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✐♥❣ s♦♠❡ ♣r♦❥❡❝ts✱ t♦ ❝♦♥t❛✐♥ ♦✐❧ ♣r♦❞✉❝t✐♦♥✳ ❆t t❤❡ s❛♠❡ t✐♠❡✱ ❝♦♥s✉♠❡rs
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t❛❧ st❛♥❝❡ t♦✇❛r❞s t❤❡ ♦✐❧ ✐♥❞✉str②✳ ❲❡ ✜♥❞ t❤❛t t❤❡ ❝♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡
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str❛t❡❣✐❡s✱ ❧❡❛❞s ❜② ❝♦♥tr❛st t♦ t❤❡ ✇♦rst ♣♦ss✐❜❧❡ ♦✉t❝♦♠❡✿ ❤✐❣❤ ♣r✐❝❡s✱

❤✐❣❤ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❤✐❣❤ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝t✳ ❆♥ ❡✛❡❝t✐✈❡ ❡♥✈✐r♦♥✲

♠❡♥t❛❧ ❛❝t✐♦♥ s❤♦✉❧❞ ❛✈♦✐❞ ♦♣♣♦s✐♥❣ ♦✐❧ s✉♣♣❧② s♦✉r❝❡s ✭❛ ❝♦st❧② ♠✐❧✐t❛♥t

❛❝t✮ ❛♥❞ ❤❡❧♣ ❝♦♥s✉♠❡rs ❜❡❝♦♠✐♥❣ ♠♦r❡ ❢r✉❣❛❧✳
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❤❛s t♦ ❞❡❝❧✐♥❡ ❛♥❞ ✐♥❞✉str✐❛❧ ♣r♦❝❡ss❡s ❤❛✈❡ ❛❧s♦ t♦ ❝❤❛♥❣❡✳ ❊♠✐ss✐♦♥s ❢r♦♠
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❝♦♥t✐♥✉❡s t♦ ❣r♦✇✳ ❙♦ ❞♦❡s ♦✐❧ ♣r♦❞✉❝t✐♦♥✱ ❛s ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ♣r♦❞✉❝t✐♦♥
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❧✐♥❡❛r❧② ✐♥❝r❡❛s✐♥❣ ♣❛t❤✱ ❢r♦♠ ❛❜♦✉t ✽✵ ♠✐❧❧✐♦♥s ❜❛rr❡❧s ♣❡r ❞❛② ✐♥ ✷✵✵✷ t♦ ❝❧♦s❡

t♦ ✶✵✵ ♠✐❧❧✐♦♥s ❜❛rr❡❧s ♣❡r ❞❛② ✐♥ ✷✵✶✽ ❬✶❪✳ ❖✐❧ ♣r✐❝❡s✱ ♣❡r❤❛♣s s✉r♣r✐s✐♥❣❧②✱ ❤❛✈❡

♥♦ ❛♣♣❛r❛♥t ✐♠♣❛❝t ♦♥ ❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ♣r♦❞✉❝t✐♦♥✳ ■♥❞❡❡❞✱ ❞❡s♣✐t❡ ❧❛r❣❡

s✇✐♥❣s ✐♥ ♦✐❧ ♣r✐❝❡s ✐♥ t❤❡ ✷✵✵✷✲✷✵✶✽ ♣❡r✐♦❞✱ ❢r♦♠ ✩✷✽ t♦ ✩✶✸✹ ♣❡r ❜❛rr❡❧ ♦❢

❲❡st❡r♥ ❚❡①❛s ■♥t❡r♠❡❞✐❛t❡ ✭❲❚■✮✱ ♦✐❧ ❞❡♠❛♥❞ ❛♥❞ ♣r♦❞✉❝t✐♦♥ ❝♦♥t✐♥✉❡❞ t❤❡✐r

st❡❛❞② ❣r♦✇t❤✳ ❚❤✐s tr❛♥s❧❛t❡s ✐♥ ✈❡r② ✐♥❡❧❛st✐❝ ♠❡❛s✉r❡s ♦❢ t❤❡ ♣r✐❝❡ ❡❧❛st✐❝✐t②

♦❢ ♦✐❧ ❛♥❞ ♦✐❧ ♣r♦❞✉❝ts ❞❡♠❛♥❞s ✭✉s✉❛❧❧② ❛r♦✉♥❞ ✲✵✳✷✮✱ ❛s ♠❛♥② ❡❝♦♥♦♠❡tr✐❝

st✉❞✐❡s ❝♦♥❝❧✉❞❡✳ ❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✻❪✳

❲❤✐❧❡ ❤✐❣❤ ♦✐❧ ♣r✐❝❡s ❤❛✈❡ ♥♦t ❞✐s❝♦✉r❛❣❡❞ ❝♦♥s✉♠❡rs t♦ ✉s❡ ♦✐❧✱ ❡♥✈✐r♦♥✲

♠❡♥t❛❧ ♠✐❧✐t❛♥ts ❤❛✈❡ ❜❡❡♥ ✈❡r② ❛❝t✐✈❡ t♦ ♦♣♣♦s❡ ♦✐❧ ♣r♦❥❡❝ts✳ ▼♦✈❡♠❡♥ts s✉❝❤

❛s ❑❡❡♣ ■t ✐♥ t❤❡ ●r♦✉♥❞ tr② t♦ ✏r❡✈♦❦❡ t❤❡ s♦❝✐❛❧ ❧✐❝❡♥s❡ ♦❢ t❤❡ ❢♦ss✐❧ ❢✉❡❧ ✐♥✲

❞✉str②✑ ❛♥❞ ✏✜❣❤t ✐❝♦♥✐❝ ❜❛tt❧❡s ❛❣❛✐♥st ❢♦ss✐❧ ❢✉❡❧ ✐♥❢r❛str✉❝t✉r❡✑ ❬✼❪✳ ❚❤❡✐r ❤♦♣❡

✐s t❤❛t ❜② ♦♣♣♦s✐♥❣ ♦✐❧ ❞❡✈❡❧♦♣♠❡♥t✱ ❤❡♥❝❡ ❜② ❧✐♠✐t✐♥❣ s✉♣♣❧②✱ ❝♦♥s✉♠♣t✐♦♥ ✇✐❧❧

❣♦ ❞♦✇♥✱ ❛♥❞ s♦ ✇♦✉❧❞ ❡♠✐ss✐♦♥s✳ ❈❧✐♠❛t❡ ❝❤❛♥❣❡ ✇♦✉❧❞ ❝♦♥s❡q✉❡♥t❧② ❜❡ ♠✐t✲

✐❣❛t❡❞✳ ❙♦♠❡ ❢♦ss✐❧ ❢✉❡❧ ✐♥❢r❛str✉❝t✉r❡ ❝❛♥ ✐♥❞❡❡❞ ❜❡ ❛❜❛♥❞♦♥❡❞ ❜② ♣r♦♠♦t❡rs
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❛❢t❡r ❛ ✏s✉❝❝❡ss❢✉❧✑ ♦♣♣♦s✐t✐♦♥✳ ■♥ ❈❛♥❛❞❛✱ ❢♦r ✐♥st❛♥❝❡✱ str♦♥❣ ♦♣♣♦s✐t✐♦♥ t♦

