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Abstract

We develop simple and non-asymptotically justified methods for hypothesis
testing about the coefficients (#* € R?) in the high dimensional (generalized)
regression models where p can exceed the sample size n. Given a function
h: RP — R™ we consider Hy : h(6*) = 0,, against the alternative hypothesis
Hy : h(0*) # 0,,, where m can be as large as p and h can be nonlinear in 6*.
Our test statistics is based on the sample score vector evaluated at an estimate
0, that satisfies h(éa) = 0,,, where « is the prespecified Type I error. We
provide nonasymptotic control on the Type I and Type II errors for the score
test. In addition, confidence regions are constructed in terms of the score vec-
tors. By exploiting the concentration phenomenon in Lipschitz functions, the
key component reflecting the “dimension complexity” in our non-asymptotic
thresholds uses a Monte-Carlo approximation to “mimic” the expectation that
is concentrated around and automatically captures the dependencies between
the coordinates. The novelty of our methods is that their validity does not
0o — 0"
totically or asymptotically. Most interestingly, we discover phenomena that
are opposite from the existing literature: (1) More restrictions (larger m) in
Hjy make our procedures more powerful; (2) whether * is sparse or not, it
is possible for our procedures to detect alternatives with probability at least
1 — Type II error when p > n and m > p — n; (3) the coverage probability of
our procedures is not affected by how sparse 6* is. The proposed procedures
are evaluated with simulation studies, where the empirical evidence supports
our key insights.
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or even n~ /2 HX (éa — 9*) H nonasymp-
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1 Introduction

A common feature of the existing procedures that are deemed “practical” for infer-
ence of high dimensional regression coefficients is that they all hinge on asymptotic
validity to some extent. This occurrence is perhaps not coincidental as asymptotic
analysis often allows one to focus on the “leading” term(s) by assuming the “remain-
der” terms approach to zero faster, which can be quite convenient for determining
the threshold in a test. However, many real-world applications (in psychology, for
example) have a limited sample size which renders any asymptotic argument ques-
tionable.

Our primary goal is to find situations where effective non-asymptotic methods
can be developed for hypothesis testing about the coefficients in high dimensional
regression models. We illustrate the key insight with the linear regression model

Y, = X0 + W, i1=1,...,n, (1)

where W = {W;}I, ~ N(0,, 0?I,) and 0,, denotes an n—dimensional vector of
zeros; 0* is a p—dimensional vector of unknown coefficients and p is allowed to
exceed the sample size n; Y = {Y;};-; is an n—dimensional vector of responses;
X = {X;};-, € R"*" is the design matrix with the ith row specified by X;. Given
a function h : RP — R™, let

Hy: h(6%) =0y, vs. Hy : h(6%) # Oy,

where m can be as large as p and h can be nonlinear in 6*. Relative to existing
literature, we will look at these broader forms of hypotheses and the impact of m,
the number of restrictions in the null hypothesis. By making simple changes in
the notations, we can also test Hy : h(6*) < 0,, or Hy : h(6*) > 0,, using the
procedures and analysis developed later in the paper.

Our secondary goal is to seek some general nonasymptotic theory for inference in
high dimensional models that involve non-Gaussian responses, heteroscedastic noise,
and nonlinearity in the regression coefficients (including the binary response models
and certain nonlinear regressions). Throughout the paper, we make our argument
by conditioning on X; in addition, we assume {0 € RP : h(0) = 0,,} # ( and Hy
does not contain any redundant restrictions.

This work is initially inspired by an important problem from intervention studies
— testing for heterogeneity in treatment effects. Suppose V; is a binary variable which
equals 1 if individual ¢ receives treatment and 0 otherwise; Z; is a p—dimensional
vector of covariates such that E(Z;) = 0, (this zero-mean condition can be relaxed
but is assumed here to lighten the notations). We use Y;! to denote the (potential)
outcome upon receiving treatment, YZ»B to denote the (potential) outcome without
treatment, and Y; to denote the observed outcome; note that Y; = (1 —V;)YiB +V}Y;A.



A commonly studied model (see, e.g., [19]) takes the form

p p
Y; :7rS+TrTW+ZW;WZ¢j+ZOé§Zij + W; (2)
j=1 i=1
where
" p
TE(Z) =B -YP|2) = 7+ 72, (3)
j=1
ATE:=E (Y -YP) = =i (4)

The heterogeneity in the treatment effect TE(Z;) corresponds to Z?Zl Y; Zij-
Taking the expectation of TE(Z;) in (3) over Z; gives (4), referred to as the Average
Treatment Effect (ATE). We are often interested in testing

Ho:v;=9)Vje{l,2,..p}. (5)

Such a hypothesis can be handled by the methods developed in this paper since it
is a special case of our Hy. Note that when 7? = 0 for all j, the hypothesis above
implies there is no heterogeneity in the treatment effect.

Before this paper, some tests have been proposed in the literature of high di-
mensional inference. For example, [7] establish asymptotic consistency for testing

Hog: 0;=0VjeGC{l2,..,p} (6)

in Y; = X;0* +W;, where they require log(|G|) = o(n'/7) and the sparsity parameter
so of 6% to satisfy n~1 (sologp)?log(|G|) = o(1); [23] allow G = {1,2,...,p} but
require n~! (log (pn))” = o(1) and n~! (sologp)?logp = o(1) (which essentially
restricts |G| through p). [23] note that the smaller |G| gets, the more powerful
their procedure becomes (see equation (13) in [23]); furthermore, their simulation
results suggest that the coverage probability decreases as 0* gets less sparse.

In our view, the aforementioned findings are counterintuitive: First, more re-
strictions (larger |G|) on 6* in Hj result in fewer parameters to be “determined”
and thus should only make the testing problem easier; second, if |G| is large enough,
the power of a test should not rely on whether * is sparse or not. With these
questions in mind, we offer a new testing method and statistical analysis, which
does not require the conditions mentioned in the previous paragraph and works for
any finite (n, p). We reveal phenomena that are opposite from the existing litera-
ture: (1) More restrictions (larger m) in Hp make our procedures more powerful; (3)
whether 6* is sparse or not, it is possible for our procedures to detect alternatives
with probability at least 1 — Type II error when p > n and m > p — n; (3) the
coverage probability of our procedures is not affected by how sparse 6% is.

As suggested by the title, this paper studies nonasymptotic inference by exploit-
ing the sharp concentration phenomenon in Lipschitz functions, which should be



distinguished from another line of literature based on normal approximations using
the Stein’s Method, for example, [6] and [11] (also see [23], whose method is justified
by the theory in [6]). In particular, [11] studies similar models (as this paper) and
develops results for hypothesis testing in the regime of n > p; by contrast, our focus
is on the regime of p > n and possibly p > n. In [11], some of the results are
still only asymptotically valid and the other results (even though nonasymptotically
justified) come with probabilistic guarantees that contain rather loose constants and
dimension-dependent components.

For the mean of a high-dimensional random vector, [1] study bootstrap confi-
dence regions with the concentration approach. Beyond the inference for the mean
of a high-dimensional random vector, is it possible to adapt a concentration ap-
proach for testing about the coefficients in a high-dimensional regression problem?
At first glance, there seems no lack of non-asymptotic bounds on the [,—error (often
p € [1, 2] or p = o0) of some (regularized) estimator concerning (1). However, these
bounds (even in the sharpest forms) tend to involve quite a few unknown nuisance
parameters that are hard to estimate in practice. In order to adapt the existing
bounds for the purpose of inference, prior knowledge on the sparsity of * would be
needed at a minimum; see, e.g., [10].

For this reason, we choose our test statistics to base on the sample score vector
evaluated at 0, that satisfies h(éa) = 0,,,, where « is the prespecified Type I error.
By definition, the resulting procedure is a score test. Our test statistics take the
form

Uy () = HiXT (v - Xba)

, (7)

q

where 6, is obtained by solving the following program:

(Ga» f1a) € arg P e
1 n
subject to: H ZXi (Y: — Xibo) — ta|| < Tag (8)
Nz a
h<9a) = 0m7

with g, ¢ € [1, oo] chosen by the users. For 1 < ¢ < oo, we write |[v][, to mean

. . 1/q
the [;—norm of a k—dimensional vector v, where v, = (Zle |U¢|q) when
1<¢g<ooand Hqu = max;=1, .k |v;| when ¢ = co. The choice for r, 4 in the first
constraint is to be specified in the subsequent section.
We can also work with an alternative formulation:



(Ha, ua) € arg ( ea’u{ggﬁ%pm#a

1 n
subject to: H ZXZ' (Vi — Xibo)|| <ragq+ ta, (9)
n
Z:1 q
h(ea) = Oma
o = 0.

Throughout this paper, we will slightly abuse the notations as in the above, where
fio, (also pe) in (8) is a vector and in (9) is a scalar. In addition, we suppress the
dependence of (éa,,&a) in (8) on (g, ¢) and the dependence of (éa,ﬂa) in (9) on ¢
for notational simplicity.

A solution 6, to either (8) or (9) may not necessarily be unique: that is, there
might be different f,s that satisfy (8) (or (9)) while delivering the same (minimal)
objective value ||fial|; (vespectively, fia). We refer to the vector yiq in (8) (and the

scalar i, in (9)) as the “slack” vector (respectively, the “slack” variable) that fills
the “gap” between H% 1 Xi (Y — X,0%)|| and H% X (Y — Xﬂa)H where
q q

h(0y) = 0y, When the null hypothesis is true, i.e., h(6*) = 0,,, the optimal value
|fiall; (respectively, fio) must be zero with probability at least 1 — . This fact does

not imply that 0, would necessarily be “close” to 8* under Hy, but rather,

1 & o
ﬁ Z X; (Y; - Xiea) < Ta,qs (under HO)
=1

q

with the same probability guarantee 1 — « for the event

1 n
=X (Vi — Xi6%)
i

< Ta,q-

q

In the paper, we establish statistical guarantees (stated in terms of («, ¢, q)) for (8),
and statistical guarantees (stated in terms of («, q)) for (9).

