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Abstract

In this paper we consider two kinds of generalizations of Lancaster’s (Review of Eco-
nomic Studies, 2002) Modified ML estimator (MMLE) for the panel AR(1) model with
fixed effects and arbitrary initial conditions and possibly covariates when the time di-
mension, 7', is fixed. When the autoregressive parameter p = 1, the limiting modified
profile log-likelihood function for this model has a stationary point of inflection and p
is first-order underidentified but second-order identified. We show that the generalized
MMLESs exist w.p.a.1 and are uniquely defined w.p.1. and consistent for any value of
lp| < 1. When p = 1, the rate of convergence of the MMLEs is N'/4, where N is the
cross-sectional dimension of the panel. We then develop an asymptotic theory for GMM
estimators when one of the parameters is only second-order identified and use this to de-
rive the limiting distributions of the MMLESs. They are generally asymmetric when p = 1.
We also show that Quasi LM tests that are based on the modified profile log-likelihood
and use its expected rather than observed Hessian, with an additional modification for
p = 1, and confidence regions that are based on inverting these tests have correct as-
ymptotic size in a uniform sense when |p| < 1. Finally, we investigate the finite sample
properties of the MMLEs and the QLM test in a Monte Carlo study.
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1 Introduction

In this paper we reconsider Modified ML estimation (cf. Neyman and Scott, 1948) of the
panel AR(1) model with fixed effects (FE) and arbitrary initial conditions and possibly
strictly exogenous covariates, when the time dimension of the panel, T', is fixed.

It is well known that the FE ML estimator for the autoregressive parameter p that is
equal to the LSDV estimator is inconsistent when 7 is fixed, cf. Nickell (1981).! To obtain
a consistent FE estimator for p (or for 0y = (p 0? 3') where 02 is the error variance and (3 is
the vector of coefficients of the covariates) based on the likelihood function for the model,
Lancaster (2002) proposed a Bayesian approach that involves using a reparametrization
of the fixed effects, which aims to achieve information orthogonality (but fails to do so
when covariates are present), and integrating the new effects from the likelihood function
using a uniform prior density. He defined his estimator for p (or for ) as a local rather
than a global maximizer of the resulting marginal (or joint) posterior density because this
posterior density is improper and has a global maximum at r = oo for any sample size,
cf. Dhaene and Jochmans (2016).> Bun and Carree (2005) took a different route and
proposed a bias-corrected LSDV estimator for 6y with the correction based on formulae
for the asymptotic biases of the LSDV estimators for p and 5. However, a version of
their estimator is equal to Lancaster’s estimator for 6y, cf. Dhaene and Jochmans (2016),
and both of them can be viewed as a Modified ML estimator (MMLE), cf. Alvarez and
Arellano (2004). Bun and Carree (2005) also investigated the finite sample properties of
their estimator using various Monte Carlo experiments. They reported non-convergence
of their estimator in about 40% of the replications in some experiments where N = 100,
T = 6 and p = 0.8. The possible non-existence of the MMLE is also related to the fact
that the underlying density function is improper. Specifically, when p = 1, the limiting
modified profile log-likelihood function of r has a stationary point of inflection at r = 1,
cf. Ahn and Thomas (2004), so that the modified profile log-likelihood function may fail
to have a local maximum even asymptotically.

In this paper we discuss two kinds of generalizations of Lancaster’s MMLEs that exist
as N increases with probability approaching one (w.p.a.l) for any |p| < 1.> The first
type of generalized MMLE minimizes a quadratic form in the modified profile score vector

subject to a second-order condition for a maximum of the modified profile likelihood while

IFE estimators only use data in differences and are consistent under minimal assumptions.

?Lancaster discards the global maxima at 7 = 400 and only considers local maxima that are
stationary points.

3Note that w.p.a.1. means with probability approaching one, i.e., w.p.1 asymptotically.



the second type minimizes the norm of the modified profile score for p only, subject to a
second-order condition for a maximum. The former MMLE depends on a weight matrix.

While Lancaster has only argued that one of the local maxima of the posterior density
is consistent (if one exists at all), we show that when |p| < 1 the generalized MMLEs are
uniquely defined w.p.1. and consistent.

Both types of generalized MMLEs will select a local maximum if one exists. In
this case the estimators are equivalent irrespective of the choice of the weight matrix.
However, if the modified profile likelihood function of r has no local maximum on the
interval [—1, 00), then these estimators are still consistent but different and the first type
of generalized MMLE depends on the choice of the weight matrix.

Dhaene and Jochmans (2016) have shown that their Adjusted Likelihood estimator
for the nonstationary panel AR(1) model, which is a constrained version of our second
MMLE, is uniquely defined asymptotically. However, they have not demonstrated that
their constraints, which depend on the LSDV estimator, guarantee uniqueness of their
estimator in finite samples.

We also derive the limiting distributions of the generalized MMLEs. Similar to the
cases of the FEMLE of Hsiao et al. (2002) and the REMLE of Chamberlain (1980) and
Anderson and Hsiao (1982), if p = 1, p is only second-order identified by their objective
functions and as a result the rate of convergence of the MMLEs for p is N%/4, ¢f. Ahn
and Thomas (2004) and Kruiniger (2013). Our analysis for p = 1 is closely related to
Sargan (1983) for instrumental variable and ML estimators and also to Rotnitzky et al.
(2000) for MLEs when a parameter is only second-order identified, although there are
some important differences. We view the MMLEs as GMM estimators in order to derive
their limiting distributions when p = 1.* Using an appropriate reparametrization of the
modified profile likelihood, we find that if p = 1 and the data are i.i.d. and normal, then
the limiting distributions of the MMLEs are generally asymmetric unlike those of the
RE- and FEMLE and other MLEs for parameters that are only second-order identified.

Finally, we discuss inference methods related to the modified profile likelihood. Wald
tests, some versions of (Quasi) LM tests, and (Quasi) LR tests that are used for testing

hypotheses involving p and are based on the reparametrized modified profile likelihood do

4Madsen (2009) considers the limiting distribution of another GMM estimator for a panel
AR(1) model when p =1 but, as she points out, her analysis is incomplete. Dovonon and Hall
(2018) present a generic version of the limiting distribution theory for GMM estimators when
first-order identification fails but second-order identification holds. Unfortunately, their theory
is incomplete for the exactly identified case and therefore cannot be used to derive my results,
see section 3.2 below.



not uniformly converge to their fixed parameter first-order limiting distributions when p
is close or equal to one, cf. Rotnitzky et al. (2000) and Bottai (2003). As a consequence
these tests do not asymptotically have correct size in a uniform sense when |p| < 1.
Similarly to Kruiniger (2016) in the case of (Quasi) LM tests related to the RE- and
the FE(Q)MLE, we show that (Q)LM test-statistics that are based on the modified
profile log-likelihood and use its expected rather than observed Hessian, with an additional
modification for p = 1, and confidence regions that are based on inverting these tests have
correct asymptotic size in a uniform sense when |p| < 1.

Monte Carlo results show that the QLM tests have correct size and that when the
data are i.i.d. and normal and |p| < 1, the MMLESs for p can have a significantly smaller
RMSE than the asymptotically efficient REMLE in panels as large as 7' = 9 and N = 500.
When the data are not i.i.d. and normal, it is generally not possible to rank the Quasi
MMLESs, the RE- and the FEQMLE in terms of asymptotic efficiency.

Both types of generalized MMLEs are also useful for estimating other models with
parameters that may correspond to stationary points of inflection of the profile likelihood
function. Examples of such models are the sample selection model and the stochastic
production frontier model for a cross-section of units that are discussed in Lee and Chesher
(1986) and models with skew-normal distributions, see e.g. Hallin and Ley (2014).

Dhaene and Jochmans (2016) discuss several alternative approaches to constructing
modified (profile) objective functions for the nonstationary panel AR(1) model that yield
estimators similar to Lancaster’s MMLE. Hahn and Kuersteiner (2002) modified the
LSDV estimator to remove bias up to order O(T~'). Other FE estimators for dynamic
panel models include the first-difference (FD) instrumental variable estimator of Anderson
and Hsiao (1981), the FE GMM estimators of Kruiniger (2001), the Maximum Invariant
Likelihood estimator of Moreira (2009), the FDMLE of Kruiniger (2008) and the Panel
Fully Aggregated Estimator of Han et al. (2015), which is based on X-differencing. The
latter two estimators rely on covariance stationarity of the data when |p| < 1.

The paper is organised as follows. Section 2 presents the panel AR(1) model and the
assumptions. Section 3 discusses existence, uniqueness and consistency of the generalized
MMLESs as well as their asymptotic distributions. Section 4 discusses inference methods
that have correct asymptotic size in a uniform sense. Section 5 studies the finite sample
properties of the MMLEs and a (Q)LM test. Finally, section 6 offers some concluding

remarks. Derivations and proofs can be found in the appendix.



2 The panel AR(1) model

We consider ML-type estimators for the panel AR(1) model with K strictly exogenous

covariates x; ., K =1,..., K :
Yit = PYit—1 + $;,t5 +a; + &y with § = (1— P)B and o; = (1 — p)u;, (1)

fori=1,..,Nandt=1,..,T, where z}, is the t — th row of the T" x K matrix Xj, a; is
a fixed effect and ¢, is an error term. We can also allow for time effects in the model.
Let y; = (Yix - ¥ir), Yi—1 = (Wio - Yir—1), € = (g1 .. & r) and T, = TN/ X,
with ¢ equal to a T'—vector of ones. If we let v; = (p — 1)y;o +; + ZT;f fori =1,..., N,
then the model in (1) can also be written as y; — y; 0t = p(yi,—1 — Viot) + QXiB +vit +¢;
fori =1,....N, where Q = Ir — T~ %/ and Ir is an identity matrix with dimension T,

cf. Lancaster (2002). We make the following assumption:

Assumption 1 The variable y;; is generated by (1) with (i) T > 2; (ii) =1 < p < 1;
(iii) {(g},vi, (vech(QX,))')' Y., is a sequence of i.i.d. random vectors with E(v;) = 0,
Var(v;) = 02 < oo and E(X]QX;) is a finite and positive definite matriz; and

(w) g; L (v, (vech(QX;))), E(e;) =0 and Var(e;) = oIy < o0, i=1,...,N.

Thus we assume cross-sectional independence, strict exogeneity of the regressors in
first-differences, homoskedasticity and no multicollinearity. On the other hand, we allow
for ARCH and non-normality of the error terms, the ¢; ;.

We require that 7" > 2 and p > —1 for identification. In economics the assumption
p > —1 can reasonably be expected to hold when the covariates are strictly exogenous.
The restrictive parametrization oy = (1 —p)p,; and 3 = (1 — p)3 prevents the fixed effects
and the means of the individual regressors from turning into trends at p = 1 and thereby
avoids a discontinuity in the data generating process at p = 1. These restrictions and the
restriction p < 1 are only imposed on the DGP but not in estimation.

We are interested in consistent estimation of the common parameters p, o and 3
under large N, fixed T" asymptotics. We will treat the individual effects as nuisance
parameters. We will work with a Gaussian homoskedastic (quasi-)likelihood but we note
that consistency of the MMLEs (for p and ) does not depend on normality or cross-

sectional homoskedasticity of the errors.



3 Modified ML estimation of the panel AR(1) model

Conditional on y;o and X;, ¢« = 1,..., N and normalized by N, the Gaussian FE log-

likelihood function for the model in (1) is, up to an additive constant, given by:

T 11 o
—5 IOg 82 — Z_N 4 — Y -1 — Xzb — aib)'(yi — Y1 — X,Lb — a,l'l/>. (2)

To obtain a consistent FE estimator for 6y based on (2), Lancaster (2002) proposed a
Bayesian approach that involves using a reparametrization of the fixed effects, which aims
to achieve information orthogonality (but fails to do so when covariates are present), and
integrating the new effects from the likelihood function using a uniform prior density. He
defines his estimator for #y as a local maximum of the joint posterior density. Letting
0 = (r s® b)’, his joint posterior log-density for the model in (1), normalized by N, which

can be interpreted as a (normalized) modified profile log-likelihood function, is given by:

() = Tu(rs®b) = (T — DEW) — - log s° 3)
—Ll N (yi = 1yi 1 — Xib)' Q(ys — ryi 1 — Xib),
252 N —
T-1
where £(r) = T(Tl— 0 (T t_ t)rt, (4)

o~
Il
—

and the corresponding modified profile likelihood equations are given by:

N
11 ,
Vy(0) = (T=1)80) + 55 D (U =191 — Xib) Quia =0, (5)
=1
N
T-1 11 ,
\1102 (‘9) = — + ——= (yz —TYi—1 — X2b> Q(yz —TYi -1 — Xzb) = 0,

252 254 N —

N
11
i=1

Note that the joint posterior density is not proper.

Let 5,; an denote Lancaster’s estimator for 6, and let O be the set of roots of %Lg =0
corresponding to local maxima of ZN on € which is an open subset of R x RT x RX. Thus
5]; AN € Oy unless Oy is empty, in which case (we will say that) 5L 4y does not exist.

In that case Lancaster effectively puts 5L an = 0, see his consistency proof. This ‘trick’



ensures that 5,; an always exists so that one can consider whether 5L AN 1S a consistent
estimator for 6. Note that none of the roots of aal;g = ( correspond to the global maxima
that can occur at r = oo and, if T" is odd, at r = —o0.

