 . Not e t he gap i n t he gr aph
at t he l ef t . Thi s i s t he si ngul ar i t y, shown enl ar ged i n Fi gur e 3 .

Mui 1 I , e I MI aI vi "

Fi gur e 2b. Gr aph of t he one- di mensi onal model wi t h 0 < x < 20, i l l ust r at i ng t he si ngul ar i t y
i n t he map .



96

	

R. Abr ahamet al .

ot her s, our gui de wi l l be t abl e ( c) on page 44 of [ 3] , except f or t he si gn of , 6

whi ch we r ever se. Thus, i n t he Nor t h,

al = 2,

	

K= 12,

a2 = 0. 15, L = 0. 5,

c l = 1 . 8,

	

a = 6,

c2 = 1 . 7,

	

, ( 3 = - 9 . 7 .

These ar e chosen so t hat p, r , w, L, K, B, I > 0 i n each r egi on . Not e t hat

t he cont r ol par amet er p, i n t he t r ansf or med dynami cal syst emdepends upon

al l of t hese val ues . The der i ved const ant s ar e t hen appr oxi mat el y :

D= 3 . 13

A0 = - 0 . 058524, B0 = 0. 167727,

Al = 1 . 350306,

	

Bo = 42 . 306847,

A2 = - 0 . 008247, Bi = 79 . 110881,

A* = 0. 1201,

	

BI = 163 . 389119,

wi t h t he si ngul ar i t y at x = 5. 801917 and t he at t r act i ng f i xed poi nt at

42 . 316339, see Fi gur es 2a and 2b.

The r esponse di agr amf or f unct i on f of ( 4 . 1 . 1) - wi t h al l t he par amet er s

f i xed wi t h t hese val ues except f or a, whi ch i s r egar ded as t he cont r ol par amet er

i n t he si mul at i on - i s t he f ami l i ar or bi t di agr am f or t he quadr at i c f ami l y, as

shown i n Fi gur e 3 .

5. Two- Di mensi onal Model s

I n t he f i r st dynami cal syst em st udi ed above, we had an evol ut i on i n t he Nor t h

var i abl es, whi l e t he Sout h var i abl es wer e t o be det er mi ned f r omt hei r Nor t her n

si bl i ngs by an al gebr ai c r el at i on . We nowwant t o consi der a mor e symmet r i c

dynami c, i n whi ch t he cor r espondi ng var i abl es i n bot h r egi ons ar e i n mut ual

coevol ut i on .

5 . 1 . APr el i mi nar y Model

Her e we r ewr i t e t he one- di mensi onal model as a t wo- di mensi onal model

wi t hout changi ng t he dynami cs f or KN. That i s, i nst ead of obt ai ni ng Ks

f r omKN af t er each t i mest ep by conj ugat i on wi t h t he af i i ne i somor phi smof

Pr oposi t i on 1, whi ch assumed a r api d set t l i ng t o st at i c equi l i br i um, we wi l l

der i ve a semi - cascade f or Ks par al l el t o t hat of KN.

Fr omPr oposi t i on 1 we have

Ks = Ho + Hi KN,

	

( 5 . 1)

whi l e f r omPr oposi t i on 2,

KN( n+ 1) = f ( KN( n) ) ,

Nor t h- Sout h

Fi gur e 3 .

	

Response di agr am

f ami l i ar f i gur e f or t he quadr at i c

dynami cal syst em. Each val ue
a par t i cul ar map gener at i ng t h
at t r act or of t he dynami cal syst ei

( as i n equi l i br i um t heor y) , per i l

i n economi c dat a) .

or wr i t i ng f Ni n pl ace of .

KN = f N( KN) zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA"

Not e t hat t he i nver se of P:

KN = Ks - Ho

Hi
We nowappl y t he map

( 5 . 3) t o t he r i ght s- hand si i
i ng r esul t .

PROPOSI TI ON 5 . The d
f or Ks, whi ch may be ex]

Ks( n + 1) = f s
wher e t he gener at i ng end

f s( y) = Aos + .



of [ 3] , except f or t he si gn of 0

> 0 i n each r egi on . Not e t hat

mami cal syst em depends upon

hen appr oxi mat el y :

t he at t r act i ng f i xed poi nt at

. 1 . 1) - wi t h al l t he par amet er s

gar ded as t he cont r ol par amet er

un f or t he quadr at i c f ami l y, as

- e had an evol ut i on i n t he Nor t h

det er mi ned f r omt hei r Nor t her n

. t t o consi der a mor e symmet r i c

, s i n bot h r egi ons ar e i n mut ual

1 as a t wo- di mensi onal model

at i s, i nst ead of obt ai ni ng Ks

wi t h t he af f i ne i somor phi smof

t o st at i c equi l i br i um, we wi l l

of KN.
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Fi gur e 3 .