To compare (8) with (9) from the computational perspective, we let F{* denote
the set of (0a, pa) that are feasible for (8) and FT'y denote the set of 0, from Fi;

similarly, 75" and F3'y are defined with regard to (9). Note that an element (0q, fia)
in F}* implies

% Z:;X (Y - Xiéa)

< Tag + [|fally;
q

that is, (0q, |fall,) € F5'. Consequently, Ffy C Fgy. On the other hand, the
objective function in (8) is minimized over a p—dimensional vector as opposed to
a scalar in (9). However, (8) does not require the entries in the slack vector to be



positive while (9) require the slack variable to be positive. These facts suggest that
the choice between (8) and (9) incurs some trade-offs in terms of computational cost.

Compared to basing the test statistics on a consistent estimator for *, such as
the existing Lasso estimators, Dantzig selectors, or the new variant (10) with ¢ = 1
and ¢ = oo (to be discussed later), the score statistics (7) using , from (8) or (9)
allow us to bypass the sparsity assumption on #* and the inherent challenges in
an inverse problem. As a consequence, our thresholds or confidence regions do not
involve unknown parameters related to sparsity.

In terms of relaxing sparsity assumptions, this paper shares slight similarity
as [24] although our method is drastically different from what is proposed in [24].
Also, [24] deal with Hy : a’0* = b° for some prespecified @ € RP and 8° € R
while the form of our null hypothesis is much more general and can impose up to p
restrictions on #*; moreover, the statistical guarantees in [24] are asymptotic while
our procedures are nonasymptotically valid and found to work well for small n (such
as 15) in simulations; finally, [24] show that their test can attain certain optimality in
detecting alternatives as long as the sparsity parameters of 8* and a are in the order
At
in Hy (whether #* is sparse or not).

If we choose g = 0o, then (7) is reduced to

;ixmn—&%)

), while we find the power of our tests depends on the number of restrictions

Voo (Ba) =

[e.9]

This statistics shares some resemblance to the score-based correction term in the
debiased Lasso literature (see, e.g., [7, 12, 17, 22, 23]) as well as the decorrelated
score in [15]. Unlike the debiased and decorrelated procedures which require an
initial (consistent) estimator for (the sparse) §* in the correction term, our 6, here
need not be consistent and is directly used in the test statistics (requiring no further
debiasing or decorrelating step). In addition, our methods are nonasymptotically
valid and do not require 0* to be sparse, whereas the aforementioned papers hinge
on the asymptotic normality of the debiased or decorrelated procedure and require
0* to be sufficiently sparse.
We derive implementable (non-asymptotic) thresholds r, 4 such that

Py {\I/q(éa) > Tozyq} < q, (Type I Error)
Pr{W,(fa) <7aq} < B  (Type Il Brror)

where Py means under Hy, P; means under H; and a “Level—( Separation Require-
ment” imposed upon the /,—distances between the population score vectors evalu-
ated at 0* and 0,s satisfying h(0,) = 0,,,. Our decision rule is that if \Ilq(éa) > Ta,g
we reject the null hypothesis Hy. In addition to the guarantees on the Type I and

Type II errors, we also construct confidence regions in terms of the score vectors.



Our non-asymptotic thresholds r, 4 consist of data-driven components which re-
flect the “dimension complexity”, as well as components which are free of p. This
form is a direct result of the concentration phenomenon in Lipschitz functions. The
key data-driven component in our 7, 4 uses a Monte-Carlo approximation to “mimic”
the expectation that is concentrated around and automatically captures the depen-
dencies across coordinates. These facts put our framework in sharp contrast with
the Bonferroni approach used in the estimation literature (e.g., [10]). In this per-
spective, our results share some similarity as those in [1] except that [1] concern
inference for the mean of a random vector while we consider inference about the
coefficients (0* € RP) in the high dimensional regression models.

Beyond the context of hypothesis testing, as a secondary contribution, the data-
driven approach proposed in this paper for setting the thresholds r, 4 also suggests
a new class of regularized estimators:

grew < Tayg- (10)

1
~—XT(v — X6,)
n q

€ argenleiﬂg}p [0all; subject to

When ¢ = 1 and ¢ = oo, (10) can be viewed as a variant of the Dantzig selector,
for which we establish a complementary l;—error bound. In contrast to (10), (8)
and (9) involve a second constraint h(f,) = 0,, and a slack vector (or variable)
o in the first constraint, as well as a different objective function (minimizing the
l—norm of the slack vector or minimizing the slack variable, instead of minimizing
[0all;). Consequently, the resulting solution to (10) is not constrained to satisfy
h(07€) = 0,,, whereas s in (8) and (9) satisfy h(fy) = Oy

The rest of the paper is organized as follows. In Section 2, we focus on the
Gaussian regression models and establish nonasymptotic control on the Type I and
Type II errors for the proposed score test. Implementations for some natural choices
of g (relevant to both (8) and (9)) and ¢ (relevant to (8)) are also discussed.

We demonstrate numerical evidence through simulation studies in Section 3,
where the computational performance of (8) and (9) as well as different choices of
(g, q) in (8) and ¢ in (9) are also compared. We look at a “small sample” setup
(n =15, p=50) and a “larger sample” setup (n = 100, p = 300). Our designs range
from highly dense 6* to highly sparse 8* and our null hypotheses take either the form
(6) or Hy : AO* = 0,,, for some prespecified A € R™*P and m € {p, p— 3, p— 9}.
The second form of hypotheses is motivated by real world applications in marketing
and more detail is described in Section 3. To the best of our knowledge, this paper
is the first that studies Hy : A0* = 0,,, with “large” m, which cannot be handled by
existing approaches in the literature.

The remaining sections are about various extensions. Section 4 provides some
general nonasymptotic justifications for inference in high dimensional models that
involve non-Gaussian responses, heteroscedastic noise, and nonlinearity in the re-
gression coefficients (including the binary response models and certain nonlinear
regressions). Motivated by the data-driven feature of our concentration approach,



Section 5 proposes a new class of regularized estimators along with a complementary
lo—error bound. Section 6 concludes the paper and all technical details are deferred
to the supplementary materials.

2 Gaussian Regressions

For the linear regression model (1), we first consider the scenario where o2 is known,
and then look at the scenario where ¢ is not known a priori. Throughout this
section, we use Eyy [-] to denote the expectation over W only, conditioning on X.

By considering the concentration of H%XTWH around Eyy UHXTWH ], our
q q

first result establishes an “ideal” confidence region for the /,—distance between the

score vectors evaluated at 6* and a “theoretical” optimal solution, é;, that is,

|

This “theoretical” optimal solution above, 672, is obtained by setting 74 4 in (8) (and

(9)) to Eyw UHXTWH } plus a deviation. In practice, Ey M’llXTWH ] may be
q q

bounded with its Monte Carlo approximation and a “small” remainder term. This
approach results in a “practical” optimal solution, éa, which can then be used to
construct test statistics and a “practical” confidence region.

To state the first result, we introduce the following notation (which will appear
in many places throughout this paper):

1 ~
HXTX(G* —0%)
n

%XT(Y - Xg;)} _ [:ZXT(Y - XH*)]

q

1 P 1 !
EZXzZ = qz EZX% ) q € [1, 0)
=1

i=1 ‘ j=1
1 & 1 &
— E XZ? = max — E Xl?j, q = 0.
n 4 je{l,...p} \| 1 <

i=1 q i=1

Proposition 2.1. Assume (1) where W ~ N (0, 0%I,,) and is independent of X.
Then for any q € [1, o], we have

+ t} < exp —nt” s |- (11)
202 H

IP{HlXTW
n

1
> By [HXTW
n

q q

q

+ lznsz 2 Jog + (12)
ol — » —log —
n = ! n ga
q

Moreover, for a € (0, 1), let

1
Tag = Taq = Ew MnXTW

q



in (8) (or (9)). Then, an optimal solution (é;, ﬂ;) to (8) must satisfy

1 * N* Ak
l2xTxer-o| = laul, (13)
n q
1 T * N* P *
—-X X(e _ea)_#a < 2Taq) (14)
n K
q

with probability at least 1 — . Similarly, an optimal solution (éz, ﬂj‘;) to (9) must

satisfy
1 ~
SXTX(0"=03)| = ha (15)
n q
1 ~
CXTX(@ 0| <, (16)
q

with probability at least 1 — .

2.1 Hypothesis Testing

For the moment, suppose we set 74,4 = 75, , in (8) (or (9)) according to (12) as in
Proposition 2.1. Under Hy, (0%, 0,) ((6%, 0)) is an optimal solution to (8) (respec-
tively, (9)). Consequently, given the test statistics (7) and a chosen « € (0, 1), an

optimal solution to (8) (and (9)) must satisfy

Py {mq(e;;) > r;q} <a (17)

where Py means under Hy.
The claim in (17) suggests a test (with level o) based on the statistics W, (6})
and an “ideal” critical value, r, ., given in (12). When W ~ N(0,,, 0*I,,) and o?

is known, the first term Ey [H}lX TWH } in r}, . can be approximated by Monte-
q b

q

Carlo as follows. Let Z € R™F be a matrix consisting of independent entries
randomly drawn from A(0, 1) and the rth column of Z is denoted by Z.. By

(75) and (76), note that cR~1 31, H%XTZT . Ew [HiXTWHJ is sub-Gaussian

with parameter at most (n.R)~'/%c H Ly X2

. Consequently, (73) yields the
q

following concentration

—nRt?