s♦♠❡ ♠❛❥♦r ♦✐❧ ♣✐♣❡❧✐♥❡ ♣r♦❥❡❝ts ✭❊♥❡r❣② ❊❛st ❛♥❞ ❚r❛♥s▼♦✉♥t❛✐♥✮ ❤❛s ♣✉s❤❡❞

t❤❡✐r ♣r♦♠♦t❡rs t♦ r❡♥♦✉♥❝❡ ❞❡✈❡❧♦♣✐♥❣ t❤❡♠✳

❉❡s♣✐t❡ s✉❝❤ ♦♣♣♦s✐t✐♦♥✱ ❤♦✇❡✈❡r✱ ♦✐❧ ❝♦♥s✉♠♣t✐♦♥ ❤❛s ♥♦t ❞❡❝r❡❛s❡✳ ■t ✐s

s✉♣♣❧② t❤❛t ❤❛s ❜❡❡♥ ❛✛❡❝t❡❞✿ s♦♠❡ ♦✐❧ ♣r♦❥❡❝ts ❛r❡ r❡♠♦✈❡❞ ❢r♦♠ t❤❡ s✉♣♣❧②

♠✐①✱ ❛♥❞ ♠♦r❡ ❡①♣❡♥s✐✈❡ ♦♥❡s ❛r❡ s❡❧❡❝t❡❞✳ ❲❤✐❧❡ ✐t✬s ✐♠♣♦ss✐❜❧❡ t♦ ❞✐r❡❝t❧②

❧✐♥❦ t❤❡ ❝❛♥❝❡❧❧❡❧❛t✐♦♥ ♦❢ ♦♥❡ ♣r♦❥❡❝t t♦ t❤❡ ❞❡✈❡❧♦♣♠❡♥t ♦❢ ❛♥♦t❤❡r✱ ♦♥❡ ❝♦✉❧❞

❡❛s✐❧② ❝♦♥❥❡❝t✉r❡ t❤❛t ✇❤❡♥ ♦✐❧ ✐♥✈❡st♠❡♥ts ❛r❡ ♥♦t ♠❛❞❡ ✐♥✱ ❢♦r ✐♥st❛♥❝❡✱ ❆❧✲

❜❡rt❛ ✭❈❛♥❛❞❛✮✱ ❜❡❝❛✉s❡ ♦❢ s♦♠❡ str♦♥❣ ❧♦❝❛❧ ♦♣♣♦s✐t✐♦♥✱ ✐t ✇✐❧❧ ❧❡❛❞ t♦ s♦♠❡

❡q✉✐✈❛❧❡♥t ✐♥✈❡st♠❡♥ts ♠❛❞❡ ✐♥ t❤❡ ❯♥✐t❡❞ ❙t❛t❡s✱ ❇r❛③✐❧✱ ■r❛q ♦r ▲✐❜②❛✱ ✇❤❡r❡

♦✐❧ ♣r♦❞✉❝t✐♦♥ ❝❛♥ ❣r♦✇ ❛♥❞ ✐s ❣r♦✇✐♥❣ ✭s❡❡ ❢♦r ✐♥st❛♥❝❡ ❬✹❪✱ ❢♦r s♦♠❡ ❝✉rr❡♥t

♥✉♠❜❡rs ❛♥❞ ❢♦r❡❝❛sts✮✳ ■♥ s❤♦rt✱ ♦✐❧ ♣r♦❞✉❝t✐♦♥ ❞♦❡s ♥♦t ❞❡❝❧✐♥❡ ❛❢t❡r s♦♠❡ ♦✐❧

♣r♦❥❡❝t ♦♣♣♦s✐t✐♦♥✱ ❜✉t ♠❛r❣✐♥❛❧❧② ♠♦r❡ ❡①♣❡♥s✐✈❡ ♣r♦❥❡❝ts✱ ✇✐t❤ ❧❡ss ♦♣♣♦s✐✲

t✐♦♥✱ ❛r❡ ❝❤♦s❡♥✳

■♥ ♠❛♥② ❝❛s❡s✱ ✇❤❡♥ ❡♥✈✐r♦♥♠❡♥t❛❧ ♠✐❧✐t❛♥ts ♦♣♣♦s❡ ♦✐❧ ♣r♦❥❡❝ts✱ t❤❡② ❞♦

♥♦t ❞✐r❡❝t❧② ❝❛❧❧ ❢♦r ❛ ❧♦✇❡r ♦✐❧ ❝♦♥s✉♠♣t✐♦♥ ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧s✳ ●r❡❡♥♣❡❛❝❡ ■♥✲

t❡r♥❛t✐♦♥❛❧✱ ❢♦r ✐♥st❛♥❝❡✱ ❛s❦s ✐ts ✇❡❜s✐t❡ ✈✐s✐t♦rs t♦ ✏❏♦✐♥ t❤❡ ✇❛✈❡ ♦❢ r❡s✐st✲

❛♥❝❡ ❛❣❛✐♥st ♣✐♣❡❧✐♥❡s✑✱ ❜✉t ❞♦❡s ♥♦t ❛❞✈✐❝❡ t♦ ✉s❡ ❧❡ss ♦✐❧ ♣r♦❞✉❝ts✱ t♦ q✉❡st✐♦♥

❢r✐❡♥❞s ❛❜♦✉t t❤❡✐r ✈❡❤✐❝✉❧❡ ❝❤♦✐❝❡ ♦r t♦ ❛❞♦♣t ❛ ❢r✉❣❛❧ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ❧❡✈❡❧

✭s❡❡ ❬✷❪✮✳ ▼❛②❜❡ t❤❡② ❛ss✉♠❡ t❤❛t ❞✐s♣❧❛②✐♥❣ ✏r❡s✐st❛♥❝❡✑ ✐s ♠♦r❡ s❡❧❢✲s❛t✐s❢②✐♥❣

t❤❛♥ ♥♦t✱ ✇❤✐❧❡ r❡❞✉❝✐♥❣ ♦✐❧ ❝♦♥s✉♠♣t✐♦♥ ✐s t♦♦ ✐♥❞✐✈✐❞✉❛❧❧② ❞❡♠❛♥❞✐♥❣✳ ❈♦✉❧❞

✐t t❤❡r❡❢♦r❡ ❜❡ ❛ ❜❡tt❡r str❛t❡❣② t♦ ❜❡ ❛♥ ❡♥✈✐r♦♥♠❡♥t❛❧ ♠✐❧✐t❛♥t t❤❛♥ t♦ ❛❞♦♣t

✭❛♥❞ ♣♦ss✐❜❧② ♣r♦♠♦t❡✮ ❛ ❢r✉❣❛❧ ❧✐❢❡st②❧❡❄ ❖❢ ❝♦✉rs❡✱ t❤❡ t✇♦ ❛r❡ s❡♣❛r❛t❡ ❞❡✲

❝✐s✐♦♥s ❛♥❞ ❝❛♥ ❜❡ ❞♦♥❡ s✐♠✉❧t❛♥❡♦✉s❧②✳ ❇✉t ❣✐✈❡♥ t❤❡ ♣r✐❝❡ ✐♥❡❧❛st✐❝✐t② ♦❢ ♦✐❧

❞❡♠❛♥❞✱ ❛s ✐❧❧✉str❛t❡❞ ❜❡❢♦r❡✱ s✉♣♣❧② s✐❞❡ str❛t❡❣✐❡s ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ ♠✐❧✐t❛♥ts

