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Abstract

I propose a Generalized Roy Model with sample selection that can be used to analyze
treatment effects in a variety of empirical problems. First, I decompose, under a monotonicity
assumption on the sample selection indicator, the MTR function for the observed outcome
when treated as a weighted average of (i) the MTR on the outcome of interest for the always-
observed sub-population and (ii) the MTE on the observed outcome for the observed-only-
when-treated sub-population, and show that such decomposition can provide point-wise sharp
bounds on the MTE of interest. I, then, show how to point-identify these bounds when the
support of the propensity score is continuous. After that, I show how to (partially) identify
the MTE of interest when the support of the propensity score is discrete.
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1 Introduction

I propose a Generalized Roy Model (Heckman & Vytlacil 1999) with sample selection
in which there is one outcome of interest that is observed only if the individual self-selects
into the sample. So, in addition to the fundamental problem of causal analysis in which I
only observe one of the potential outcomes due to endogenous self-selection into treatment,
I also face a problem of endogenous sample selection. Such framework is useful to analyze
many empirical problems: the effect of a job training program on wages (Heckman et al.
(1999), Lee (2009), Chen & Flores (2015)), the college wage premium (Altonji (1993), Card
(1999), Carneiro et al. (2011)), scarring effects (Heckman & Borjas (1980), Farber (1993),
Jacobson et al. (1993)), the effect of an educational intervention on short- and long-term
outcomes (Krueger & Whitmore (2001), Angrist et al. (2006), Angrist et al. (2009), Chetty
et al. (2011), Dobbie & Jr. (2015)), the effect of a medical treatment on health quality (CASS
(1984), U.S. Department of Health and Human Services (2004)), the effect of procedural laws
on litigation outcomes (Helland & Yoon (2017)), and any randomized control trial that faces
an attrition problem (DeMel et al. (2013), Angelucci et al. (2015)).

Under a monotonicity assumption on the sample selection indicator, I decompose the
Marginal Treatment Response (MTR) function for the potential observed outcome when
treated as a weighted average of (i) the MTR on the outcome of interest for the sub-population
who is always observed and (ii) the Marginal Treatment Effect (MTE) on the observed out-
come for the sub-population who is observed only when treated. Under a bounded (in one
direction) support condition, such decomposition is useful because it allows me to propose
point-wise sharp bounds on the MTE on the outcome of interest as a function of the MTR
functions on the observed outcome, the maximum and (or) minimum of the support of the
potential outcome, and the proportions of always-observed individuals and observed-only-
when-treated individuals. I also show that it is impossible to construct bounds without extra
assumptions when the support of the potential outcome is the entire real line.

I, then, proceed to show that those bounds are well-identified. When the support of the

propensity score is an interval, the relevant objects are point-identified by applying the local



instrumental variable approach (LIV, see Heckman & Vytlacil (1999)) to the expectations of
the observed outcome and of the selection indicator conditional on the propensity score and
the treatment status. However, in many empirical applications, the support of the propensity
score is a finite set. In such context, I can identify bounds on the MTE of interest by adapt-
ing the nonparametric bounds proposed by Mogstad et al. (2017) or the flexible parametric
approach suggested by Brinch et al. (2017) to encompass a sample selection problem. When
using the nonparametric approach, the bounds on the MTE of interest are simply an outer
set that contains the true MTE, i.e., they are not point-wise sharp anymore.

Partial identification of the MTE of interest is useful for two reasons. First, bounds on
the MTE can be used to shed light on the heterogeneity of treatment effects, allowing the re-
searcher to understand who benefits and who loses with a specific treatment. Such knowledge
can be used to optimally design policies that provide incentives to agents to take a treatment.
Second, bounds on the MTE can be used to construct bounds in any treatment effect param-
eter that is written as a weighted integral of the MTE. For example, by taking a weighted
average of the point-wise sharp bounds on the MTE, one can bound the average treatment
effect (ATE), the average treatment effect on the treated (ATT), any local average treatment
effect (LATE, Imbens & Angrist (1994)) and any policy-relevant treatment effect (PRTE,
Heckman & Vytlacil (20010)). Although such bounds may not be sharp for any specific pa-
rameter, they are a general and easy-to-apply solution to many empirical problems. Therefore,
if the applied researcher is interested in a parameter that already has specific bounds for it
(e.g., intention-to-treat treatment effect (ITT) by Lee (2009) and LATE by Chen & Flores
(2015)), he or she should use a specialized tool. However, if the applied researcher is interested
in parameters without specialized bounds (e.g., the PRTE or LATEs outside the support of
the propensity score), he or she may take a weighted integral of point-wise sharp bounds
on the MTE of interest. In other words, facing a trade-off between empirical flexibility and
sharpness, the partial identification tool proposed in this paper focus on empirical flexibility
while still ensuring some notion of sharpness.

I make contributions to two literatures: identification of treatment effects using an instru-



ment and identification of treatment effects with sample selection.

The literature about treatment effects with an instrument is enormous and I only briefly
discuss it. Imbens & Angrist (1994) show that we can identify the Average Treatment Effect
for the Compliers (LATE). Heckman & Vytlacil (1999), Heckman & Vytlacil (2005) and
Heckman et al. (2006) define the MTE and explain how to compute any treatment effect
as a weighted average of the MTE. However, if the support of the propensity score is not
the unit interval, then it is not possible to recover some important treatment effects, such
as the Average Treatment Effect (ATE) and the Average Treatment Effect on the Treated
(ATT) and the Policy Relevant Treatment Effect (PRTE, Heckman & Vytlacil (20010)). A
parametric solution to this problem is given by Brinch et al. (2017), who identify a flexible
polynomial function for the MTE whose degree is defined by the cardinality of the propensity
score support.

A nonparametric solution to the impossibility of identifying the ATE and the ATT is
bounding them. Mogstad et al. (2017) use the information contained on IV-like estimands
to construct non-parametrically worst- and best- case bounds on policy-relevant treatment
effects. Other authors focus on imposing weak monotonicity assumptions or a structural
model. In the first group, Manski (1990), Manski (1997) and Manski & Pepper (2000) propose
bounds for the ATE and ATT. Chen et al. (2017) propose an average monotonicity condition
combined with a mean dominance condition across subpopulation groups and sharpen the
bounds previously proposed. Huber et al. (2017) add a mean independence condition within
subpopulation groups and bound not only the ATE and ATT when there is noncompliance,
but also the Average Treatment Effect on the Untreated (ATUT) and the ATE for always-
takers and never-takers (ATE-AT and ATE-NT).

Complementing the weak monotonicity approach, the structural approach has focused
mainly on the binary outcome case due to the need to impose bounded outcome variables.
Heckman & Vytlacil (2001a), Bhattacharya et al. (2008), Chesher (2010), Chiburis (2010),
Shaikh & Vytlacil (2011) and Bhattacharya et al. (2012) made important contributions to

this literature, bounding the ATE and the ATT. While Bhattacharya et al. (2008), Shaikh &



Vytlacil (2011) and Bhattacharya et al. (2012) consider a thresholding crossing model on the
treatment and the outcome variable, Chiburis (2010) assumes a thresholding crossing model
only on the outcome variable.

I contribute to this literature about identifying treatment effects using an instrument by
extending the non-parametric approach by Mogstad et al. (2017) and the flexible parametric
approach by Brinch et al. (2017) to encompass a sample-selection problem. By doing so, I
can partially identify the MTE function on the outcome of interest instead of on the observed
outcome.