	

Response di agr am f or t he one- di mensi onal model wi t h 6 < a < 8 . Thi s i s t he

f ami l i ar f i gur e f or t he quadr at i c f ami l y . The ver t i cal axi s i s t he domai n of t he one- di mensi onal
dynami cal syst em. Each val ue of t he cont r ol par amet er a det er mi nes a ver t i cal i nt er val , and
a par t i cul ar map gener at i ng t he dynami c . The whi t e poi nt ( or set of poi nt s) i s t he uni que

at t r act or of t he dynami cal syst emf or t he gi ven val ue of t he cont r ol par amet er : a poi nt at t r act or
( as i n equi l i br i umt heor y) , per i odi c at t r act or ( as i n busi ness cycl es) , or a chaot i c at t r act or ( as
i n economi c dat a) .

We now appl y t he map of ( 5 . 1) t o t he l ef t - hand si de of ( 5 . 2) , and i t s i nver se

( 5 . 3) t o t he r i ght s- hand si de, as i n t he pr oof of Pr oposi t i on 3, wi t h t he f ol l ow-
i ng r esul t .

PROPOSI TI ON 5 . The dynami c ( 5. 2) f or KN i mpl i es a conj ugat e dynami c
f or Ks, whi ch may be expr essed,

Ks ( n + 1) = f s( Ks( n) )

	

or Ks = f s( Ks) ,

wher e t he gener at i ng endomor phi smi s

1
f s( y) = Aos + Ai sy + A2sy2 + A* s-

y - y

or wr i t i ng f Ni n pl ace of f ,

KN= f N( KN) . ( 5 . 2)

Not e t hat t he i nver se of Pr oposi t i on 1 i s

-
KN

Ks Ho= ( 5 . 3)
Hl
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and t he coef f i ci ent s ar e gi ven by

H2

Aos = Ho + Hl Ao - AI Ho + A2
HI

,

AI s = AI - 2A2
Ho

H

A2s = HI ,

A* s = Hi A* ,

9 = HO +KNHI .

Not e : Gi ven Ks and al l t he par amet er s, we obt ai n al l t he var i abl es . But ,

we wi l l use di f f er ent val ues f or t he par amet er s i n t he Sout h: agai n, as i n

Sect i on 4. 4, we l et 5 = 0. 1 and s = 0. 08 . For t he ot her s, we agai n r ef er t o

t abl e ( c) on page 44 of [ 3] , except f or t he si gn of Qwhi ch we r ever se . Thus,

i n t he Sout h,

a1 = 4. 5,

	

K = 2. 7,

a2 = 0. 02, L = - 2,

cl = 0. 01, a = 75,

c2=3, Q=- 0 . 025 .

These ar e chosen so t hat p, r , w, L, K, B, I > 0 i n each r egi on . Not e t hat t he

cont r ol par amet er Mi n t he t r ansf or med dynami cal syst emdepends upon al l

of t hese val ues . The der i ved const ant s ar e t hen appr oxi mat el y :

D= 13 . 5

A* = 0. 0000000008, BI = 0 . 013018,

wi t h t he si ngul ar i t y at t = 2. 691667 andt he at t r act i ng f i xed poi nt at 2. 694576 .

Pr oof. Fr omPr oposi t i on 1 we have

wi t h i nver se

Ks = Ho + HI KN

Ks - HoKN=
HI

,

whi l e f r omPr oposi t i on 2,

KN( n+ 1) = f N( KN( n) ) .

or equi val ent l y,

Nor t h- Sout h S

As i n t he pr oof of Pr oposi
i t s i nver se t o t hi s equat i on, g

KS = Ho + HI K1

= Ho +HI f ( zyxwvutsrqponmlkjihgfedcbaZYXWVUTSRQPONMLKJIHGFEDCBA"

= Ho+HI f

= Ho + HI Ao

+
HI A* ( K

= Ho + HI Ao

+H1A*
Ks

f r omwhi ch t he pr oposi t i on f c

We may appl y t he Cor ol l ar y
dynami cal syst ems ( 4 . 2) and ( :
l ogi st i c endomor phi sm,

kN - ANkN( 1 - kN,

hs = l t sks( l - hs) -

bot h on t he uni t i nt er val , wi t h

I - I N = 1 +

	

( AI N -

I Ls = 1 +

	

( AI S - 1

vN = A* N/ BI N,

vs = A* s/ BI S.

That i s, we have i n t hi s mo
l ogi st i c maps, each of t he f or m

f ( K) =( 1- 8) K+s

f ( K) = ( 1 - 8) K+ s

We nowseek t o coupl e t hemt h

Ao = - 750 . 642844, Bo = 2. 691218,

AI = 558. 498719, Bo = 2. 694575,

A2 = - 103 . 512843, BI = 0. 006303,



e obt ai n al l t he var i abl es . But ,

t er s i n t he Sout h: agai n, as i n

) r t he ot her s, we agai n r ef er t o

n of Qwhi ch we r ever se . Thus,

> 0 i n each r egi on . Not e t hat t he

api cal syst em depends upon al l

sn appr oxi mat el y :

18,

575,

303,

48,

l t t r act i ng f i xed poi nt at 2. 694576.
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As i n t he pr oof of Pr oposi t i on 3, we nowappl y t he af f i ne i somor phi smand
i t s i nver se t o t hi s equat i on, get t i ng

K
s
+ -

-

vs = A* s1B1s .

