
Munich Personal RePEc Archive

On the formulation of the problem of

optimal control of production parameters

using a two-level model of the production

process

Pihnastyi, Oleh and Parachnevych, Oksana

National Technical University "Kharkiv Polytechnic Institute",

National Technical University "Kharkiv Polytechnic Institute"

1 June 2018

Online at https://mpra.ub.uni-muenchen.de/88761/

MPRA Paper No. 88761, posted 01 Sep 2018 17:28 UTC



УДК658.51.012  

 

ON THE FORMULATION OF THE PROBLEM OF OPTIMAL CONTROL OF 

PRODUCTION  PARAMETERS USING A TWO-LEVEL MODEL OF THE PRODUCTION 

PROCESS 

 

О. М. Pihnastyi       pihnastyi@gmail.com 

O. O. Parachnevych                                                                      paraoksana1@gmail.com  

National Technical University «KhPI», Kharkiv, Ukraine 

 

Using a statistical approach, widespread in natural sciences, built two-level model for control  the 

parameters of the flow line  production system has been built. The state of the system is given by 

the amounts of sets of  the objects of labour. The state of the subject of labour is given by a point 

in the phase space. The function of distribution of objects of labour by state is introduced and the 

kinetic equation for the distribution function is written. Now we have vicious  system of dynamical 

equations for parameters of flow production line.  

The null and the first moments of the distribution function of labor objects in terms of the state 

characterize the magnitude of interoperational stocks and the rate of processing of labor objects 

from operations of the technological route and are the main parameters of the management of the 

production line. The limiting transition from the kinetic description of the state of objects of labor 

to the stream description of the processing of objects of labor is accomplished. Integration of the 

kinetic equation by the states of the objects of labor made it possible to construct a closed system 

of balance equations for the parameters of the production line. The task of optimal control of the 

flow parameters of the production line has been set. The balance equations for the moments of the 

distribution function of objects of labor by states determine the constraint equations in the control 

problem. 

Keywords: stability of mass production processes functioning; production systems; flow 

production line; enterprise; business process; basic product; technological chain; BP distribution 

function. 

 

Statement of the problem and analysis of publications. The modern enterprise is on the 

one hand a complex production and technical system, and on the other hand a complex economic 

[3] system that interacts with the external environment [4,5]. The diversity and complexity 

manufacturing technology of the product creates prerequisites for modeling the internal 

environment of a production enterprise on the basis of the concept of a production system as a set 



of objects of labour, that are in different stages of technological processing[6-9]. However, to 

monitor the behavior of a single object of labour in the production process, because of its very 

large number and probabilistic nature of the impact on the subject of labour of the production and 

technical environment through technological equipment is practically impossible [2,4,7,8].  

An effective approach to modeling such complex production and technical and economic 

large systems is a statistical approach [1,10] that considers the enterprise's production process at 

two levels of description - a micro level, that considers  production and technical aspects, and a 

macro level, that considers the economic aspects of the enterprise's production process. At the 

micro level, the patterns of behavior of individual elements-objects of labor, based on a given 

production technology, are investigated. [6]. At the macro level - their aggregated economic 

characteristics, the relationships between these characteristics and the external environment 

through the investment mechanism are studying [5]. The interrelation between the levels is realized 

through the kinetic equation, describing the evolution of the state change of the elements of large 

systems in the phase space under consideration [10,11]. Features of the application of the statistical 

approach to the modeling of such systems are discussed in this article. 

Purpose of the article. The substantiation of the theoretical foundations of the statistical 

description of production and economic systems with the flow method of production organization 

for constructing algorithms for optimal management of production parameters. 

 

Materials and research results. 

1. Model of micro level. Descriptions of the enterprise as a complex production 

technical and technical system.  

During the execution of the technological operation on the object of labour transfers the 

value of technological resources through the directed influence of technological equipment [1,12]. 

At each operation, inevitably there are fluctuations in production and technological characteristics, 

describing the state of objects of labour. The change in the state of labor objects occurs as a result 

of the transfer of production factors [12, 13] - energy resources, labor, raw materials, materials 

and semi-finished products to labor. At the same time, random and systemic deviations of the 

actual value of the parameter of the produced products from its nominal value established by the 

normative and technical documentation [GOST 15895-77] occur at each technological operation 

(in Russian). 