The literature about identification of treatment effects with sample selection is vast and
I only briefly discuss it. The control function approach is a possible solution to it and is
analyzed by Heckman (1979), Ahn & Powell (1993) and Newey et al. (1999), encompassing
parametric, semiparametric and nonparametric tools. Using auxiliary data is another pos-
sible solution and is studied by Chen et al. (2008). A nonparametric solution that requires
weaker conditions is bounding. In a seminal paper, Lee (2009) imposes a weak monotonicity
assumption on the relationship between sample selection and treatment assignment to sharply
bound the Intention-to-Treat Average Treatment Effect (ITT) for the subpopulation of always-
observed individuals. Using techniques developed by Frangakis & Rubin (2002), Blundell et al.
(2007) and Imai (2008) and a weak monotonicity assumption, Blanco et al. (2013) bound the
Intention-to-Treat Quantile Treatment Effect (Q-ITT) for the always-observed individuals.
Moreover, by imposing weak dominance assumptions across subpopulation groups, they can
sharpen the ITT bounds proposed by Lee (2009). Huber & Mellace (2015) additionally impose
a bounded support for the outcome variable and propose bounds on the ITT for two other
subpopulations: observed-only-when-treated individuals, and observed-only-when-untreated
individuals. Complementary to those studies, Lechner & Mell (2010) derive bounds for the
ITT and the Q-ITT for the treated-and-observed subpopulation, Mealli & Pacini (2013) de-
rive bounds for the I'TT when the exclusion restriction is violated and there are two outcome
variables, and Behaghel et al. (2015) combines techniques developed by Heckman (1979) and

Lee (2009) to propose bounds for the ATE in a survey framework in which the interviewer



tries to contact the surveyed individual multiple times.

In the intersection of both literatures, a few authors address the problem of sample selec-
tion and endogenous treatment simultaneously. Huber (2014) point-identifies the ATE and
the Quantile Treatment Effect (QTE) for the observed sub-population and for the entire pop-
ulation using a nested propensity score based on a instrument for sample selection. Fricke
et al. (2015), by using a random treatment assignment and a continuous exogenous variable to
instrument for treatment status and sample selection, point-identify the LATE. Lee & Salanie
(2016), who also include sample selection in a Generalized Roy Model, use two continuous
instruments to provide control functions for the selection into treatment and sample selection
problems, allowing them to point-identify the MTE.

Although the three previous contributions are important, finding a credible instrument for
sample selection is hard, especially in Labor Economics. For this reason, it is important to
develop tools that do not rely on the existence of an instrument for sample selection. Frolich
& Huber (2014) point-identify the unconditional LATE under an conditional IV independence
assumption and a predetermined sample-selection assumption, ruling out an contemporane-
ous relationship between the potential outcomes and the sample selection problem. Chen &
Flores (2015) derive bounds for Average Treatment Effect for the always-observed compliers
(LATE-OO) by combining one instrument with a double exclusion restriction with monotonic-
ity assumptions on the sample selection and the selection into treatment problems. Moreover,
Blanco et al. (2017) and Steinmayr (2014) extend the work by Chen & Flores (2015) by, re-
spectively, considering a censored outcome variable and analyzing mixture variables combining
four strata.

I contribute to the literature about identification of treatment effects with sample selection
by partially identifying the MTE on the always-observed subsample allowing for an contem-
poraneous relationship between the potential outcomes and the sample selection problem, and
using only one (discrete) instrument combined with a monotonicity assumption. Doing so is
theoretically important, because it can unify, in one framework, the bounds for different treat-

ment effects with sample selection, and empirically relevant, because it allow us to partially



identify any treatment effect on the outcome of interest in many empirical problems.

This paper proceeds as follows: section 2 details the Generalized Roy Model with sample
selection; section 3 explains how to derive bounds for the MTE of interest; and sections 4
and 5 discuss identification of the MTE bounds when the support of the propensity score is

continuous or discrete. Finally, section 6 discuss further work.

2 Framework

I begin with the classical potential outcome framework by Rubin (1974) and modify it to
include a sample selection problem. Let Z be an instrumental variable whose support is given
by Z, X be a vector of covariates whose support is given by X', W = (X, Z) be a vector
that combines the covariates and the instrument whose support is given by W = X x Z, D
be a treatment status indicator, Y be the potential outcome of interest when the person is
not treated, and Y;* be the potential outcome of interest when the person is treated. The
outcome variable of interest (e.g., wages) is Y* := D -Y{*+ (1 — D) - Y{f. Moreover, let S; and
So be potential sample selection indicators when treated and when not treated, and define
S:=D-S14 (1 —D)-Sy as the sample selection indicator. Define Y := S-Y™ as the observed
outcome (e.g., labor earnings). I also define Y7 := S - Y} and Yy := Sy - Y as the potential
observable outcomes. Observe that, following Lee (2009) and Chen & Flores (2015), my
notation implicit imposes two exclusion restrictions: Z has no direct impact on the potential
outcome of interest nor on the sample selection indicator. The second exclusion restriction
requires attention in empirical applications. On the one hand, it may be a strong assumption
in randomized control trials if sample selection is due to attrition and initial assignment has an
effect on the subject’s willingness to contact the researchers. On the other hand, it may be a
reasonable assumption in many labor market applications in which initial random assignment
to a job training program has no impact on future employment status.

I model sample selection and selection into treatment using the Generalized Roy Model

(Heckman & Vytlacil 1999). Let U and V be random variables, and P : YW — R and



@ :{0,1} x X — R be unknown functions. I assume that:
D=1{P(W)>U} (1)

and

S=1{Q(D,X)>V}. (2)

As Vytlacil (2002) shows, equations (1) and (2) are equivalent to assuming monotonicity
conditions on the selection into treatment problem (Imbens & Angrist (1994)) and on the
sample selection problem (Lee (2009)). I stress that both monotonicity assumptions are
testable using the tools developed by Machado et al. (2018). Note also that, given equation
(2), So=1{Q(0,X) >V} and §; = 1{Q (1, X) > V'}.

The random variables U and V' are jointly continuously distributed conditional on X with
density fyyvx : R? x X — R and cumulative distribution function Fyvix : R? x X — R. As

is well known in the literature, equations (1) and (2) can be rewritten as

D =1{Fyx (P(W)|X) > Fyx (U|X)} =1{P (W)= 0}

$ = 1{Fyx (Q(D,X)|X) = Fyx (V|X)} =1{Q(D,X) > V}

where P(W) == Fyx (P(W)|X), U = Fyx (U|X), @(D,X) = Fypx (Q (D, X)|X), and
Vo= Fyx (V|X). Consequently, the marginal distributions of U and V conditional on X
follow the standard uniform distribution. Since this is merely a normalization, I drop the tilde
and mantain throughout the paper the normalization that the marginal distributions of U
and V conditional on X follow the standard uniform distribution and that (P (w),Q (d,z)) €

[0,1]? for any (z,z,d) € W x {0,1}. T also assume that:

Assumption 1 The instrument Z is independent of all latent variables given the covariates

X, ie, Z L (UV,Y Y |X.

Assumption 2 The distribution of P (W) given X is nondegenerate.



Assumption 3 The first and second population moments of the counterfactual variables are

finite, i.e., E[|Y}|] < 400, E [(Yd*)2] < +o00, and E[|S4|] < 400 for any d € {0,1}.
Assumption 4 Both treatment groups ezist for any value of X, i.e., 0 <P[D =1|X] < 1.

Assumption 5 The covariates X are invariant to counterfactual manipulations, i.e., Xo =
X1 = X, where Xy and X1 are the counterfactual values of X that would be observed when

the person is, respectively, not treated or treated.

Assumption 6 The potential outcomes Yy and Y{" have the same support, i.e., Y* = Y; =

Vi, where Y5 C R is the support of Yy and Vi C R is the support of Y.

Assumption 7 Define y* = inf {y € Y*} € RU{~o00} and y* = sup{y € Y*} € RU {oo}.