1 1
P {EW [HXTW ~xTz,
n n

o B
ZEZ
r=1

+ t} < exp
q q 202 H

18)



Combining (11) and (18) yields

1 "t
IP’{HXTW > I3 -XTZ| +h +t2}
n ¢ Rzlin q
—nt? —nRt3 (19)
202 H 202 H
2.1.1 Construction of Critical Values (r,,) and Type I Error
For some chosen ay, ay > 0 such that a1 + as = a € (0, 1), we let in (19),
1 & 2 1
t]_ = 0 ; Zl X7,2 E 10g ail = Tay,q> (20)
= q
1 & 2 1 1
ta = - X? —log— =4/ = ,
2 g \ n ; v nRk & a9 R 24
q

Based on (19) along with the choices of ¢; and ¢ above, the RHS of the first con-

straint in (8) (or (9)) is set to
1
. tTarq + ETO%CI' (21)

Note that we can draw as many columns in Z as we want, to make \/%Ta%q in (21)
small; for a given a, we can let as be smaller than o1 because of the additional

« 1

E .

Under Hy, (6%, 0,) ((6%, 0)) is an optimal solution to (8) (respectively, (9)) with
Ta,q specified in (21). Consequently, a (practical) optimal solution to (8) (and (9))
must satisfy

R

= 23

r=1

1
X7z,
n

Py {‘llq(éa) > Ta,q} <a (Type I Error). (22)

Remarks. In terms of control on the Type I error, the [;—norm in (7), (8) and (9)
can be generalized to the function ¢, : RP — R that satisfies:

e for all z € R? and a € RT, {, (az) = aly (2),
o forall z, 2 €RP, ¢, (z + z/> <G (2) +G(2),

o forall z € R?, [(, (2)] < []]|, for g € [1, oq].

10



In this case, we simply let

R
o 1 1
Ta,g = R Z Gq (nXTZr) + Tarq + \/ ETaz,qa
r=1

and obtain

Py {Cq(lXT (Y—Xéa>> ZTa,q} <« (Type I Error),

n
where 6, is a solution to (8) (or (9)) with the [,—norm in the first constraint replaced

by (4. Given (, is subadditive and bounded by the I,—norm, the results above follow
from the simple fact that

o) ()

IN

1 ,
HXT(W—W)

1 9
PR

Consequently, we can establish bounds that are identical to (11), (18), (19) in terms
of 4 (%XTW), Ew [Cq (%XTW)}, F 25:1 Cq (%XTZ,), and then follow the same
argument as what is used to show (22).

q
1

Vn

9"

HW—W/
q

2.1.2 Practical Confidence Regions

Let (éa, ﬂa) be an optimal solution to (8) with 74 4 specified in (21). Our previous
analysis implies that

1 R
HXTX(H* —04) — fla
n

q

1 . 1
< HXT(Y—XQQ)—,QO[ + HXTW
n q n q
20 Il 1
T
< E; EX Zy q+27—al,q+2 ETCQJI (23)

and )
~XTX(6" - 0,)
n

> Jltall (24)
q

11



with probability at least 1 — «; similarly, in terms of (9), we have

A

HlXTX(G* —0,)
n

— Mo
q

1 T A A 1 T
< |=XT (Y = X0o)|| < fla || =XTW

n q n q

20 K|l 1

T

< frgl aX Zy q+27'a1,q+2 ﬁTamq (25)

and )
HXTX(G* —0,)
n

> fla (26)
q
with probability at least 1 — . The argument for (24) and (26) is identical to what
is used to show (13) and (15). As we have pointed out in the introduction, there
might be different 6,5 that satisfy (8) (or (9)) while producing the same (minimal)
objective value |[|fia||; (respectively, fio). Consequently, there is more than one
confidence region in the form of (23)-(24) or (25)-(26). In view of (25)-(26), the

length of the confidence interval is naturally

CI - Length = -2 i
— Len = —
TR

r=1

1
~xTz.
n

1
+ 2704 + 2\/ HTaz,q (27)
q R

*

If Ew [H}LXTWH } can be known exactly and we were able to set 74, 4 = 7, 4
q K

in (8) (or (9)) as in Proposition 2.1, then any resulting optimal solution (é;, ﬂ’g)
to (8) (respectively, (9)) should satisfy

IN

+ 2701, (28)

«

1 ~
HXTX(G* —0%) - p
n

2E MlXTW
n

q q

A~k
— g
q

IA

1 ~
HXTX(a* —0%) + 270 ar (29)
n

1
2B MXTW
n

q

both with probability at least 1 — ay. Comparing (23) with (28) and (25) with (29),
note that the difference in terms of the right hand sides is

/1
) +2 ETOQ’(I’

which can be made arbitrarily small with a large number of random draws in the
Monte-Carlo approximation. Because of such an approximation, the probabilistic
guarantees for (23) and (25) are bounded from below by 1 — « instead of 1 — a;.
Given the statistics ¥,(6,) in (7) based on (a practical) §, and the critical value
Ta,q defined in (21), we have constructed a test with level a as shown in (22). For

2(2%

r=1

1

~xTz,
n

—Ew UlleW
q n

q

12



some (3 € (0, 1), when can this test correctly detect an alternative with probability
at least 1 — 37 To answer this question, we introduce the “Separation Requirement”
in the following section.

2.1.3 Separation Requirement and Type II Error
Letting ©g := {0 € RP : h(f) = 0,,}, we choose (1, B2 > 0 such that 51 + 2 = €
(0, 1), and assume

lXTX(G* —0)
n

inf

> ), 30
6e6, = Oa,B,q ( )

q

1 1
t Tar,g T \/ B To2q + \| 7781 + T8ayq (31)
q‘| 1 R 2 R 1 2

for the prespecified a1, ag > 0 (as used in (21)) such that a; + a2 =a € (0, 1). We
will refer to (30) as the “Separation Requirement” (SR) at the level 5. In view of

with
1
Oc8.q = 2Ew [HXTW
n

lXTX(@* —0)
n

q

= ||Ew lXT(Y — X@)] —Ew
n

%XT(Y ~ XG*)}

q

)
q

= |Ew EXT(Y — XO)] —Ew [;XTW]

note that the SR is imposed upon the [,—distance between the population score
vectors evaluated at 6* and 6(€ ©g).

Our next result concerns the Type IT error of the test based on ¥, (8,) in (7) and
Ta,q defined in (21). For completeness, we also include the claim for the Type I error.

Theorem 2.1. Assume (1) where W ~ N(0,, 0*1,,) and is independent of X.
For some chosen a1, ag > 0 such that aq + ag = a € (0, 1), consider the statistics
U, (6,) based on (a practical) 0o and the critical value Ta,q defined in (21). For any
q € [1, oo], we have

Py {\Ifq(éa) > ra,q} < a, (Type I Error) (32)

where Py means under Hy. For the same 1,4 used in (32) and some 1, f2 > 0 such
that B1 + B2 = B € (0, 1), if h(0*) # 0., and (30) is satisfied, we have

Py {‘Pq(éa) < ra,q} <B,  (Type II Error) (33)

where P1 means under Hy and (30).

13



2.1.4 Implications of Our Results

Some interesting observations can be made from the results we have established

so far. First, our guarantees do not rely on good behavior of Héa —0*
notV2 X (0 - o)
need not be sparse for the results to hold.

Second, the number of restrictions (i.e., m) in Hj plays a significant role

in the power of our procedures. If p > n, m < p —n, and Oy # ), we can always
find a solution @ such that X6 =Y. Consequently, we have

9 or even

’2 nonasymptotically or asymptotically. As a consequence, 6*

1 R 1 A 1 1
HXTX(G* - =|||=-xT(v - XG)} — | =xT(y - XQ*)] = HXTW
n q n n q n q
(34)
By (11),
1 1
P < ‘XTW < Ew MXTW + TM> >1—aq,
n q n q

which implies that P (H}lXTX(H* - é)H > (5(175#) is small and there is not enough
q

separation for our procedures to detect the alternatives. Note that (é, Op) ((é, 0))

also solves (8) (respectively, (9)) with probability 1 for any ro4 > 0. Comparing

with (27), the length of H%XTX(H* — é)H here can be bounded from above by
q

Ey [H}LXTwM + Tag-

As m gets larger relative to p — n, it becomes easier for (30) to be satisfied. In
general, the more restrictions in Hy we have (i.e., the larger m is), the more powerful
our procedures will be (whether 6* is sparse or not). This phenomenon is opposite
from what have been shown in the existing literature (cf. the discussions in the sixth
paragraph of Section 1) and exists not only in the linear regression models here, but

also in the models considered in Sections 2.3 and 4.
Third, we observe from (31) and (20) that the quantities taking the form of

1/log% in 04,3, are dimension free. Instead, the leading term Ey [“TllXTWH ]
q

in (31) and (11) reflects the “dimension complexity” and automatically takes into
consideration the dependencies between the coordinates. This result is a direct
consequence of the concentration phenomenon in Lipschitz functions of Gaussians.
Take ¢ = oo, W ~ N (0,, I,,) and consider the extreme example where X consists
of p copies of the same column Xg. Then, we have