Ho +HI KN

Ho +HI f ( KN)

Ho + Hl f
C

Ks

-

Ho)

Hl

2

Ho + Hl Ao + Hl A1
Ks

-

Hl

Ho
+ Hl A2

Ks - HO] 2

Hl

1
+ HA( Ks -

Ho) I Hl - Ko

= Ho + HI Ao + A1( Ks - Ho) +
H

( KS - 2HoKs + Ho )
1

1
+Hi A* Ks- Ho- KoHl

f r omwhi ch t he pr oposi t i on f ol l ows .

	

O

We may appl y t he Cor ol l ar y of Pr oposi t i on 3 i ndependent l y t o each of t he
dynami cal syst ems ( 4 . 2) and ( 5 . 1) , obt ai ni ng t he ( uncoupl ed) t wo- di mensi onal

l ogi st i c endomor phi sm,

kN = MNkN( 1 - kN) + vNI ( kN - kNo) ,

hs = psks( 1 - hs) + vsl ( ks - kso) ,

bot h on t he uni t i nt er val , wi t h

MN = 1 +

	

( Aj N - 1) 2 - 4AONA2N = 1 + AN,

I Ls = 1 +

	

( Al s - 1) 2 - 4AOSA2s = 1 + Osi

vN = A* NI BI N,

That i s, we have i n t hi s model a mi nor modi f i cat i on of t wo ( uncoupl ed)

l ogi st i c maps, each of t he f or m

f ( K) = ( 1 - S) K+ s( GNP) ,

or equi val ent l y,

f ( K) = ( 1 - b) K+ s( pB + I ) .

We nowseek t o coupl e t hemt hr ough p.
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5 . 2 . The Mai n Model

We wi l l wor k wi t h an endomor phi smof t he pl ane

T : R2 - + R2 ; ( KN, Ks) ' - + ( KN, Ks )

def i ned as i n t he one- di mensi onal model by

KN= SN( pBN + I N) + ( I - 6N) KN,

Ks = SS( pBs + I s) + ( I - bs) Ks,

( 5 . 2 . 1)

( 5 . 2 . 2)

wher e t he t er ms of t r ade, p, ar e t he same i n bot h r egi ons, because mar ket s

ar e compet i t i ve . These equat i ons pr edi ct gr owt h of capi t al st ock i n one f i scal

per i od . As bef or e, pB +I i s t he GNP( gr oss nat i onal pr oduct ) , s i s t he savi ngs

r at e, and S i s depr eci at i on. I n our si mul at i ons, we wi l l use s ; z: ; 12/ 100, and

b , z: ~ 10/ 100, and f or bot h r egi ons .

The t i me evol ut i on of al l of t he var i abl es i n each syst em i s t o be f ound by

t he i t er at i on of t he mappi ng T, begi nni ng wi t h any i ni t i al st at e, ( KN, KSO) - To

compl et e t he def i ni t i on of t he endomor phi smT and t hus t he dynami cs of t he

model , we expl ai n t he det er mi nat i on of t he i nt er medi at e var i abl es, p, B, I , i n

each r egi on . These ar e det er mi ned by equat i on ( GC2 . 22) of [ 3] modi f i ed as

f ol l ows :

ON = 0,

	

KN = KN;

	

Qs = 0,

	

Ks = Ks .

We r ecal l , f r om [ 3] , t he equat i on

ATp2
+ ( CT + ID) p - VT = 0,

	

( GC2 . 22)

wher e her e A = Oai a2/ D
2

, and C and V ar e def i ned bel ow. Equat i on

( GC2 . 22) t hen becomes, wi t h O= 0 i n each r egi on,

( CT
+I T) p- VT=O,

	

( 5 . 2 . 3)

usi ng t he convent i on of Sect i on 2. Her e, t he symbol i c expr essi ons C, Vand

I D, ar e def i ned by

wher e y C ( 0, 1) . I n f act , we wi l l choose y ; zt ; 60/ 100 . I n any case, we woul d

l i ke s + ( 1 - y) « 1 . Not e t hat C i s a f unct i on of K i n each r egi on, V i s

a const ant , and GNP i n t he expr essi on f or I D i s t o be det er mi ned f r omt he

f or mul a GNP = pB + I . Equat i on ( 5 . 2 . 6) i s t he assumpt i on t hat demand

f or i ndust r i al goods i s pr opor t i onal t o GNP, as descr i bed above, i n each

r egi on. Thi s t r eat s t he t wo goods, B and I , symmet r i cal l y . Not e t hat t he

val ues of Band I ar e di r ect l y comput ed as f unct i on of K( i n each r egi on) by

Equat i ons ( 3 . 1) and ( 3 . 2) , but
avai l abl e . We obt ai n t hi s val u,
i n t he st at i c model as descr i be

Once p i s det er mi ned, we
t i on ( 4 . 1 . 2) , and equat i ons ( G
as :

f or each r egi on . Not e t hat Eqi
but our expr essi on ( 5 . 2 . 7) abo- v
we obt ai n a quadr at i c equat i on

We begi n by r ewr i t i ng ( 5 . 2 . _

and usi ng ( 5 . 2 . 7) , t hi s yi el ds

ETp2
+ ( CT + FT) p - i

wher e

Nor t h- Sout h Tr

GNP = p( c2L - a2 F.