I assume that y* and y* are known, and that

1. y* > —o0, ¥* = 00 and Y* is an interval, or

2. y* = —o0, y* < oo and Y* is an interval, or

3. y* > —o0, ¥ < oo and

(a) Y* is an interval or

(b) y* € Y* and y* € Y*.

I stress that assumption 7 is fairly general. Case 1 covers continuous random variables
whose support is convex and bounded below (e.g.: wages), while Case 3.a covers continuous
variables with bounded convex support (e.g.: test scores). Case 3.b encompasses not only
binary variables, but also any discrete variable whose support is finite (e.g.: years of educa-
tion). It also includes mixed random variables whose support is not an interval but achieves
its maximum and minimum. I also highlight that proposition 12 shows that assumption 7 is
partially necessary to the existence of bounds on the MTE of interest in the sense that, if

%

y* = —oc and y* = +o0, then it is impossible to bound the marginal treatment effect on the

outcome of interest without any extra assumption.



Assumption 8 Treatment has a positive effect on the sample selection indicator for all in-

dividuals, i.e., Q (1,z) > Q (0,x2) > 0 for any z € X.

Assumption 8 goes beyond the monotonicity condition implicitly imposed by equation (2)
by assuming that the direction of the effect of treatment on the sample selection indicator
is known and positive, i.e., Q (1,z) > Q (0,z) for any € X. In this sense, it is a standard
assumption in the literature.! Most importantly, it is also a testable assumption using the tools
developed by Machado et al. (2018), because, under monotone sample selection (equation (2)),
identification of the sign of the ATE on the selection indicator provides a test for assumption
8. However, assumption 8 is slightly stronger than what is usually imposed in the literature,
because it additionally imposes @ (0,z) > 0 and @ (1,z) > Q (0,x) for any x € X. I stress
that the first inequality implies that there is a sub-population who is always observed, allowing
me to properly define my target parameter — the marginal treatment effect on the outcome
of interest for the always-observed population. I also highlight that the second inequality
implies that there is a sub-population who is observed only when treated, making the problem
theoretically interesting by eliminating trivial cases of point-identification of the MTE of
interest as discussed in proposition 9. Finally, I emphasize that all my results can be stated
and derived with some obvious changes if I impose @ (0,2) > Q (1,z) > 0 for any z € X
instead of assumption 8, as it is done in Appendix E. I also discuss an agnostic approach to

monotonicity in Appendix F.

3 Bounds on the MTE on the outcome of interest

The target parameter, the MTE on the outcome of interest for the sub-population who is

always observed, is given by

AV (z,u) =Ry Y | X =2,U =u,S=1,5 = 1]
:E[Yi*|X:x,U:u,Sozl,Sl:1}—E[YO*|X:{L‘,U:U,S():1,51:1]
(3)

Lee (2009) and Chen & Flores (2015) write it in an equivalent way as Si > So.
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for any uw € [0,1] and any = € X, and is a natural parameter of interest. In labor market
applications where sample selection is due to observing wages only when agents are employed,
it is the effect on wages for the subpopulation who is always employed. In medical applications
where sample selection is due to the death of a patient, it is the effect on health quality for
the subpopulation who survives regardless of the treatment status. In the education literature
where sample selection is due to students quiting school, it is the effect on test scores for the
subpopulation who do not drop out of school regardless of the treatment status. In all those
cases, the target parameter captures the intensive margin of the treatment effect.?

Other possibly interesting parameters are the MTE on the outcome of interest for the
sub-population who is never observed (E [Y* — Yy | X =2,U = u, Sy = 0,51 =0]), the MTR
function under no treatment for the outcome of interest for the sub-population who is ob-
served only when treated (E[Y;|X =2z,U =u, Sy =0,5; =1]) and MTR function under
treatment for the outcome of interest for the sub-population who is observed only when
treated (E[Y{"|X =2,U =u,S) =0,51 =1]). While the last parameter can be partially
identified (Appendix D), the first two parameters are impossible to point-identify or bound
in a informative way because the outcome of interest (Y or Y7*) is never observed for the
conditioning sub-populations. Note also that the sub-population who is observed only when
not treated (Sp =1 and S; = 0) do not exist by assumption 8.

We, now, focus on the target parameter A?,? (z,u) given by equation (3). The second

right-hand term in equation (3) can be written as?

m%/ (z,u)

mg (x,u)

E[YE)*’X:$,U:U,SO:1,51:1]: 5 (4)

where I define m} (z,u) == E[Yy|X = 2,U = u] and m3 (z,u) = E[Sy|X =2,U =u] as
the MTR functions associated to the counterfactual variables Yy and Sy respectively. In this

section, I assume that all terms in the right-hand side of equation (4) are point-identified,

2If the researcher is interested in the extensive margin of the treatment effect, captured by the
MTE on the observable outcome (E[Y1 —Yy|X =2,U =u]) and by the MTE on the selection indicator
(E[S1 — So|X =2,U = u]), he or she can apply the identification strategies described by Heckman et al.
(2006), Brinch et al. (2017) and Mogstad et al. (2017).

3 Appendix A.1 contains a proof of this claim.
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postponing the discussion about their identification to sections 4 and 5.
The first right-hand term in equation (3) can be written as*
my (a,u) — AFO (z,u) - As (x,u)

mg (@, u)

ENVF X =2,U=u85=15=1]= 7 5)

where m (z,u) == E[Y; |X = 2,U = p] is the MTR function associated to the counterfac-
tual variable Y1, AYO (z,u) = E[Y] — Y |X = 2,U =, Sy = 0,5 = 1] is the MTE on the
observed outcome Y for the sub-population who is observed only when treated, Ag (x,u) =
E[S — So|X =2,U =u] = mi (z,u) — m§ (z,u) is the MTE on the selection indicator,
and m{ (z,u) = E[S; |X = 2,U = u] is the MTR function associated to the counterfactual
variable S1. In this section, I also assume that mi” (z,u) and Ag (z,u) are point-identified,
postponing the discussion about their identification to sections 4 and 5.

Although point-identification of E [Y{* | X = z,U = u, Sp = 1, 5] = 1] is not possible, I can

find identifiable bounds for it.?

Proposition 9 Suppose that my (z,u), my (z,u), m§ (z,u) and Ag (z,u) are point-identified.
Under assumptions 1-6, 7.1 and 8, the bounds on E[Y*|X = 2, U =, So = 1,51 = 1] are
given by

mY (2,u) -y - Ag (2,0)

mg (z,u)

Yy <EM|X=2U=u,S5=15=1]< ) (6)

Under assumptions 1-6, 7.2 and 8, the bounds on E[Y* | X =2, U = u, Sy = 1,51 = 1] are

given by

m%/ (ZL‘,U) _g* : AS’ (x¢u)

g SE[Yl*’sz,U:u,Sozl,Sl:1]S@*. (7)
mg (z, u)

Under assumptions 1-6, 7.3 (sub-case (a) or (b)) and 8, the bounds on

4Appendix A.2 contains a proof of this claim.
5 Appendix A.3 contains a proof of this proposition.
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EY{|X =2,U =u,S =1,51 = 1] are given by

m%/ (iL',’U,) - y* ’ AS (x,u)

mg (x,u)

§E[Y1*|X:x,U:u,Sozl,51:1]

m%/ (.1', u) - y* : AS (x7u)

= mS ) ®)

There is a important remark to be made about the bounds of proposition 9. Note that,
even when the support is bounded in only one direction (assumptions 7.1 and 7.2), it is
possible to derive lower and upper bounds on E [Y* | X =z, U =u, Sy = 1,51 = 1].