1 21 |1
~XTw _\f .
n Hoo] wa\n; o
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and (31) becomes

2 1 N
’B’ \/7 n Z ng t Tar,q T Taz,q + Tﬂhq + 78,4 (35)

which involves no dimension complexity (as desired). In terms of practical imple-
mentation, we have demonstrated that Ey [H’llX TWH ] can be well approximated
q
by the data-driven threshold % SR Hﬁ || ; see (18) and (79).
q

Beyond the extreme example, more generally for ¢ = oo and W ~ N (0, I,)
(without much loss of generality by assuming o = 1), we show in Section A.4 that

n

logp
T L 2
By [H X WH } (1 €>J 4n? Jl€{1» ,p}z (36)

1

for all p > 20, and

1 2logp - 8
E XTWH }< a X2+ | 55— 37
v [Hn ool n? je?i--}.{,p}izl Y nZlog p jell.. ,p}z 37

for all p > 2. While the nonasymptotic validity of our testing procedures does not
require any growth restrictions on the dimensionality, we see from (36) that 04, o

can tend to zero only when logp = o(1) (if X does not contain identical columns).
As an alternative, the Bonferronl approach can also be used to construct a testing
procedure. In particular, we can solve (8) (or (9)) with ¢ = oo and

/ 2p
o,00 — 38
T, Jje?ll,ax,p} n Z o (38)

=1

Consequently, the separation distance in (30) that allows us to correctly detect an
alternative with probability at least 1 — 5 takes the form

daB,00 = Taot T80

2 n
= max 20 \/ — + ’/ 2p (39)
]6{11 7p} n i= 1

In contrast to our previous concentration approach, the Bonferroni alternative de-

rives the upper bound (38) from a simple union bound on H%X TWH ; as a conse-
quence, the resulting threshold r,  depends on p and fails to captl(l);e the depen-
dencies between the coordinates. In the extreme example discussed previously, note
that 0,800 for the Bonferroni approach can be substantially bigger than (35) due
to the extra “log p” term.

15



2.2 Unknown Noise Variance
When there is no prior information on o, /Var (Y;) may be used as an upper bound.
We can easily estimate /Var (Y;) by 6y = \/nl > (Y- - Y) where Y = 7{0 ~ Y

If {X;};" | consists of i.i.d. Gaussian vectors (so that Y is Gaussian), Proposition
4.1 in [1] implies that

Var (Y;) < (Cn - \}ﬁqﬂ (;»_1 by = B,

with probability at least 1 — 7, where C,, = \/%% =1-0(n").

In problems where Var(W;) is a constant over i, X is fixed, and the only source of
randomness in Y comes from W, replacing ¢ with B, does not make Ta,q & MOTe CON-
servative threshold for constructing confidence regions. In problems with a random
design, using B, could result in confidence regions that are more conservative.

We find it rather challenging to estimate o precisely and obtain a sharp thresh-
old simultaneously within the non-asymptotic framework. The main issue is that
our procedure does not guarantee a small n=1/2 HX <éa — 9*) H2 with high probabil-
ity, which seems to be needed for consistent estimation of . On the other hand,
if we were able to ensure a small error with respect to the prediction norm, our
nonasymptotic control is likely to become less sharper and also involves unknown
nuisance parameters that are hard to estimate.

2.3 (Gaussian Nonlinear Regressions

The procedures and theory established in Section 2.1 can be easily extended to the
Gaussian nonlinear regression models

Y;:T(XZ‘;Q*)—FWZ', 1=1,..,n, (40)

where W = {W;}"_; ~ N(0,, 0*I,) as before, the functional form of 7" (X;;6*) is
assumed to be known and possibly nonlinear in 6*. Our test statistics (7) then takes

the form
~ 1 A
v, (%) = ;Xi [Yz -T (Xz‘; Haﬂ
which we will refer to as the “quasi-score” evaluated at 6, a solution to (8) (or (9))

where X0, is replaced with 7" (X;;60,) for each i. Note that (11), (18), (19), and
(79) still hold. As a result, if we replace (30) with

I

q

>,
q

inf

ZX (Xi;0%) — T (X;;0)]
(UASISH)

a,B,9>

the statements in Theorem 2.1 and its implications in Section 2.1.4 (with the linear
index replaced by 1 for each i) can be carried over to the case of Gaussian nonlinear
regressions.
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2.4 Implementation

We discuss implementations for some natural choices of ¢ (relevant to both (8) and
(9)) and ¢ (relevant to (8)).

For example, letting ¢ = oo leads to a “Dantzig Selector like” constraint and we
simply rewrite it as

1 & .
EZXZ] (}/;_Xlea)_lu’a < Ta,q v.] = 1:--‘7277
=1
1 nl
EZXZ] (_}/:L+X10a)+,u’a < Ta,g VJ = 17"'7p7
=1
for (8) and as
1 n
EZX’L']' (Y;_Xiea) < Ta,q + Ua Vi=1,..,p,
i=1
1 nl
- > Xij (-Yi+ Xiba) < Tagthba  Vi=1,..p,

=1

for (9). Note that the constraints above are linear whereas for ¢ = 2, the first
constraint in (8) (respectively, (9)) becomes nonlinear and is implemented without
further manipulation in our simulations.
In the cases where ¢ = § = oo in (8), we work with the following (equivalent)
program:
min z
(Ba b ,2) ERP XRP X R

1 n
subject to: — E Xij (Vi — Xi0o) — pta < Tayg Vi=1,..,p,
n “
=1

1 & .
ﬁ ZX'L] (_Y; + nga) + Mo S Ta,q VJ = 1a ~ Dy
i=1

Hja < 2 Vi=1,..,p, (41)
—Hja S 2 Vi=1,..,p,
h(0s) = 0.,

In the cases where ¢ = 0o, ¢ = 1 in (8), we work with the following (equivalent)
program:

17



min E Zj

(Ba b ,2) ERP X RP X RP

1 n
subject to: — E Xij (Vi — Xiba) — o < Tayg Vi=1,..,p,
n “
=1

1 & .
EZX’L] (—Y;‘i‘Xzea)‘i‘Ma Sroc,q vj - 17"'7p7
i=1

Hj,a < Z5 vj = 17 ey 2 (42)
—Hj«a < Zj vj = 17 Ry 2
h(fa) = O,

where z = {z;}/_,. The tricks employed to formulate the programs (41) and (42)
are standard in the literature on linear programming (see, e.g., [2]).

3 Simulations

In this section, we evaluate the performance of our procedures through simulation
studies. The following choices of ¢ and ¢ are considered:

)] q=q=ocin(8),
(IT) q=00,§=1in (8),
(111) q = o0 in (9),

(IV) q=2,3=o00in (8),
(V) q=q=2in(8),
(VI) g=2in(9)

The optimization problems above are solved with the “interior point” algorithm.
The matrix X € R"*P consists of n rows, which are fixed i.i.d. realizations from
the normal distribution N (0,, ¥) where ¥;; = 1 and X, =03forj #£ j and

4,7 €{1,...,p}. Our null hypotheses take either the form (6) or
Hoy: A6* =0, (43)

for some prespecified A € R™*P consisting of m rows, which are fixed i.i.d. realiza-
tions from the normal distribution A (0,, ¥). In the simulations, we assign a seed
number, different from what is used to draw the rows in X, to generate the rows in

A.
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The second form of hypotheses above is motivated by real world applications in
marketing, where firms usually can choose or have information about the covariates
but lack observations on the outcome. For example, a startup company may only be
able to perform experiments over a small set of customers and record their responses.
On the other hand, there could be numerous product attributes to be chosen freely
by the company; it might also have rich data on the characteristics of potential
customers. In these applications, the researchers can often “simulate” the matrix A
of their interest (where m can be as large as p). Recalling (2) and (3), one problem
is to test Hg : Ay* = 0,,; that is, there is no heterogeneity in the treatment effect
for the simulated profiles.

We first look at the case n = 15 and p = 50 to examine the “small sample”
performance of our procedures. A setup with such a small n (but larger p) is rarely
seen among existing simulation studies for regression models. In the end we look
at n = 100 and p = 300 to see the improvement. For the form (6), we consider the
following scenarios:

(a) G={1,..,p}\ {1, §, p} with 67 = S forall j=1,..p,

(b) G=A{1,..,p}\{1,2,...,9} with 07 = % forall j =1,...,p,

(c) G ={1,...,p} with 05 = c. and 07 = 0 for all j # 2,

(d) G ={1,...,p}\ {1, §, p} with 5 = cq and 67 = 0 for all j # 2.

For the form (43), we let A consist of:
(e) p— 3 rows with 67 = < forall j =1,...,p,
() p — 9 rows with 67 = %f forall j=1,..,p.

Our coverage probabilities and rejection probabilities are calculated based on 100
repetitions. The subscripted cs are the approximate cutoff values that make the re-
jection probabilities at 95% and may vary among (a)-(f). The rejection probabilities
decrease as the subscripted cs decrease and vice versa. We first apply methods (I)
to (VI) to each of the scenarios listed above under n = 15 and p = 50.