Lancaster showed that TN(Q) converges uniformly in probability to a nonstochastic
differentiable function of 6, say N(H), and that %

sufficient conditions for negative definiteness of the Hessian of [(6) at 6, viz.:

lo, = 0. Next we derive necessary and

(T . 1)51/([)) . tT(q),Q(I)) o Eazgz (T—(lf)fl(/’) _Eévgz
MH = (Tf;);f’(p) _% 0 : (6)
— 5 0 — Zoge

where ¥, = plimy_. N1 Zfil ZQZ, Yogr = PiMpy_oo N1 Zf\il X/QX; and X, =
plimy oo N"' SN XIQZ; with Z; = pu; + PQX,3,

0 . . 000 1
1 0 00 ’
10 p
e=o(p)=| * b 10 and p=p(p)=| . |- (7)
Lo P -
p p p

It follows from lemma 4.1 in Dhaene and Jochmans (2016) that if 7' =2 and X,,. > 0
(so that p # 1) or if T > 2 and p # 1, then M H is negative definite so that N(@) has a
local maximum at 6y.> Kruiniger (2001) had already shown that if p = 1 and T > 2, then
MH is singular. Moreover, Ahn and Thomas (2004) have shown that {(6) actually has
a stationary point of inflection when p = 1 rather than a local maximum. This property
is related to the fact that the posterior density is not proper. Later on, in the context
of Theorem 1 below, we will show that if p = 1, Iy may not have any local maximum
on Q) = [—1,00) x (0,00) x RE asymptotically, so that 0, 4n is inconsistent.5 0; 4y has
two more drawbacks. Firstly, TN(H) may not have any local maximum in small samples,
in which case 5,; an does not exist. This may happen when p is close or equal to unity.
Secondly, Lancaster did not rule out that Iy(#) and [(6) have multiple local maxima on

) and he did not explain how to find the consistent estimator if that were the case.

STheir lemma 4.1 implies that £”(p) — (T — 1)~ 1tr(®'Q®) + 2(¢'(p))? < 0 with equality if
and only if T =2 or p=1.

6Lancaster’s model is y; = pYi.—1 + XifB + a;t + ¢; without the restrictions § = (1 — p)B and
a; = (1 — p)p;. Therefore, if p =1 and § # 0, then the probability limit of the Hessian of his
modified log-likelihood function at 6y is still negative definite and his estimator is consistent.
However, if p=1, =0 and «; =0 for ¢ = 1, ..., N, then his estimator is inconsistent.



3.1 Generalized Modified ML estimators

We will now introduce two generalizations of §L an- We have assumed that |p| < 1. Under
this assumption we will be able to show below that TN(G) can have one local maximum
on Q at most. To ensure that the MMLE for 0y is also defined in most cases where

Oy NQ =, we will generalize its definition as follows:

@W = arg min <8TN(6>) Wn ((‘9]};(0)) s.t. 2’ (827]\](9)) r < 0VreR*™E, (8)

) 00 00 2006’

where Wy is a positive definite (PD) symmetric weight matrix and plimy_.,Wy = W

where W is PD. Thus our MMLE is defined as the minimizer of a quadratic form in

ol
> 00 0

definite. If Iy(6) has a local maximum, then our MMLE for 6, does not depend on Wy

the modified profile score vector subject to the Hessian of In being negative semi-
and is equal to /G\L an- Theorem 1 below asserts that /H\W exists w.p.a.l, is uniquely defined
(given Wy) w.p.1 and is consistent for any 6, € Q.

Note that among the likelihood equations in (5) only the one for r is modified. Hence,
when solving W3(f) = 0 for b we obtain the unique solution g(r) = (ZzNzl XIQX;) %
Zﬁil X!Q(y; — ry;—1) and when solving ¥,2(f) = 0 for s* we obtain the unique solu-
tion 6(r,b) = (T — 1)7'"N"' SN (4 — ryi1 — Xib)'Q(ys — 111 — Xib). Let 0(r) =
(r,5%(r, B(r)), B(T)), , then the (normalized) modified profile log-likelihood function of r,
15,(r), is defined by the equality % (r) = Iy (8(r)), i.e. 15(r) = Iy (r,32(r, B(r)), B(r)).

An alternative MMLE for 6y, which is based on leV(r), is given by ¢ with 7

~ 2 ~
c 27c
Po = arg min <8ZN(7“)> s.t. O lx(r) <0, 9)

re[—1,00) or or?2  —

The Adjusted Likelihood estimator of Dhaene and Jochmans (2016), viz. Oapy, is a
constrained version of 50.8 However, using their constraint is not required for uniqueness
of this MMLE and would also not guarantee its uniqueness in finite samples if the modified
profile likelihood would have multiple local maxima. Theorem 1 below asserts that 50

exists w.p.a.1, is uniquely defined w.p.1 and is consistent for any 6, € Q.

"One can also define a class of MMLEs where only s? is profiled out but not b.

~ 2 ~
85 .m0, = i () ) o4 PN~ where € i tain interval centered at th
pADJ = arg Mminycg ~or S. W S U, where 1S a certaln 1mterval centered a e

LSDV estimator pyz. 5apy = 0 (Paps: B(Papy)) and Baps = B(Bapys)-



There is no Wy such that the HW estimator equals the 00 estimator: if arr) 5. =0,
then azge | 3, = 0 and both estimates of ¢ are equal but if 2 | “[pe # 0, then alN | #0
and the two estimates of 6 are unequal although the value of QW will be close to that of
8lN( )

8(; for Wy that give relatively little weight to

We can also consider a variation on 0y that is given by (8) with the first element of
replaced by mN ") We call this MMLE /ép

In the appendix we show that 1% (r) converges uniformly in probability to a nonsto-

chastic differentiable function of 7, say [¢(r), that azf | , = 0 and that 2 T) |, <0, with

equality holding if p = 1 or if T =2 and 02 = 8 = 0 (ie., X, = 0). Thus, similar to

azN

1(6), 1¢(r) has a local maximum at p when p # 1 and, in case T = 2, Y.q. > 0. In the
appendix we also show that ’lvc(r) has a stationary point of inflection at p when p = 1.
To simplify the exposition we assume in the remainder of this paper that if 7" = 2 and
p # 1, then either 62 > 0 or 8 # 0 so that 2., > 0. )
0215, (r)

Note that 50 would only fail to exist in the extremely unlikely case that [ s

>

0 on the entire interval [—1,00). Similarly, §W and §F would only fail to exist in the

extremely unlikely case that for no 6 € Q, 2/ (8;?(%?)) x < 0V € R¥X_ 9 The second-
& (r)

2 c
order conditions 2. an— < 0 and x (

9%Iy(0)
50006"

) r < 0 Vo € R*X are a crucial part of the
definitions of O, Oy and 65 because I (r) and Ly (r) may attain a minimum on [—1, o)
and Q, respectively, see lemma 1 in the appendix.

The next theorem asserts uniqueness and consistency of Ay, 0 and 6¢:

Theorem 1 Let Assumption 1 hold. Then the Modified MLEs EW, @F and 50 for 8g are

uniquely defined w.p.1 when they exist, exist w.p.a.1 and are consistent.

If -1 <p<1, limy_Pr(Oyn Q= ) =0, ie, gLAN exists w.p.a.1. In this case
@L An is also unique w.p.1. (if it exists) and consistent. However, if p = 1, limy_,o, Pr(©xN
Q= &) > 0 by lemma 4 in the appendix (and 6, # 0), i.e., Opan may not exist even
asymptotically, which implies that gL AN 1s inconsistent.

When —1 < p < 1, the first-order, fixed parameter asymptotic distributions of 5W,

EF, 50 and @L an are the same and given by (cf. Kruiniger, 2001):

VN (0= 00) 4 N (0, (MH) ™ MIM (MH)™), (10)

90ne could ensure that §W7 /éF and 50 are always defined by replacing them by /H\(b\ VLt Tiﬂ)
in these improbable cases, where —Tiﬂ is the asymptotic bias of p,;;, when p = 1. The rationale
for this proposed solution is that the non-existence problem most likely only occurs (if ever)
when the sample size is very small and p is close or equal to unity.



where M H is given in (6) and under normality of the ; M M (Modified Information Ma-

trix) equals:'”

1 (QBQD) 4 TV (TNE)  Try

o2 o2 o2

MIM = — I -1 o |. (11
Sags 0 Zage
0'2 0'2

It can easily be checked that tr(Q®Q®) # —(T — 1)¢"(p) and hence MH # —MIM.

If T =2, py4n is equal to the FEMLE for p that has been proposed by Hsiao et al.
(2002), henceforth pppa ., but if ' > 2, the data are i.i.d. and normal and |p| < 1, pran
is asymptotically less efficient than pppg,, see Ahn and Thomas (2004); when the data
are not i.i.d and normal, p; 4 may be asymptotically more efficient than ppz,; -

If p=1, det(MIM) # 0 but 8§,§T)\p = 0 and det(M H) = 0. Thus p and 6 are first-
order underidentified when p = 1. Although we cannot directly apply the results of Rot-

nitzky et al. (2000), who developed an asymptotic theory for MLEs when the infor-
mation matrix is singular, to gw, /G\F and @C when p = 1, because they are Modified
MLEs and det(MIM) # 0, arguments similar to theirs suggest that these MMLEs have
a slower than v/N rate of convergence and that their limiting distributions are non-
standard. When deriving their limiting distributions for p = 1 below, we will view the
MMLEs as GMM estimators. If p is close to 1, det(M H) and aj";g” |, are close to zero
and the MMLEs will have a "weak moment conditions" problem, cf. Kruiniger (2013).

3.2 The limiting distributions of /- and 0y when p =1

0215, (r) OIS, (r
A = 0.

Using a Taylor expansion of G$(ps) around r = 1, we show in the appendix that when

p =1, NY4(po — 1) = O,(1), i.e., the rate of convergence of P, is at least N'/%. This

quartic root rate of convergence reflects the fact that 82(;;&1) = 0 and ai;;g” — T(T_PQ(T“) oL

W.p.a.l p is a solution of the first-order condition (f.o.c.) G§/(r) =

0, which means that p is second-order identified when p = 1, and is in line with results
in Sargan (1983), Rotnitzky et al. (2000), Ahn and Thomas (2004), Madsen (2009),
Dovonon and Renault (2013) and Kruiniger (2013) who also study estimation when a
parameter is only second-order identified. Note that this rate is faster than the N'/6-rate
of the MLEs of the parameters that correspond to the inflection point of the likelihood
functions of the sample selection model and the stochastic production frontier model
for a cross-section that are discussed in Lee and Chesher (1986) and the models with

skew-normal distributions that are discussed in Hallin and Ley (2014).

10To derive (11) we have used that if &;|(v;, QX;) ~ N(0,02I7), then for any constant T x T
matrices My and M, E(eMie;el Mae;) = o (tr(My)tr(Ms) + tr(My Mz + MjMs)).

9



Next we discuss the derivation of the limiting distribution of EC when p = 1. Let

A 2
Mg (r) =N (algﬁr)> . Analogously to Sargan (1983) and Rotnitzky et al. (2000) consider

the following Taylor expansion of M (r) around r =1 :

4

Mg (r) = Mg (1) + >

Jj=1

1 9/ M5 (1)

R (r — 1) 4+ Py n(NY4(r — 1)), (12)

where P3 n(NY4(r — 1)) is a polynomial in NY/4(r — 1) with coefficients that are o,(1).
Let p = pe. Substituting p for r in (12) we obtain

~ 2 ~ ~
" al5 (1 Bl5 (1 al5 (1 "
i) = (58] + e g

— 1)+ (13)

~ 2
1 9°15,(1 _ . ~
: ( It )> NP 1)+ B (NG~ 1),

where RiN(Nl/‘l(ﬁ — 1)) = 0,(1).

Let Zyy = (—%%)1 N1/2 (%) . In the proof of Theorem 2 we show that
Zin = O,(1) and that there exists a sequence {Uy} with Uy = O,(N~Y2) such that
if Zi1x +Uyx > 0, then Mg (r) has two local minima attained at values p such that
NY2(p—1)% = Zy n+o0,(1), whereas if Z; y+Uy < 0, then M (r) has one local minimum
attained at r = p with N'/2(p —1)2 = 0,(1). Furthermore, when Z; y + Uy > 0, the sign
of N'/4(p — 1) is determined by the remainder R \(N'/*(p —1)).

To obtain the limiting distribution of 50 when p = 1 we use the following new para-
metrization (indicated by the subscript n), cf. Kruiniger (2013): 6, = (r,,s2,b.)
where r, = r, s> = s?/r and b, = b. Noting that we can express the elements of
6 as functions of the elements of 0,, viz. 0 = 0(0,) = (ry,sr,,b,), the reparame-
terized modified log-likelihood function is given by TN,R(Qn) = Iy(0(6,)). Similarly to
Lancaster (2002), it can be shown that TN,n(Qn) converges uniformly in probability to a
nonstochastic continuous function of 6, i.e. 1,(6,) = (8(6,)). The reparametrization
is such that the elements of the first row and the first column of the Hessian of I,,(6,,)

at 0o, = (pn,02,8,) = 0. = (1,02,0') are equal to zero. Note that if p = 1, then

0o = 0y, = 0, for some o2.
We also need to introduce some additional notation. Let § = 50 and gn = 5,1,0 =

(Per 320, Bo) with 62 = 6% /pe. Furthermore, let Zyn = NY2(3%(1,3(1)) — 02),

n

ZsN = Nl/Q(B — ) and Zy = (Z1,n, Zo,n, Z3 y)'- Then we have the following results:
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Theorem 2 Let Assumption 1 hold, e; ~ N(0,0%I),i=1,...,N, and p = 1. Then

(Z) ZN i) 7 = (Zl, ZQ, Zé), ~ N(O, Ez), where E(leg) = O, E(leg) = 0, E(ZQZ;;) = O,
Var(Zy) = 48T 2(T—1)(T+1))"Y, Var(Zy) = 264 (T —1)"" and Var(Z3) = 02(Spge) ™Y

(ii) letting K, = 0*(T +1)/6 and B® = 1(R° > 0) with the r.v. R® defined in (31),

N4 (e = 1) (-0 2" 0
NV2G =0 | 5| Z+ K 2z | 1{Zi>0b+ | 2, | 1{Z <0},
NY2(3e - B) Z3 Z3
Comments: In the proof of Theorem 2 we show that the sign of N'/4(5, — 1) depends
852?:5(1), whereas it follows from Kruiniger (2013) and corollary 1 in Rotnitzky et al.