At this point, it is also important to understand the determinants of the width of those
bounds. First, if there is no sample selection problem at all (P[Sy = 1,51 =1|X =2,U =u] =
1), then m§ (z,u) = 1, Ag (z,u) = 0, implying tighter bounds in equations (6) and (7) and
point-identification in equation (8). Second and most importantly, if there is no problem of dif-
ferential sample selection with respect to treatment status (P[Sp = 0,51 =1|X =2,U =u] =
0), then Ag (z,u) = 0, once more implying tighter bounds in equations (6) and (7) and point-
identification in equation (8). Both cases are theoretically uninteresting and ruled out by
assumption 8.

Finally, combining equations (3) and (4) and proposition 9, I can partially identify the

target parameter Ag? (x,u):
Corollary 10 Suppose that m} (z,u), m} (z,u), m§ (z,u) and Ag (z,u) are point-identified.

Under assumptions 1-6, 7.1 and 8, the bounds on Aio/*o (xz,u) are given by

AYO (z,u) > y* — m% (z,u) = AP (z,u) 9)
= my (x,u)
and that
myi (z,u) —y* - As(z,u) m{ (z,u
AQ9 <! = — =0 ) AOC 10
Y (:E’u) mOS (a:,u) mOS (.’E,’U/) Y (IE,U) ( )

13



Under assumptions 1-6, 7.2 and 8, the bounds on A)QQ (z,u) are given by

m}/ ($7u)_y*'AS (.I‘,’U,) m())/ (.TI,’U,)

A9 > — = AQ9 11
Y ($7u) - mg (fB,U) mg (x’u) Y (w7u) ( )
and that
Y
A9 (z,u) < 77 — 200 _ 305 (1 1. (12)
mg (7, u)

Under assumptions 1-6, 7.3 (sub-case (a) or (b)) and 8, the bounds on AQQ (x,u) are

given by
00 m%/ ((IZ,U) _y* .AS (.’L‘,U) * m%)/ (.Z',U) 00
AyY (z,u) > max S Y g = AV (z,u) (13)
my (,u) my (z,u) —
and that

S

Y —ut A v
A30/9 (z,u) < min {m1 (w,u) —y s ($’u)7y*} _ M
mO (m,u)

Most importantly, I can show that®:

Proposition 11 Suppose that the functions m%/, m%/, mg and Ag are point-identified at
every pair (z,u) € X x [0,1]. Under assumptions 1-6, 7 (sub-cases 1, 2, 3(a) or 3(b)) and 8,

the bounds Ag? and A)O/Q, given by corollary 10, are point-wise sharp, i.e., for any u € [0, 1],

T e X and ) (T,u) € <A$9 (z,u), A%O (7, ﬂ)), there exist random variables (170*, }71*, U, ‘7)

such that
A2 (7)) = E [f/l* Vilx=z0=u8=125 = 1} = (z,7), (15)
P [(%*,171*,‘7) e Y x Y*x|0, 1]‘X =z,U = u] =1 for any u € [0,1], (16)
and
Ff/,ﬁ7§’Z’X (ya d7 S, Z7E) = FY,D,S,Z,X (y7 d) S, Z’E) (17)

6 Appendix A.4 contains the proof of this proposition. Note that, if the functions m¢ , m}, m5 and Ag are

point-identified only in a subset of the unit interval, then point-wise sharpness holds only in that subset.
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for any (y,d,s,z) € R*, where D = I{P(X,Z)Zﬁ}, Sy = I{Q(O,X)sz}, ST =
1{@(1,X)2f/},170250-170*,171:5’1-171* ands?zb.ﬁ+(1_b).%.

Intuitively, proposition 11 says that, for any ¢ (z,u) € (L}QQ (z,u) ,T}O,Q(f, ﬂ)), it is
possible to create candidate random variables <}70*,171*, U , \7) that generate the candidate
marginal treatment effect J (Z,w), satisfy the bounded support condition — a restriction
imposed by my model (assumption 7) and summarized in equation (16) — and generate
the same distribution of the observable variables — a restriction imposed by the data and
summarized in equation (17). In other words, the data and the model in section 2 do not
generate enough restrictions to refute that the true target parameter Ag? (Z,m) is equal to
the candidate target parameter § (Z,u).

Moreover, the bounded support condition (assumption 7) is partially necessary to the
existence of bounds on the target parameter Ag? (Z,w). When the support is unbounded in
both directions (i.e., y* = —oo and 7* = +00), then it is impossible to derive bounds on the
target parameter Ag? (Z,w) without any extra assumption. Proposition 12 formalizes this

last statement.”

Proposition 12 Suppose that the functions m%/, mY, mg and Ag are point-identified at
every pair (z,u) € X x [0,1]. Impose assumptions 1-6 and 8. If Y* = R, then, for any

uel0,1], T € X and ¢ (zT,u) € R, there exist random variables (170*, )71*, U, f/> such that

ALY (1) =E [}71* — Y| X=7U=1,5=1,85 = 1} =6 (z,7), (18)
P [(370*,171*,17) e V' x V* x [0, 1](X 7,0 = u] =1 for any u € [0,1], (19)

and
F}77D’5’7Z7X (ya da S, Zaf) = FY,D,S,Z,X (y7d7 S, Z,E) (20)

for any (y,d,s,z) € R, where D = I{P(X,Z)EU}, Sy = I{Q(O,X)Zf/}, ST =
1{Q<1,X>zv},%:50.%*,?1251.?; and?:b.ﬁ+(l_ﬁ).%.

"Appendix A.5 contains the proof of this proposition.
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This impossibility result is interesting in light of the previous literature about partial
identification of treatment effects with sample selection. In the case of the ITT (Lee (2009))
and the LATE (Chen & Flores (2015)), it is possible to construct sharp and informative
bounds even when the support of the potential outcome is the entire real line. However, when
focusing on a specific point of the MTE function, it is impossible to construct informative
bounds when Y* = R due to the local nature of the target parameter.

There are two important remarks about the results I have just derived. First, the bounds
under assumption 7 (corollary 10) are not only sharp, but can also be informative as the nu-
merical example in appendix B and the empirical application in section ?? illustrate. Second,
propositions 11 and 12 do not impose any smoothness condition on the joint distribution of
(Yo, Y7, U, V, Z, X). In particular, the conditional cumulative distribution functions Fy|x s,
Fy«xuv and Fy« yy,y are allowed to be discontinuous functions of U at the point @. Ap-
pendix G states and proves a sharpness result similar to proposition 11 and an impossibility
result similar to proposition 12 when Fy|x 1, Fyo*‘ x.u,v and Fy« ypy must be continuous
functions of U.

Now, it is important to discuss the empirical relevance of partially identifying the MTE of
interest. First, bounds on the MTE can illuminate the heterogeneity of the treatment effect,
allowing the researcher to understand who benefits and who loses with a specific treatment.
This is important because common parameters (e.g.: ATE, ATT, LATE) can be positive even
when most people lose with a policy if the few winners have very large gains. Moreover,
knowing, even partially, the MTE function can be useful to optimally design policies that
provides incentives to agents to take some treatment. Second, I can use the MTE bounds to
partially identify any treatment effect that is described as a weighted integral of A%O (x,u)

because

<A79*O (az,u)) cw (x,u) du, (21)
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where w(z,-) is a weighting function. Even though such bounds may not be sharp for any
specific parameter, they are a general and off-the-shelf solution to many empirical problems.
As a consequence of this trade-off, I recommend the applied researcher to use a specialized tool
if he or she is interested in a parameter that already has specific bounds for it (e.g., intention-
to-treat treatment effect (ITT) by Lee (2009) and LATE by Chen & Flores (2015)). However,
I suggest the applied research to easily compute a weighted integral of point-wise sharp bounds
on the MTE of interest if he or she is interested in parameters without specialized bounds
(e.g., the PRTE or LATEs outside the support of the propensity score). In other words,
facing a trade-off between empirical flexibility and sharpness, the partial identification tool
proposed in this paper focus on empirical flexibility while still ensuring point-wise sharpness
of the bounds on the MTE of interest.