For each of the 100 repetitions, the noise vector W is drawn from N(0,,, 021 ,,)
with o = 0.5; we take R = 10000 i.i.d. draws (Z,s) from N (0,, I,) and choose
a; = 0.049, ap = 0.001 (i.e., @ = 0.05) to balance between 7, 4 and \/%Tam in
(21). We set 81 = 0.001, B2 = 0.049 (i.e., 8 = 0.05) in (31) and approximate 6,34

with
1 1
. + Tai,q + ETaz,q + ETBM] + 782,05

which is compared with the actual separation H%X Tx (0* — éa) H . Tables 3.1-3.7
q
exhibit:

A 25 &
Oa,B,q = R Z

r=1

1
~xTz,.
n
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(i) 0* that makes the rejection probability (Item v below) at 95%,

(ii) the average of H%XTX (9* — 9a) H over 100 repetitions,
q

(iif) the average of Saﬁg’q over 100 repetitions,

(iv) the coverage probability,

(v) the rejection probability (i.e., 95%).

The evidence from our simulation studies supports the main points of this paper.
A rejection can happen when a subscripted c is shared equally over all j = 1,...,p
(which gives approximately sparse 8* or non-sparse 0*) or over a single coefficient
(which gives exactly sparse 6*). All it takes is sufficient separation in terms of

H%X T'x (9* - éa) H . When the number of restrictions (m) in Hp decreases from
q

p—3 top—9 (Tables 3.1 to 3.2, Tables 3.5 to 3.6), the values of the subscripted
cs needed to make the rejection probabilities at 95% become substantially larger, as
shown in row (i); that is, our procedures become less powerful. Similar patterns are
also observed when m decreases from p to p— 3 (Tables 3.3 to 3.4). This behavior is
opposite from what has been noted in [23]: The smaller |G| gets, the more powerful
their procedure becomes in detecting sparse alternatives (such as Scenarios (c) and
(@)).

In view of (23)-(24) for (8) and (25)-(26) for (9), it is not surprising that the
coverage probabilities of our procedures are not affected by how sparse 6* is. In
contrast to “undercoverage” commonly reported in many asymptotic procedures, the
coverage probabilities shown in Tables 3.1-3.7 suggest our method is conservative.
The actual separation (ii) needed to achieve a power of 95% is somewhat smaller
than 5%5711 (iii). This result is plausible given (33) only states that 8 is an upper
bound on the probability of our procedures failing to reject Hy, under Hy, (30),
and (31); also, the proposed separation in (31) is only sufficient but not necessary.
Establishing the minimax separation in terms of (30) for (6) and (43) under p > n,
m > p —n could be a useful endeavor for future research.

For the same choice of ¢, methods (I)-(III) (respectively, methods (IV)-(VT))
give very similar performance as shown by rows (i) and (ii). Between the choices of
q = oo and ¢ = 2, methods (I)-(IIT) appear more powerful than methods (IV)-(VI),
evidenced by (i) where the subscripted cs are smaller. From the computational as-
pect, method (III) is much faster than the rest. It also yields a more natural looking
confidence interval (see, (25)-(26)) whose length is simply (27), corresponding to
the “bold” numbers in the tables for the various scenarios and (n, p) combinations.
Note that the lengths here are the same as 30175,(1 for Method III because 31 = o
and B2 = a1. But of course, for more general 5; and B2 as shown in Section 2, the
lengths of the confidence intervals do not have to coincide with 504”37(18.

To compare the small sample performance (n = 15, p = 50) with the larger
sample performance (n = 100, p = 300), we repeat the same exercise with methods
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(I) to (VI). For conciseness, we only exhibit the improvement for method (IIT) under
n = 100, p = 300 in Table 3.7. The improvement for other methods is very similar;
the same patterns discussed in the previous paragraph (when n = 15, p = 50) are
also observed under n = 100, p = 300.

As shown in Table 3.7, the subscripted cs that make the rejection probabilities
at 95% decrease drastically in the larger sample experiment. The difference in the
subscripted cs between Scenario (a) (m = p — 3) and Scenario (b) (m = p —9),
between Scenario (e) (m = p — 3) and Scenario (f) (m = p —9), between Scenario
(¢c) (m = p) and Scenario (d) (m = p — 3), respectively, gets smaller as p and n
increase. This finding is intuitive and can be reasoned as follows: Relative to the
setup n = 15 and p = 50, the number of “free” parameters remains the same (3 for
Scenarios (a), (d), and (e); 9 for Scenario (b) and (f); 0 for Scenario (c)) while n is
increased to 100. Consequently, the impact of more restrictions in Hy on the power
becomes less substantial.

Table 3.1: n =15, p = 50, Scenario (a), Methods I-VI
I II m [ v [ v %

i | 0.081-1, | 0.081-1, | 0.081-1, | 0.096-1, | 0.096-1, | 0.096 -1,

ii 1.034 0.986 1.034 3.856 3.852 3.852
iii 1.602 1.602 1.602 6.726 6.726 6.726
iv 1 1 1 1 1 1

v 0.95 0.95 0.95 0.95 0.95 0.95

Table 3.2: n =15, p =50, Scenario (b), Methods I-VI

I II III v A\ VI
i | 04961, | 0.496-1, | 0.496-1, | 0.633-1, | 0.633-1, | 0.633-1,
i 1.084 1.080 1.084 3.739 3.737 3.737
ii | 1.602 1.602 1.602 6.726 6.726 6.726
iv 1 1 1 1 1 1
v 0.95 0.95 0.95 0.95 0.95 0.95
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Table 3.3: n =15, p = 50, Scenario (c), Methods I-VI

\ II

I 111 \ v \ % VI
i | (0,0.745,0,_2) | (0,0.745,0,_2) | (0,0.745,0,_2) | (0,0.83,0,_2) | (0,0.83,0,_3) | (0,0.83,0,_ 2)
ii 1.025 1.025 1.025 4.286 4.286 4.286
iii 1.602 1.602 1.602 6.726 6.726 6.726
iv 1 1 1 1 1 1
v 0.95 0.95 0.95 0.95 0.95 0.95
Table 3.4: n =15, p =50, Scenario (d), Methods I-VI
I II III IV Vv VI
i | (0,445,0,_2) | (0,4.45,0,_3) | (0,4.45,0,_2) | (0,4.875,0, 2) | (0,4.875,0,_2) | (0,4.875,0,_2)
ii 1.015 0.993 1.015 3.738 3.736 3.736
iii 1.602 1.602 1.602 6.726 6.726 6.726
iv 1 1 1 1 1 1
v 0.95 0.95 0.95 0.95 0.95 0.95
Table 3.5: n =15, p = 50, Scenario (e), Methods I-VI
I II m [ v [ v VI
i | 0054-1, | 0.054-1, | 0.054-1, | 0.064-1, | 0.064-1, | 0.064-1,
ii 1.053 1.134 1.053 3.859 3.852 3.853
iii 1.602 1.602 1.602 6.726 6.726 6.726
iv 1 1 1 1 1 1
v 0.95 0.95 0.95 0.95 0.95 0.95
Table 3.6: n =15, p = 50, Scenario (f), Methods I-VI
I II ITI v A% VI
i | 00861, | 0.08-1, | 0.086-1, | 0.102-1, | 0.102-1, | 0.102- 1,
ii 1.098 1.130 1.098 3.796 3.795 3.795
iii 1.602 1.602 1.602 6.726 6.726 6.726
iv 1 1 1 1 1 1
v 0.95 0.95 0.95 0.95 0.95 0.95
Table 3.7: n =100, p = 300, Scenarios (a)-(f), Method (III)
a b c d e f
i | 0.008-1, | 0.021-1, | (0,0.35,0,_2) | (0,0.632,0,_2) | 0.002-1, | 0.003-1,
ii 0.387 0.400 0.370 0.380 0.350 0.395
iii 0.595 0.595 0.595 0.595 0.595 0.595
iv 1 1 1 1 1 1
v 0.95 0.95 0.95 0.95 0.95 0.95
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4 Some General Non-Asymptotic Justifications

So far our theory has focused on Gaussian regressions with homoscedastic noise. Is it
possible to establish some general non-asymptotic justifications for inference in high
dimensional models that involve non-Gaussian responses, heteroscedastic noise, and
nonlinearity in the regression coefficients? We answer this question in this section.

4.1 Regressions with Non-Gaussian Noise

Our analysis in Section 2 exploits sharp concentration of Lipschitz functions of Gaus-
sian variables. This analysis can be extended to regression models where the noise
vector W is either bounded or has a strongly log-concave distribution. In particular,
we have the following analogues of (11).

Lemma 4.1. Suppose W has a strongly log-concave' distribution with parameter
. Then for any q € [1, 00|, we have

{ 17 [ 17 } —nept?
Po|=X"W| >E|[|-X"W| |+t <exp 5 |- (44)
" ! " ! 2HV % ?:lXiZHq

Remarks. For a fixed design X, if Y ~ NV(X6*, ) and X > 0, ¢ can be set to the
smallest eigenvalue of ¥ 1. Beyond a normal distribution, [16] discuss quite a few
examples of strongly log-concave distributions.