(2000) that the sign of N*/*(pypga — 1) only depends on the second and third derivatives
of the FE log-likelihood. The latter is generally true for MLEs of parameters that are
only second-order identified, cf. Rotnitzky et al. (2000);

Relaxing the assumption of normality of the ¢; affects ¥, and the conditional distri-
bution of B¢ given Z but otherwise does not change Theorem 2;

The limiting distribution of p is asymmetric unlike that of Py, and other MLEs
of parameters that are only second-order identified, cf. Rotnitzky et al. (2000);

From ¢ = 0(0,,,c) we have 5%, = 2 P Hence the rate of convergence of 5, is also
NY* and NY4(G% — 0?) = NY4(De — 1)0? + 0,(1);

Finally, the following result implies the sign of the asymptotic bias of p, and 7a:

Corollary 1 Let Assumption 1 hold, ¢; ~ N(0,0%I), i = 1,....N, and p = 1. Then if
T >4, E((-1)5°2}*|Z, > 0) > 0 whereas if T = 2 or T = 3, E((=1)5°Z2}"*| 2, > 0) < 0.

We now consider the minimum rate of convergence of p = p, and the limiting distri-
bution of 5}: when p = 1. Details of the derivations of these properties of p, and 5}: are
given in the appendix. There we show that N¥/4(p — 1) = O,(1), cf. Lemma 5.

Lot Wxn(0) = (572, s2r @ s2r Sy, 5, = (@) p — 0%),Bp) and w, =

(s2,0'). Then we have the following results:

Theorem 3 Let Assumption 1 hold, e; ~ N(0,06%I), 1= 1,....,N, p =1, and let Wy be
a PD matriz. Then

NY45,. —1 _1)BZ? 0
(Pr=1) | a | ZD"4 1{Z, >0} + 1{Z, <0},
N1/2Qn Wy Wy + K—Zl

11



where (Z1, W) ~ N(0,%,), B = 1(R > 0) and the r.v. R, the matriz ¥, and the

constant vector K_ are implicitly defined in the proof.

Comments: In the proof of Theorem 3 we see that the sign of N*/4(p, — 1) depends
15, (1)

ord
identified parameters but in contrast to the results for MLEs in Rotnitzky et al. (2000);

Relaxing the assumption of normality of the ¢; affects >, and the conditional distri-

in line with the results in Kruiniger (2013) for Quasi MLEs of second-order

butions of B and R given (Z;, w' )’ but otherwise does not fundamentally change the
results in Theorem 3;

Like P and G2, when p = 1, o and 65 converge at a rate of at least N'/* to p and
o2, whereas 3, converges at a rate of N'/2 to 3 just like Bc;

For any W, (pr—1)? is first-order asymptotically equivalent to (p,—1)? and hence the
RMSEs of p and p are asymptotically the same. However, the limiting distribution of B
and hence that of N'/4(p,—1) depends on W. The limiting distributions of 53, and B r also
depend on W and are different from those of 55, and Bc unless Wy = diag(Wn 1,1, Wy o)
where Wy 11 is a scalar. In the latter case w, + K_7Z; = (Z, Z3) and K_ = (—K,0)".
If in addition Wy 11 = oo while the elements of Wy ,, are finite, then the limiting
distributions of N*/4(p, — 1) and N'/4(p, — 1) are also the same;

The results in Theorem 3 can easily be reinterpreted to obtain a version for the
generic possibly overidentified case. Treating Wy ,(6,) as generic moment functions
and p and w, as generic parameters, with w, a vector and p a scalar that is only
second-order identified, by following the logic of the proofs of Lemma 5 and Theo-
rem 3 we would still obtain Theorem 3 but with 7, = —2(¥!  W2M W2V, )~1x

n,pp

(v WM W2W,), w, = M(¥, + %\Ifmple) and K_ = —%M\I/mpp, where M, =

n,0p

I — WY, (9, W, )7 W2 M= —(0], W, )"0, W and ¥, ¥, and
V,, ,p are defined in the proof of Theorem 3. In the exact identified case R would still be

defined similarly as in the proof of Theorem 3 and in particular the sign of N*/4(p — 1)

would still depend on plimy_, %. In the overidentified case R would be defined as

a generic version of R, in the proof of Theorem 3 and in particular the sign of N*/4(5—1)

O3V N 7 (0+) *UN () 11

53 but not on plimy .. —54

would depend on plimy_..

'Dovonon and Hall (2018) have also derived the limiting distribution of the GMM estimator
of p and w,, with p a scalar that is only second-order identified, but unfortunately their dis-
tributional result for N'/4(5 — 1) in the exact identified case is incorrect because the order of
the expansion of the objective function that they used to study the distribution of B is too low
which resulted in an expression for R (their formula (18)) that is actually equal to zero, see the
proof of my Theorem 3.
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It can be expected that the MMLEs also have non-standard asymptotic properties
close to the singularity point, 6,. Rotnitzky et al. (2000) informally discuss a richness
of possibilities for the MLEs close to the singularity point and one can expect several
possibilities for the MMLESs too. To save space we don’t explore them here. Nonetheless
they are a warning of the care needed in conducting inference close to .. Finally, we note
that the local-to-unity asymptotic behaviour of various GMM estimators for the panel

AR(1) model discussed in Kruiniger (2009) is unrelated to second-order identification.

4 Modified likelihood based inference

Wald tests, some versions of (Quasi) LM tests, and (Quasi) LR tests that are used for
testing hypotheses involving p and are based on the reparametrized modified likelihood
do not asymptotically have correct size in a uniform sense when |p| < 1, cf. Rotnitzky et
al. (2000) and especially Bottai (2003), who discusses why these tests do not have correct
size in the single parameter case. Generalizing the testing approach proposed in Bottai
(2003) that has correct size to a multiple parameter setting, Kruiniger (2016) has shown
that (Quasi) LM tests that are related to the RE- and the FE(Q)MLE and standardised
by using (a sandwich formula involving) the expected rather than the observed Hessian do
asymptotically have correct size in a uniform sense when |p| < 1. However, the situation
is somewhat special in the case of the QLM tests that are used for testing hypotheses
involving p and are based on the reparametrized modified likelihood. In this case the
singularity point, 6,, corresponds to an inflection point rather than a maximum. As a
result in small samples the (normalized) reparametrized modified log-likelihood, Tan(Hn),
may not even have a local maximum when p is close to one. Nevertheless, the expected

Hessian of Iy ,(0g.,), viz. H(by,,), where 8, = (0, 75,) witha., =37./0> — (1 —p)
and 72 = (1 — p)?0?, is still negative definite close to the singularity point 8, = (6, 0).1?
13 We will now introduce the QLM test-statistic QLM (0o.,,) for testing Hy : Aby,, = a,

where A is a J x dim(f) constant matrix of rank J and J is the number of restrictions,
ain,i(90,7z) aTn,i(QO,n)
90, o9,

J(0,,) = N7 SV Ji(0,,,), where 1,.1(0,)) is the contribution to the reparametrized

modified log-likelihood, N X I ,(6,), by individual i. Then QLM (6,,,) is given by

which include a restriction on p with —1 < p < 1. Let J;(0p,) = and

2Note that H(8,,,) = Eg, n(aQTN,n(eo,n)/aenae’n) depends on 0, = (65, 72,,)', whereas the

v,n
observed Hessian 8271\[,”(90,”) /06,00, only depends on 6 ,,.
13This reparametrization is the same as the one used in Kruiniger (2013) for the FE(Q)MLE.
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Oy (0n) 3 =

aan( n)
00,

QLM (6y,) =

(AHH0,)T () H ! (0,)A) AR (E,)
where 5 is a restricted estimate of 0 ,,. @, can be estimated by the restricted FE(Q)MLE.
Under Ho, QLM (0o,n) ~ X 2(J). When using QLM (6y,,) to test Hy : —1 < p =a < 1,
A= (100 and Ol ”(0 — A% a”p(e ) To test hypotheses that include the restriction
p = 1, one should use a dlfferent Quasi LM test, cf. Bottai (2003). In this case one should
replace QLM (6y,,) given in (14) by

QLM (0y,) = N xS(0,)H'(8,)A x (15)
(AHY(0,)T (0,)H 1 (0,)A") AR 1(8,)S(6,),

with

5@, = N- Z Si, J(0,)=N" ZZ_ (9;51),

1 82 Ln.i Ol
Si - (Sz 15 12) Si71 2 a,,,,Q ’ O Sz’,? 8d |
1/ 2 a4lNN7n v 0? an
P = 5k, ord i) Hia=Hor = Q!E (an%adn| 5,):
v 2 ajlan (D Hl 1 ﬁ1 2
- Zp (N i 11,
HZ,Q Qn(adnadz ‘Qn)7 H(—n) [ H2 . H272

where we have partitioned 0,, as 0,, = (r,,,d],) and used /ZVNJL and Tm as short for TN,H(Hn)
and Z;m(é’n), respectively. When using QLM (0y,,) to test Hy : p =1, A= (10 0') and
S(0,) = A(N"LN . S;1). Tt can be shown that QLM (6y,,) given by (14) and (15) is

continuous at fp,, = 6, for any o > 0 by using de ’'Hopital’s rule twice.

Theorem 4 The Quasi LM test based on (14) or (15) for testing Hy : A6y, = a, which

includes a restriction on p with |p| < 1, has correct asymptotic size in a uniform sense.

Confidence sets (CSs) that are obtained by inverting the tests based on (14) and
(15) have correct asymptotic size in a uniform sense. Other tests (and CSs) for p that
have correct asymptotic size include (CSs based on) the GMM LM test(-statistic)s of
Newey and West (1987) that exploit the moments conditions of the System GMM and
the nonlinear Ahn-Schmidt (AS) GMM estimator, respectively, see Kruiniger (2009) for
the System version and Bun and Kleibergen (2017) for the AS version of the test, and
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identication-robust test(-statistics)s such as the GMM AR test of Stock and Wright (2000)
and the KLM and GMM-CLR tests of Kleibergen (2005) that exploit System and AS
moments conditions, cf. Bun and Kleibergen (2017). Kruiniger (2016) has shown that the
Quasi LM test for testing an hypothesis about p shares the optimal power properties of the
KLM test in a worst case scenario. To test Hy : p = 1 one could also use a Wald test based
on VN(py — 1)%. Under Hy VN (py — 1)? <, Z11{Z; > 0}, cf. Theorem 2. Recall that
Ziy = (_1837%(1)>_1 N1/2 (%) d, 7y, with plimy .o Ply(D) _ %) _ T(T—1)(T+1)

2 Ors or3 ors 12

5, (1)
or L
bootstrap the distribution of N'/2 (%g—f”) or estimate the averages of the second and the

and given in (29). When the data are heterogeneous and/or non-normal, one can
fourth moments of the ¢;, by using that under Hy ¢, = y; —y;—1 for e =1,..., N. To test
Hy : p =1 one could also use any other panel unit root test, e.g. the test of Harris and
Tzavalis (1999) that is based on the bias-corrected LSDV estimator for p, i.e., p,; ;. + Tiﬂ,
where —Tiﬂ is the asymptotic bias of p,,; when p = 1. The rate of convergence of p,,,
is N'/2 which is faster than N'/4, the rate of 5. Hence if N is large enough inference
based on p,,; is better in terms of power and size. Finally, to test a hypothesis that only

involves (3, one can use a Wald test based on Bc-

5 The finite sample performance of the Modified ML
estimators and the Quasi LM test

In this section we compare through Monte Carlo simulations the finite sample properties
of three estimators in various panel AR(1) models without covariates: p; the REMLE for
p that has been proposed by both Chamberlain (1980) and Anderson and Hsiao (1982),
henceforth pppy; and the FEMLE for p (i.e., ppgasr) that has been proposed by Hsiao
et al. (2002). We study how the properties of these estimators are affected if we change
(1) the distributions of the v; = y;0 — p; or (2) the ratio of the variances of the error
components, i.e. o7 /0*. We conducted the simulation experiments for (7', N) = (4, 100),
(9,100), (4,500) or (9,500) and p = 0.5, 0.8, 0.9, 0.95, 0.98 or 1.

In all simulation experiments the error components have been drawn from normal
distributions with zero means. We assumed that ai =0, 1 or 25. For the ¢, ; we assumed
homoskedasticity and no autocorrelation: E(g;e}) = 0?1 with 02 = 1.

In order to assess how the assumptions with respect to y; 0 —1;, ¢ = 1, ..., N, affect the

properties of the estimators, we conducted two different sets of experiments, which are
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identified by a capital: in one set, labeled NS, the initial observations are non-stationary,
ie., yio—p; =0,7=1,..., N, whereas in the other set, labeled S, the initial observations
are drawn from stationary distributions when |p| < 1, i.e., (yi0 —p;) ~ N(0,07/(1—p?))
with 0?70 = o, although y;0 — p; =0, i =1,..., N, when p = 1.

Note that all four estimators suffer from a weak moment conditions problem when p
is close to one, cf. Kruiniger (2013).

In the cases of the RE- and FEMLE (1 — p)u,; + ¢; is decomposed as (1 — p)my; 0 —
(1—pvi+e = (1 —p)myio + u; with @ = 1 for the FE case. In the experiments we
imposed homoskedasticity on their likelihood functions and added the restrictions o2 > 0
and (T — 1)(1 — p)?02 + 0 > 0 to ensure that the estimates of E(u;u}) were PD.

We allowed for time effects by subtracting cross-sectional averages from the data.

We computed p by maximizing ZNN(H) subject to—1 < r < 1.4. (We also tried using
—1 < r < 2 but never found a maximum between 1.4 and 2.) If no local maximum was
found, we computed p. by solving (9) s.t. —1 < r < 1.4 using grid search.

Tables 1-6 report the simulation results in terms of the biases and root mean squared
errors (RMSEs) of the estimators and the relative frequencies that p; 4 did not exist
(NM). The tables differ with respect to the dimensions of the panel and the assumptions
made about the y;0 — ;, ¢ = 1,...,N. Inspection of theresults leadsto the following

conclusions: 4

1. In almost all experiments (the exception is design NS with N = 100 and p = .0.5)
Preyz 1S superior in terms of RMSE for ‘smaller’ values of p (i.e., values closer to
0), Preay is superior for ‘larger’ values of p (i.e., values closer to 1), while p. is
superior on an interval of ‘intermediate’ values of p, which includes p = 0.8 when
T =4and N =100, and p = 0.9 when T' = 4 and N = 500. In most experiments
Preyr 1S superior when p = 0.5, while pppg,, ;. is superior when p is near/equals 1.