Tables 1 and 2 show some of the treatment effect parameters that can be partially identified
using inequality (21). More examples are given by Heckman et al. (2006, Tables 1A and 1B)

and Mogstad et al. (2017, Table 1).

Table 1: Treatment Effects as Weighted Integrals of the Marginal Treatment Effect

ATECO =E[Y; — Y |So=1,5=1] = fol AQ9 (u) du
ATTOO =E [V — Y5 |D=1,5 =1,8 =1] = [; AQ? (u) - warr (u) du
ATUCO =E[Yf = Y5 |D=0,5 =1,8 =1] = [} AP? (u) - wary () du

LATE®C (u,uw) =E[Y} = Y3 |U € [u, 7], S = 1,8 = 1] fo A9 (u) - wparg (u) du
Source: Heckman et al. (2006) and Mogstad et al. (2017). Note: Condltlonlng on X is kept implicit in
this table for brevity.

In appendix C, I impose an extra mean-dominance assumption and sharpen the bounds

given by corollary 10.
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Table 2: Weights

[, frovyx (ple) dp

warr (v,u) = TP ) X = 5]

(z,u) == Jo franx (ple) dp
WATU (T, U) == 1 —E[P(W) |X — x]
wraTE (T, u) = W

Source: Heckman et al. (2006) and Mogstad
et al. (2017). Note: Conditioning on X is kept
implicit in this table for brevity and fpwy x is
the density of the propensity score given X.

4 Partial identification when the support of the propensity score is an

interval

Here, I fix x € X and impose that the support of the propensity score, defined by P, :=
{P(z,2): z € Z},is an interval®. Then, under assumptions 1-5, the MTR functions associated

to any variable A € {Y, S} are point-identified by?:

OE[A|X =2, P(W)=p,D =0]

mj (z,p) = E[A|X =, P (W) =p,D =0] - e (1—p),
(22)
and
m (.p) =E[A[X =2, P(W) =p.D = 1] 4 LAX =2 PV =p D=1] o

Jp

for any p € Py.
Finally, the point-wise sharp bounds on AQ? (z, p) are point-identified by combining corol-

lary 10, equations (22) and (23), and the fact that Ag (x,p) = m¥ (z,p) — m§ (z,p).

8P, as an interval may be achieved by a continuous instrument Z or by the existence of independent
covariates (Carneiro et al. 2011).

®Appendix A.6 contains a proof of this claim based on the Local Instrumental Variable (LIV) approach
described by Heckman & Vytlacil (2005).
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5 Partial identification when the support of the propensity score is discrete

When the support of the propensity score is not an interval, I cannot point-identify
my (z,u), m¥ (z,u), m§ (v,u), and Ag (z,u) without extra assumptions, implying that I
cannot identify the bounds on A%O (z,u) given by corollary 10. There are two solutions for
such lack of identification: I can non-parametrically bound those four objects (Mogstad et al.
(2017)) or I can impose flexible parametric assumptions (Brinch et al. (2017)) to point-identify
them. While the first approach is discussed in subsection 5.1, the second one is detailed in

subsection 5.2.

5.1 Non-parametric outer set around the MTE of interest

For any u € [0,1] and z € X, I can bound m} (z,u), mY (z,u), m3 (z,u), and Ag (z,u)
using the machinery proposed by Mogstad et al. (2017). To do so, fix A € {Y, S} and d € {0, 1}
and define the pair of functions m4 = (mé‘, m‘f‘) and the set of admissible MTR functions
MA > mA. Furthermore, fix (z,u) € X x [0,1] and define the functions T%: MY — R,

5 MY - R, T5: M® - Rand Tj: M5 = R as:

T (mY) =m) (z,u) +0-m (v,u)
T3 (") =0-m} (z,u) +md (z,u)
L5 (m®) = 0-mf (z,u) + mf (z,u)
T (m%) =mf (w,u) —m§ (z,u),

and observe that I'f (m") = m} (z,u), T3 (m") = m{ (z,u), T (m®) = m§ (z,u), and
r; (ms) = Ag (x,u). Moreover, define, for each A € {Y, S}, G4 as a collection of known or
identified measurable functions g4: {0,1} X X x Z — R whose second moment is finite. For

each IV-like specification g4 € G4, define also f,, = E[ga (D, Z) A|X = z]. According to
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proposition 1 by Mogstad et al. (2017), the function I'y, : M4 — R, defined as

1
Ly, (ﬁzA) =E [/0 miy (X, u) - ga(0,2)-1{p(W) < u} du

X =]

+E [/lmf‘(X,u)-gAu,Z)-l{p(W) > u} du
0

X:$],

satisfies I'g, (mA) = Bg.- As a result, mA must lie in the set Mg , of admissible functions

that satisfy the restrictions imposed by the data through the IV-like specifications, where:
Mg, = {m* e M*: Ty, (m?) =By, forall g4 € Ga}.

Assuming that M“ is convex and Mg, # 0 for every A € {Y, S}, proposition 2 by Mogstad

et al. (2017) ensures that:

_inf T (mY) =m} (z,u) < m} (z,u) <m} (z,u) = sup  I'% (")
mY eEMg,, mY eMg,,
i Yinf Ly (mY) =md (z,u) < mf (z,u) <mY (z,u) = sup I (")
mteMgy mY eMg,, (24)
i Sinf L5 (m®) =mf (z,u) < m§(z,u) <m§(z,u)= sup I3 (m”)
m GMQS ﬁLSEMgS
Cinf T3 (m°) = Ag(z,u) < Ag(z,u) < Ag(z,u)= sup I} (m)
mSGMgS ThSEMgS

As a consequence, I can combine corollary 10 and inequalities (24) to provide a non-

parametrically identified outer set around AQY (z,u):

Corollary 13 Fiz u € [0,1] and x € X arbitrarily.

Under assumptions 1-6, 7.1 and 8, the bounds of an outer set around A%O (z,u) are given

by S
Y
Ag? (x,u) >y* — M, (25)
= mg (z,u)
and that
Y *Ag (z,u my (z,u
A%??(x,u)gmg(m’“)ﬂ s(mu)  mo ). (26)
mg (z, u) mg (z,u) mg (z,u)

Under assumptions 1-6, 7.2 and 8, the bounds of an outer set around A%O (x,u) are given
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Y
- ’ (27)

my (z,u) mg (x,u) m§ (z, u)
and that
me (z,u
AYQ (z,u) <7* — % (28)
S
mg (z,u)

Under assumptions 1-6, 7.3 (sub-case (a) or (b)) and 8, the bounds of an outer set around

AQQ (z,u) are given by

mY (z,u) g*. Y
A}O/*O (x,u)ZmaX{maX{l()y AS(x7u) y*}w y*y*}’ (29)

mg (z,u) mg (z,u) =

and that

mY (z,u *Ag (w,u) mg (z,u)
A99 (2.4 min { min P (ww) Y oS5y *} = o *}
s { {mf? ww)  wiww S mww " .

I stress that the cost of non-parametric partial identification of m%/ (x,u), m}/ (x,u),

m§ (z,u), and Ag (x,u) is losing the point-wise sharpness of the bounds around the tar-
get parameter A%O. For that reason, corollary 13 is stated in terms of bounds of an outer set

around A}O/*O (x,u), that contains the true target parameter A%O (x,u) by construction.

5.2 Parametric identification of the MTE bounds

The fully non-parametric approach explained in subsection 5.1 may provide an uninforma-
tive outer set (i.e., equal to 7* —y* or y* —7* under assumption 7.3). In such cases, parametric
assumptions on the marginal treatment response function may buy a lot of identifying power.
Although restrictive in principle, parametric assumptions may be flexible enough to provide
credible bounds on AY? (z,u).