♠❛② ♥♦t ❤❛✈❡ t❤❡ ✐♥t❡♥❞❡❞ r❡s✉❧ts✳

❚❤✐s ♣❛♣❡r ❛tt❡♠♣ts t♦ ❞✐s❡♥t❛♥❣❧❡ t❤❡ ❞✐✛❡r❡♥t ❛s♣❡❝ts r❡❧❛t❡❞ t♦ t❤❡ s✐t✉✲

❛t✐♦♥✳ ●✐✈❡♥ t❤❡ t✇♦ s❡ts ♦❢ ❝❤♦✐❝❡s ♠❡♥t✐♦♥❡❞ ❛❜♦✈❡✱ ❜❡✐♥❣ ❛♥ ❡♥✈✐r♦♥♠❡♥t❛❧

♠✐❧✐t❛♥t ♦r ♥♦t ❛♥❞ ❛❞♦♣t✐♥❣ ❛ ❢r✉❣❛❧ ❧❡✈❡❧ ♦❢ ❡♥❡r❣② ❝♦♥s✉♠♣t✐♦♥ ♦r ♥♦t✱ ✇❤❛t

❛r❡ t❤❡ ✐♥✈✐❞✉❛❧ ❛♥❞ ❝♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡s❄ ❲❤❛t ❛r❡ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝ts

♦❢ t❤❡s❡ ❝❤♦✐❝❡s✱ ❜✉t ❛❧s♦ t❤❡ ♣r✐❝❡ ❛♥❞ ✇❡❧❢❛r❡ ✐♠♣❛❝ts❄

❲❡ ♦✛❡r s♦♠❡ ❛♥s✇❡rs t♦ t❤❡s❡ q✉❡st✐♦♥s✱ ❜② st✉❞②✐♥❣ t❤❡ str❛t❡❣✐❝ s✐t✉❛t✐♦♥s

r❡❧❛t❡❞ t♦ t❤❡ t✇♦ s❡t ♦❢ ❝❤♦✐❝❡s✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✐♥❞✐✈✐❞✉❛❧s ❢❛❝❡ ❛ ♣r✐s♦♥❡r✬s

❞✐❧❡♠♠❛✿ t❤❡② ✇♦✉❧❞ ❜❡ ❜❡tt❡r ♦✛ ✇✐t❤ ❛ ❧♦✇❡r ❝♦♥s✉♠♣t✐♦♥ ❧❡✈❡❧ ✭❜❡❝❛✉s❡ ♦❢

t❤❡ ❣❧♦❜❛❧ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝t✮ ❛♥❞ ♥♦ ♦♣♣♦s✐t✐♦♥ t♦ ♦✐❧ ♣r♦❥❡❝ts ✭❜❡❝❛✉s❡

♦❢ t❤❡ ❧♦✇❡r ♣r✐❝❡s✮✱ ♦♥❧② ✐❢ ❛❧❧ ❞✐❞ t❤❡ s❛♠❡✳ ❇✉t ❣r❛t✐✜❝❛t✐♦♥ ❢r♦♠ ❤✐❣❤❡r

❝♦♥s✉♠♣t✐♦♥ ❛♥❞ ❛❞♦♣t✐♥❣ ❛ ♠✐❧✐t❛♥t ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❝❡ ❝r❡❛t❡s ✐♥❝❡♥t✐✈❡s

✸



t♦ ❞❡❢❡❝t✳

❲❤✐❧❡ ✇❡ ♠❛❦❡ s♦♠❡ s✐♠♣❧✐❢②✐♥❣ ❛ss✉♠♣t✐♦♥s✱ ♥♦t❛❜❧② t❤❛t ♦✐❧ ❞❡♠❛♥❞ ✐s

str✐❝t❧② ♣r✐❝❡✲✐♥❡❧❛st✐❝✱ ♦✉r ❛♥❛❧②s✐s s❤♦✇s t❤❛t ✇❡❧❢❛r❡ ❣❛✐♥s ❝♦♠❡ ❢r♦♠ ❧♦✇❡r

❝♦♥s✉♠♣t✐♦♥ ❧❡✈❡❧s✳ ▼✐❧✐t❛♥❝② ❝❛♥ ❜❡ ❝♦st❧② ❛♥❞ ❜❡♥❡✜t t❤❡ ♦✐❧ ✐♥❞✉str② ✐♥ ✇❛②s

t❤❛t ♠❛② ♥♦t ❜❡ ❢✉❧❧② ✉♥❞❡rst♦♦❞ ❜② ♦✐❧ ♣r♦❥❡❝ts ♦♣♣♦♥❡♥ts✳

❲❡ ♣r❡s❡♥t t❤❡ ♠♦❞❡❧ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧ str❛t❡❣✐❡s ❛♥❞ t❤❡

♠❛r❦❡t ❡q✉✐❧✐❜✐r✉♠✳ ❚❤❡♥ ✇❡ ✐♥✈❡st✐❣❛t❡ t❤❡ ❢♦✉r ♣♦❧❛r ❝♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡s ♦❢

t❤❡ ❣❛♠❡✱ ❛♥❞ ❝♦♠♣❛r❡ t❤❡✐r ♣r✐❝❡✱ q✉❛♥t✐t② ✭❡q✉✐✈❛❧❡♥t t♦ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧

✐♠♣❛❝t✮ ❛♥❞ ✇❡❧❢❛r❡ ❧❡✈❡❧s✳

✷ ❚❤❡ ♠♦❞❡❧

❈♦♥s✐❞❡r ❛ ♣♦♣✉❧❛t✐♦♥ ✇✐t❤ N ✐❞❡♥t✐❝❛❧ ✐♥❞✐✈✐❞✉❛❧s ❡♥❞♦✇❡❞ ✇✐t❤ ❛ ✉t✐❧✐t②

U (q, s; p,Q) = v (p, q) + b (s)− e (Q) ,

✇❤❡r❡ v (p, q) st❛♥❞s ❢♦r t❤❡ ♥❡t ✉t✐❧✐t② ❢r♦♠ ✐♥❞✐✈✐❞✉❛❧ ❝♦♥s✉♠♣t✐♦♥ q ❛t ♣r✐❝❡

p✱ b (s) st❛♥❞s ❢♦r t❤❡ ❜❡♥❡✜ts ❢r♦♠ ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❝❡ s ❛♥❞ e (Q) ❢♦r t❤❡

✐♥❞✐✈✐❞✉❛❧ ❡♥✈✐r♦♥♠❡♥t❛❧ ❝♦sts✱ ❛ ❢✉♥❝t✐♦♥ ♦❢ t♦t❛❧ ❝♦♥s✉♠♣t✐♦♥ Q✳

■♥❞✐✈✐❞✉❛❧ ❝♦♥s✉♠♣t✐♦♥ q ❝❛♥ ❜❡ ❡✐t❤❡r ❛✈❡r❛❣❡ ♦r ❢r✉❣❛❧✿ q ∈ {a; f}✳ ❊♥✈✐r✲

♦♥♠❡♥t❛❧ st❛♥❝❡ ✐s ❡✐t❤❡r ♠✐❧✐t❛♥t ♦r ♥♦t ✿ s ∈
{

m; /O
}

. ❈♦❧❧❡❝t✐✈❡ ❝♦♥s✉♠♣t✐♦♥

Q ✐s ❞❡t❡r♠✐♥❡❞ ❜② t❤❡ ✐♥t❡r♣❧❛② ♦❢ s✉♣♣❧② ❛♥❞ ❞❡♠❛♥❞✳

✷✳✶ ❚❤❡ ❣❛♠❡ ✐♥ ✐♥❞✐✈✐❞✉❛❧ str❛t❡❣✐❡s

▲❡t N ❜❡ t❤❡ t♦t❛❧ ♥✉♠❜❡r ♦❢ ♣❧❛②❡rs ❛♥❞ ❞❡♥♦t❡ ❜② Nf ❛♥❞ Nm t❤❡ ♥✉♠❜❡r ♦❢

✏❢r✉❣❛❧s✑ ❛♥❞ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐❧✐t❛♥ts✳ ❚❤❡ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠ ❞❡♣❡♥❞s ✉♣♦♥ t❤❡