When p is near 1, the bias of p is larger than the biases of pppy and Prpasr-

2. When T or N increases, the values of the bounds of the interval for p on which p.

is superior increase. When 7' = 9 and N = 500, p is superior around p = 0.95.

“Dhaene and Jochmans (2016) report simulations results on the finite sample properties of
their Adjusted Likelihood estimator (p4p), the bias corrected LSDV estimator of Hahn and
Kuersteiner (2002) (pgx) and the RE GMM estimator of Arellano and Bond (1991) (p45).
Some of their simulation experiments are equal to some of our experiments. The results for
these experiments show that p,p; and po are very similar and that pg g has a large bias when
T is small. p4p has poor properties when p is close to 1 due to weak instruments.
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Furthermore, when p = 0.50 and 7" = 9 or N = 500, ppp . is often the most

efficient estimator after prpar -

3. When ai /o? increases, the RMSE of ppp,, . increases and hence the value of the

lowerbound of the interval of values of p on which p. is superior decreases.

4. When Var(y;o — p1;)/0? decreases, the bias and the RMSE of p and the RMSE of
Preyvr increase and the value of the upperbound of the interval of values of p on

which ., is superior decreases.

5. The bias of p;; is about the same as the bias of p., also when p is (close to) one.
Moreover, the sign of the bias of p is the opposite of the sign that is implied by
corollary 1. This suggests that the biases of p- and p;; are mainly caused by other

factors than the random sign of N'/4(p — 1) when Z; > 0.

6. When T" =4 and N = 100, NM > 0.35 for p > 0.8; when T' = 4 and N = 500,
NM > 0.29 for p > 0.8; when T" = 9 and N = 100, NM > 0.35 for p > 0.9;
and when 7' =9 and N = 500, NM > 0.25 for p > 0.9. Generally, the higher the
value of p, the higher the value of NM. When p = 1, NM = 0.50 for all panels
considered, which supports the idea that even asymptotically p; 4, may not exist

when p = 1. If the value of Var(y;o — p;)/0? decreases, the value of NM increases.
Under design NS, when T"=4, N = 100 and p = 0.5, we still have NM > 0.3.

We have also investigated the size and power properties of the modified likelihood
based QLM-test for testing Hy : p = a, that is, QLM (p). To this end, we conducted three
types of Monte Carlo experiments. The designs of two of them, labelled S-Normal and NS-
Normal, were similar to designs S and NS described above. The designs of the third kind
of experiments, labelled S-ChiSq., were also similar to S with one difference: the ¢, ; were
iid. (x3(1) —1)/v?2 instead of ii.d. N(0,1) so that (y;0— ;) ~ (x*(1) —1)/1/2(1 — p?)
instead of N(0,1/(1 — p?)). In all experiments p; ~ N(0,1). We used various true values
for p including 0.5, 0.9, 0.95 and 0.99. The results for the power of QLM (p) were based
on testing Hy : p = 0.8. In all experiments 7'=9 and N € {100, 500}.

QLM (p) depends on H(En), i.e., an estimate of the expected Hessian that is based on
the restricted estimate En One of the parameters in H(6,,,) is 7. . However, the latter
is not estimated by a MMLE. Instead we used the restricted FE(Q)MLE for 7 .

Tables 7 and 8 report the simulation results for the size and the power of QLM (p),

respectively. Table 7 shows that the empirical size of the test is very close to the nominal
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size of 5% in all experiments, including those where p is close to one. Finally, table 8
shows that the power properties of QLM (p) do not change much across the three types
of experiments and also that its power is still high when (true) p = 0.99 despite weak

identification in that case.

6 Concluding remarks
Alvarez and Arellano (2004) and Juodis (2013) have extended the MMLE of Lancaster to

panel AR(1) models that allow for time-series heteroskedasticity. Their estimators suffer
from the same problems as Lancaster’s MMLE, namely a weak moment conditions prob-
lem if the parameter values are close to the unit root and time-series homoskedasticity,
cf. Alvarez and Arellano (2004) and Kruiniger (2013); the related problem of possible
non-existence; and the possibility of non-uniqueness of local maxima of the modified pro-
file likelihood function. The non-existence problem can be solved by generalizing their
estimators in a similar way as Lancaster’s estimator has been generalized to (8) or (9).
However, it is unclear whether the modified profile likelihood function has at most one lo-
cal maximum even when the parameter space for p is restricted to [—1, 1].'5 If uniqueness
would not hold, then one could select a local maximum that is (plausible and) closest to
the value of Prpysr (OF Preasr), Which is a consistent estimator, as the MMLE.'6

Alvarez and Arellano (2004) and Dhaene and Jochmans (2016) have also extended
the MMLE of Lancaster to panel AR(p) models, while Juodis (2013) has also extended
the MMLE of Lancaster to panel VARX(1) models. Comments similar to those made in
the previous paragraph apply to these extensions. The MMLEs discussed in section 3 are
inconsistent for models with endogenous or predetermined covariates. However, in some
cases these models can be replaced by VAR models.

It seems reasonable to expect that the aforementioned extensions of the MMLESs to
more general models may also outperform the RE- and FEMLEs for those models in
panels of realistic dimensions for some parts of the parameter space. However, a compre-
hensive Monte Carlo study of their finite sample properties is left for future research.

Finally, we note that Bester and Hansen (2007) and Arellano and Bonhomme (2009)
have proposed priors that result in first-order unbiased Bayesian estimators for p in a

version of model (1) that does not include the K exogenous covariates.

15The modified profile likelihood equation for p is a polynomial in r. If the model has
no covariates, then the coefficients of this polynomial are functions of p, o2 and T variance
parameters instead of one.

16Note that this method of selecting the MMLE is also “sensible” in finite samples.
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A Proofs and derivations

The asymptotic bias of the LSDV estimator for p, p,,:
The LSDV estimators for p and (3, p,,;, and B 1, satisfy the profile likelihood equa-
tions for p and 3 :

N
Zyg,_lQ(% — PurlYi—1 — Xifyr) = 0and (16)
i=1

N ~

ZXZIQ(% - ﬁMLyi,—l - XiBy) = 0.

i=1

Let rgy_1 = (Zi\; yz{—lei,fl)_l Zﬁl(yéleXi)(Zf\il X;QXx;)™! 21-11()(;@%,71)7 3; =
(T—1)" "N yh 1Qyi—1 and pyyy, = plimy—.o Pyyp- Using that gy — pe — (@3 =
v, + QX0 + Pe; = Z + ®¢; and Qv = 0, it can be shown that the asymptotic bias of
Parg is given by (cf. e.g. Bun and Carree, 2005):

o*h(p)
—p=— 17
Pymr — P (1 _ p%y_1)012/’ ( )
where p?, = plimy .77, |, 05 = plimy_s) and h(p) = —(T — 1) 'tr(QP) =
— . T
ﬁ TN T —1)p' = €(p). Note that h(p) = %, when p # 1, and h(1) = 1.

Assumption 1 implies that o2 = T”—_zltr((I)’QCID) + ﬁE(ZQZ) and :,?—_21757“(@’@(1)) > (0 and
hence o2 > 0. We also have p2, = < 1. Furthermore, if |p| < 1, h(p) > 0 and hence
our — p <0 (cf. e.g. Bun and Carree, 2005).

It can also be shown that if p = 1, then p,,;;, — p = —Tiﬂ. Note that E(ZQZ) =
P2 Qp+ 2B (i QDQX,) A+ B E(XIQDQDQX,)5. Let f(p) = 7tr(P'QD) and g(p) =
75¢'Qp. Below we show that f(1) = 3(T + 1). Furthermore, g(1) = 0 and when p =1,
we also have [ = piy_l = 0. We conclude that when p = 1, then E(ZQZ) = 0,

JZ = %Q(T + 1) and py —p = —Tiﬂ (cf. Harris and Tzavalis, 1999).

Proof of the claim that f(1) = ¢(T +1) :

We have f(p) = (T — 1) r(®'Q®) = (T — 1) (tr®'® — T/ 0P'1) = (T — 1)~ x
(2t p =T 20, p9)?). Tt follows that f(1) = (T — 1) (X2 (t+1) —
TN ) = (T-) G- DT - {(T-1)2T - 1)) = J(T+1). O

2
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Some results related to 5 (r)

ol (r) .
ar

822 s ~ 3 > .
By the envelope theorem we have % = U, (r,5%(r, B(r)), B(r)), i.e

al]:;ﬁr) = (T = D)E(r) +7 2(r, B(r))N! Z(yl — Y1 — XiB(r))’Qyi771_ (18)

Let 3?\@ =T -1)7'N Zz]\;l[(yl — PrLYi-1 — Xi@ML)/Q(yi — PyrYi—1 — Xi@ML)]'
Next we show that the first-order condition for a local maximum of {§,(r) can be written

as _
ol (1)

it - (T — 1)¢'(r) — (T - 1)(7” — Pumr)

o/ (s =712, )+ (r —DParr)?

Derivation of (19): Using SN X/Q(yi — Parr¥i1 — XiByy.) = 0 from (16) and
Zf;l X[Q(y; — ry;—1 — X;b) = 0 from (5), we obtain

~0. (19)

N N
B — b= XIQX)™ Y (X[Qui1)(r — Pars)- (20)
i=1 =1

Next, using Zfil Yi QY — Paryi—1 — XiBML) = 0 from (16), we obtain

N N
Z?/;,—lQ(yi —TYi -1 — Xib) = Z yz/‘,—lQ(yi,—l(/p\ML — 1)+ Xi(Byr — b)) =
i=1

=1

N N N
(Parr — )(Z Yi1QYi—1) Z Yi1QX) ZX QX;)™ Z (X;Qyi—1)
i=1 i=1 i=1 i=1

(T=17INT Y = rya = X)) Quir = (Par = D)sy(1 =75, ). (21)

Using Zf\; yg,le(%’ —PmrYi—1—Xify) = 0 and sz\; XiQWi—Pyryi1—XiByr) =0
from (16), we obtain

D s = rys 1 — Xib)Qys — rys 1 — Xib)] =
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D 1w = Parryi1 — XiBarn) QWi — Dasri 1 — XiBarr)+

((Prrr = )Yi1 + Xi(Barr, = 0)) Qi1 (Parr, — 1) + Xi(Barr, — 0))]-
In addition, by using (20) once more, we obtain

N

S (s~ i+ XiBass ~ DY Qi (are ~ ) + Xi(Bagg — D) =

N N
(Parr, — Zy, 1Qui—1 = > (W@X) (O XIQX)™ Y (X/Qui 1))
i=1 =1

=1

N
3%(r, B(r)) = (T = )™'"N™"> (yi = rgi1 — XiB(r)) Qys — ryi1 — XiB(r)) =

i=1
G+ (Bar, — 1)y (L =712, ). (22)
Finally, combining (18) with (21) and (22) yields (19).

Next we show that 02,; = plimy_ 0747 > 0.

Proof of the claim that o%,;, > 0 :

Using Q(yi —Parnyi—1 — XiBur) = Qi+ (p—Parr)Vi—1 + Xi(B—Byr)) and Qi1 =
Q(Z; + ®e;), where Z; = pv; + QX 3, we obtain 63, = (T — 1) "N [(& + (p —
Pup)(Zi+ ®ei) + Xi(B = Barp)) Qi + (p — Parn)(Zi + Pei) + Xi(B — Basw))]-

Assumption 1 implies that ¢;|(v;, QX;) ~ i.i.d.N(0,0%I7), i =1,..., N, with 0% > 0. It
follows that 02, = PHMy a0 Gaz7, > PUMN oo (T —1) NN (g4 (0= Parr ) Pei) Q@ X
(i + (p = Par)®e:)] = o*(T = 1) r((L+ (p = par)®)' QU + (p = ppy)®)) > 0. O

Proof of the claim that 5 (r) converges uniformly in probability to (°(r) :

Wehave (1) = (0,1 501, ) = (7 1€(r) =75l 5(0)) =5 and
from (22), 32(r, B(r)) = 62,, + (Do — r)?s2(1—12, ). Note that — log(5(r, B(r))) is a
concave function of r. Then it follows from pointwise convergence of log(52(r, 3(r))) to the
function log(o?(r)) = log(o3,,+(pa—7) 200 (1=p2, ) that plimy .o SUP,.c |1 ) T]CV(T)—
'f@(r) =0, see e.g. Newey and McFadden (1994, section 2.6). [
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Some results related to ZE(T), 82:;{ )] =0 and a’;z; )]p ;

The first-order condition for a local maximum of lc(r) can be written as:

Ale(r)
or

(T —1)(r — pyr)
o/ (021 = p2, ) + (r = parp)?

= (T'-1¢(r) - = 0. (23)

The second-order condition for a local maximum of Tc(r) is given by:

(T = )(o%p/ (o5 (1 = p3y ) = (r = parr)®)
(0%0/ (05 (1= P2y ) + (r = parr)?)?

0%1°(r)

3 <0.

= (T =) -

Below we show that

o/ (oy(L =03, ) = — (%) +0°/(oh (1= p2, ). (24)

Yy 1_p§y—1

8@@ |, =0 and

0%1°(r)

87“2 |ﬂ

= (T = 1)&"(p) + (T = D2(E(p)* =31 = p2,,)/0%).

Note that (T = 1)02 = 0%r(®'Q®) + E(Z:QZ;). Let 0% = plimy .o s Yoty X/QX;

and amy .= plimy_. m va 1 X{Qyi 1. Using Qu; —1 = Q(Z + ®¢;) it is easily seen
that o3(1 — p2, )/0® = (0} — 0, 0.°04,_,)/0> > (T = 1)"'tr(®'QP), with equality

holding if p = 1 or 62 = 8 = 0 (ie. if ¥,,, = 0). We also have {"(p) — (T —1)!

tr(®(p)'Q®(p)) + 2(¢'(p))? < 0, with equality holding if p = 1 or T' = 2. It follows that
82{;T2T) |, <0, with equality holding if p =1 or if 7= 2 and ¢ = 3 = 0. Thus 1°(r) has a
local maximum at p when p # 1 and, in case 7' = 2, ¥,,, > 0. Below we show that ZVC(T)

has a stationary point of inflection at p when p = 1.