Lemma 4.2. Suppose W consists of independent random wvariables, all of which
are supported on [a, b]. Then for any q € [1, o], we have

|
If we know the distribution of W, our analysis from Section 2 can be, in principle,
extended to construct testing procedures and confidence regions for regression mod-
els where W is either bounded or has a strongly log-concave distribution. However,
sometimes we might not know the distribution for W; instead, we may have more
information on the distribution of Y than the distribution of W. In some applica-
tions, we might only know Y consists of entries supported on [a, b]. For example,

[20] estimate the effect of spending on math pass rates (Y; € [0, 1]) under the as-
sumption E (Y;|X;) = ® (X;6*), where ®(-) denotes the standard normal c.d.f. and

—nt?
—i—t} < exp 5 |- (45)
2(b— a)? H

lXTW
n

lXTW
n

>E
q

q

'A strongly log-concave distribution is a distribution with density p(z) = exp (—(z)) such
that for some ¢ > 0 and all A € [0, 1], 2, 2 € R™, Ah(2) + (1 — N)b(z) — p(Az + (1 — N)2') >

£A(1 - N)

’
zZ—Zz
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X; include the spending variable as well as other covariates. Another example is the
binary response model

where Y; € {0, 1} and the functional form of A (X;;6*) is assumed to be known; for
example, A may be a “probit” or a “logit” in (46) and A (X;;60*) = A (X;0*). Under
the assumption

E (Yi|Xi) = 1T (X3;607), (47)

both binary and bounded response models can be treated in the same framework.

4.2 Bounded Responses

In what follows, we consider (47) where a < Y; < b for all 4, the functional form
of IT (X;;0*) is assumed to be known and possibly nonlinear in 6*. Without loss of
generality, we assume a = 0 and b = 1. Our test statistics now becomes

. 12 .
¥, (0a) = ||= > X, [vi— 11 (X3:60) || (48)
= q
and éa is a solution to
(6 ) € arg | min _lally
1 n
subject to: H ZXZ- [Y; = 1T (X35 04)] — pa|| < Tayq (49)
n “
=1 q
h(6s) = O,
or,
(9a, ua) € arg o R
1 n
subject to: H Z XiY; — II(X3;00)]|| < Tagq+ Has (50)
n “
=1 q
h(6a) = O,

fa = 0.

Throughout this section, we use Ey|x [-] to denote the expectation over the distribu-
tion of Y conditioning on X; for an i.i.d. sequence of Radamacher random variables,
e ={&;};, (independent of Y and X), we use E. [-] to denote the expectation over
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¢ only, conditioning on Y and X, and E, y|x [-] to denote the expectation over the
distribution of (e, Y') conditioning on X.
Like in the regression problem, we first establish the concentration of

ZX [V; — IT (X;;6%))
i=1

around its expectation

iy
=Y X[V — I (X;567)]
iz

So- == Ey|x

] | o

Previously we have simply replaced Ey {H}LX TWH ] in (11) with its Monte Carlo
q

approximation % Zle Hﬁ r|| and a “small” deviation. This strategy cannot be
q

applied to the expectation Sg« directly. Instead, we first seek a reasonable upper

bound which involves only {Y, X} and random variables from a known distribution.

These results are stated in the following proposition.

Proposition 4.1. Assume Y consists of independent random variables. For any
q € [1, oo], we have

§

Let ¢ = {e;}; | be an i.i.d. sequence of Radamacher random variables independent

of Y and X. Under (47), we have
q}

(53)

Remarks. Note that bound (52) holds for any fixed 6 (not just the true coefficient
vector, 6*). However, (53) relies crucially on the model assumption (47).

The upper bound in (53) can be viewed as the symmetrized version of Sp-«.

Considering a collection of i.i.d. Radamacher random draws (independent of ¥ and

X,

—nit?
> Sp +t p < exp s |- (52)
q N

1 n
=Y X [Yi - I (X;567)]
iz

5Y|X{HZ€z [Yi — IT (X3 07)]

1 n
} < Spr < 2E.y|x {Hn > eXiY;
q i=1

{gir:i=1,..,n,r=1,.., R}, (54)

we can replace Sp- with % SR H% oY (a Monte-Carlo approximation

of the symmetrized version) and some “small” deviations. The complementary lower
bound in (53) suggests that Sy« and its symmetrized version have the magnitude.
As a consequence, our replacement strategy is not an overly conservative approach
for constructing critical values.
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Hypothesis Testing

To avoid repetition, we omit the discussion on the “1deal” confidence regions and
directly jump to the construction of the test statistics W( based on (a practical)

Ta,q and Ga. The first step is to relate Sp« with 2 o Z H i—1 eirYiXin as shown

in the following proposition.

Proposition 4.2. Assume (47) where 0 < 'Y; < 1 for all i and the functional
form of II (X;;0%) is known. Given (54) which is independent of Y and X, for any
q € [1, oo], we have

1 n
=X Vi — I (X4;6%))]
N4

+ &1 + 2ty + 2t3 (55)
q

2R
ZE,;

1 n
*E EirYi X
n -

=1

q

with probability no greater than o« € (0, 1), where

1 & 2 1
t]_ = Tai,q = E ZX’LZ E log ;,
=1 q 1
1 & 2 1
t2 = Tas,g = *ZXZQ ElOg;Q,
t3 = Tas,q — 710g77
= 1

for some chosen a1, as, ag > 0 such that 2%21 o = Q.

Construction of Critical Values (r,,) and Type I Error

Based on (55) along with the choices of 1, t2 and t3 above, we set in (49) (or (50)),

Ta,g = § :

7‘ 1

Z s“.YX

+ Tai,g + 2Tas,q + (56)

4
ﬁTasﬂ'

Under Hy, (6%, 0,) ((6*, 0)) is an optimal solution to (49) (respectively, (50)) with
Ta,q specified in (56). Consequently, a (practical) optimal solution to (49) (and (50))
must satisfy

Py {\Ilq(éa) > ra,q} <a (Type I Error). (57)
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Separation Requirement and Type II Error

Letting O := {# € R : h(#) = 0,,}, we choose 1, B2, B3 > 0 such that S5_, B, =
B € (0, 1), and assume

* . >
s ZZX (Xi36) = I (X)) > basg (59)
q
with
1 & i 2 M
da,8,¢ = Ey|x ” ZXi [Y; — I (X3507)]|| | +Eoyix - Z g XiY;
=1 q =1 q

/16 /16
+ Tar,q + 2Tag,q + ETa:s,q +278,4+ ETﬁz,q + 83,00 (59)

for the prespecified oy, ag, az > 0 (as used in (56)) such that S5 _; ap = a € (0, 1).
Note that the SR is imposed upon the [, —distance between the “quasi score” vectors
evaluated at 6* and 6(€ ©y), since

Our next result concerns the Type IT error of the test based on W, (f,) in (48)
and 74 defined in (56). For completeness, we also exhibit the Type I error and the
practical confidence regions in this result.

ZX XZ,Q (Xhe)]

q

Ey|X{ ZX [v; — H(Xl,e)}}—IEnX{ ZX [v; — H(XZ,Q*)]}

i=1 i=1

q

Theorem 4.1. Suppose the conditions in Propositions 4.1 and 4.2 hold. For some
chosen a1, ag, ag > 0 such that Y3_jop = a € (0, 1), consider the statistics
U, (6,) based on (a practical) G, and the critical value 14 4 defined in (56). For any
q € [1, 00|, we have

Py {\I/q(éa) > Ta,q} < a, (Type I Error) (60)

where Py means under Hy. For the same 14,4 used in (60) and some B1, B2, f3 >0
such that Y3_; By = B € (0, 1), if h(0*) # 0., and (58) is satisfied, we have

Py {‘Ilq(éa) < TO[,q} <8, (Type II Error) (61)

where P1 means under Hy and (58).
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Furthermore, an optimal solution (éa, ﬂa) to (49) must satisfy

;;X@' [U (X0%) =11 (Xi;éa)} q >l (62)
iix [11(X550%) = 1T (Xi300) | = fta]] < 2rag, (63)

with probability at least 1 — «. Similarly, an optimal solution (éa, ﬂa) to (50) must

satisfy
;iXZ {H <X2,9*> —1I (Xﬁéa)} > fla, (64)
=1 q
:LG:Xz [H (Xi; 9*) —1I (Xi§ éa)} < 2ra,q + Iaaa (65)
=1 q

with probability at least 1 — .

For deriving rq 4 in (49) or (50), the strategy where we replace Sp« in (51) by
% Zf;l H% vy 5Z-TY1»XZ-H plus some “small” deviations only requires the correct
q

specification of the conditional mean of Y;, i.e., (47). This treatment delivers generic
confidence regions in the form of (62)-(63) or (64)-(65).

Note that the assumptions in Theorem 4.1 allow for the possibilities of het-
eroscedastic “noise” (Y; — IT (X;;0%)) as well as nonlinearity in 6*, while requiring
no specific knowledge on the distribution for Y (other than it is bounded). In the
linear regression model Y = X6* + W, [10] resolve the issues of heteroscedasticity
and non-Gaussian responses by tailoring the Bonferroni approach to self-normalized
sums. Their confidence regions involve several unknown nuisance parameters that
are hard to estimate in practice. Even in the case where the noise variances are
known and homoscedastic, to apply the confidence sets in [10] for testing hypothe-
ses of the form Hy : 67 = 0 Vj € {1,2,...,p} (for example), one would require
sufficient sparsity in 6* as well as prior knowledge on the underlying sparsity (e.g.,
an upper bound on the number of non-zero coefficients in 6*).

5 A New Class of Regularized Estimators

Beyond the context of hypothesis testing, the data-driven approach proposed in
Section 2 for setting r, 4 suggests a new class of regularized estimators:

Anew
O,

lXT(Y — X0,)
n

€ arg emeiﬂ%p 10a|; subject to < Tayg (66)

q

28



where

R
o 1 1
Fayg = 5, E : ~X"Z,| +Tarq+ \| BTeza (67)
R~ q R
Lyxz| (/2 (68)
T, = ol — : —log —,
ol ne " , n o8 a1

for some chosen oy, ag > 0 such that ay + ag =« € (0, 1).
Unlike (8) or (9), (66) has a different objective, ming,ere [|fall;, and does not

involve the slack vector (or variable) pq in H%X Ty — X6,) H < Tq,q. Moreover, the
q

solution to (66) is not constrained to satisfy h(67¢") = 0,,, whereas our estimator
0, in Section 2 satisfies h(6y) = 0,,,. When ¢ = 1 and g = oo, we may view (66) as
a variant of the Dantzig selector.