I fix z € X and assume that the support of the propensity score P (x,Z) is discrete and
given by Py = {ps.1,...,pen} for some N € N. I could directly apply the identification
strategy proposed by Brinch et al. (2017) by assuming that the MTR functions associated to

Y and S are polynomial functions of U. However, this assumption is problematic for binary
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variables, such as the selection indicator S. For this reason, I make a small modification to
the procedure suggested by Brinch et al. (2017): for d € {0,1} and A € {Y,S}, the MTR
function is given by

mi (z,u) = M4 (u, Of,d) (31)

for any u € [0, 1], where ©2 C R?L is a set of feasible parameters, L € {0,..., N — 1} is the
number of parameters for each treatment group d, (0;?70, 9;471) € @? is a vector of pseudo-
true unknown parameters, and M4 : [0,1] x R2L — R is a known function. For example,
in the case of a binary variable, a reasonable choice of M4 is the Bernstein Polynomial
(MA (u, Bf’d) =S 9;476[71 : (];4) cub - (1 - u)L_l> with feasible set ©4 = [0,1]*~. In the case
of the selection indicator, the feasible set would be restricted by assumption 8 to @f =
{(éio, 5?1) e [0,1)*F 521 > 520}. I stress that the only difference between the Bernstein
polynomial model and the simple polynomial model proposed by Brinch et al. (2017) is that
it is easier to impose feasibility restrictions on the former model.

Back to the parametric model given by equation (31), I define the parameters (0;’20, 0;21) as
pseudo-true parameters in the sense that the parametric model in equation (31) is an approxi-

mation to the true data generating process via the moments E [A|X =z, P (W) = p,, D = d]
for any d € {0,1} and n € {1,..., N}. Formally, I define

~ 2
A A N fln MA (u, 0;0) du
(0%0, 99371) ‘= argmin Z E[A|X =x,P(W)=p,,D=0]— .
(62062, )c08 n=1 Pn

x,1

~ 2
é?”MA (u,@A ) du
+ [EA|X =2, P(W)=p,,D=1]—

Pn
(32)
Note that, to estimate parameters (03‘30, Oﬁl), I can simply use the sample analogue of
equation (32), i.e., I only have to estimate a constrained OLS regression whose restrictions

are given by the set ©7. The main advantage of estimating this parametric model using OLS

is that I can easily test the model restrictions imposed through the set of feasible parameters
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©:. If such restrictions are valid and L = N — 1, then my parametric model collapses to the

model proposed by Brinch et al. (2017) and I find that'?, for any p, € P,,

fln MA (u, 9;470) du

E[A|X =2, P(W)=p,,D=0]= T (33)
I M4 (u, 9;41) du
EA|IX =2, P(W)=pp,D=1] = » : . (34)
I can, then, combine corollary 10 and equation (31) and (32) to bound AY? (x,u):
Corollary 14 Fiz u € [0,1] and x € X arbitrarily.
Under assumptions 1-6, 7.1 and 8, the bounds on Ag;? (z,u) are given by
MY (u,0% )
A9 (g y) >y — —— =0 35
Y ( ) - y MS (u70§,0) ( )
and that
MY (u,0Y ) —y* - [MS (u,0°,) — M° (u,6° MY (u,8Y
A)O/*O (m,u) < ( 3371) Y [S ( R %1) ( 3570)] o < ( ;,0) ) (36)
M (u, Gx’o) M (u, 09370)
Under assumptions 1-6, 7.2 and 8, the bounds on A?,—Q (z,u) are given by
MY (u,0Y ) —5* - [M5 (u,05 ) — M (u,0° MY (u,0Y
A}O/*O (IE,U) > ( 1,1) Y [S ( - 171) ( I,O)] _ 5 ( :’;,0)’ (37)
MS (u,65,) MS (u, 07 )
and that
MY (u oY )
A (pu) <pF— — =0 38
Y ( ) =Y MS (u705,0) ( )

Under assumptions 1-6, 7.3 (sub-case (a) or (b)) and 8, the bounds on AYQ (x,u) are

given by

M5 (u,OiO) MS (u, 05}0) ’
(39)

AY? (z,u) > max{MY (u, 93;1) — 7" - [M (u, 95,1) — M (u, 95;9,0)] *} MY (u, 93:/,0)
Y* ; = y B

10 Appendix A.7 contains a proof of this claim
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and that

AP (x,u) < min

MY (0 82) — g [0S (0 65,) M5 (0,080)] | MY (0%
MS (u, 0570) ’ M ’

6 Further Work

This text is a working paper and still requires a few steps before it is finished. Currently,
I am working on a empirical application in which I analyze the wage effect of the Job Corps
Training Program. Such analysis builds upon the work by Lee (2009), Blanco et al. (2013),
Chen & Flores (2015) and Chen et al. (2017) by looking at the entire MTE function and
focusing on the heterogeneity of the treatment effect on wages. Another important future
step is implementing a Monte Carlo experiment that can measure the informativeness of the

proposed MTE bounds in a specific data generating process.
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Supporting Information
(Online Appendix)

A  Proofs of the main results

A.1 Proof of Equation (4)

Note that

E[%*‘X:$¢U:u750:1751:1]:E[}/()*‘X:l‘,U:U,SO:l]

by assumption 8
CE[So- Yy | X =2,U = u]
C P[So=1|X=2,U = u]

by the definition of conditional expectation
CEY|X =2,U = u]
CE[So|X =2,U = u
_mg (w,u)

mg (z,u)’

A.2 Proof of Equation (5)

First, observe that

my (z,u) =E[So|X =z,U = u]

=P[Q(0,X)>VI|X =2z,U =u]

by equation (2),

my (z,u) =E[S)|X =z,U = u]

by equation (2),

Ag (z,u) =E[S1 — S |X =2,U = u]

=my (x,u) —mj (z,u)
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=PQR(LX)>V>Q(0,X)|X =2,U =u]
by equations (A.1) and (A.2) and assumption (8)
=P[Sy=0,5=1|X =2,U = u] (A.3)
by equation (2), and
AYO (z,u) =E[Y) = Yo|X =2,U =u, S, = 0,5 = 1]
=E[S1- Y =S Yy | X =2,U=u,S=0,5 =1]

=EY|X=2,U=u,5=0,5 =1]. (A4)
Note also that:

my (z,u) =E[Y;|X =2,U = u]
=E[S; - Y| X =2,U = u]
=EY | X=2,U=u,5%=1,5=1]-P[So=1|X =z,U = u]
+EY X =2,U=u,5=0,5=1]-P[So=0,51 =1|X =2,U = u]
by assumption 8 and the Law of Iterated Expectations
=EN|X =2,U=u,8=1,5 =1]-mj (z,u) + AYO (z,u) - Ag (z,u) (A.5)

by equations (A.1), (A.3) and (A.4),

implying equation (5) after some rearrangement. W

A.3 Proof of Proposition 9

Note that

Y <EYF X =a2,U=u,S =18 =1]<7" (A.6)

by the definition of y* and y*. Observe also that

y* < AYO (z,u) <F*
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by equation (A.4) and the definition of y* and %*, implying, by equation (5), that

m}/ (z,u) — Y Ag (z,u)

E[Yl* ’X:JZ‘,U:U;SO:LSl:].]S mS(IE u) (A?)
0 9
under assumption 7.1,
Y —T A
m (@) - S gy X = U= u, S = 1,8 = 1] (A.8)
my (z,u)
under assumption 7.2, and
Y % A
my (xvu)sy S(x’u)SE[Y1*|X:CC,U:U,S():1,31:1]
mg (z,u)
Y *
my (ac,u) A Ag (ZL‘,U)
< ms(; m (A.9)
0 9

under assumption 7.3 (sub-case (a) or (b)). Combining equations (A.6)-(A.9), it is easy to

show that proposition 9 holds. B

A.4 Proof of Proposition 11

First, I prove proposition 11 under assumption 7.3 (sub-cases (a) and (b)). At the end of

this subsection, I prove proposition 11 under assumptions 7.1 and 7.2.