Derivation of (24): Given that the equality v; — ry; -1 — X;b= (p — r)yi—1 + X;(8 —
b) + a;t + ¢; holds for any r and b, including for r = p,,;, and b = B ML We can rewrite
oo as

N
oy =(T—1)"'N"" Z[((P —Pmr)Yi—1 + Xi(B — Bar) + €)'

i=1

Q((p — Prr)i—1 + Xi(B — BML) +&i)]. (25)
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Let 8, = plimy s BML, 02 = plimy_oo(T — 1)*1N*12£1 X!QX;, and O'iyA =
plimy oo (T — 1)7IN"? Zfil X!Qy; —1. Then combining plimy_,, N7* sz\il X!Q(y; —
Parc¥io1 — XiByy) = 0 from (16) with plimy_o NN XIQ(yi — pyic1 — Xif) =
plimy oo N1V X!Qe; = 0 gives

Bur — B = U;QUscyq(p — PurL)- (26)
Using (25) and (26) and recalling that £'(p) = h(p) = —(T — 1) r(Q®), we obtain
U?ML = P]\llféo 8%@ =(p— PML)2U§ +2(8 — 6ML>,O-$y—1(p — Parn)t
(8= Bar) o2(B = Barr) +2(p — parp) o (T — 1) 1r(QP) + 0% =
(p— pML)2O-@2/ - U;y,lg;%wyﬂ(ﬂ — pan)? +2(p = parp)o (T — 1) Hr(QP) + 0 =
(p— pML)20-32/(1 - P?:y_l) —2(p — parp)o’€ (p) + 0°.

Finally, using p,;; — p = —M, we find that

U%(l_pgy_l)

ﬁuﬂﬁﬂ—waﬁ)=—<;€§%?j)+ﬁ7®%bw%4»

Proof of the claim that /() has an inflection point at p when p =1 :

ale(r) _ 9%e(r) _ o
We have already seen that =5 ~|,— 55 |p=1 = 0. In addition, we have
T o+ O 00— pun) /030~ )
or? (03 / (031 = p2, )+ (r = par)?)?

2(T = 1)(r — pML>3
(0%1/ (021 = p2, )+ (r = par)?)®

T-2)(T— . . !
¢"(1) = 2 p(1) = T2, (1) = 3, limyoa 2, | =0, lim, 1oy, — p) = =54 =

3 : 2 2 2 ¢m)? 1 (2T-1)
—7g and lim, (03, / (0 (1 = p3, 1)) = — (W) + 75 = 3(T+1)2. It follows that
OIW| = (T —1)e"(1) + TS £ 0 (in fact > 0) for T >2. O

We now present two lemmata that help to establish uniqueness and consistency of our
MMLEs:

Lemma 1 Let Assumption 1 hold. Then (i) TN(G) has either no local optima or one local

23



mazimum, namely Oy = ¢, and one local minimum on the set  w.p.1. (ii) 15, (r) has

either no local optima or one local mazimum, namely py, = pe, and one local minimum

on the interval [—1,00) w.p.1. (i) The equation alg—fr) = 0 has either no solution on

[—1,00) or two solutions on [—1,00), namely p,; and py with p; < py and p; = pw = Pes
w.p. 1.

Lemma 2 Let Assumption 1 hold. First let p # 1. Then (i) [(8) has one local mazimum
and one local minimum but no inflection point on the set Q. The local mazimum is
attained at 0y. (ii) 1°(r) has one local mazimum and one local minimum but no inflection

point on the interval [—1,00). The local mazimum of 1(r) is attained at p. (iii) The

equation % = 0 has two solutions on [—1,00): p; and py with p; < py and p; = p.

Now let p = 1. Then (iv) [(8) has one stationary point of inflection but no local optima
on Q. The inflection point is attained at 6. (v) 1°(r) has one stationary point of inflection

but no local optima on [—1,00). The inflection point of I°(r') is attained at p = 1. (vi)
olc(r)

The equation =5~ = 0 has only one solution on [~1,00): p; = 1.

We first prove the following lemma, which summarizes some useful properties of £'(p) :

Lemma 3 Let p > —1. When T > 2, {'(p) > 0, £'(1) = 3;

When T =2, €'(p) = 3;

When T = 3, £'(—1) = ¢ and £"(p) = ¢;

When T > 4 and T is even, £'(—1) = ﬁ, &'(=1) =0, &(p) > 0 when p > —1,
and €"(p) > 0

When T > 5 and T is odd, &'(—1) = 5=, £"(p) > 0, £"(-1) = —=L2 <0, £"(-1/2) =

% > 0, and Ip, with —1 < p, < —1/2 such that " (p,) = 0, £"(p) < 0 for

p < p, and {"(p) >0 for p> p,.

Proof of lemma 3: for the proof of most properties see Dhaene and Jochmans

(2015). Their proof uses that ¢'(p) = [T(T — )] S (T — t)pt~" = % when
p # 1, and Descartes’ rule of signs. The remaining claims, i.e., {'(p) = 3 when p =1 or
T=2¢p)=¢whenT =3,(-1) = ﬁ when T is even, and £'(—1) = 5 when T
is odd, are easily verified. [

Thus when p > —1, we have:

If T = 2, then &'(p) is strictly positive and constant;
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If T = 3, then &'(p) is strictly positive and increasing linearly;
If T > 4 and T is even, then £'(p) is strictly positive, non-decreasing and strictly convex;
If T > 5 and T is odd, then &'(p) is strictly positive, strictly increasing and first strictly

concave and then strictly convex.

Proof of lemma 1:
We can write (19) as

€ (r{ohm/ (551 =12, ) + (r = Darn)*} = (r = Pass)- (27)

Lot Cy(r) = €520,/ (52(1 = 2,)) + (r — Par)?}. Then Cy(r) = £(r) {53,/ (s2(1 —
12, ) + (= P} + 20 = pagn)€ () and Ch(r) = € (@30, / (31 = 12, ) + (r —
D)’} +4(r = Darp)E" (1) + 28 (r).

By lemma 3 (5 () > 0 when » > —1. Hence any solution r of (27) should satisfy
r > Py When 7 > max(—1,p,,,.), we also have by lemma 3 that (y(r) > 0 and if T is
even that ¢\ (r) > 0 while if T is odd we either have () > 0 for all » > max(—1,p,,.)
or {y(r) < 0 for all r on [max(—1,79,,.), ps.) and (' (r) > 0 for all r on (p,,,00) with
Pee > max(—1,p,,,.) and equal to the solution of (' (r) = 0. It follows that w.p.1. the
graph of ((r) either does not intersect the line r —,,, (this may well happen when p is
close or equal to unity, see Lancaster for an example) or intersects the line r —p,,,; twice,
say at r = p; and r = p, with max(—1,p,,,) < p; < p,. Both solutions of (27) would
correspond to local optima w.p.1. That is, the possibility that » — p,,, is a tangent to
(n(r) at p; and/or p, is an event with probability zero, so p; and p, would not correspond
to (an) inflection point(s) w.p.1. It is clear that when |p| < 1, vav(r) and Iy (0) attain at
most one local maximum on the interval [—1,00) and the set ﬁ, respectively. Moreover,
if (27) has any solutions, then p. is one of them and p. = py, > max(—1,p,,.). Given
that I$ (r) has a global maximum at r = oo (because lim, 100 15,(r) = o), we conclude
that if (27) has any solutions, then it has two solutions p; and p, with p; < p,, where
Py = Po = Py corresponds to a local maximum of I (r) and 7, corresponds to a local
minimum of 15 (r), because % (r) cannot attain a local maximum at p,. Likewise, given
that lim, ZNN(?O\(r)) = lim, 00 15,(r) = oo, we conclude that if (27) has solutions 7, and
Dy With p; < P, then ZNN(H) has two local optima on the set €, say 0, and 0, where
0, = g(ﬁl) = ?O\@W) = g(ﬁc) corresponds to a local maximum of [y(#) and 0, = 5@2)
corresponds to a local minimum of Iy (6), because [y () cannot attain a local maximum
at 0(p,). O
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Proof of lemma 2:
We can write (23) as

' (r{on/(oy(1 = p2y )+ (r = parn)™t = (r = pasr)- (28)

Let ¢(r) = €/(r {03/ (031 — 22, )) + (r — pare)?}. Then ¢'(r) = €)%,/ (02(1
Pry)) + (1= parn)?} 4 2(r = ppg )€ (r) and ¢"(r) = &7(r){of,L/(oy(1 = p2, ) + (r =
parp)’} +4(r = par)§" () + 26 (7).

By lemma 3 ((r) > 0 when r > —1. Hence any solution r of (28) should satisfy
r > ppr- When r > max(—1, py,.), we also have by lemma 3 that ¢'(r) > 0 and if T is
even that ¢"(r) > 0 while if 7" is odd we either have ¢"(r) > 0 for all r > max(—1, p;,.)
or "(r) <0 for all 7 in [max(—1, pys1.), pus) and ¢"(r) > 0 for all 7 in (p,,, c0) where p,,
satisfies p,, > max(—1, p,,;) and ("(p,,) = 0. It follows that the graph of ((r) intersects
the line r — p,,; at most twice, say at » = p; and r = p, with max(—1, p,,.) < p; < po.
On the other hand we have p > max(—1, p,,,) and using (17), h(p) = &'(p) and (24)
it is easily verified that p is a solution of (28). We have already seen in the main text
that when p # 1, [°(r') and [(0) attain a local maximum at p and 6y = plimy_.. 5(p) =
plimy o0 (p, 32(,0,B(p)), B(p))’, respectively. Given that 1°(r) has a global maximum at
r = oo (because limrToova(r) = 00), I°(r) cannot attain a local maximum at p, so we
conclude that (28) has two solutions, p, and p,, where p; = p and p, corresponds to a local
minimum onE(T). Similarly, given that lim,joplimy_.c R@(r}) = limrTOOZVC(r) = 00, l~(9)
cannot attain a local maximum at plimy_, /9\(p2) so we conclude that plimy_, . a(pl) =
plimy oo g(p) = 6y and that plimy_. 5(,02) corresponds to a local minimum of 7(9)

When p = 1, we know that {(f) and [°(r) have an inflection point at 6y and p,
respectively. When p = 1, we also have that p,;; = 1— ==, so that max(—1, py;;) = pasz

T+1
and 5lc(" = (T — 1)¢(pps) > 0. Because 6l6£) is continuous for r > p,,;, because

ol° (r) 8l 7")

‘pNIL

,01 is the smallest 7 > p,,; such that = 0, and because lpy, > 0, we have

_ > 0. We now show that p, is an mﬂection point. Suppose instead that p; were
ole (r

a maximum (note that p; cannot be a minimum because
ole (r

lp,— > 0). Then p, must

|40 > 0) and there Would be no inflection point

have been a minimum (because
in the interval [p,,;,00). This Would contradict that [°(r) has at least one inflection
point larger than p,,;, namely at r = 1. Thus p; is an inflection point. Remains to

show that p - > 0 and py is inflection point and =5 m =0

+ > 0. Because p; > puyr, because

(T = 1)~ (o%/0% + (1 — par)?) is strictly positive, increasing and strictly convex when
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7> pyry, and because (T'— 1)~ (0%, /o7 + (r — pML>2)3i;£T) =((r) = (r — py), we have

(€(r) = (r = parp))lor— > 0, (C(r) = (7 = pase))lp, = 0 and (C(r) = (r = parr))lpy+ > 0. Tt
follows that ¢’(p,) = 1. Because p,;;. > —1/2, we have both £"(r) > 0 and ¢"(r) > 0 for
all r > p,,,. This implies that ¢'(r) > 1 for 7 > p; and hence that there exists no r > p,

such that ((r) — (r — py) = 0. It follows that p; = p, = p = 1. Similarly, we obtain
that plimy_..c 0(p;) = plimy_ae 0(py) =y O

Lemma 4 Let (:)‘jv be the set of roots of 85—? = 0 corresponding to local maxima ofTJCV on

the interval [—1,00). Let Assumption 1 hold and p = 1. Then limy_,o Pr(0% = @) > 0.

Proof: Let ri(r) = &'(r){&,,/(s5(1 =12, )+ (r —Parp)*} = (r = Bars)- To save space
we only prove the lemma for the model without covariates so that 72, = = 0.

Note that 7 =0« k(r) =0. When p =1,

(T — 1) NN £0'Qbe; = (T — 1) L Ay,

(N, ' Qde;,) N €10'Qe; = AN By, and

Gy = (T=1)7"NL (D1 = D) + 1) Q(B(1 = Dygp) + Des =
(T —1)"Y(COn — AY'BY)

where Cy = N7' O8N €/Qe;.

When r is close to one, &'(r) &~ £'(1)+&"(1)(r—1)+3&"(1)(r—1)2. Note that £'(1) = 3,
€'(1) = 1(T' = 2) and £"(1) = &(T - 2)(T - 3).

Let z = r — 1. When r is close to one, k(r) = (5 + #(T — 2)z + 5;(T — 2)(T —
3)22) (AN Cn — 2AN' Byz +2%) — 2+ Ay By = 1A' Oy + AY' By + (R(T — 2)Ay'Cy —
AV'By — 1)z + (3 + 4(T = 2)(T — 3)Ay'Cn — (T — 2)Ay'By)2? = K(z) where in the
last step we have dropped the z3-term and the z*-term which are negligible when r is
close enough to one. Note that when T' = 2, the approximations can be replaced by exact
equalities.

Note that K(z) = 0 < 6Ayk(z) = 0. Solving 6 Ayk(z) = 0 gives: 212 = {(6An+6By—
(T—2)Cn)£VDn}/(6An+5(T—2)(T—3)Cn —4(T —2) By) where Dy = 36(A% + B3 —
ANCN)+ (T —2)2C%+12(T - 2)(ByCn — ANCy+4B%) — (3Cn + 6By ) (T —2)(T —3)Cl.