- _ p( ac2/ D
2
+

+ [ - 2acI C2,

p[ CT+( 1- y) GNP] -

E= ( 1 - , y) [ act / D2 -

F = ( 1 - y) [ - 2acj c2i

G= ( 1 -
y) ac2 D2 .1 1

Thus, comput i ng L f r om A
quadr at i c equat i on ( 5 . 2 . 9) ar e k
t wo r eal r oot s, we choose t he l ai
( 5 . 2 . 7) we have GNPi n each n
compl et e .

An i nt er est i ng si mpl i f i cat i on
i ng r K f or GNP i n t he dynam
t i ons ( 5 . 2 . 1) and ( 5 . 2 . 2) . Thi s t hi
and we may r et ur n t o i t i n a f ut u

5. 3 . Si mul at i on Resul t s

For t he f i r st t wo- di mensi onal m4
ur e 4. Thr oughout t hi s sect i on, t
Sect i on 4. 4 ( f or t he Nor t h) and S
t he f i gur e capt i ons .

C= ( 1/ D) [ ci L - al K+ aCI C2/ D] , ( 5 . 2 . 4)

V= ac, I D
2

, ( 5 . 2 . 5)

I D = GNP( 1 _, y) , ( 5 . 2 . 6)



ot h r egi ons, because mar ket s

h of capi t al st ock i n one f i scal

i onal pr oduct ) , s i s t he savi ngs

we wi l l use s - _ 12/ 100, and

each syst em i s t o be f ound by

any i ni t i al st at e, ( KN, KS) . To

F and t hus t he dynami cs of t he

er medi at e var i abl es, p, B, I , i n

n ( GC2 . 22) of [ 3] modi f i ed as

Ks = KS .

ar e def i ned bel ow. Equat i on

- egi on,

symbol i c expr essi ons C, V and

i e

( 5 . 2 . 1)

( 5 . 2 . 2)

( GC2 . 22)

( 5 . 2 . 3)

( 5 . 2 . 4)

( 5 . 2 . 5)

( 5 . 2 . 6)

s 60/ 100 . I n any case, we woul d

ct i on of K i n each r egi on, V i s

' D i s t o be det er mi ned f r om t he

i s t he assumpt i on t hat demand

P, as descr i bed above, i n each

T, symmet r i cal l y. Not e t hat t he

unct i on of K ( i n each r egi on) by
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Equat i ons ( 3 . 1) and ( 3 . 2) , but t he val ue of p i n t hi s expr essi on i s not di r ect l y
avai l abl e . We obt ai n t hi s val ue, assumi ng t he r api d appr oach t o equi l i br i um
i n t he st at i c model as descr i bed i n Sect i on 1, as descr i bed bel ow.

Once p i s det er mi ned, we obt ai n t he GNP, whi ch i s gi ven by Equa-
t i on ( 4 . 1 . 2) , and equat i ons ( GC2 . 20a, b) , ( GC2 . 21a) , and ( GC2 . 3) f r om [ 3] ,
as :

f or each r egi on . Not e t hat Equat i on ( 5 . 2 . 3) det er mi nes p i f GNP i s known,
but our expr essi on ( 5 . 2 . 7) above r equi r es p. When t hi s ci r cul ar i t y i s r esol ved,
we obt ai n a quadr at i c equat i on f or p wi t h al l coef f i ci ent s known.

We begi n by r ewr i t i ng ( 5 . 2 . 3) , usi ng ( 5 . 2 . 6) , i n t he f or m

p[ CT + ( 1 - - y) GNP] - VT = 0,

	

( 5 . 2 . 8)

and usi ng ( 5 . 2 . 7) , t hi s yi el ds

wher e

and

GNP = p( c2L - a2K) / D + ( a1K - c1L) / D

= p( ac2/ D2 + c2L/ D - a2K/ D]

+ [ - 2aci c2/ D2 + a1K/ D - c1L/ D] + aci / D
2
P ( 5 . 2 . 7)

ETp2 +( CT+FT) p+( GT - VT) =0,

E= ( 1 - y) [ ace/ D2 - ( a2K + c2L) / D] ,

F = ( 1 - ' Y) [ - 2aci c2/ D2 +a1K/ D - c1L/ D] ,

G=( I -
y) aci I D

2 .

( 5 . 2 . 9)

Thus, comput i ng L f r om K i n each r egi on, al l t he coef f i ci ent s of t he
quadr at i c equat i on ( 5 . 2 . 9) ar e known. We sol ve t hi s equat i on, and i n case of
t wo r eal r oot s, we choose t he l ar ger one f or t he cur r ent val ue of p. Then f r om
( 5 . 2 . 7) we have GNP i n each r egi on, and t he speci f i cat i on of t he map T i s
compl et e.