✐♥❞✐✈✐❞✉❛❧ str❛t❡❣✐❡s ♦❢ ❛❧❧ ♣❧❛②❡rs✳ ❲❡ ❞❡♥♦t❡ r❡s♣❡❝t✐✈❡❧② ❜② p∗ = p (Nf , Nm)

❛♥❞ Q∗ = Q (Nf , Nm) t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ❛♥❞ q✉❛♥t✐t② ♦✉t❝♦♠❡s✳ ❆s ✇❡

s❤❛❧❧ s❡❡ ✕ ❛♥❞ ❛s ❡①♣❡❝t❡❞ ✕ Q∗ = Q (Nf , Nm) ✐s ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✐♥ ❜♦t❤ ✐ts

❛r❣✉♠❡♥ts✳

❲❡ ♠❛❦❡ t❤❡ ❢♦❧❧♦✇✐♥❣ ❛ss✉♠♣t✐♦♥s✿

❆ss✉♠♣t✐♦♥ ✶✳ ■♥ r❡❣❛r❞ ♦❢ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝t✱ ✐♥❞✐✈✐❞✉❛❧s ✜♥❞ ✐t

✐♥❞✐✈✐❞✉❛❧❧② t♦♦ ❝♦st❧② t♦ ❛❞♦♣t ❛ ❢r✉❣❛❧ ❜❡❤❛✈✐♦✉r ✿

U (f, s,Q (Nf ;Nm)) < U (a, s,Q (Nf − 1;Nm)) ,

✹



❢♦r ❛❧❧ Nf ∈ J1;NK ❛♥❞ ✇❤❛t❡✈❡r t❤❡ ✈❛❧✉❡s ♦❢ s ∈
{

m; /O
}

❛♥❞ Nm ∈ J0;NK .

❆ss✉♠♣t✐♦♥ ✷✳ ■♥❞✐✈✐❞✉❛❧s ✜♥❞ ✐t ✐♥❞✐✈✐❞✉❛❧❧② ♣r♦✜t❛❜❧❡ t♦ ❛❞♦♣t ❛ st❛♥❝❡ ♦❢

❡♥✈✐r♦♥♠❡♥t❛❧ ♠✐❧✐t❛♥t✿

U (q,m,Q (Nf ;Nm)) > U
(

q, /O,Q (Nf ;Nm − 1)
)

,

❢♦r ❛❧❧ Nm ∈ J1;NK ❛♥❞ ✇❤❛t❡✈❡r t❤❡ ✈❛❧✉❡s ♦❢ q ∈ {a; f} ❛♥❞ Nf ∈ J0;NK .

❆ss✉♠♣t✐♦♥ ✸✳ ■t ✇♦✉❧❞ ❜❡ ❝♦❧❧❡❝t✐✈❡❧② r❛t✐♦♥❛❧ t♦ ❛❞♦♣t ❛ ❢r✉❣❛❧ ❜❡❤❛✈✐♦✉r✿

U (f, s,Q (N ;Nm)) > U (a, s,Q (0;Nm)) ,

✇❤❛t❡✈❡r t❤❡ ✈❛❧✉❡s ♦❢ s ∈
{

m; /O
}

❛♥❞ Nm ∈ J0;NK .

●✐✈❡♥ t❤❡s❡ ❛ss✉♠♣t✐♦♥s ✐t ✐s ❝❧❡❛r t❤❛t✿

▲❡♠♠❛ ✹✳ ❚❤❡ ❞♦♠✐♥❛♥t ✐♥❞✐✈✐❞✉❛❧ str❛t❡❣✐❡s ❛r❡

(q; s) = (a,m) .

✷✳✷ ❚❤❡ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠

❆s ♠❡♥t✐♦♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✱ ❞❡♠❛♥❞ ✐s ♣r❡tt② ✐♥s❡♥s✐t✐✈❡ t♦ ♣r✐❝❡s✳ ❲❡

❛ss✉♠❡ t❤❛t t♦t❛❧ ❞❡♠❛♥❞ D t❤✉s ❞❡♣❡♥❞s ♦♥❧② ✉♣♦♥ t❤❡ ♥✉♠❜❡r ♦❢ ❢r✉❣❛❧s✱ s♦

t❤❛t

D (Nf ) = qa (N −Nf ) + qfNf ,

✇❤❡r❡ qa > qf . ❖♥ t❤❡ s✉♣♣❧② s✐❞❡✱ ♣r✐❝❡ ♠❛tt❡rs✳ ▼♦r❡♦✈❡r✱ ✐t ✐s ❞✐r❡❝t❧②

✐♠♣❛❝t❡❞ ❜② ♠✐❧✐t❛♥❝②✳ ❆❣❛✐♥✱ ❢♦r s✐♠♣❧✐❝✐t② ✇❡ s✉♣♣♦s❡ t❤❛t✿

S (p,Nm) = sup
{

0;β
[

p−
(

p+ cNm

)]}

,

✇❤❡r❡ β ✐s t❤❡ ♣♦s✐t✐✈❡ s❧♦♣❡ ♦❢ t❤❡ s✉♣♣❧② ❝✉r✈❡✱ p ✐s t❤❡ ♠✐♥✐♠✉♠ ♣r✐❝❡ ❛t ✇❤✐❝❤

♣r♦❞✉❝t✐♦♥ ❝❛♥ t❛❦❡ ♣❧❛❝❡ ✇✐t❤ ♥♦ ♠✐❧✐t❛♥❝②✱ ❛♥❞ c ✐s t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✐♠♣❛❝t ♦❢

♠✐❧✐t❛♥❝② ♦♥ s✉❝❤ ♠✐♥✐♠✉♠ ♣r✐❝❡✳

✺



❲❡ ❛ss✉♠❡ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡ts✳ ❈❧❡❛r❧②✱ ❛t ❡q✉✐❧✐❜r✐✉♠ D = S s♦ t❤❛t t❤❡

❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ✐s ❣✐✈❡♥ ❜②

p (Nf , Nm) = p+ cNm + β−1 [qa (N −Nf ) + qfNf ]

= p+
1

b
Nqa − β−1 (qa − qf )Nf + cNm. ✭✶✮

■t ❢♦❧❧♦✇s t❤❛t

Q (Nf , Nm) = qaN − (qa − qf )Nf , ✭✷✮

≡ Q (Nf ) .