It is easily seen that plimy_.c Ay = l(T + 1)0?, plimy_ .. By = —%02 and
plimy_.o Cy = o2. It follows that plimy_.(6Ay + 3(T'—2)(T —3)Cy — 4(T — 2)By) =
3(T — 1)o? + (T — 2)(T — 3)o* > 0, plimy_o(6Ay + 6By — (' — 2)Cy) = 0 and

plimy_ .o Dy = 0 so that plimy_,. 212 = 0, as predicted by lemma 2. However, in
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finite samples of any size we can have Dy < 0, so that x(z) = 0 does not have a
real solution. Pr(Dy < 0) does not tend to zero when N — oo. We conclude that

limy o0 Pr(©5 T=2)>0. 0O

Proof of theorem 1:

Lemma 1 implies that 6y and f¢ are uniquely defined when they exist. When 1%, ()
and [y(#) have local maxima on the interval [—1,00) and the set §, respectively, this
follows from lemma 1. We will now turn to the other claims of the theorem. To prove the
consistency claims, we will verify the conditions of theorem 2.1 in Newey and McFadden
(NMCcF, 1994). To simplify matters and following NMcF, we will simply assume that the
parameter space for # is a very large compact subset of S~2, viz. Q = ﬁp X Q2 X ﬁg where
Q, =[-1,p,) and Q,2 = [1/0,, 7,] for some very large p,, o, € R* and Qg is a very large

compact subset of R¥.

8lN (r) alC(T)

We will first prove the claims for 50. Using that T 1)‘ o=

(T*ﬁML)Si(lngy,l){U%4L+(T*PML)2 o2(1—p2, =(r=pnp)o 2(1—p2,_ 1){UML+(7“ Prrr)?s ;2,(1*7"33;,1)} <
@ +H(r—parr)?s2(1—r2, N0k, +(r—pap)?02(1-p2, ) -
(T—ﬁML)Si(l—sz_l){U%\/[L'F(?"—PML)2‘732,(1—0214_1)} (r—pyr)o (1 sz 1){<7ML+(7“ PML)2 5(1—7“92571_1)}

PS)
UMLUML

|U(r)| and noting that the terms in the numerator of U(r) are polynomials in r and

that 02,;, = plimy_. 8?\“ > 0, it follows from plimy_U(r) = 0 Vr € ﬁp that

plimy_co sup,eq, [U(r)] = 0 and hence plimy_.csup,q, % 6: ) m(;i”) = 0.
. . . a5, () \ 2 (o) >

In a similar way it can be shown that plimy_. . SUp,cq, (#) = <7> =0 and

plimy—co SUP, g, 82?:2( ) _ 828?; (| = 0. Also the polynomials ( r)) nd -~ 62 ) are con-
tinuous on 2,. Next we need to distinguish between two cases, p # 1 and p = 1 :

When p # 1, limy_. Pr(0% = @) = 0, where 05 is the set of roots of aal;iv =0
corresponding to local maxima of T]CV on the interval [—1, 00). Furthermore, it follows from
lemma 2 above and theorem 2.1 in NMcF that p. converges in probability to p, which

corresponds to a unique local maximum of Tc(r) on Q,. It then follows straightforwardly

that ¢ (= (ﬁc,52(ﬁc,g(ﬁc)), @(ﬁc))’ ) exists w.p.a.l. and is consistent.

When p =1, limy_,5 Pr(~ @) > 0 by lemma 4, notwithstanding that BTC(T) , =0.
However, because %ﬁf‘)\p —0,Z l |p —0and 2 l (T Y, >0 (az (r) |,— > 0and or (T Y, >0,

cf. proof of lemma 2), we have that Po exists W.p.a.l. and by lemma 2 above and theorem
2.1 in NMcF that p converges in probability to p, which is a unique solution of %ﬁ’”) |, =0

on ﬁp. It follows that also when p =1, 50 exists w.p.a.l. and is consistent.
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We now proceed to prove the claims for /H\W. To prove consistency of 5W we will make
use of theorem 2.6 in NMCcF to verify the conditions of their theorem 2.1.

Let ,ZVNVZ»(Q) = (T-1)&(r)—0.5(T—1)log s*—0.552(y; —ryi —1— X;b) Q(yi—ry; —1 — X;b).
In the notation of NMcF 371\1,@'(9) /00 = g(z;,0). We assume that 6y € Q, which is compact.

It is easily checked that OTN,Z'(H) /00 is continuous at each #y € Q w.p.1. Furthermore,
E(supgeg(9(2i,0) g(2i,0))) < oo. To complete the proof, we again need to distinguish
between two cases, p# 1 and p=1:

When p # 1, limy o Pr(éN = @) = 0, where éN is the set of roots of % = 0 corre-
sponding to local maxima of TN on the set €. Furthermore, it follows from lemma 2 above
and theorem 2.6 in NMcF' that @W converges in probability to 6y, which corresponds to
a unique local maximum of lN(H) on Q. Thus Gy exists w.p.a.l. and is consistent

When p = 1, limNHoo Pr(éN = @) > 0 by lemma 4, notwithstanding tha
0. However, because al a0, =0, o' (aeae' \90> v < 0Vr € R2ME det (‘”—@]%) =0,

0000’
821¢(r) 93¢ (r)
53 |p = 0 and “5z~|, > 0 (

have that 5W exists w.p.a.l. and by lemma 2 above and theorem 2.6 in NMcF that 0W

ole (r

> 0 and

|,+ > 0, cf. proof of lemma 2), we

converges in probability to 6y, which is a unique solution of o (9)| 9, = 0 on Q. Thus also
when p =1, §W exists w.p.a.l. and is consistent.

The proofs of the claims for gp are similar. [

Derivation of the minimum rate of convergence of p.:

We first state some preliminary results. Let % = 82(1,3(1)). Note that E( 1) =

(0, X[QX) ' TN, XiQei and 6% = sy S (e — XiB(1)'Q(es — XiB(1)). Let

P _ Y0 and & = &(1). Then

dl5, (1)

D s - ) - o) + 29
(T —1)¢'(1)o* + N~ Z ) Q]
and
PR~ e oS 0D o -
5190 ) i( - XB)Qas,
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where 200 = ("N X1Qx,) 7 Y| X/Q@e; and W = (T — 1) N Y (e -
X;B(1)) Q((I)&tz +X~Z‘9{;§} ).

Clearly N/2 (mg—“)) = 0,(1). Recall that £"(1) — (T — 1) "r(¥'Q®) +2(¢/(1))? = 0.
Therefore we also have N1/2 (%) = O,(1). Finally, we have

Ply(1)  PIrQ)  T(T—1)(T+1)

Plmy—co =5 5= = 55 = 12 >0,
" 1
(1) = 55T =2)(T =3)(T - 4),
: a4’1\/]6\/ (1) o 8470(1) _ " 1 2
plimy .o o = g =(T-1)¢ (1)+6(T_1)(T — 10T+ 7) # 0,
ey = %(T (T —3)(T —4)(T—5) and
. 8570 (1) 8522(1) " 1
plimy_s0 a% = 55 = (T —1)&"(1) — 3 (T — 1) (5T% — 20T + 11) # 0.

We now derive the minimum rate of convergence of po. W.p.a.l p. is a solution of

the f.o.c. 82202( r) 2 87@ = 0. Let G5, (r) = N%/4 82(;1: () alc ( ) Forming a Taylor expansion of

GS(pe) around r = 1 gives that p- must solve

1 9GS
0= Gl Z 3T] — 1)) + Py (NYA(r = 1)),

where P y(NY4(r — 1)) is a polynomial in NY/4(r — 1) with coefficients that are o,(1).

That is, p- must solve

o 0215,(1) BI5,(1)
_ 1/4 N N
0 NN or? or
~ ~ ~ 2
&315,(1) 9IS, (1 0215, (1
N afjé) gﬁ>+< ajyvng )> NYAr—1) +

1 9415, (1) 915, (1 9315.(1) 9215, (1
R L L

~ ~ ~ ~ ~ 2
1 [ °15(1)alg (1) | 0N% (1) 0%15(1) °l5(1) 3/4 3
3! ord or 4 ort or? +3 ors N r = 1)+

Py y(NYA(r — 1))
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or equivalently

0*15(1) 0l (1
0 = N1/2< aﬁ:ﬁ) gﬁ )> NY4r—1) + (30)

~ 2
1 { 9315(1)
3 <# N34 — 1) + Py y(NY4(r — 1)),
where P, n(NY4(r — 1)) is another polynomial in N/4(r — 1) with coefficients that are
0,(1). Tt follows that N'/4(p, — 1) = O,(1), i.e., the rate of convergence of p is at least
N1,

Proof of theorem 2 and corollary 1:

We will show in the proof below that Z; y L 7y~ N(0,48T2((T — 1)(T + 1))
and that there exists a sequence {Uy} with Uy = O,(N~1/2) such that if Z; y + Uy > 0,
then M§ (r), which is given in (13), has two local minima attained at values p such that
NY2(p— 1)? = Zy y+0,(1), whereas if Z; x+Uy < 0, then M§(r) has one local minimum
attained at r = p with N¥/2(p — 1)2 = 0,(1). Furthermore, if Z; y + Uy > 0, then the
sign of N'/4(p — 1) is determined by the remainder R§ y(NY4(p — 1)) in (13). We first

examine this remainder:

NYVARS ((NYA( = 1) = NV — 1) Rg 5 (NY2(5 — 1)) + Ry (NV/4(5 - 1))

where
. 8215,(1) Bl5 (1) AB15,(1) 8215,(1) N
c N1/2 -1 2\ IN N N N1/2 N N N1/2 -1 2
RZ,N( (p ) ) 87”2 or + 87”3 87“2 (/0 ) +
11,05 (1) 9l5(1) 10%5,(1) 0%15,(1)
—N1/2 N N Nl/Q/\_12 - N N N/\_14
3 ort or (p=1)"+ 6 Ort 03r (p—1)" and

Sa(NYA(B = 1)) = 0,(1).

However, if NY/2(p —1)2 = Z; y + 0,(1), then R§7N(N1/2(ﬁ —1)?) = 0,(1). Therefore we
need to consider R§ y(N'4(p —1)). We have

N'Y2RG (NY*(p—1)) = NYVARS y(N'2(p— 1)%) +
NP = 1R y(N'2(p = 1)) + Ry y(NVA(5 — 1))
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where

. 8215,(1) &S, (1) 8215,(1)
c 1/2(5 _ 1)\2) _ 1/2Y ‘N\1L) 1/2 1/2 N
R4,N(N ( 1) ) (N or? ) N ( 1) (4| N Or or?
IS (1) Als, (1) . 30 915, (1) 9315, (1)
4] N1/2 or® or IN(p— 1)4 + (ﬁ ord or3
20 84lc 1 =
25 Wy o210 4 0,1,

RS W(NV2(5 - 1)?) = N1/236lc (1) 95, (1) N EN1/2857§V(1) 9215,(1)

51 or® or 5! ord or2
1015 (1) U5 (1) \ajor va , 100°15(1) 9415:(1)
51 Orf or3 NPe-1"+ 5

6! Ord ort

NY2(5—1)* and

R y(NYA(p = 1)) = 0,(1).

I N2(P — 1)? = —2(P555) (N5 0, (1), then

27¢
R o (V12— 1) = (v e ey

or?
1?5 PSM) 12U
3N ort or? Np—1) +36( ort

N2 —1)° + 0,(1).
It follows that if Z; y + Uy > 0, then the value of Mg (r) is in fact minimized at
N'Y2(p—1) = Zyn + N7V2RE v+ 0,(N71?)

where

. &15,(1)_ 8215,(1)
TN ( a]jf, ) (= (Nf#)?—

3° ort or?

LN — 6( ort ) 12,N)7

and

. R &315,(1) 8215,(1)

an(VEE-19 = (W 0
1945(1) 2%15(1)
6 Ort or3

ZiN) X N*1/2R$,N + 0,(N71/?),
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We also have R§ \(N'2(p — 1)?) = O,(1) and

. N 10 15, (1) 0%15,(1) 10 95I5,(1) 015 (1
RN (2(p - 1) = e TR OND | WIRDIND /o)

We conclude that if Z; y + Uy > 0, then NY2(p — 1)2 = Z; y + O,(N~Y/?),
RS y(NV*(p—1)) =

NTV2RE N (NY2(5 = 1)) + NV (D = DN RG(NY2 (5 — 1)) + 0 (N 1)

where

Ryy(NV2(p = 1)%) = NY2RS N (NV2(5 = 1)%) + Z3 N RSy (NV2(5 = 1)) + 0,(1),

and

sgn(NY4(p — 1)) = sgn(— R (NV2(5 — 1)%)).
It also follows that Uy = O,(N~1/2).

If Zi v +Un < 0, then Mg (r) has one local minimum and its value is minimized at
NG~ 17 = ay(0). ~ i
Next we derive the limiting distributions of N'/2 <azg_:1)) and N'/2 <Bé+2(1)). Using

that under normality of &; for any constant T'x T' matrices M; and M, E(e,Mye;e;Mae;)
o (tr(My)tr(My) + tr(My My + M{M,)), we find that

NY72(5% — 62) /o> L Vi ~ N(0,2/(T — 1)),

N
NYVANTIN " ed'Qbe; — a*tr('QP)) /0?5 Vo ~ N(0,2tr(P' QD' QD)),

=1
N
NYVANTIS " elQde; — a*r(Q)) /0 5 Vs ~ N(0, (tr(QPQD) + tr(P'QD))),
=1

and

B(ViVa) = 2T — 1) 'tr(Q¥Q®) = (T + 1),

E(ViVs) = 2(T — 1)"'tr(Q®) = —1, and

E(VaVs) = 2tr(®'QPQ®) = —=(T — 1)(T + 1).

ol =l
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It is now easily seen that

N2 (—alg£1)> KA

N2 (_822§§1)> SV = (AT - 1EQ) - tr(@QRNV: — Vo — 4 (Vs =

(T = DEWVi+V; = 3T = D+ Vs,

T—-1)(T—-5WV,—V,—-2V; and

83lc

1
6
Iin Sz = <

where we have used that £'(1) = 1, £"(1) = (T — 2), tr(¥'Q®) = (T — 1)(T + 1) and

33~C
éTgl) = 1= 12 )(T+1) . Clearly

) Vi=—24(T(T - 1)(T+ 1))~ Vi,

M|+—~

Zon = NV2(5% — 6%) S 7, = 0?1,
By using the delta method, we obtain
NG5 — %) = NV2(@%/p — 0®) = NV2((0° = 0%) — o*( = 1)) + 0,(1).