An i nt er est i ng si mpl i f i cat i on t o our mai n model r esul t s f r om subst i t ut -
i ng r K f or GNP i n t he dynami cal r ul es f or t he 2D endomor phi sm, Equa-
t i ons ( 5 . 2 . 1) and ( 5 . 2 . 2) . Thi s t hi r d model has been st udi ed by Di Mat t eo [ 10]
and we may r et ur n t o i t i n a f ut ur e publ i cat i on.

5 . 3 . Si mul at i on Resul t s

For t he f i r st t wo- di mensi onal model , t he r esponse di agr am i s shown i n Fi g-
ur e 4. Thr oughout t hi s sect i on, t he val ues of al l t he const ant s ar e as gi ven i n
Sect i on 4. 4 ( f or t he Nor t h) and Sect i on 5 . 1 ( f or t he Sout h) except as not ed i n
t he f i gur e capt i ons .
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Fi gur e 4.

	

Response di agr am f or t he f i r st of t he t wo- di mensi onal model s . Her e we var y

aN f r om 31 t o 49 whi l e hol di ng as f i xed at 20 . The hor i zont al axi s r epr esent s t he cont r ol

par amet er , aN, whi l e t he ver t i cal axi s r epr esent s t he Nor t h capi t al suppl y, KN, af t er sever al

i t er at i ons . The i nt er pr et at i on of t hi s di agr ami s i dent i cal t o t hat of Fi gur e 3, except t hat her e

t he ver t i cal axi s i s t he one- di mensi onal pr oj ect i on of a t wo- di mensi onal st at e space .

I t i s her e t hat our exper i ence wi t h t he one- di mensi onal model i s pedagog-

i cal l y usef ul , as we see a st r ong si mi l ar i t y i n t he r esponse di agr ams . I n t hi s

case, we have a t wo- di mensi onal st at e space, of t he var i abl es KN and KS,

and a one- di mensi onal cont r ol space, of t he cont r ol par amet er , aN. Thus,

t he r esponse di agr am i s t hr ee- di mensi onal . But her e we have r educed i t t o

a t wo- di mensi onal gr aphi c by pr oj ect i on . The ver t i cal axi s r epr esent s t he

t wo- di mensi onal st at e space ( of t he capi t al st ocks i n Nor t h onl y) , and t he

hor i zont al axi s i s t he cont r ol space of t he envi r onment al var i abl e aN. As t he

t wo equat i ons of t he f i r st t wo- di mensi onal model ar e uncoupl ed, t hi s pr o-

j ect i on gi ves us exact l y t he r esponse di agr am of t he one- di mensi onal model

Nor t h- Sm

Fi gur e 5. Response di agr am

as f r om 40 t o 90 whi l e hol d
par amet er , as . Bot h Nor t h ai
of t he r esponse di agr am i s c
( hor i zont al axi s) t her e cor r e,
pl ane of t he st at e var i abl es X
ei t her a poi nt ( st at i c at t r act o
an i nf i ni t e set ( chaot i c at t r ac
axi s, t hen ( st ep 2) pr oj ect t hi
pr oj ect i ons ont o t he same i nt
t he r esponse di agr amas a ve
Not e t hat t her e ar e t wo f i gur (
of t he pr oj ect i ons : KN and

st udi ed above, t hat i s,
bet ween t hese t wo f i gi
per i od doubl i ng bi f ur c
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Fi gur e S. Response di agr amf or t he second of t he t wo- di mensi onal model s . Her e we var y t he
as f r om40 t o 90 whi l e hol di ng t he aN f i xed at 6 . The hor i zont al axi s r epr esent s t he cont r ol
par amet er , as . Bot h Nor t h and Sout h capi t ol st ocks ar e pl ot t ed on t he ver t i cal axi s . Thi s vi ew
of t he r esponse di agr am i s const r uct ed as f ol l ows . For each val ue of t he cont r ol par amet er
( hor i zont al axi s) t her e cor r esponds a dynami cal syst em on t he st at e space, a r ect angl e i n t he
pl ane of t he st at e var i abl es KN and Ks . Thi s di scr et e dynami cal syst emhas a si ngl e at t r act or ,
ei t her a poi nt ( st at i c at t r act or ) , a f i ni t e poi nt set of k > 1 poi nt s ( a k- per i odi c at t r act or ) , or
an i nf i ni t e set ( chaot i c at t r act or ) . I n any case, we ( st ep 1) pr oj ect t hi s at t r act or ont o t he KN
axi s, t hen ( st ep 2) pr oj ect t hi s at t r act or ont o t he Ks axi s, and t hen ( st ep 3) super i mpose bot h
pr oj ect i ons ont o t he same i nt er val of r eal number s . Fi nal l y ( st ep 4) , t hi s pi ct ur e i s i nser t ed i nt o
t he r esponse di agr amas a ver t i cal l i ne segment over t he chosen val ue of t he cont r ol par amet er .
Not e t hat t her e ar e t wo f i gur es, si mi l ar t o Fi gur e 4, whi ch ar e super i mposed her e, one f or each
of t hepr oj ect i ons : KN and Ks .

st udi ed above, t hat i s, Fi gur e 3 . ( Some of t he par amet er s di f f er , however ,
bet ween t hese t wo f i gur es. ) We see, at t he l ef t of t he r esponse di agr am, a
per i od doubl i ng bi f ur cat i on, f ol l owed by t he f ami l i ar conver gent sequences
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Fi gur e 6.