Thus, the technological process is a random process of transfer of objects of labour from 

one state to another because of the influence of the internal environment of the production and 

technical system on the subject of labour through technological equipment [10]. The state of the 

internal environment of the production and technical system is defined as the state N numbers of 



objects of labour [10,11]. The state of the subject of labour at time t  can be represented by 

coordinates in the jS  phase space  ,,St  [1,10,11,12]. The state of the individual subject of labor 

will be characterized by the sum of the resource costs jS  ($), and the intensity of resource transfer 

per unit time 
j

  ($ / h) from technological equipment to the j-th subject of labour, 0 < 𝑗 < 𝑁. The 

coordinates jS , 
j

 determinate the technological trajectories of objects of labour in the phase space

)(SS jj t . The intensity µ of the transfer of resources ΔS =  tΔS from the means of labour to the 

j-th subject of labour during the execution of the technological operation for the time ∆𝑡 is the 

random process [11,12,13], the value of which at a fixed time is determined by the random 

variable: 

 
Δt
ΔS

 ,   (1) 

The state of the production and technical system at some point in time will be determined 

if the production and technical parameters jS  and j  are determined, and at any other time is 

found from the equations of state for the production and technical parameters of the object of 

labour [14]: 
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)S,t(f jj - production function of the technological equipment of the production and technical 

system. If the number of objects of labour is much greater than one, then it is practically impossible 

to solve system (2) from 2N-equations. Instead of considering the state of the objects of labour of 

the technological process of the production and technical system with the parameters jS  and
j

 , 

we introduce the normalized function of the distribution of objects of labour according to the states. 

Each point in a given space will define the state of the object of labour. It is reasonable to expect 

that for large N  this function will well approximate the continuous distribution function of objects 

of labor according to the states ),,(  St  [11]. 

2. Relation of models of microlevel and macrolevel of the description of the production 

enterprise as a complex system. Kinetic equation of the production line. 

We divide the phase space by such a number of cells that the cell dimensions  S  

were much smaller than the values of the characteristic parameters of the production and technical 

system and at the same time contained inside themselves a large number of objects of labour.  

For enterprises with a flow-based method of organizing production, the fact that in the 

inter-operational department before the technological operation contains a large number of objects 

of labor is characteristic. This allows the technological route to be divided into production sections 



with the length 1mS  mm SS , each of which contains several or one separate technological 

operation. Each section mS  contains technological equipment and an inter-operative store, in 

which a line of a large number of objects of labor is formed. If a very large number of objects of 

labor is contained within the technological operation, the section mS  can be divided into 

additional sections in accordance with how the technological operation can be divided into 

elements (manufacturing step, position, manufacturing pas, auxiliary pass, setting-up) according 

to GOST 3.1109-82 (in Russian). 

 Instead of fixing the exact values of the production and technical parameters of the objects 

of labour, we will approximately characterize the state of the production and technical system by 

the number of objects of labour in each cell . If the cell size is sufficiently small, then an 

approximate description will carry in itself almost as detailed information as the exact one. Since 

the quantity dSt ),,(   represents the number of objects of labor in an infinitesimal cell   of 

the phase space, we can judge from the change in the phase coordinate S and the phase velocity

, and also about the change in the function ),,(  St  itself [11,15]: 
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Equation (3) describes the change in the phase space   averaged over an infinitesimal 

cell of the production and technical characteristics of the objects of labour 
j

S , 
j

 . We shall assume 

that the function ),,(  St  is normalized 

      NStdd 


 ,,S
00

                        (4)  

The production function ),( Stf  is determined from the given mode of production [16]. 

When moving along the technological route for the subject of labour, there is an impact on the part 

of the internal production and technical environment of the enterprise by means of technological 

equipment located with a density  S . We can only talk about the probability that after such 

exposure to the working environment will be the subject of work in a particular state. This 

probabilistic nature of the impact can be taken into account by specifying a function   ,, St  that 

determines the probability that after the impact the object of labor will consume technological 

resources with intensity µ. The function   ,, St  can be set by analyzing the passport data of the 

process equipment [17]: 
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0
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,, ,   ....2,1k                     (5) 

The number of objects of labour that have experienced, per unit time, the impact from the 

internal production and technical system through the technological equipment in the cell dd S

with coordinates ),( S  and moved as a result of the action in the cell ~S dd   with coordinates

)~,( S  is proportional to the product of the flow of labour objects  ),,( St  to the probability of 

transition   ,, St . The number of objects of labour that experienced an impact on the part of the 

internal production and technical system per unit of time and assumed values within )~~;~(  d   

is a quantity      dddStS  S~),,(~ . Along with this, the volume dd S  

element receives objects of labour from volume ~S dd    by the reverse transition in quantity 

     dddStS  S~)~,,(~ , and the total number of objects of labour in the volume  

dd S  element changes per unit time by the amount Jdd  S  [15]:  

                  



0

~),,(~)~,,(~  dStStSJ                    (6) 

From where the kinetic equation (3) can be represented in the form: 
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In most practical cases, the function 𝜓(𝑡, 𝑆, 𝜇) does not depend on the state of the objects 

of labor until the impact from the internal production and technical system is tested, from where 

t

St
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 ),,( St

f =         1S .                       (8) 

The solution of equation (8) provides the ability to calculate the values of the macro-

parameters is associated with great difficulties [1,11]. 