In what follows, let 67¢* be a solution to the program (66) with ¢ = 1 and
g = oo. We can establish an upper bound on Hégew —

) using the [o—sensitivity
defined as follows: )
~XTxA

n

K, = inf

— 69
T AeCy,Al,=1 (69)

HOO

where

Jo = {ie{t.p}: 0 £0},
Cs. = {AeRP: |Ag|, <|Ay

*

1)

where A denotes the vector in RP that has the same coordinates as A on the set J
and zero coordinates on the complement J¢ of J. The ly—sensitivity is introduced
by [9]? and similar to the cone invertibility factors defined in [21]. In particular,
under a coherence condition introduced by [8], Proposition 4.2 in [9] shows that

1
KJ, 2
| Js]

(70)

where |.J| denotes the cardinality of J, and f (n) 7z g (n) means f (n) > Cog (n) for
some constant Cp € (0, 00).
The following result concerns the l—error bound for 67°".

Theorem 5.1. Assume (1) where W ~ N(0,, 02I,,) and is independent of X.
Choosing ¢ = 1 and ¢ = oo in (66) and setting 14,4 according to (67) with ¢ = oo,
we have

P (Hégew —p

2
SM’OO)Zl—a (71)
2 KJ,

In contrast to (66), the estimators in [9] and [10] rely on the Bonferroni approach tailored to
the self-normalized sums.
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where Kz, is defined in (69).

In view of (37), (79) and (70), we see that the rate of our 7¢¥, i.e., Ky 105p7

is not worse than the typical rate 4/ U*‘# for estimation (see, e.g., [3]). If |J,]| is
large relative to n (lack of sparsity), then /ﬁ)}*l could diverge faster than (or no slower
than) /2

logp*
The innovation of (66) lies in the use of (67) which can accurately approximate

the term Ey [H%XTWH } in (11) via Monte-Carlo and automatically take into
[e.9]
consideration the dependencies across coordinates. This fact makes (66) in contrast

with the Bonferroni approach which would set r, o proportional to 4/ % log %p. As we

have demonstrated earlier (cf., Section 2.1.4), in the presence of strong dependencies
between the columns in X, 74 o for the Bonferroni approach can be substantially
bigger than (67) due to the extra “logp” term.

In the situation where the noise variance o is not known a priori, we can always
modify (66) by adopting the approach in Section 2. Alternatively, it is also possible
to modify the optimization procedure in [10] with our data-driven approach for set-

ting the constraint on H%XT(Y — XHQ)HOO.

Remarks. Note that the confidence interval in (71) cannot be computed easily

as kj, is unknown and hard to estimate. Even for testing a hypothesis such as
égew

Hy : 0" = 0y, deriving a practical critical value for the statistics H ‘2 is a chal-

lenging task. For this reason, we have chosen to work with the score tests (which
require no conditions on sparsity) as demonstrated in Section 2.

6 Conclusion

We have developed non-asymptotically justified methods for hypothesis testing about
the coefficients (6* € RP) in the high dimensional (generalized) regression models
where p can exceed the sample size n. Relative to existing literature, we look at
broader forms of hypotheses and the impact of the number of restrictions in the
null hypothesis. In particular, we consider Hy : h(6*) = 0, against the alternative
hypothesis Hy : h(0*) # 0,,, where m can be as large as p and the function of
interest h : RP — R™ can be nonlinear in 8*. Our test statistics is based on the
sample score vector evaluated at an estimate éa that satisfies h(éa) = 0,,, where «
is the prespecified Type I error. Our controls on the Type I and Type II errors for
the score test are nonasymptotic. In addition, confidence regions are constructed in
terms of the score vectors.

By exploiting the concentration phenomenon in Lipschitz functions, the key
component reflecting the “dimension complexity” in our non-asymptotic thresholds
uses a Monte-Carlo approximation to “mimic” the expectation that is concentrated
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around and automatically takes into account the dependencies between the coor-
dinates. The novelty of our methods is that their validity does not rely on good
behavior of Héa —0* ) or even n~1/2 HX (éa — 6*)
totically. Most interestingly, we discover phenomena that are opposite from the
existing literature: (1) More restrictions (larger m) in Hy make our procedures
more powerful; (2) whether 6* is sparse or not, it is possible for our procedures
to detect alternatives with probability at least 1 — Type II error when p > n and
m > p — n; (3) the coverage probability of our procedures is not affected by how
sparse 0% is.

The proposed procedures are evaluated with simulation studies where we con-
sider a “small sample” setup (n = 15, p = 50) and a “larger sample” setup (n = 100,
p = 300). Our designs range from highly dense 6* to highly sparse 0* and our
null hypotheses take either the form (6) or Hy : A8* = 0,,, for some prespecified
A € R™P and m € {p,p—3,p—9}. The empirical results are promising and
support our key insights.

We have also provided some general nonasymptotic justifications for inference
in high dimensional models that involve non-Gaussian responses, heteroscedastic
noise, and nonlinearity in the regression coefficients (including the binary response
models and certain nonlinear regressions). As a secondary contribution, we have
also proposed a new class of regularized estimators along with a complementary
lo—error bound, which are motivated by the data-driven feature of our concentration
approach.

‘2 nonasymptotically or asymp-
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A Supplementary Materials

A.1 Preliminary

Here we include several classical results which are used in the main proofs. We first
introduce a definition of sub-Gaussian variables.

Definition A.1. A zero-mean random variable Uy is sub-Gaussian if there is a

v > 0 such that
AV

2.2
E[exp(/\U1)]§exp< k ) (72)

for all A € R, and we refer to v as the sub-Gaussian parameter.

Remarks.

1. Using the Chernoff bound, one can show that any zero-mean random variable

U, obeying (72) satisfies
2
- 73
o (s 73

2
exp (—;V2> , (74)

2. Let {Ui}f; ; be independent zero-mean sub-Gaussian random variables, each
with parameter at most v. Then R™! Zf;l U; is sub-Gaussian with parameter
at v/v/R. To see this, note that for all A € R,

fon (330)] = Hefon (%)

P (U, < —t)

IN

P (U; > t)

IN

for all t > 0.

IA
—
D

o]
VR
3] >
IS,
N~

22
= exp </\2]2 > . (75)

The following result exhibits the type of sub-Gaussian variables that are of interest
to our analysis.

Lemma A.1. Suppose U = {U;};_, has a strongly log-concave distribution with
parameter ¢ > 0 and f : R®™ — R is L—Lipschitz with respect to the Fuclidean
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norm. Then for all A € R, we have

A2L?
Elexp (A {f(U) —E[f(U)]})] < exp < 9% > : (76)

As a consequence,

2
P{f(U)-E[f(U)] <~} < exp (—““*),

2
B{f(U)-E[fU)] >t} < exp (—*”) .

Remarks. The proof involves the so-called “inf-convolution” argument and an ap-
plication of the Brunn-Minkowski inequality; see [4] and [14].

Lemma A.2. Assume U = {U;};_, consists of independent random variables,

all of which are supported on [a, b]. If f : R® — R is separately convez® and
L— Lipschitz with respect to the Euclidean norm, then for all A € R,
A2(b—a)?L?
E exp (A {(U) ~ E[FU)]})] < exp [U] . (77)

As a consequence,

2
PIf(X)-E[f(X)]<—t] < exp (‘M) )

2
PIf(X)-E[f(X)]>t] < exp <—m> .

Remarks. One proof for Lemma A.2 involves the entropy method and the so-
called Herbst argument; see [5]. Talagrand and Ledoux have contributed to the
result above in different papers.

A.2 Proof of Proposition 2.1

For any ¢ € [1, oo,

‘%X TWH is Lipschitz in W with respect to the Euclidean
q

norm. To see this, note that a triangle inequality and a Cauchy-Schwarz inequality

3Let the function f; : R — R be defined by varying only the jth co-ordinate of a function
f: R®™ = R; fis separately convex if for each 5 € {1, 2, ..., n}, f; is a convex function of the jth
coordinate.
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yield

~XTw
n

IN

E

1 ,
- HXTW
q n

1 ,
HnXT (W—W)

1 9
n 2

As a result of Lemma A.1, we have the concentration in (11).

If h(0*) = 0, (11) then implies that (6%, 0,) ((#*, 0)) is an optimal solution to
(8) (respectively, (9)). If h(6*) # 0,,, since {6 € RP : h(f) = 0,,} # 0, we can find
some 6, such that h(éa) = 0,,. Letting

q q

1

vn

(1)

v
q

fio = —XT(Y - X0,) — —XT(Y - X0*) = %XT(XH* — X0,),

(11) then implies that (éa, ,&a) (<§a, H,&qu)) is a feasible solution to (8) (respec-

tively, (9)) with probability at least 1 —a. In any case, an optimal solution (é;, ﬂ’&)
to (8) must satisfy

1 1
HXT(Y - X0%) - =XT(y — X6
n n q

1 ~
= HXT(Xe* — X0
n

>,
q

with probability at least 1 — . Similarly, an optimal solution (é;, /lj;) to (9) must
satisfy

> g,

1 1
HXT(Y - X0%) - =XT(Y — X6%)
n n q

1 ~
= HXT(XG* — X0
n

q

with probability at least 1 — a. On the other hand, in terms of (8), applying the
triangle inequality yields

*
< 27"067(1
q

[0}

1 ~
| oxTx (e -8 -
n

Jren
n

1 O* Ak
- HnXT(Y — X0 -

q q

with probability at least 1 — «. In terms of (9), we simply have

P (HlXTX(H* —07)
n

<2, +ﬂ;> >1—a.
q

A.3 Proof of Theorem 2.1

We have already derived (32) in Section 2. To show (33), we define the event

1
. + ETth .

g:{;i

r=1

1
~xTz,
n

1
> By [HXTW
q n
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As we have argued for (18), we also have the upper deviation inequality

o
P
E

1
~xTz,

n n

> Ew MlXTW

n t} < —nRt?