	

A hi st ogr amof t he at t r act or i n t he t wo- di mensi onal st at e space of KN and Ks,

f or apar t i cul ar val ue of t he cont r ol par amet er , as = 80 . The hor i zont al axi s r epr esent s val ues

of KN, t he ver t i cal , Ks . The bar on t he l ower l ef t shows t he gr ay scal e code, f r ombl ack ( no

poi nt s of t he t r aj ect or y i n a uni t ar ea) t o whi t e ( maxi mumnumber of t r aj ect or y poi nt s i n a uni t

ar ea) .

of si mi l ar event s . As we see t hi s i n pr oj ect i on, we may under st and t hat t her e

i s a per i odi c at t r act or i n t he t wo- di mensi onal st at e space of t he var i abl es KN

and KS, whi ch pr ogr essi vel y becomes mor e and mor e compl ex, and f i nal l y,

f i l l s a subset of t he pl ane chaot i cal l y. St ar t i ng f r om any i ni t i al val ues of t he

t wo capi t al suppl i es, t he t i me sequence of subsequent val ues appr oaches t hi s

at t r act or asympt ot i cal l y .

But t he second t wo- di mensi onal model i s our mai n goal i n t hi s paper . And

f or t hi s model , t he bi f ur cat i on di agr ami s shown i n Fi gur e 5.

For some val ues of t he var i ous par amet er s, we f i nd a si ngl e basi n, wi t h a

chaot i c at t r act or . The at t r act or por t r ai t f or one such case i s shown i n Fi gur e 6.

Nor t h- Soul

Fi gur e 7.

	

The t wo basi ns of at t r
as set t o 17 . 5 and aN t o 1 . 5 . I n :

t han 0 . 02 and 0. 01 as i n Fi gur e 6 .
t hem compr i se t he ot her basi n,
at t r act or , i n t er ms of number of i t

Not e t hat t hi s at t r act or i s c
i ndi cat i ng t hat t he one- di l r
t hese val ues of t he par amet

For ot her val ues of t he p,
t wo or mor e basi ns . The ba:
Thi s por t r ai t has t wo basi ns
ar e separ at ed by a f r act al b
i ndi cat es a si gni f i cant di f f c
ar e necessar i l y monost abl e
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We i nt r oduced and devel op
and st udi ed i t s gl obal dynE
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we f i nd a si ngl e basi n, wi t h a

such case i s shown i n Fi gur e 6.

Fi gur e 7.

	

The t wo basi ns of at t r act i on usi ng t he second of t he t wo- di mensi onal model s wi t h

as set t o 17. 5 and aN t o 1 . 5 . I n addi t i on, t he Sout h' s a2 and cl ar e set t o 0. 05 and 0. 04 r at her

t han 0. 02 and 0. 01 as i n Fi gur e 6 . The dar ker bands bel ong t o one basi n. The wedges bet ween

t hem compr i se t he ot her basi n, and ar e shaded accor di ng t o how f ar each poi nt i s f r om t he

at t r act or , i n t er ms of number of i t er at i ons .

Not e t hat t hi s at t r act or i s cl osel y appr oxi mat ed by a st r ai ght l i ne segment ,

i ndi cat i ng t hat t he one- di mensi onal model i s sur pr i si ngl y good, at l east f or

t hese val ues of t he par amet er s .

For ot her val ues of t he par amet er s, we f i nd mul t i st abi l i t y. That i s, t her e ar e

t wo or mor e basi ns . The basi n por t r ai t f or one such case i s shown i n Fi gur e 7.

Thi s por t r ai t has t wo basi ns, each cont ai ni ng a poi nt at t r act or . The t wo basi ns

ar e separ at ed by a f r act al boundar y . Thi s por t r ai t i s r adi cal l y nonl i near , and

i ndi cat es a si gni f i cant di f f er ence f r om t he one- di mensi onal model s, whi ch

ar e necessar i l y monost abl e ( t hat i s, t hey have a si ngl e at t r act or ) .

6 . Concl usi on

Nor t h- Sout h Tr ade and t he Dynami cs of t he Envi r onment 10 5

We i nt r oduced and devel oped a dynami c ver si on of t he Nor t h- Sout h model

and st udi ed i t s gl obal dynami cs . Our met hodol ogy was t o r epl ace t he st a-
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t i c capi t al endowment s i n t he Nor t h- Sout h model by a pr ocess of capi t al

accumul at i on and depr et i at i on t hr ough t i me . Af t er showi ng t hat t hi s l eads t o

a wel l - def i ned dynami cal syst em on t he pl ane, we st udi ed t he evol ut i on of

t r ade and t he envi r onment t hr ough t he gl obal dynami cs of t he syst em. We

showed t hat t her e i s a cr uci al par amet er whi ch expl ai ns gl obal dynami cs :

t hi s i s t he r egi me of pr oper t y r i ght s f or envi r onment al asset s i n devel opi ng

count r i es, i . e . i n t he r egi on we cal l t he Sout h . We showed t hat t he l ess wel l -

def i ned ar e t hese pr oper t y r i ght s, t he mor e chaot i c i s t he model . We st udi ed

t he par t i cul ar char act er i st i cs of t hi s chaot i c syst em.