 

3. Macro-level model. Macro model of the production line description. 

The state of the technological process at the macro level will be described by the moments 

of the distribution function of the objects of labour over the states ),,(  St  [18]: 

  k

k
dSt  



0

),,(      ....2,1,0k   (9) 

which are aggregated stream parameters of the production line. It is known [1,10,18], that the first 

moments of the distribution function are used to describe the state of large systems of systems on 

a macro-level (9). Multiplying Eq. (8) by k , ....2,1,0k  and integrating over the entire range µ, 

we obtain nonclosed equations of the balance of the state of the flow parameters of the production 

line: 
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If the average amount of technological resources ΔS  transferred during the performance 

of a technological operation for an object of labour is much less, than the cost of the final product

d
S , which is characteristic of a technological process consisting of a large number of technological 

operations, balance equations (10) in the zeroth approximation in the small parameter 

1
d

SΔS  will take the form: 

 
 

t
 0

+
 
S

 1
=0,      

 
    1

1

 k

k 



,  

 
 

t

k


 

+ 
 

S

k


 1

=   1),(  kStfk     ....3,2,1k  (11) 

The system of balance equations (11) is closed, represents a balance relationship between 

the parameters of the enterprise macroparameters. 

 

4. Formulating the problem of optimal control of the flow parameters of the 

production line. 

In a general form, the problem of determining the optimal program [8, p.17] for managing 

the flow parameters of a manufacturing enterprise    St,0 ,    St,1  can be formulated as follows: 

Determine the state of the parameters    
00 , GSt  ,    

11 , GSt   flow technological line 

during the period  
d

Tt ,0  along the technological route  
d

SS ,0  when managing the flow 

parameters of the production line    
U

GStWStU  ,,   that deliver a minimum to the functional 

(objective function) [19, p.17] 

 

     min,,
0 0

  
d dT S

z
dtdSStStUC  , ($) (12) 

for differential connections (11) 
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constraints along the trajectory to the phase variables    St,0 [8, p.21] 

 

    St,0 0 ,               SSt G00 ,   ,                 (14) 

restrictions along the trajectory to control [8, p.20] 



 

  StU ,0  ,                SUStU
G , ,                 (15) 

under the initial conditions 

    S,00 =    S00 , (16) 

in the final state (control objective) 

    ST
d
,0 =    S

dT0 , (17) 

and boundary conditions                   

         0,1 t =    01q ;             
d

St,1 =    
dq S1 .                                                    (18)            

The objective function (12) determines the quality criterion for controlling the flow 

parameters of the technological process of the production enterprise during the production cycle 

d
T  for the whole technological route  

d
S,0 .  

Conclusions. At first glance, it would be possible to conclude that with the increase in the 

number of elements, the complexity of the system under consideration is unimaginably increased 

and there is no trace of any regularity in its behavior. The study of systems consisting of a very 

large number of subjects of labour in the technological process made it possible to reveal an 

important principal feature of such systems. It consists in the fact that the behaviour of such 

systems is determined by regularities of a particular type, which have received the names of 

statistical regularities. The importance of applying the statistical approach is in constructing the 

highly effective management for the flow production lines, it provides a "simplified mechanism" 

for describing the macroscopic characteristics of systems. In many cases of practical interest, such 

a description is quite sufficient.  

The article substantiates the theoretical foundations of the statistical description of 

production systems and presents the concept of constructing a model of the flow production, which 

consists of presenting the system at two levels. At the first level of description, the movement of 

the object of labor along the technological route is simulated. This allows to take into account the 

peculiarities of manufacturing the product according to the normative production technology [14].  

The second, macro-level of the description makes it possible to determine the relationships 

between the flow macroparameters of the production system: the interoperational backlog 

   St,0   and the rate of processing of labor items    St,1  on each technological operation. The 

relationship between these parameters is constructed taking into account the specific technological 

route of production of the product. The relationship between the levels of description is presented 

through the kinetic equation of the production process [11]. 



The obtained results are of theoretical and practical interest in the design of control systems 

for parameters of the flow line in the mining industry [20], for enterprises producing 

semiconductor products [21], automotive industry, rolling production. 
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