Noting that

N
N3G —0%) = Zoy+ 2NV - )T — 1) Zd@% +

NY2G - 1)XT - 1) stCI)QCI)&:mLOp( ) and
K, = o*tr(®Q®)/(T —1),
we find that
NY2G2 — 6% L (Zy + K Z1) x 1{Z; > 0} + Zy x 1{Z, < O}.

It also follows that
NYAGE — 0%) = N4 (3 — 1)0% = o,(1).
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Finally, it is easily seen that
Zyn =5 Zy ~ N(0,0%(Saga) ),
that E(Z1Z2) = E(Z1Z3) = E(ZQZg) = 0, and that N1/2R§7N<Zl’]\/ + UN) i R%,

RS\ (Zun + Un) 5 RE and Ryy(Zin + Uy) % R¢ for some RS, RS and R,
Next let

o = <a37gv(1)> (_2‘/53_ SOT() )y T DMy o (0476(1)>32?>

o 3 ot P18 ot 36" or
and . .
o= o i
When Z, >0, R = RS, R = R¢ and
R° = RS + 7?R¢. (31)

Noting that tr(Q®Q®) = —35(T—1)(T'—5) and tr(P'QPP'QP) = (2744572 —7),

we have

Vi ~ N(O,%(T—l)(T—H)),

Vs ~ N(O,Q—I[)(T—l)(T+1)(2T2+7)) and

1
E(ViVa) = —=(T = 1)(T + 1)
We can decompose Vs as Vs = —Vj + Vj so that E(V5V,) = 0 and

L(T — (T + 1)(41* - 1)).

~ N

Let

(PR o
" or3 ort

~ -1 ~
. 5 7 1 1 [ 83%5(1) 2°1¢(1)
Ro(T) = 2— §K+E/€2— %HS—FE ( 8];[“3 55 (k—6) and
d
I%Q(T) = 6— glf.
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Then we have

R+ 22 = (L0 Ry () 4 R (DVE + RaT)VAVE + D)
for some #1(T") and #3(7T"). It is easily verified that %o(7") > 0 and Ro(7") > 0 for T' > 4,
Ro(2) = 0, Ro(3) < 0, R2(2) < 0 and Ro(3) < 0. Furthermore, because Vj is a Gaussian r.v.
with mean zero, the conditional p.d.f. of &1 (T)VVy + &3(T)Vg given Vy (or equivalently,
given Z;) is symmetric around zero. Also, Vi > 0. Noting that B¢ = 1(R° > 0), it is now
casily seen that E((—1)5°Z;/%|Z1, Z, > 0) > 0 when T' > 4, while E((—1)8°2,%| 2, Z1 >
0) < 0 when T = 2 or T = 3. We can conclude that E((—1)5°Z?|Z, > 0) > 0 when
T >4, while E((-1)%°Z{*|Z, > 0) <O when T =2 or T =3. O

Derivation of the rate of convergence of p, and the limiting distribution
of 0 when p=1:
Let

Unn(On) = (Yonn(r), Yoz xm(On), U nn(0n)) =

Olse(r) 5 Olna(0,) 5 Oln,(6,),,
Cor 5o gy )

My(0,) = N (U ,(00)) Wi (U0(0,)) -

Let Gy be an (2 + K) x (24 K) matrix with

10%15,(1) 0,2 n . (0.) O, nn(0.)
Ghii =3 ors 1 TN g Cnas = - op
0V Nn(0)  19PV,2 Na(6)
Gngs3s = oV , Gnoa = 9 o2

and the other elements of G equal to zero. Note that plimy_.. Gy = G has full rank.

Similarly to the analysis for Mg (r), we consider a Taylor expansion of My(6,,) around
~/

0, =0, Let ) =0p, 0, = @%F and &, = ((p — 1), (62 — 62), 3 ). Substituting 9, for 6,

we obtain

My(0,) = N (Uy,(0.) W (Tnn(6.)) + 2NY20 (0.)WNGy NV, +
NV G WGy NG, + Ry n(NY4(5 - 1)), (32)

where Ry x(NY4(5 — 1)) = 0,(1).
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Let

Wit Wy Gri1 Gy
Wy = W WH and Gy = a G’H ,
WNoi N,2,2 Gno1 Gnopo

where Wy o, =Wy, Gnoy = (Gn21,0') and Gy 5 = 0 are (K + 1)—vectors, and let
\IIN,TL(H*) = (\Iij,n(l)aE?V,n(H*))/ and W, = ((ﬁ_ 1)27@;@),'
Then we have the following result:

Lemma 5 There exists a sequence {ﬁN} with Uy = 0p(1) such that ifZLN—FﬁN > 0, then

the value of My (6,,) in (82) is minimized at N*2(p — 1)2 = Zy x + 0,(1) and NY%, =

N'2G, where N'Y?G, = G 2GrnanGrna N2 Tpna(l) — Grh NV Wy, (0.) + 0,(1)

(i.e., at NY?G, = —G'NY2Uy ,.(0.) + 0,(1) ), whereas if Zy n + Uy < 0, the value of
My (8,,) is minimized at NY2(p — 1)2 = 0,(1) and N5, = N5 where N5 =

NG +K_ NZy Ny with K_ v = Gyl ) Wi oW o1 G+ G sGray (ive., at N2, =
(0p(1). N2 Y ).

Proof of lemma 5: Minimizing My (571) given in (32) w.r.t. N33, is equivalent to
minimizing

My (6,) = 2(GR'NY2U . (0,)) Wy NY?2D, + NV Wy NY?G, + Ryy(NY4(5 — 1))

w.r.t. NY23,, where Wy = GNWnGy. Since Wiy is PD and Gy has full rank, Wy is also

.. T NH/Nll NWN12 i . 1778 77 ;
PD. Partition Wy as | —~ —~ where Wi 11 is a scalar and Wiy o1 = Wy, is
Wiai Whnoo

a (K + 1)—vector. Given the value of NV/2(p — 1)%, My(6,,) is minimized at NV/?@ =

NV, — WJQ}MWN,QJ(NVQ@ —1)2 — Z; ). Substituting this expression for N/, in

MN(/Q\,L) and noting that G&}LlNl/?\Ilp’N’n(l) = —Z1 N gives

My (0n) = (=221 N N2 =124+ N (5= 1)) (W11 = Who Wb, Waan) + B+ 0,(1),
(33)

where ﬁN does not depend on En Noting that plimNHoo(WN,lyl —/WV/]’\LZ,IW&}Q’QWN,M) >0

(because plimy_.., Wy is PD) and WJQ,1272/W7N72,1 = G aWn oW1 Griaat GryoGhaa

= K_ y, the claims in the lemma follow straightforwardly. [J
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Proof of theorem 3:

According to lemma 5, if Z; y+Uy > 0, then the value of My (6,)) in (32) is minimized
at NY2(p—1)2 = Zy x + 0,(1) and NV2@, = NV25 . The sign of NY4(p — 1) is such
that it minimizes the value of Ry y(NY/4(p — 1)) in (32) where

a\I]N,n(e*>A

NYAR u (VY45 = 1) = 2N VAW (0.) + 52 2200, Wy x
OUNa(6,) Uy, (6,) - _
N1/2 N, ) NY4(5 —1 4
o g SN G- (34)
E 1/2 a\I'N,n(Q*)A ’ (93\111\/7”(9*)
(3|N (‘PN,TL(G*) awél gn) WN 8T3
OUN(0,) 0%y, (0,) - Oy (6,) N
1/2 N, ) / ) 3/4(~  1\3
N ¥ Tarauy, W NI

L0 P (6)

31T 3 NTT 52 N4 —1)° + op(1).

We can write (34) as NY4R; y(NY4(p—1)) = NY4(p—1) Ry n (NV4(p—1))+Rs n (N4 (p—
1)) where R x(NY4(p — 1)) = 0,(1). Noting that

T—-1

Nl/Q@J%,N,n(e*) i ( 9 )‘/la Nl/Q\DB,N,n(e*) i % ~ N(O7 Uzzqu)7

. a\IIN,n(e*) . a\IJU%,N,n(e*) a\Iﬂﬁ,N,n(e*)
pthHoo 8—11}41 = pthHoo(Oa awn ) awn )Ia

. awo%,N,n(e*) (T - 1) . a\II,IB,N,n(e*)
plimy .o o2 202 plimy_ e — o —Xiaqas

. a\I}U%,N,'I’L<0*) . 8\:[/23’]\[,”(0*)
plimy .o o =plimy . 8—331 =Y,

02\IIN (0*) 82\110-2 Nn(e*)

i —00 — = li —oo\Y, #7 /7
L orow!, plimy o (0 orowy, 0)

li 82\1}0’%,N,n(0*) o (T - 1) li 62\110'%7N,n(9*) —0
PUIN=0 ™5 952  — 902 0 PNT= T 55 T

N
pth—»oo N_l Z_l(Xz/Q(I)(I),QXz) = Exq¢¢'qx7
OV ,2 n (0 OVs N (0,
N2 22eanl®) o, _y, - j1pQ8sinll) 4y (0,008,
U5 (1) oY1) 1

Hmy o — = = = —(T—1)(T+1)(37T° — 20T — 2

. 83@02 ,N,n(e*) . 83\115 N,n(e*)
pthﬂoo T = 07 pthﬂoo T = 07

. OV 2 N (0, ) 02U 5 N (0,
plimy_ o —8;\; 6-) =tr(®'QP) and plimy e —%1:2 (6.) _ 0,
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and recalling that Nl/z%i(l) v, Nl/z% Vs and plimy . 83;,?:3(1) = 335&,1) =
+T(T —1)(T + 1), in other words, noting that
OV N, (0,
Nl/Q\IIN,n(Q*) i’ \Iln(‘g*)a N1/2 Jg ( ) a \I!n,p(g*)u
r
OW N (0,
. 82\IJN,n(9*)
pth_m W — \I/n,pw(e*)a
. O*W ., (0,)
pthHoo T = \I]mpp(e*) and
PN, (04)
pth—>oo 87’3 = \Ifn’ppp(ﬁ*),

it follows that plimy_.. Gy = G and that if Z;y + Uy > 0, then NV2(p — 1)2 % 7,

NV, = N3G, 5w, = —G33Gy, 71 — G530, (0.) = (T}, (0.) W, ,(0.)) '

L OOW (,(0.) + 29, ,,(0.) Z1) and Ry y(NY4(p—1)) . Ry, which after lengthy but

simple calculations can be shown to obey:
&31e(1)

Rz = (le + 2‘/4>(W1,1 - wmwz_éwm)(

1947¢(1)
——=71+ V5). 35
6 ot T 5) (35)
Let W, = ¥y (6,) and M = —(9;, WV, ,)~'W; . To derive (35) we have used that
W(I + ¥, M) = diag(W1y — W, ,W53W, 1,0, ...,0) and W(I + ¥, (,M)T,, ,,(0,) = 0.
Recall that Z; = —(%%)*1‘/4. Hence Ry y = 0,(1). This result also follows directly
from (34) and NV2(W y ,(0,) + 22an0)iy | 18N O (5 1)2) — 4 (1) when Zy y+Uy >

ow) 2 or?
0. The latter limit result holds bec;use in the just identified case ¥ N,n(ﬁn) = 0. Just as
in the case of N1/4R‘13,N(N1/4(70\ — 1)) in the proof of theorem 2, we need to consider a
higher order expansion of the remainder term NY4R; y(NY4(p — 1)) in order to find the
limiting distribution of the sign of N*/4(p — 1) when Z; > 0, i.e., the distribution of B
given Z; > 0. This means we need to consider R3 y(N'4(5 —1)). We have

N1/2R37N(N1/4(/,0\ o 1)) — N1/4R4’N(N1/2<75 . 1)2) 4
NY4H = 1) Rs v (N'2(p = 1)) + Ren(NV4(5 — 1))

where
Ryn(N'2(p—1)%) =
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a\I]N,n(e*) + aQ\IIN,n(H*) 8\IJN,n((9*) + 82\11Nm,(9*)/\

(N or arow!, ) Wi or orow!, W) +
%N(“l,m K2 N, 53,N)/WN%
V() + 22220y Tal ) gy 4
%Nl/z(\IJN,n(e*) - Ng’—#@n)w]v%w@ C1yig
(%82\1:’31,;(9*)WN84\D§;Z(0*) 3!13! 83@’3%(9*) Na?’qjg;,;(e*)ww@_ )
Ren (V20— 1) = N, . o) W30y C2allg
(%N(ﬁl,Na K2,N H3,N)/WN% +
2oy + P, P2,
w(lle) | Falll g iy Salg vvn -1+
(20 + 20000 P00 L an i Oy O a0l
%Nm(a\lngz(e*) N 02;1/;3:0(5*)@n),WNawgﬁ(e*) N %Nmawgﬁ(e*) Na?’;;;vgu(z*)@n
NG -1+ ( % aﬁpgﬁ(e*)wlvawgg(e*) N 3!24! 83‘I’g7;’;(9*)WNa4qjgﬁ(9*)) N2 1P and

R (NY4(p — 1)) = 0,(1).

with ry, y = @, Kx 8@, and Ky y = % for k =1,2,..., K + 2, where ¥y n,(0) is
the kth element of Wy ,(6).
Note that Ry n(NY2(p — 1)?) = O,(1) and Rsx(NY?(p — 1)?) = O,(1). Recalling

that in the just identified case \IJNn(gn) = 0 and hence NY2(Uy,.(0,) + O¥N.n(6:)

ow, Wn T
192U n 0 (0)

L2282 (0 — 1)2) = 0,(1), we can simplify the expressions for Ry n(N'/?(p —1)?) and
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Rs n(NY2(p—1)%) :

Rin(NY2(p—1)%) =
OV N, (04) N O?Un ., (0,)
or orow!,

a\I!N,n(‘g*) + aQLIIN,n<9*) —~

N( or orow, Yn

,) Wi (
1

E(FGLN7 Ra N, fi3,N)/WN

82\:[]]\7771(0*)
or?