■♥ ✇♦r❞s✱ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐❧✐t❛♥ts ❤❛s ❛♥ ✐♠♣❛❝t ♦♥❧② ♦♥ ♣r✐❝❡ ❜✉t ♥♦t ♦♥

❡q✉✐❧✐❜r✐✉♠ ❞❡♠❛♥❞ ✲ ❤❡♥❝❡ ✉♣♦♥ t❤❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝t✳

✷✳✸ ❉✐s❝✉ss✐♦♥

✷✳✸✳✶ ■♥❞✐✈✐❞✉❛❧ ❝♦st ♦❢ ♠✐❧✐t❛♥❝②

❈♦♠✐♥❣ ❜❛❝❦ t♦ ❆ss✉♠♣t✐♦♥ ✷ ✉♣♦♥ t❤❡ ♣❛②♦✛ ♦❢ ♠✐❧✐t❛♥❝②✱ ✇❡ ❛ss✉♠❡❞ t❤❛t

b (m)− b
(

/O
)

> v (p (Nf ;Nm − 1) , q)− v (p (Nf ;Nm) , q) .

❉❡❝♦♠♣♦s✐♥❣ t❤❡ ♥❡t ✉t✐❧✐t② ✐♥t♦ ❣r♦ss ✉t✐❧✐t② ♥❡t ♦❢ s♣❡♥❞✐♥❣s ✭t❤❛t ✐s s✉❜st✐✲

t✉t✐♥❣ w (q)− pq t♦ v (p, q)✮ t❤✐s ❛♠♦✉♥ts t♦✿

b (m)− b
(

/O
)

> [p (Nf ;Nm)− p (Nf ;Nm − 1)] q. ✭✸✮

❚❤✐s ♠❡❛♥s t❤❛t t❤❡ ♠♦♥❡t❛r② ❝♦sts ✭t❤r♦✉❣❤ t❤❡ ♣r✐❝❡ ✐♠♣❛❝t✮ t♦ t❤❡ ❝♦♥s✉♠❡rs

♦❢ t❤❡✐r ♠✐❧✐t❛♥❝② ❝❛♥♥♦t ❝♦✉♥t❡r✇❡✐❣❤t t❤❡ ❜❡♥❡✜ts ❢r♦♠ t❤❡✐r ❡♥✈✐r♦♥♠❡♥t❛❧

st❛♥❝❡✳ ❚❤✐s ✐s ❢✉❧❧② ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✭♥❡❣❧✐❣✐❜❧❡✮ ♣r✐❝❡ ✐♥❡❧❛st✐❝✐t② ♦❢ t❤❡✐r

✐♥❞✐✈✐❞✉❛❧ ❞❡♠❛♥❞✳

✷✳✸✳✷ ■♠♣❛❝t ♦♥ t❤❡ ♦✐❧ ✐♥❞✉str②

❨❡t ♠✐❧✐t❛♥❝② ✐♥❝r❡❛s❡s ❝♦♥s✉♠❡r ✜♥❛♥❝✐❛❧ ❜✉r❞❡♥ ✇❤✐❝❤ ❞✐r❡❝t❧② ♣r♦✜ts t❤❡

✐♥❞✉str②✳ ■♥ ❢❛❝t✱ ❢♦r ❛♥② Nf , ❤❡♥❝❡ ❢♦r ❛♥② ❣✐✈❡♥ ❧❡✈❡❧ ♦❢ t♦t❛❧ ❞❡♠❛♥❞✱ t❤❡

✻



✐♥❞✉str② r❡✈❡♥✉❡s R ❛r❡ ❛♥ ✐♥❝r❡❛s✐♥❣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ♥✉♠❜❡r ♦❢ ♠✐❧✐t❛♥ts✿

R (Nf ;Nm) = p (Nf ;Nm)Q (Nf )

= R (Nf ; 0) + cNmQ (Nf ) ,

❢r♦♠ ❡q✉❛t✐♦♥s (1) ❛♥❞ (2)✳ P❛r❛❞♦①✐❝❛❧❧②✱ t❤❡r❡❢♦r❡✱ ♠✐❧✐t❛♥❝② ✐s ❜❡♥❡✜❝✐❛❧ t♦

t❤❡ ♦✐❧ ✐♥❞✉str②✱ ❡①❝❡♣t ♦❢ ❝♦✉rs❡ ❢♦r t❤♦s❡ ♣r♦❞✉❝❡rs ✇❤♦ ❤❛✈❡ ❜❡❡♥ ❡①❝❧✉❞❡❞

❢r♦♠ t❤❡ ♠❛r❦❡t✳ ■♥ ❢❛❝t✱ ❜② r❡❞✉❝✐♥❣ t♦t❛❧ s✉♣♣❧②✱ ♠✐❧✐t❛♥❝② ✐s ❛❦✐♥ t♦ t❤❡

❛❝t✐♦♥ ♦❢ ❛♥ ♦✐❧ ❝❛rt❡❧✳ ❚❤❡ ♠❛✐♥ ❞✐✛❡r❡♥❝❡ ✐s t❤❛t t❤❡ ♣r♦❞✉❝t✐♦♥ r❡❞✉❝t✐♦♥ ✐s

♥♦t ❡✈❡♥❧② s❤❛r❡❞ ❜② ❛❧❧ ♣r♦❞✉❝❡rs✱ ❜✉t ♦❜t❛✐♥❡❞ ❜② ❡①❝❧✉❞✐♥❣ s♦♠❡ s♣❡❝✐✜❝ ♦✐❧

♣r♦❞✉❝t✐♦♥ s✐t❡s✳

✷✳✸✳✸ ❙♦❝✐❛❧ ❝♦sts ♦❢ ♠✐❧✐t❛♥❝②

❲❤✐❧❡ t❤❡ ✐♥❞✐✈✐❞✉❛❧ ❝♦sts ♦❢ ♠✐❧✐t❛♥❝② ✐s s♠❛❧❧❡r t❤❛♥ ✐ts ✐♥❞✐✈✐❞✉❛❧ ❜❡♥❡✜ts

✭s❡❡ ❡q✉❛t✐♦♥ ✭✸✮✮✱ ✐t ✐s ❛❧s♦ ❜♦r♥❡ ❜② ❡✈❡r②♦♥❡✱ t❤r♦✉❣❤ t❤❡ ♣r✐❝❡ ✐♥❝r❡❛s❡ ✐t

tr✐❣❣❡rs✳ ❲❡ ❛ss✉♠❡ t❤❛t t❤❡ ✐♥❞✐✈✐❞✉❛❧ ✭♣s②❝❤♦❧♦❣✐❝❛❧✮ ❜❡♥❡✜ts ❢r♦♠ t❛❦✐♥❣ ❛

♠✐❧✐t❛♥t ❡♥✈✐r♦♥♠❡♥t❛❧ st❛♥❝❡ ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ✜♥❛♥❝✐❛❧ ❝♦sts ✐t ✐♠♣♦s❡s ♦♥

❛❧❧ ❝♦♥s✉♠❡rs✳ ❋♦r♠❛❧❧②

❆ss✉♠♣t✐♦♥ ✺✳ ■♥❞✐✈✐❞✉❛❧ ✭♣s②❝❤♦❧♦❣✐❝❛❧✮ ❜❡♥❡✜ts ❢r♦♠ t❛❦✐♥❣ ❛ ♠✐❧✐t❛♥t ❡♥✈✐r✲

♦♥♠❡♥t❛❧ st❛♥❝❡ ❛r❡ s♠❛❧❧❡r t❤❛♥ t❤❡ ✜♥❛♥❝✐❛❧ ❝♦sts ✐t ✐♠♣♦s❡s ♦♥ ❛❧❧ ❝♦♥s✉♠❡rs✳

b (m)− b
(

/O
)

< [p (Nf ;Nm)− p (Nf ;Nm − 1)]Q (Nf ) ,

❢♦r ❛♥② Nm ≥ 1 ❛♥❞ ❛♥② Nf .