I n a f ut ur e devel opment we hope t o expl or e t he gl obal cl i mat e i n r el at i on

wi t h i nt er nat i onal t r ade. I n t hi s cont ext , t he common pr oper t y r esour ce i s

t he pl anet ' s at mospher e, whi ch i s used as an i nput t o pr oduct i on, f or exam-

pl e, i n t he combust i on of f ossi l f uel s ( oi l ) . Aby- pr oduct of t hi s combust i on

i s C02 . I n t hi s case we woul d st udy not one but t wo separ at e but cl ose-

l y i nt er act i ng dynami cal syst ems on t he pl ane : i nt er nat i onal t r ade and t he

bi ospher e ( at mospher i c chemi st r y, sol ar r adi at i on, bi ol ogi cal gas exchange,

ocean dynami cs, wat er r eser voi r s, cl i mat e, et c . ) . Especi al l y, we wi l l expl or e

t he gr eenhouse gas exchange bet ween ( 1) t he at mospher e, ( 2) human popu-

l at i ons ( whi ch i nhal e oxygen and exhal e car bon di oxi de, bot h by br eat hi ng

and by i ndust r i al act i vi t i es) , and ( 3) bi omass and bodi es of wat er , whi ch act

as CO2 r eser voi r s .

A si mpl e bi ospher e model f or begi nni ng t he st udy of t hi s connect i on i s

t he dai sy- wor l d model of Wat son and Lovel ock . Thi s model achi eves cl i mat e

r egul at i on wi t h t wo cooper at i ng speci es of " dai si es" : bl ack dai si es ( pr ef er r i ng

cool but maki ng war mt h) and whi t e dai si es ( pr ef er r i ng war m but maki ng

cool ) . One can r epl ace one speci es of dai si es by human i ndust r y, and by

doi ng so ext end t he anal ysi s of t hi s paper t o consi der t wo coupl ed dynami cal

syst ems : t he dynami cal Nor t h- Sout h syst em and t he modi f i ed dai sy- wor l d

syst emj ust descr i bed . The dynami cal Nor t h- Sout h model wi l l be ext ended t o

t hr ee di mensi ons : K, L and E. See [ 2] f or t hi s ext ensi on i n a st at i c f r amewor k.

Not es

1 :

	

See al so [ 6] .

2 .

	

See Equat i on ( 4. 1 . 1) .

3 .

	

Mor e det ai l s ar e gi ven i n Sect i on 1 . 3 bel ow.

4 .

	

These ar e st andar d exogenous par amet er s, common t o al l gener al equi l i br i um model s :

t echnol ogi es, suppl i es of i nput s, i . e. capi t al and envi r onment , and t he pr ef er ences i n t he

t wo r egi ons .

5 .

	

The Nor t h- Sout h model can be sol ved anal yt i cal l y by a si ngl e " r esol vi ng" equat i on [ I ] .

Thi s means t hat , knowi ng t he exogenous par amet er s we can comput e expl i ci t el y t he

equi l i br i um val ues of t he model .

6 .

	

GNP i s t he val ue of t he out put s mi nus t he val ue of t he i nput s . I n ot her wor ds: i t i s t he

i nner pr oduct of t he equi l i br i um pr i ces wi t h t he di f f er ence bet ween out put s and i nput s at

an equi l i br i um.

Ref er ences

Nor t h- Sou

1 .

	

Chi chi l ni sky, G. " Ter ms

Abundant Labor Suppl y"

2 .

	

Chi chi l ni sky, G. " I nt er nf

Envi r onment al and Nat u

Mat hs. , Pr oc . Amer . Mat )

3 .

	

Chi chi l ni sky, G. " A Gen

Honor of Kennet h Ar r ow,

( eds . ) , Cambr i dge, Camb

4.

	

Chi chi l ni sky, G. " Nor t h- ' .
Theor et i cal Economi cs, '

Economi c Revi ew 84( 4) ,

5 . Chi chi l ni sky, G. " Gl obal

Theor et i cal Economi cs,
6 .

	

Chi chi l ni sky, G. " Nor t h- '
t ur al Change and Econw

7 . Chi chi l ni sky, G. and G.

Cambr i dge Uni ver si t y Pr

8 . Chi chi l ni sky, G. and M.
Equi l i br i umModel of Nc

9.

	

Devaney, R. An I nt r oduc+

MA, Addi son- Wesl ey, 19
10 .

	

Di Mat t eo, M. " Dynami c
Wor ki ng Paper , Uni ver si t

11 .

	

Gar di ni , L. , R. Abr aham,
I nt . J. Bi j ur cat i ons and C

12 .

	

Goodwi n, R. M. Chaot i c

ver si t y Pr ess, 1990 .