A.4.1 Proof under Assumption 7.3 (sub-cases (a) and (b))

Fix w € [0,1], T € X and 0 (T,q) € (A%O (z,u) ,A}O,*O (z, ﬂ)) arbitrarily. For brevity,
u)

Y (o Y (=
mg (7, 7) and v (Z,u) = m (3,

—a (T, ) - m§ (E,H).

define a (z,u) == 0 (Z,w) + Ag (T, )
S\, U

mg (T,7)
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Note that

mg (z,u)
(A.10)
in mi (v,u) —y* - Ag(v,u)
mg (z,u) ’
C (v 7).
and that
a(Z,u my (z,u) =7 Ag (z,u) m] (z,u) —y* - Ag (z,u)
(@) € ( mg (z,u) ’ mg (z,u) )
(A.11)

& v (z,u) E(g*,@*).

The strategy of this proof consists of defining random variables (170*, }71*, U, f/) through
their joint cumulative distribution function F; v ¥V 0V, 2,X and, then, checking that equations
(15), (16) and (17) are satisfied. I fix (yo,y1,u,v,2,2) € R® and define F?0*7?1*7U7‘~/7Z’X in

twelve steps:
Step 1. For x §é X’ F~0*,}71*,[~]7‘~/7Z7X (y(]a y,u,v, 2, l’) = FYO*,YI*,U,V,Z,X (y(]a Yy1,u,v, 2z, l‘)

Step 2. From now on, assume that x € X. Since
Fye e .07, 2.x W0, Y156, 0,2,8) = Fye g 75 71x (Y0, 91,0, 0, 2 |2) - Fx (2),
it suffices to define F?0*7)~,1*7U7‘772|X (Yo, y1,u, v, z|z). Moreover, I impose

Z1 ()70*,171*,6,&7) X
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by writing

Fye e 0.0, 21x W0, 01,0, 0, 2[2) = Fye g 5 91x (0,91, 0,0 |2) - Fix (22,

implying that it is sufficient to define Fye v 001x (Yo, y1,u,v|z).
Step 3. For u ¢ [0,1], I define Py v 071x (Yo, y1,u,v|x) = Fyx yx yyvix (Yo, y1,u,v[2).

Step 4. From now on, assume that u € [0, 1]. Since

Fye v o 71x W0, 91, 0,0 [2) = Fye g vy x i (W0, 9150 |2, 0) - By (ufe)

it suffices to define FYO*,?I*,V|X7U (y0,y1,v |z, u) and FU\X (u|x).
Step 5. I define Fy ¢ (ulr) = Fyix (u]z) = u.
Step 6. For any u # w, I define F~0*’1~/1*"~,|X’[~] (o, y1,v |z, uw) = Fys v vixu (Yo, y1,v |2, u).
Step 7. For any v ¢ [0, 1], I define FYO*YF,VIXﬂ (Yo, y1,v [2,T) = Fys vy vixu (Yo, y1,v |2, a).

Step 8. From now on, assume that v € [0,1]. Since

Fye v vixo Woy1 v |2,0) = Fyo g x oy (o, 91 2, 0,0) - By (v]z,3),

it is sufficient to define FYO*YHX,UV (yo,y1 |z, uw,v) and F\?|X,U (v|x,a).

Step 9. I define

my (x,u) 00.2) if v <Q(0,x)
Fyixp (vle,m) = § m§ (2,7) + As (2,7) Q(;)J)Q_%a 7 QO <v<Q(L2)
mf(w,u)+(1—mf(x,u))3:g&g if Q(1,z) <w
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Step 10. I write F~0*71~/1*‘X,0"7 (Yo, 1 |z, w,v) = FYO*]X,U,V (yo |z, @, v) 'Fffl*\X,U,V (y1 |z, @, v), im-

plying that I can separately define F~0* x.0.v (Wolz,u,v) and Fyoxov (y1 |z, @, v).

Step 11. When Y* is a bounded interval (sub-case (a) in assumption 7.3), I define

1{y0> ”M} if v < Q(0,2)

Foaxop Wolz@v) =9 ——— - oo o=

When 7* = max {y € Y*} and y* = min {y € Y*} (case (b) in assumption 7.3), I define

0 if yo <y* and v < Q(0,x)

my (T,@)

mS(z,7) °

1— 0= ” if y* <yo <7y* and v < Q (0, )
— y -y -
Fyspeay Gole..v) = v

1 if 7* < yp and v < Q (0, x)

1{yo > 7"} if Q(0,2) <v

Y —
which are valid cumulative distribution functions because % ((’)) € @*, y*]
mg (T, u

Step 12. When Y* is a bounded interval (case (a) in assumption 7.3), I define

F-

Y| X, 0,V (yl ]a:,ﬂ,v) - 1 {yl > 'y(f,ﬂ)} if Q(va) <v<@Q (1,%)
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When y* = max {y € Y*} and y* = min {y € Y*} (case (b) in assumption 7.3), I define

Fyoixo0 (i le, o) = 0

which are valid cumulative distribution function

if 1 <y* and v < Q (0, )

<y <7y and v < Q(0,2)

v <y and v < Q(0,z)

s because of equations (A.10) and (A.11).

Having defined the joint cumulative distribution function F; Ve Vo0V, 2,X0 note that equa-

my (T, 7)
b

tions (A.10) and (A.11) s (7,7)

€ @*,@*] and steps 7-12 ensure that equation (16) holds.

Now, I show, in three steps, that equation (15) holds.

Step 13. Observe that

by the definition of Sy and S;

E[l{@(o,f)zV}-fq*

P[Q(O,E)EV‘X:E,UZE}
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by the definition of conditional expectation
E [1 {Q 0,7) > f/} E [f/l*
P [Q(O,E) > V‘X ZE,UZE}

by the law of iterated expectations

Q(0,z)

[ el

Xzf,f]zﬂ,f/:v} dFy | g (vl]z, )

by the definition of expectation and by step 7
Q(0,z)
| a@w aryp @l
0
P[Q(O,f) > V‘X:E,ﬁ:ﬂ

by step 12
= a(T,u) (A.12)

by linearity of the Lebesgue Integral

Step 14. Notice that

by the definition of Sy and S;

E1{QOa)=V} V7
P[Q(O,E)EV‘X:f,Uzﬂ

by the law of iterated expectations
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-, (A.13)

Step 15. Note that

_E[fv; X=70=128=1,5 =1
_E[f/; X=7,0=7, ~0:1,§1:1}
Y —
—a@m) - 20O
my (T, u)

by equations (A.12) and (A.13)
=46 (z,u)

by the definition of « (7, @),

ensuring that equation (15) holds.
Finally, I show, in two steps, that equation (17) holds.