✸ ❈♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡s

❲❡ ♥♦✇ ❝♦♥s✐❞❡r t❤❡ ❝♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡s ♦❢ t❤❡ str❛t❡❣✐❝ ❣❛♠❡✳ ❚❤❡r❡ ✐s ❛

❞♦✉❜❧❡ ♣r✐s♦♥❡r✬s ❞✐❧❡♠♠❛✱ ♦♥❡ ✐♥ ❡❛❝❤ ♦❢ t❤❡ str❛t❡❣✐❝ ✈❛r✐❛❜❧❡s q ∈ {a, f} ❛♥❞

s ∈
{

m, /O
}

✳ ❲❡ ✐❞❡♥t✐❢② ❢♦✉r ♣♦❧❛r ❝♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡s✳

✸✳✶ ❋♦✉r ♣♦❧❛r ❝♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡s

▲❡t Q = qaN ❛♥❞ Q = qfN ✳

✼



P

Q

Df

Q

Da

Q

S∅

Sm

C

RE

U

IR

p

❋✐❣✉r❡ ✷✿ ❚❤❡ ❢♦✉r ♣♦❧❛r ❝♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡s✿ ■♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧ ✭IR✮✱ ❯♥✲
❝♦♥❝❡r♥❡❞ ✭U✮✱ ❈♦♦♣❡r❛t✐✈❡ ✭C✮ ❛♥❞ ❘❛❞✐❝❛❧ ❡♥✈✐r♦♥♠❡♥t❛❧✐st ✭RE✮✳

✸✳✶✳✶ ■♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧ ♦✉t❝♦♠❡

❆s ❛❧r❡❛❞② ♠❡♥t✐♦♥❡❞ ✐♥ ▲❡♠♠❛ ✹✱ ✐t ✐s ❛ ❞♦♠✐♥❛♥t str❛t❡❣② ❢♦r ✐♥❞✐✈✐❞✉❛❧s

t♦ ❜❡ ❛♥ ❛✈❡r❛❣❡ ❝♦♥s✉♠❡r ❛♥❞ ❛ ♠✐❧✐t❛♥t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ✐♥❞✐✈✐❞✉❛❧❧② r❛t✐♦♥❛❧

♦✉t❝♦♠❡ ✐s (Nf ;Nm) = (0, N) ❛♥❞

QIR = Q, pIR = p+ β−1Q+ cN

s♦ t❤❛t

U
IR = w (qa)− pIRqa + b (m)− e

(

Q
)

.

✸✳✶✳✷ ❈♦♦♣❡r❛t✐✈❡ ♦✉t❝♦♠❡

■❢ ♣❧❛②❡rs ✇❡r❡ t♦ ❝♦♦♣❡r❛t❡✱ t❤❡② ✇♦✉❧❞ ❜❡ ❢r✉❣❛❧ ❛♥❞ ❛❜st❛✐♥ ❢r♦♠ ♠✐❧✐t❛♥❝②✳

❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♦♣❡r❛t✐✈❡ ♦✉t❝♦♠❡ ✐s (Nf ;Nm) = (N, 0) ❛♥❞

QC = Q pC = p+ β−1Q

s♦ t❤❛t

U
C = w (qf )− pCqf + b

(

/O
)

− e
(

Q
)

.

✽



✸✳✶✳✸ ❖✉t❝♦♠❡ ♦❢ ❛♥ ✉♥❝♦♥❝❡r♥❡❞ ♣♦♣✉❧❛t✐♦♥

■❢ ❝♦♥s✉♠❡rs ❛r❡ ✉♥❝♦♥❝❡r♥❡❞ s♦ t❤❛t t❤❡② ❛❧❧ ♠❛✐♥t❛✐♥ ❛♥ ❛✈❡r❛❣❡ ❝♦♥s✉♠♣✲

t✐♦♥ ❛♥❞ ❞♦ ♥♦t ❜♦t❤❡r t♦ t❛❦❡ ❛ ♠✐❧✐t❛♥t ♣♦s✐t✐♦♥✱ t❤❡ ❝♦❧❧❡❝t✐✈❡ ♦✉t❝♦♠❡ ✐s

(Nf ;Nm) = (0, 0) ❛♥❞

QU = Q pU = p+ β−1Q

s♦ t❤❛t

U
U = w (qa)− pUqa + b

(

/O
)

− e
(

Q
)

.

✸✳✶✳✹ ❖✉t❝♦♠❡ ♦❢ ❛ r❛❞✐❝❛❧ ❡♥✈✐r♦♥♠❡♥t❛❧✐st ♣♦♣✉❧❛t✐♦♥

■❢ ✐♥❞✐✈✐❞✉❛❧s ❛r❡ ❛❧❧ ❢r✉❣❛❧ ❛♥❞ ❡♥❣❛❣❡❞ ✐♥ ♠✐❧✐t❛♥❝②✱ ❞❡s♣✐t❡ ✐ts ❝♦sts✱ t❤❡♥

(Nf ;Nm) = (N,N) ❛♥❞

QRE = Q pRE = p+ β−1Q+ cN

s♦ t❤❛t

U
RE = w (qf )− pREqf + b (m)− e

(

Q
)

.

✸✳✷ ❉✐s❝✉ss✐♦♥

✸✳✷✳✶ ◗✉❛♥t✐t② ❛♥❞ ♣r✐❝❡ ❝♦♠♣❛r✐s♦♥s

■♥ t❡r♠s ♦❢ q✉❛♥t✐t✐❡s✱ ❤❡♥❝❡ ❡♥✈✐r♦♥♠❡♥t❛❧ ✐♠♣❛❝t✱ t❤❡ ❝♦♠♣❛r✐s♦♥ ❜❡t✇❡❡♥

t❤❡ ❢♦✉r ❝❛s❡s ✐s ♣r❡tt② str❛✐❣❤t❢♦r✇❛r❞✿

QRE = QC = Q < Q = QU = QIR.

❚❤❡r❡ ❛r❡ ❛❧s♦ s✐♠♣❧❡ ❝♦♠♣❛r✐s♦♥s ❜❡t✇❡❡♥ s♦♠❡ ♣r✐❝❡s✿

pRE < pIR ❛♥❞ pC < pU ;

pC < pRE ❛♥❞ pU < pIR;

❍❡♥❝❡ pC < pIR✳ ❍♦✇❡✈❡r✱ t❤❡ ❝♦♠♣❛r✐s♦♥ pRE ❛♥❞ pU ✐s ❛ ♣r✐♦r✐ ❛♠❜✐❣✉♦✉s✳

❚❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❜♦t❤ ♣r✐❝❡s ❞❡♣❡♥❞s ✉♣♦♥ t❤❡ ❡❧❛st✐❝✐t② ♦❢ s✉♣♣❧②

❛♥❞ t❤❡ ❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ t❤❡ ❛✈❡r❛❣❡ ❛♥❞ ❢r✉❣❛❧ ❞❡♠❛♥❞s✳ ▼♦r❡ ♣r❡❝✐s❡❧②✱

pRE − pU = cN − β−1
(

QU −QRE
)

=
[

c− β−1 (qa − qf )
]

N.