2 6\1/N,n(9*) aZ\IINm(‘g*)A /

3! or + orow!, @)Wy

1 83‘;[1/]\[’71'(9*)‘/[/ 63\:[/]\7771(0*)

3131 Ord TS

INVE(p— 1 4
DU N, (04)
or3

Np—1)*+

N32(5—1)% 4+ 0,(1), and

0¥ N (0, PN (0,) -
5nl0) | PUald)

Rs w(NY2( = 1)) = N¥2(ka,w, o, i) Wv(—— row L

1 / 83\1’ n 0*
(gN(KJLN; H?,N? I{3,N) WN% +
OUNL(0.)  PUn,(0,) .
M= " aow, )W
2 10, 0WNa(0) | OPUna(0.)
(4!N ( or * orowy,
1@ (0.) 93Uy (0)
_N1/2 le N,n * ) o~ N /\_ 1 4
3' 87”3 N 87"28’(1);1 ('_dn) (10 ) +
2 (93%,71(9*)‘4/ Wy (0)
314l or’ Mo

U (0,)
or20w!,
U N (6,)
—

GNP (5~ 1)" +

w,) Wy +

( IN?2(5 = 1)° + 0,(1). (36)

We can easily show that if Z;y + Uy > 0, then Ryn(NY2(p — 1)2) # o0,(1) and
Rs n(NY2(5—1)2) # 0,(1). In particular, the terms involving N*/2(p —1)® in the expres-
sions for Ry x(NY2(p — 1)2) and Rs n(NY2(p — 1)?) in (36) do not vanish or cancel out
when N — oo.

We conclude that if Z; y + ﬁN > 0, then N'/2(p —1)% = ZiN + Op(N’l/Q) and

sgn(NY4(p — 1)) = sgn(=Rs n(NV2(5 — 1)%)).

If Zy v + Uy < 0, then M N(/H\n) has one local minimum and its value is minimized at
NY4(5 — 1) = 0,(1). It also follows that Uy = O,(N~/2).

It is easily seen that R5,N(ZLN+(7N) 4, R for some Rs. Likewise, when ZLN—i-ﬁN > 0,
Rs N(Zy v + U ~N) LR Rs for some Rs. We obtain a formula for Ry from the expression for
Rs n(NY2(p — 1)?) in (36) by replacing appropriately scaled versions of the derivatives
of Uy ,,(0) at 0. by their stochastic limits, N'/2@, by w, , and N*/2(p —1)% by Z;.
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Now, when Z; > 0, R = R5. We also have plimy_,.c K- y = K_. We conclude that

NY4Gp—1) ] a [ (-1)B2z)? 0
|: N1/2@n — w, l{Zl > O} + w, LK 7, l{Zl < O}

where B = 1(R > 0). Regarding ¥, we note that E(VzVy) = E(VgV1) =0. O

Derivation of generic formulae for Z;, w, and K_ given in a comment below
theorem 3:
In this case we minimize (cf. the proof of lemma 5):

— 1 —

My(6,) = 2(NY2Uy,.(0,)WNY2(U, .5, + 5\11”,,,,,(,0 —1)?) +

1 . 1 ~
NV, W, + §\Ijn7pp(,0 - 1)) W(¥,.@, + §\I’n,pp(f7 —1)%) + 0,(1)
with respect to NY/2(p — 1)? and NY/2@, , where ¥,, ,, = ¥,, ,,(0.). The f.o.c.’s are:

1 1 1
—y WNl/Q\I’Nm(@*) + -0 WNl/Q(\I/n,an + éan,pp@\ - 1)2> + Op(l) = 0,

9 " mpp 9 " mpp

1
\IJ;L,WWNl/2\IJN7n(9*) + ‘I’;,WWNlm(\I’n,w@n + §\I}n,pp@ - 1)2> + Op(l) =0

Solving and letting N — oo yields N/2(p —1)? < 7 = —2(W!  WY2M WYY, ) ix

n,pp
(W, WM WY2W,) and NV°G, % w, = M(¥, + 1, ,,7,), where ¥, = U,,(4,).
When Z; < 0, these solutions are not allowed. In this case we solve the lower part of
the system of f.o.c.’s for N¥/2%, while N¥/2(p — 1) = 0,(1). Again letting N — oo gives
NG, b w, + K Zy = MU, so that K = —1MmW, . O

Proof of theorem 4:

We first prove that the restricted estimator 5n = 5N7n that satisfies AgN,n = ay,
which includes a restriction on py, is root N consistent under the parameter sequence
Oo.nn With 0y Ny, — 0. and AOgn, = ay (so that Af, = a = limy_, ay). Consider
the restricted reparametrized modified log-likelihood where Afy,, = ax (e.g. 7 = ay).
Noting that this function converges uniformly in probability to a limiting function that
is continuous on a compact parameter set © that contains 6,, and is uniquely maximized
at 0,, the claim follows from Theorem 2.1 in NMCcF. In a similar way we can prove that
the restricted FE(Q)MLE for @, is consistent under the parameter sequence 6 y,, with

Oo.nn — 0, € O and Ay n, = an, where O is a compact parameter set.
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asy

Following Davidson and MacKinnon (1993, pp- 276—277), we obtain N/ 2(’5”—907 Nan) =
also have NY220(0) 2 1 28’“@(% NG, — ). Honce NV 22

A (AHTAN AN 1N1/2M and (A 2(0,)T (6,)H(0,)A)Y2AH(0,) x
N1/28a0) 431G VEg (T Bon) H (B ) A)V2AH By ) X

n

Al (0 .
NVQM under the parameter sequence 0y, with 6y, — 0,, AN, = an

and py # 1. Similarly we can show that (AH(0,).7 (0,)H (0,)A)Y2AH (0, )N'/2x
S0 ! (AR Oy ) By (T o) V(G ) A) AR 6, )NV (B0 v,0)
when 0, y,, = 0, with Af, = a.

Let Syi(8,) = AH1(0,) 220 g — Sy (Byx) and by, — 0, € O with
Abo Ny = ay and py # 1. Under appropriate regularity conditions (cf. Bottai, 2003)
Epy . (Sni) = 0, Varg, . (Sni) = AH N0 nn) B, ., (Ti(O0,50))H (g n,n) A and
SUP; SUPy e EQO’N’n(M'SN’i(Qn)]g) < oo for some ¢ > 2 and for all A € R’ where N' C ©
is an open neighbourhood around 6,. We also have N~=' > Var, o (N'SN i) > 0 uni-
formly in N for all A € R/\{0}. Thus the Lyapunov conditions are satisfied and by (a mul-
tivariate version of) Lindeberg’s CLT for triangular arrays, (31, Varg, . (S Ni)) VX
SV, Sy converges under the parameter sequence Oon.n to N(0,1;). It follows that
(AH1(E,) T (B,)H - (E,)A)2AH (@, N2 20 4 N0, 1) and QLM (6o,.) >
x*(J) under the parameter sequence 6, y,, with QO, N — By Ao Ny = ay and py # 1.

Next let Sy;(0,) = AH(0,)S(0,), Sni = Sni(0gn,) and 0y v, = 0, € © with
Af, = a. Under appropriate regularity conditions (cf. Bottai, 2003) we can also show
that (30, VarQO,N,7z(§N9i>>_1/2 SN Sn < N(0,1;) and hence QLM (6p,,) % v*(J)
when 0, y,, = 0, with Af, = a.

We conclude that limy_.c supy cpr |Pro {QLM(09) > x3,} —a|=0. O
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Table 1: Estimators of p; Design S; 5000 replications.

N=100 | T=4 | NM MMLC FEML REML
o p bias | RMSE | bias | RMSE | bias | RMSE
1 0.50 | .075 | .019 126 .023 140 | 017 | .125
1 0.80 | .396 | -.010 | .132 .010 147 | .038 | .156
1 0.90 | .468 | -.040 | .132 |-.012| .135 |.038 | .149
1 0.95 | .471 | -.065 139 | -.009 138 | .042 .146
1 0.98 | .485 | -.076 | .144 .009 138 | .038 | .140
1 1.00 | .481 | -.084 | .148 .026 135 .035 .136
0 0.50 | .079 | .017 125 .021 138 | .005 | .098
0 0.80 | .385 | -.012 | .131 .008 146 | 019 | .139
0 0.90 | .459 | -.042 | .132 |-.013| .135 |.030 | .147
0 0.95 | .474 | -.064 | .141 |-.010| .139 |.037 | .145
0 1.00 | .481 | -.086 | .150 .026 A35 | .026 | 135
25 0.50 | .077 | .016 125 .019 138 | .022 | .143
25 0.80 | .400 | -.010 | .133 011 148 | .045 173
25 0.90 | .461 | -.043 | .134 |-.015 136 | .040 .159
25 0.95 | .474 | -.064 | .140 | -.010 137 | .041 148
25 1.00 | .479 | -.089 | .152 .025 A37 | .035 | 137

NM: relative frequency that p; 4 does not exist (No Maximum).

Table 2: Estimators of p; Design NS; 5000 replications.

N=100 | T=4 | NM MMLC FEML REML
o p bias | RMSE | bias | RMSE | bias | RMSE
1 0.50 | .326 | .010 | .143 | .014 | .141 | .015 | .142
1 0.80 | .467 | -.069 | .148 | .028 | .161 |.028 | .163
1 0.90 | .471 | -.085 | .153 | .010 | .146 | .021 | .149
1 0.95 | .478 | -.085 | .150 |-.001| .133 |.016 | .139
1 0.98 | 483 | -.088 | .152 | .005 | .137 |.024 | .139
1 1.00 | .481 | -.084 | .148 | .026 | .135 |.035| .136

Table 3: Estimators of p; Design S; 5000 replications.

N=100 | T=9 | NM MMLC FEML REML
o p bias | RMSE | bias | RMSE | bias | RMSE
1 0.50 | .000 | .000 | .042 | .000 | .042 |.000 | .041
1 0.80 | .130 | .006 | .064 | .008 | .069 |.005 | .061
1 0.90 | .375 | -.004 | .060 | .007 | .070 |.011 | .067
1 0.95 | .455 | -.020 | .061 |-.004| .064 |.014 | .067
1 0.98 | .489 | -.032 | .063 | .001 062 | .017 | .063
1 1.00 | .490 | -.041 | .068 | .013 | .057 | .016 | .058
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Table 4: Estimators of p; Design S; 5000 replications.

N=500 | T=4 | NM MMLC FEML REML
o p bias | RMSE | bias | RMSE | bias | RMSE
1 0.50 | .001 | .003 .052 .002 048 | .002 | .046
1 0.80 | .306 | .007 .084 .017 099 | .008 | .077
1 0.90 | .442 | -.016 | .082 |-.003 | .089 |.015| .090
1 0.95 | .482|-.035 | .08 |-.017| .087 |.024 | .095
1 0.98 | 498 | -.047 | .090 |-.014 | .089 |.029 | .093
1 1.00 | .512 | -.054 | .092 .018 087 |.024 | .088
0 0.50 | .001 | .002 .053 .002 .050 | .001 | .042
0 0.80 | .293 | .007 .085 .019 101 | .004 | .068
0 0.90 | .438 | -.018 | .084 | -.007 | .090 | .009 | .085
0 0.95 | .473|-.034 | .08 |-.016| .085 |.020| .093
0 1.00 | .493 | -.056 | .094 .018 088 | .018 | .088
25 0.50 | .002 | .002 .054 .000 .049 | .000 | .049
25 0.80 | .314 | .009 .085 .017 097 | .058 | .135
25 0.90 | .443 | -.016 | .082 | -.004 | .088 |.055 | .118
25 095 | 471 |-.036 | .084 |-.016| .085 |.043 | .102
25 1.00 | .489 | -.058 | .096 .018 090 |.023 | .090

NM: relative frequency that p; 4 does not exist (No Maximum).

Table 5: Estimators of p; Design NS; 5000 replications.

N=500 | T=4 | NM MMLC FEML REML
o p bias | RMSE | bias | RMSE | bias | RMSE
1 0.50 | .180 | .016 | .091 .004 | .064 |.004 | .064
1 0.80 | .489 | -.036 | .088 | .019 | .104 | .021 | .105
1 0.90 | .502 | -.051 | .094 | .027 | .101 |.032 | .102
1 0.95 | .484 | -.056 | .094 | .009 | .091 |.019 | .092
1 0.98 | .481 | -.058 | .096 |-.004 | .088 |.011 | .090
1 1.00 | .512 | -.054 | .092 | .018 | .087 | .024 | .088

Table 6: Estimators of p; Design S; 5000 replications.

N=500 | T=9 | NM MMLC FEML REML
o p bias | RMSE | bias | RMSE | bias | RMSE
1 0.50 | .000 | .001 | .020 | .001 .020 | .000 | .017
1 0.80 | .006 | .003 | .028 | .002 | .026 |.001 | .022
1 0.90 | .272 | .005 | .039 | .009 | .046 |.003 | .033
1 0.95 | .420 | -.007 | .036 | .001 .041 | .007 | .039
1 0.98 | .460 | -.019 | .039 |-.006 | .039 |.009 | .041
1 1.00 | .488 | -.027 | .044 | .010 | .039 | .012| .039
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Table 7: Empirical size of Quasi LM test based on Modified Likelihood; Nominal size is
0.05; T=9; 10000 replications.

model S-Normal S-ChiSq NS-Normal

p N =100 | N =500 | N =100 | N =500 | N =100 | N =500
0.50 .0547 0474 .0531 0491 .0533 .0483
0.80 .0540 .0514 .0551 .0519 .0575 .0522
0.90 .0557 .0500 .0529 .0510 .0527 .0539
0.95 .0495 .0510 .0496 .0498 .0501 .0512
0.98 .0502 .0508 .0482 0512 .0472 .0443
0.99 .0512 .0518 .0528 .0508 .0496 .0506

Table 8: Empirical power of Quasi LM test based on Modified Likelihood; Hy : p = 0.8;
Nominal size is 0.05; T=9; 5000 replications.

model S-Normal S-ChiSq NS-Normal
true p | N=100 | N =500 | N =100 | N =500 | N =100 | N = 500
0.50 999 1.000 .966 999 .993 1.000
0.60 919 1.000 .828 999 781 1.000
0.70 375 .926 .399 878 274 783
0.90 170 743 207 775 141 .667
0.95 421 .989 404 .956 391 .982
0.99 714 1.000 .529 .992 726 1.000

49