Ael by a pr ocess of capi t al

t er showi ng t hat t hi s l eads t o

we st udi ed t he evol ut i on of

dynami cs of t he syst em. We

h expl ai ns gl obal dynami cs :

ament al asset s i n devel opi ng

Ve showed t hat t he l ess wel l -

) t i c i s t he model . We st udi ed

em.

t he gl obal cl i mat e i n r el at i on

ommon pr oper t y r esour ce i s

t put t o pr oduct i on, f or exam-

y- pr oduct of t hi s combust i on

but t wo separ at e but cl ose-

; : i nt er nat i onal t r ade and t he

i on, bi ol ogi cal gas exchange,

) . Especi al l y, we wi l l expl or e

at mospher e, ( 2) human popu-

) n di oxi de, bot h by br eat hi ng

r i d bodi es of wat er , whi ch act

. e st udy of t hi s connect i on i s

. Thi s model achi eves cl i mat e

des" : bl ack dai si es ( pr ef er r i ng

pr ef er r i ng war m but maki ng

by human i ndust r y, and by

i si der t wo coupl ed dynami cal

t nd t he modi f i ed dai sy- wor l d

, ut h model wi l l be ext ended t o

i ct ensi on i n a st at i c f r amewor k .

t t o al l gener al equi l i br i um model s :

i r onment , and t he pr ef er ences i n t he

) y a si ngl e " r esol vi ng" equat i on [ 1] .

Vr s we can comput e expl i ci t el y t he

' t he i nput s . I n ot her wor ds : i t i s t he

: r ence bet ween out put s and i nput s at

Ref er ences

Nor t h- Sout h Tr ade and t he Dynami cs of t he Envi r onment 10 7

1 .

	

Chi chi l ni sky, G. " Ter ms of Tr ade and Domest i c Di st r i but i on: Expor t - Led Gr owt h wi t h

Abundant Labor Suppl y" , J. Devel opment Economi cs 8, 1981, 163- 192.

2 .

	

Chi chi l ni sky, G. " I nt er nat i onal Tr ade i n Resour ces: AGener al Equi l i br i um Anal ysi s" ,

Envi r onment al and Nat ur al Resour ce Mat hemat i cs, Shor t Cour se, Pr oc. Symp. Appl .

Mat hs . , Pr oc. Amer Mat h . Soc. 32, 1985, 75- 125 .

3 .

	

Chi chi l ni sky, G. " A Gener al Equi l i br i um Theor y of Nor t h- Sout h Tr ade" , i n Essays i n

Honor of Kennet h Ar r ow, Vol . 2, Equi l i br i umAnal ysi s, WHel l er , R. St ar r and D. St ar r et t

( eds . ) , Cambr i dge, Cambr i dge Uni ver si t y Pr ess, 1986, pp . 3- 56 .

4 .

	

Chi chi l ni sky, G. " Nor t h- Sout h Tr ade and t he Gl obal Envi r onment " , St anf or d I nst i t ut e f or

Theor et i cal Economi cs, Techni cal Repor t No . 31, St anf or d Uni ver si t y, 1991 . Amer i can

Economi c Revi ew 84( 4) , 1994, 851- 873 .

5 .

	

Chi chi l ni sky, G. " Gl obal Envi r onment and Nor t h- Sout h Tr ade" , St anf or d I nst i t ut e f or

Theor et i cal Economi cs, Wor ki ng Paper No . 78, St anf or d Uni ver si t y, 1992 .

6 .

	

Chi chi l ni sky, G. " Nor t h- Sout h Tr ade and t he Dynami cs of Renewabl e Resour ces" , St r uc-

t ur al Change and Economi c Dynami cs 4, 1993, 219- 248 .

7 .

	

Chi chi l ni sky, G. and G. M. Heal The Evol vi ng I nt er nat i onal Economy, Cambr i dge,
Cambr i dge Uni ver si t y Pr ess, 1987 .

8 .

	

Chi chi l ni sky, G. and M. Di Mat t eo . " Mi gr at i on of Labor and Capi t al i n a Gener al

Equi l i br i umModel of Nor t h- Sout h Tr ade" , Wor ki ng Paper , Col umbi a Uni ver si t y, 1992 .

9 .

	

Devaney, R. An I nt r oduct i on t o Chaot i c Dynami cal Syst ems, Second Edi t i on, Readi ng,
MA, Addi son- Wesl ey, 1991 .

10 .

	

Di Mat t eo, M. " Dynami cal Pr oper t i es of Chi chi l ni sky' s Model of Nor t h- Sout h Tr ade" ,
Wor ki ng Paper , Uni ver si t y di Si ena, 1992.

11 .

	

Gar di ni , L. , R. Abr aham, R. Recor d and D. Four ni er - Pr unar et . " A Doubl e Logi st i c Map" ,

I nt . J. Bi f ur cat i ons and Chaos 4, 1994, 145- 176 .

12 .

	

Goodwi n, R. M. Chaot i c Economi c Dynami cs, Oxf or d, Cl ar endon Pr ess, Oxf or d Uni -
ver si t y Pr ess, 1990 .