✾



■♥ ✇♦r❞s✱ t❤❡ ♣r✐❝❡ ✇✐❧❧ ❜❡ ❤✐❣❤❡r ✇✐t❤ ❛ ♣♦♣✉❧❛t✐♦♥ ♦❢ ❘❛❞✐❝❛❧❊♥✈✐r♦♥♠❡♥t❛❧✐sts

t❤❛♥ ✇✐t❤ ❛♥ ❯♥❝♦♥❝❡r♥❡❞ ♣♦♣✉❧❛t✐♦♥ ✐❢ ✭❛♥❞ ♦♥❧② ✐❢✮✱ t❤❡ s♦❧❡ ✐♠♣❛❝t ♦❢ t❤❡✐r

♦✇♥ ♠✐❧✐t❛♥❝② ✉♣♦♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡ ✐s s✉✣❝✐❡♥t t♦ ✐♥❞✉❝❡ ✐♥❞✐✈✐❞✉❛❧s t♦

r❡❞✉❝❡ t❤❡✐r ❞❡♠❛♥❞ ❜② ❛ ❧❛r❣❡r ❛♠♦✉♥t t❤❛♥ t❤❛t ❛ss♦❝✐❛t❡❞ t♦ s❤✐❢t✐♥❣ ❢r♦♠

❛✈❡r❛❣❡ t♦ ❢r✉❣❛❧ ❝♦♥s✉♠♣t✐♦♥✳ ■♥ ❛❧❧ ♦t❤❡r ❝❛s❡s✱ t❤❛t ✐s ✇❤❡♥

βc < qa − qf , ✭✹✮

✇❡ ❤❛✈❡ pRE < pU . ■t ✐s t❤✉s ❢❛✐r t♦ ❛ss✉♠❡ t❤❛t

pC < pRE ≤ pU < pIR.

✸✳✷✳✷ ❲❡❧❢❛r❡ ❝♦♠♣❛r✐s♦♥s

■♥ t❡r♠s ♦❢ ✇❡❧❢❛r❡✱ t❤❡ ♣❛✐r✇✐s❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❢♦✉r ♣♦❧❛r ♦✉t❝♦♠❡s ✐s ❧❡ss

str❛✐❣❤t❢♦r✇❛r❞✳ ❲❡ ❤❛✈❡

U
IR − U

RE =
[

w (qa)− pIRqa + b (m)− e
(

Q
)]

−
[

w (qf )− pREqf + b (m)− e
(

Q
)]

=
[

w (qa)− pIRqa
]

−
[

w (qf )− pREqf
]

−
[

e
(

Q
)

− e
(

Q
)]

.

❇② ❆ss✉♠♣t✐♦♥ ✸ ✉♣♦♥ t❤❡ ❝♦❧❧❡❝t✐✈❡ r❛t✐♦♥❛❧✐t② ♦❢ ❢r✉❣❛❧ ❜❡❤❛✈✐♦✉r

v (p (0;Nm) , a)−v (p (N ;Nm) , f) < e [Q (0;Nm)]−e [Q (N ;Nm)] = e
(

Q
)

−e
(

Q
)

,

s♦ t❤❛t✱ s✉❜st✐t✉t✐♥❣ w (q)− pq t♦ v (p, q)✇❡ ❤❛✈❡✿

[w (qa)− p (0;Nm) qa]− [w (qf )− p (N ;Nm) qf ] < e
(

Q
)

− e
(

Q
)

,

❢♦r ❛♥② Nm. ▲❡t Nm = N. ❲❡ ❤❛✈❡ p (0;N) = pIR ❛♥❞ p (N ;N) = pRE s♦ t❤❛t

✇❡ ❝❛♥ ❝♦♥❝❧✉❞❡✿

U
IR − U

RE < 0.

▼♦r❡♦✈❡r✱ ❆ss✉♠♣t✐♦♥ ✺ ♦♥ t❤❡ s♦❝✐❛❧ ❝♦st ♦❢ ♠✐❧✐t❛♥❝② s❛②s t❤❛t

b (m)− b
(

/O
)

< [p (Nf ;Nm)− p (Nf ;Nm − 1)]Q (Nf ) = cQ (Nf )

✇❤✐❝❤ ✐♠♣❧✐❡s t❤❛t b (m) − b
(

/O
)

< [p (Nf ;N)− p (Nf ; 0)]Q (Nf ) . ❲❤❛t ✐s ♦❢

✶✵



♠♦r❡ ✐♥t❡r❡st ✐s t❤❛t✱ ❢♦r Nf = 0 ❛♥❞ Nf = N ✐t ❛❧s♦ st❛t❡s

b (m)− b
(

/O
)

< [p (0;Nm)− p (0;Nm − 1)] qaN = cNqa,

b (m)− b
(

/O
)

< [p (N ;Nm)− p (N ;Nm − 1)] qfN = cNqf .

❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱ ✇❡ ❛❧s♦ ❤❛✈❡

U
IR − U

U =
[

w (qa)− pIRqa + b (m)− e
(

Q
)]

−
[

w (qa)− pUqa + b
(

/O
)

− e
(

Q
)]

=
[

b (m)− b
(

/O
)]

−
(

pIR − pU
)

qa

=
[

b (m)− b
(

/O
)]

− cNqa

< 0,

❢r♦♠ ❆ss✉♠♣t✐♦♥ ✷✳

❙✐♠✐❧❛r❧②✱ ✇❡ ❤❛✈❡

U
RE − U

C =
[

w (qf )− pREqf + b (m)− e
(

Q
)]

−
[

w (qf )− pCqf + b
(

/O
)

− e
(

Q
)]

=
[

b (m)− b
(

/O
)]

−
(

pRE − pC
)

qf

=
[

b (m)− b
(

/O
)]

− cNqf

< 0,

❛❣❛✐♥ ❢r♦♠ ❆ss✉♠♣t✐♦♥ ✷✳

❲❡ ♥♦✇ ❝♦♠♣❛r❡ U U t♦ ❜♦t❤ U RE ❛♥❞ U C ✳

❲❡ ❤❛✈❡

U
U − U

C =
[

w (qa)− pUqa + b
(

/O
)

− e
(

Q
)]

−
[

w (qf )− pCqf + b
(

/O
)

− e
(

Q
)]

=
[

w (qa)− pUqa
]

−
[

w (qf )− pCqf
]

−
[

e
(

Q
)

− e
(

Q
)]

.

❆ss✉♠♣t✐♦♥ ✸ ✉♣♦♥ t❤❡ ❝♦❧❧❡❝t✐✈❡ r❛t✐♦♥❛❧✐t② ♦❢ ❢r✉❣❛❧ ❜❡❤❛✈✐♦✉r ✐♠♣❧✐❡s t❤❛t

e
(

Q
)

− e
(

Q
)

>
[

w (qa)− pUqa
]

−
[

w (qf )− pCqf
]

,

s♦ t❤❛t ✇❡ ♦❜t❛✐♥

U
U − U

C < 0.

✶✶



❋✐♥❛❧❧②

U
U − U

RE =
[

w (qa)− pUqa + b
(

/O
)

− e
(

Q
)]

−
[

w (qf )− pREqf + b (m)− e
(

Q
)]

=
[

w (qa)− pUqa
]

−
[

w (qf )− pREqf
]

−
[

b (m)− b
(

/O
)]

−
[

e
(

Q
)

− e
(

Q
)]

.