= eXp 2
20° H\/ EDD Xz'QHq
(79

q q

)

and consequently, P (€) < 1. Let £° denote the complement of £. Under H; and
(30), we have

— HlXTW
n

< Ta,q|gc} + B
q

q

< Toa,q|gc} + 51

1
> Ew U’XTW
n

+ 7—52,q|56} + 51

q

where the fifth line follows from (30) and the sixth line follows from (31), the fact
that we are conditioning on £¢, as well as (11).

A.4 Additional Derivations

To show (36), we define an i.i.d. sequence of Gaussian random variables

~ ] 1 2 9
Wk ~ N (0, min W 2:21 (XZ] — le) )

j7le{17"'7p}

for k =1,...,p. Note that we have

1 T 1 T 2
E ( Xjw - X W)

n

> By |(W,- W)
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By the Sudakov-Fernique Gaussian comparison result (see Corollary 3.14 in [13]),
we obtain

EW[ 1XTWH } > EW[ max 1XTW]
n 00 je{l,...pt 1
1
f]E~ max W
2 j€{l,...p}
1 1 logp -
> —(1—-
- 2< e)\l An2 ]le{l, .} Z

=1

(for all p > 20), where the last line follows from a classical lower bound on the
Gaussian maximum (see, e.g., [13]). The upper bound

1 2log p - 8
Ew ||[-XTW| | < X2 _° X2
v [Hn Hoo] B $ n? el Z it J n?logp JG{L ,p}z

je{l,...,p} i=1
(for all p > 2) is another classical result on the Gaussian maximum (see, e.g., [18]).

Remarks. To obtain the lower bound on Eyy {H %X TWH } , we first compare the de-

pendent sequence { 1x TW} . with another independent Gaussian sequence W=
J_

{Wj }j:1 and then apply a lower bound on E, [manE{17...,p} Wj} In contrast, the

upper bound on Ey, [H%XTWH } is obtained by applying Zé’:l P (’%XJTW‘ > t),
oo

where independence is not needed. Moreover, the upper bound also holds when W

is a sequence of sub-Gaussian variables while the lower bound requires W to be a
sequence of Gaussian variables.

A.5 Proofs of Lemmas 4.1 and 4.2

As a result of Lemma A.1 and (78), we have the concentration in Lemma 4.1.
Because H%X TWH is separately convex in terms of W, Lemma A.2 implies the
q

concentration in Lemma 4.2.
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A.6 Proof of Proposition 4.1

Using the argument that leads to (78), we can show H X Y- (X 0*)]H
q

is Lipschitz in Y with respect to the Euclidean norm for any ¢ € [1, co]. That is,

1 n

=X Vi — I (X4;60%))]

n-
=1 q

\ ZX2

Note that H ' X [Yi — I (X;;0%)]|| is separately convex in terms of Y. As a

ZX Y; = 1T (X;;07)]

7,—1

1
=V

HY Y| . (80)

q

result of Lemma A2, we have the concentratlon in (52).

To establish (53), we exploit the convexity of [,—norms and the fact that E (Y;|X;) =
IT (X;;0%). Let Y = {Y;}il be an independent sequence identical to but inde-
pendent of Y conditioning on X, and ¢ = {g;};~, be ii.d. Radamacher random

variables independent of Y, Y', and X. We obtain
q }

:Ey|X{ iéx [Y Eyiix, (Y)]

n

=1

y

ZEY|X{ lel ZX(Y Y)]

y
y

1& ’
=E_ v/ yvix {H” > eiX; (Yz -Y; )
=1
},
q

where the second line follows since E (YZ,\Xz) = II (X;;6%), the fourth line follows
from Jensen’s inequality, and the sixth line follows from the fact that ¢; X; (YZ — YZ/)
and X; (YZ - Y;) have the same distribution.

1 & /

§EY/,Y\X {

1 n
<2E. y|x { Hn > eXiY;
i=1
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On the other hand, similar argument from above also yields

B
J

e { [ B g, ()
1 & ,
<E.y' yix {Hzn Z;Ein‘ (Yz - Yi) }
= q

)

Zfz (Y — IT (X5 0%)]

1 & /
=By yix {H% > Xi (Yz -, )
i=1
Applying the following inequality
1 & /
L3 (i)
i=1

1 n
— > Xi (Vi — I (X;;60%))
i3

q

)

q

3 (¥ = 1 0 0)

q

and taking expectations gives

IEY’,Y\X {

Putting the pieces together, we obtain the result in (53).

1 & /
3 2% (i)

)

} <Ey|x {Hi ETL:Xi (Y — II (X;;67))
i=1

q

A.7 Proof of Proposition 4.2

We first show that E. {Hl oE

Euclidean norm for any g € [1, oo]. That is,

1 & :
{H Z@XY }—Eg{anaXiYi
=1

Y } is Lipschitz in Y with respect to the
q

y

1 1, N o 2
3% \n;Xz qJEs LZ;@ (Yz—Yz)]
1 1 &

<—1.]=) X?

1tk q\
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Note that E, {HTIL 1 &

f } is separately convex in terms of Y. As a result of
q
Lemma A.2, we have the following concentration

1 n
IP’{ e, Y|X {H Z&XY } > Ee {Hn zzlsiXiYi } —i—Taz,q} < . (82)
q = q

Let € = {&;};"; be an i.i.d. sequence of Radamacher random variables, indepen-

dent of Y and X. We can again show that H% v 1 eY;X;|| is Lipschitz in e with
q
respect to the Euclidean norm for any ¢ € [1, oo] and the Lipschitz constant? is
1 Ly (ViX; )2l , which is bounded from above by ﬁ H Ly X2
q

vn
0<Y; <1 Let{eyp:i=1,...n,r=1,.., R} be a collection of i.i.d. Radamacher
random draws, independent of ¥ and X. Conditioning on Y and X, (75) and (77)

‘nZl 1€irds (H i= 1€’i

rameter at most \/ﬁ H Z . Therefore, we have

1 n
exp | A= E. -

=1
1y

given
q

imply + 5 Z f q) is sub-Gaussian with pa-

i

Ee

Z5iXiYi

Eyx

1 n
*E €irY; X;
n “

=1 q

24H

Consequently, (73) yields the following concentration
1 1 &1 &

P{EE{ ;;eixm q} > E; E;emxi q+

Combining (52), (81), (82) and (83) yields (55).

/TN x2
n Zi:l X’L ?
q

2
ﬁT% q S a3 (83)

1ike we define

=1

1 n P 1 n e

- Y )2 _ o« - 22

Sy WX = ~YYAXE| L qell o)
1=1

n
1 2 . 2 _
- Z (Vi X5) = jenliaxp} = ZY Xm’ q = 00.

.....
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A.8 Proof of Theorem 4.1

We have already derived (60) in Section 4. For the confidence regions in Theorem
4.1, we simply follow the same argument used in the proof for Proposition 2.1.
To show (61), let us define the event

R
1 2
&= R a ) + T81,q T \/ﬁTﬁzyq

for some chosen (1, B2 > 0 such that 51 + B2 € (0, 1). As we have argued for (82)
and (83), we also have the upper deviation result P{€} < 1 + f2. We use &°¢ to
denote the complement of £. Note that

1 n
> E.yix {H -~ > eXiY;
q i=1

1 n
= eiYiX;
1=

P{W,(0) < 7aq} < P{Ug(0a) < ragles} +P(E).

Let 83 = 8 — 51 — B2. Since P (€) < f1 + Po, it suffices to show that

Py {w, (0 ><mq156}

{H 1 (%087~ 1 (28,

<P, {5 -

{H ZX Y; — IT (X4 60%)]

= ra,q’gc}
q

H ZX [Y; — IT (X4;0%)]

=1

< Ta,qygc}
q

> Sp+ + Tﬁg,qlc‘ic}

iZX Y, — 1T (X;;60°)]
=1

q
Sﬁi’)a

where the third line follows from (58) and the fourth line follows from (59), the fact
that we are conditioning on £¢, as well as (52).

A.9 Proof of Theorem 5.1

For some chosen oy, ag > 0 such that oy + ae = « € (0, 1), let us define the event

e={|
n

where 74,00 is defined in (67). Bound (19) implies that P (£) > 1 — «. We use the
notation A = ég@w — 0" in the following. On the event £, we obtain

v <)
oo

< 274 00- (84)

o0

1 R
[2xrxa] < |Trrw] R - xae
n o
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Given &, 0* is feasible for (66) and consequently,

o

| <ol
which implies that

|8

IR 0 R O

= A
1HJ*

L (85)

that is, A € Cj,. Using the definition of k7, in (69), (84) and (85) imply that

2r
< o,00

Hegew _p*
2 KJ,

with probability at least 1 — a.
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