❖❜s❡r✈❡ t❤❛t pRE = p+ β−1Q+ cN = pC + cN. ■t ❢♦❧❧♦✇s t❤❛t

U
U − U

RE =
{

cNqf −
[

b (m)− b
(

/O
)]}

−
{[

e
(

Q
)

− e
(

Q
)]

−
[(

w (qa)− pUqa
)

− w (qf )− pCqf
]}

✇❤❡r❡ ❢r♦♠ ❆ss✉♠♣t✐♦♥ ✸ ✉♣♦♥ t❤❡ ❝♦❧❧❡❝t✐✈❡ r❛t✐♦♥❛❧✐t② ♦❢ ❢r✉❣❛❧ ❜❡❤❛✈✐♦✉r

❛♥❞ ❢r♦♠ ❆ss✉♠♣t✐♦♥ ✺ ✉♣♦♥ t❤❡ s♦❝✐❛❧ ❝♦st ♦❢ ♠✐❧✐t❛♥❝②✱

e
(

Q
)

− e
(

Q
)

>
[

w (qa)− pUqa
]

−
[

w (qf )− pCqf
]

,

cNqf > b (m)− b
(

/O
)

s♦ t❤❛t ❜♦t❤ t❡r♠s ❛r❡ ♣♦s✐t✐✈❡ ❛♥❞ t❤❡ s✐❣♥ ♦❢ U U −U RE ✐s ✐♥❞❡t❡r♠✐♥❛t❡✳ ■t

❞❡♣❡♥❞s ✉♣♦♥ t❤❡ r❡❧❛t✐✈❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ❝♦sts ♦❢ ♠✐❧✐t❛♥❝② ❛♥❞ t❤❡ ❡♥✈✐r♦♥✲

♠❡♥t❛❧ ❝♦sts✳ ■❢ t❤❡ ❧❛tt❡r ❞♦♠✐♥❛t❡s✱ U RE > U U ✱ t❤❡ ❝♦♥✈❡rs❡ ♦t❤❡r✇✐s❡✳

❚♦ s✉♠♠❛r✐③❡

U
IR < U

RE < U
C ,

U
IR < U

U < U
C .

✹ ❈♦♥❝❧✉s✐♦♥

❚❤❡ ❞♦✉❜❧❡ ♣r✐s♦♥❡r✬s ❞✐❧❡♠♠❛ ❧❡❛❞s✱ ✉♥s✉r♣r✐s✐♥❣❧②✱ t♦ t❤❡ ✇♦rst ✇❡❧❢❛r❡ ♦✉t✲

❝♦♠❡✳ ❉❡♠❛♥❞ ♣♦❧✐❝✐❡s✱ t❛r❣❡t✐♥❣ ✐♥❞✐✈✐❞✉❛❧ ❜❡❤❛✈✐♦✉rs✱ ♦r s✐♠♣❧② ✐♥❞✐✈✐❞✉❛❧

❛❝t✐♦♥ t♦ r❡❞✉❝❡ ❞❡♠❛♥❞✱ ❛r❡ ♠♦r❡ ❡✛❡❝t✐✈❡ t❤❛♥ s✉♣♣❧② str❛t❡❣✐❡s t♦ ✐♠♣r♦✈❡

❡♥✈✐r♦♥♠❡♥t❛❧ ♦✉t❝♦♠❡s✳ ❙✉♣♣❧② str❛t❡❣✐❡s ❛r❡ ♥♦t ♦♥❧② ✐♥❡✛❡❝t✐✈❡ ❜✉t ❛r❡ ❜❡✲

♥❡✜❝✐❛❧ t♦ t❤❡ ✐♥❞✉str② ❜② r❛✐s✐♥❣ ✐ts r❡✈❡♥✉❡s✳ ❚❤✐s ✐s ❞❡✜♥✐t❡❧② s♦♠❡t❤✐♥❣ ♠♦st

❡♥✈✐r♦♥♠❡♥t❛❧ ♠✐❧✐t❛♥ts ❞♦ ♥♦t ✐♥t❡♥❞✳

❚❤✐s ♣❛♣❡r ✐s ❛ ✜rst st❡♣ t♦✇❛r❞ t❤❡ ❛♥❛❧②s✐s ♦❢ t❤❡ ❡✛❡❝ts ♦❢ ♠✐❧✐t❛♥❝② ✉♣♦♥

❖✐❧ ♠❛r❦❡ts✳ ❋✉rt❤❡r ❞❡✈❡❧♦♣♠❡♥t ❝♦✉❧❞ ✐♥❝❧✉❞❡ t♦ ❛ss❡ss t❤❡ ✐♠♣❛❝t ♦❢ s♦♠❡

❡❧❛st✐❝✐t② ✐♥ ♦✐❧ ❞❡♠❛♥❞ ♦♥ t❤❡ t❤❡s❡ r❡s✉❧ts ❛♥❞ t♦ ❛❞❞r❡ss ❞✐str✐❜✉t✐♦♥❛❧ ❡❢✲

❢❡❝ts ♦❢ ♦✐❧ ♣r✐❝❡ ✐♥❝r❡❛s❡s ✐♥❞✉❝❡❞ ❜② ♠✐❧✐t❛♥❝②✳ ■♥❞❡❡❞✱ ♠❛♥② ❧♦✇❡r ✐♥❝♦♠❡ ♦✐❧

❝♦♥s✉♠❡rs ❛❧r❡❛❞② s♣❡♥❞ ❛ ❤✐❣❤❡r ♣❡r❝❡♥t❛❣❡ ♦❢ t❤❡✐r ✐♥❝♦♠❡ ♦♥ ❡♥❡r❣②✱ ❞❡s♣✐t❡

✶✷



✉s✐♥❣ ❧❡ss ♦❢ ✐t✱ t❤❛♥ ❤✐❣❤❡r ✐♥❝♦♠❡ ♦♥❡s✳ ❚❤❡② ❜❡❛r ❛ ❣r❡❛t❡r ❝♦st ✇❤❡♥ ♦✐❧

❜❡❝♦♠❡s ♠♦r❡ ❡①♣❡♥s✐✈❡ ❛♥❞ ❝♦✉❧❞ ❜❡ ❝♦❧❧❛t❡r❛❧ ✈✐❝t✐♠s ♦❢ ❡♥✈✐r♦♥♠❡♥t❛❧ ♠✐❧✲

✐t❛♥❝②✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ❤✐❣❤❡r ✐♥❝♦♠❡ ❝♦♥s✉♠❡rs ❜❡❝❛♠❡ ♠♦r❡ ❢r✉❣❛❧✱ ✐t

✇♦✉❧❞ ♣r♦✈✐❞❡ ❜♦t❤ ✜♥❛♥❝✐❛❧ ❛♥❞ ❡♥✈✐r♦♥♠❡♥t❛❧ r❡❧✐❡❢ t♦ ❡✈❡r②♦♥❡ ✲ ❜✉t ❡s♣❡✲

❝✐❛❧❧② ❢♦r t❤❡ ♣♦♦r❡st✱ ✇❤♦ ❛r❡ ♦❢t❡♥✱ ❛❧s♦✱ t❤❡ ♠♦st ❡①♣♦s❡❞ t♦ ❡♥✈✐r♦♥♠❡♥t❛❧
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