Step 16. Fix (y,d, s, z) € R* arbitrarily and observe that equation (17) can be simplified to:

Fy pszx (W,d,5,2,%) = Fypszx (y.d,s, 2,T)
<:>1-T‘}~/',D’,§’,Z|X (y7d7872 ’j) ' FX (f) = FY,D,S,Z|X (y7d7872 |f) ' FX (j)

SFy p s 71x (y,d,s,2|7) = Fy,p,szix (4,d,5,2|T) (A.14)
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Step 17. Notice that

7

because ) are functions of ()70*,171*,(7 ,f/,Z)
<

/[ {(ff D,S, Z) (y,d,s,z)}-l{u#ﬂ}} AFy. ve 5.7, 21x (0,91, 4,0, 2 [T)
+/ [1{()7,[),5',2) < (y,d,s,z)}-l{uzﬂ}} AFye v 77,21 (Yo, y1,u,v, 2 |T)

by linearity of the Lebesgue Integral

[

D,
because P [

S, Z) < (y,d,s,z)} : 1{u7éﬂ}} dFyO*yl* 0.V, 71X (Yo, Y1, u, v, 2(T)

—u’X—x} =0 by step 5

[ 14.D.5.2) < (d.s. )} 1 {u# T APy v (om0, 2 [2)
by steps 2-6

/[ {(Y,D,5,2) < (y,d,s,2)} - L{u #u}] dFyz vy vv,zix (Yo,y1,u,0,2|T)

+ [14(.D.5.2) < (nd,s.9)} 1 (u =] dFyg vy vizie (0,02 2)
because P[U =u|X =7Z| =0

/1{ (Y,D,S,Z) < (y,d,s,2)} dFys vr vv.zix (Yo,y1,u,0,2|T)

by linearity of the Lebesgue Integral

=E[1{(Y,D,S,Z) < (y,d,s,2)}| X =T

= FY,D,S,Z‘X (y7 d7 S,z |f) )
implying equation (17) according to equation (A.14)

I can, then, conclude that proposition 11 is true. B

As a remark, the above constructive proof defines random variables ()70 ,171 ,U V) that

Y
matches other important moments of the true data generating process besides the ones im-
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posed by proposition 11.

Remark 1. Note that

P|Sy=1,5 =1 X:f,U:ﬂ :P[Q(O,f)sz X=zU=1u

by the definition of Sy and S;

=mj (Z,7)

by step 9.

and that

(A.15)

P|Sy=0,5 =1 X:E,U:H] :P[Q(1,§)2V>Q(O,E) X=zU=1u

by the definition of Sy and S;

Remark 2. Analogously to equation (A.12), I find that

E[Yf X=7U0=15=075=1|=(,7).

Remark 3. Combining equations (A.5) and (A.15)-(A.17), I have that
E [171 ’X:x,U:ﬂ =m! (Z,7).

A.4.2 Proof under Assumptions 7.1 and 7.2

(A.16)

(A.17)

I, now, prove proposition 11 under assumptions 7.1 and 7.2. In particular, I focus on

the case y* > —oo0 and * = +oo (assumption 7.1) because it is more common in empirical

applications. The case y* = —oo and * < 400 (assumption 7.2) is symmetric.

The proof under assumption 7.1 is equal to the proof under assumption 7.3(a). The only
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difference is that

& a@m) e <ym (@) —y” - As W”) (A18)
my (z,u)
C (y*,+00),
and that y
a(Z,u) € <y*vm1 (x’U);g 2 <$7U)>
my (x,u)
(A.19)

A.5 Proof of Proposition 12

This proof is essentially the same proof of proposition 11 under assumption 7.3.(a) (ap-

pendix A4.1). Fix uw € [0,1], T € X and §(Z,u) € R arbitrarily. For brevity, define
Y (7 o Y (7 o = 7\ oS (7 7
_ my (T, ) o my (Z,u) — (T, u) - mg (Z,)
a(z,u) = 6 (z,u) + mS (7,7) and v (7,w) Ay (7.7) Note that

I define the random variables (170*, 171*, U, V) using the joint cumulative distribution func-
tion Fyo*yl*ja‘;’ Z.X described by steps 1-12 in Appendix A.4.1 for the case of convex support
Y*. Note that equation (19) is trivially true when Y* = R. Moreover, equations (18) and
(20) are valid by the argument described in steps 13-17 in Appendix A.4.1.

I can, then, conclude that proposition 12 is true. W

A.6 Proof of Equations (22) and (23)

I first prove that equation (22) holds. For any A € {Y, S}, observe that

E[A|X =2,P(W)=p,D=0]=E[A|X =2, P(W)=p,D=0]

—E[A|X =2, P (W) =p,P(W) < U]

40



by equation (1)

by assumption (1)

_E[{p<U}-A|X =]
Pp<U|X =x]

by the definition of conditional expectation
CEl{p<U}-Ag|X = 2]
= =7

by the normalization U |X ~ Uniform [0, 1]
CEl{p<U}-E[4|X =2,U =u]|X = z]
= =

by the Law of Iterated Expectations
1
_ fp mi (z,u) du

1—p

by the normalization U |X ~ Uniform [0, 1],

implying that

OE[A|X =a,P(W)=p,D=0] _ —mp (z,p)  E1{p<U} Ag|X =z]
Ip 1-p (1-p)*
—mg (.p)  E[1{p< U} Ao|X =2z]

1-p (1-p) Pp<U|X=x

by the normalization U |X ~ Uniform [0, 1]
B —m{ (x,p) N E[A|X =x,P(W)=p,D =0]

I-p l-p
Rearranging the last expression, I can derive equation (22):
m (z,p) =E[A|X =z, P (W) =p,D =0]

_OE[A|X =2,P(W)=p,D=0]
Op

(1-p).
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Equation (23) is derived in an analogous way using E[A|X =z, P(W) =p,D = 1] and

its derivative with respect to the propensity score. B

A.7 Proof of Equations (33) and (34)

We first prove that equation (33) holds. For any A € {Y, S}, observe that

E[A|IX =2, P(W)=p,,D=0]=

according to Appendix A.6
fpln M4 (u, 0‘20) du
B - Pn

by equation (31).

Equation (34) is derived in an analogous way using E[A|X =z, P(W) =p,,D=1]. &

42



B Numerical Example: MTE bounds (corollary 10) can be informative

Here, I provide a numerical example in which the bounds in equations (13) and (14) are
informative (i.e., tighter than 7* — y*) for any value of the latent variable U.

Let y* = 0 and 7* = 1. Assume that there is no covariate and that, for any u € [0,1],

13 1
S _2_ =
mo (1) = 75~ 16
15 2
my (u) = 16 16
EVF[U=uSo=1,8=1]= = — 4
S S T 6
9 2
ANO _ 7 _ =
v (W) =15~ gt
implying that
2 1
A =— - —
s(W =16~ 16"
83 — 70u + 6u?
Y _
mi (W) = 256
v 0 1 | )
Moreover, assume that mg (u) = 6~ Eu, implying that
—10+u
EYy|U=u,5=1,58=1]=——.
[ 1 | U, 90 » 21 ] 13+
Consequently, the target parameter is
954 41u — 4u?

AY9 (y) =
ve (W) = =0 Teu

and the lower and upper bounds in equations (13) and (14) are, respectively, given by

109 + 38u — 6u?

AP (u) = d
v (W)= g 1eu 0
— 77 + 54u — 6u?
AQP () = Tt

—208 + 16u
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Figure B.1 plots the target parameter, AY? (u), as a solid black line and the lower and
upper bounds, L% (u) and @(u), as a gray area. Observe that the proposed bounds are
close to the target parameter in the entire unit interval. As a consequence, this numerical
example illustrates that the bounds in equations (13) and (14) can be informative about the
target parameter.

Figure B.1: Target Parameter and Its Bounds
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C MTE bounds under a Mean Dominance Assumption

In the literature about partial identification of treatment effects (Huber & Mellace (2015),
Huber et al. (2017)), mean or stochastic dominance assumptions are used to sharpen the
bounds on the parameter of interest. Here, I use one type of mean dominance assumption to

sharpen the bounds on A,O/Q given by corollary 10. In particular, I assume either
Assumption C.1.A The potential outcome when treated for the always-observed sub-population
is greater than or equal to the same parameter for the observed-only-when-treated sub-population:

EYf I X=2,U=u,5%=1,5=1]>E[Y"|X =2,U=u,5 =0,5 = 1]

for any x € X and u € [0,1]

or

Assumption C.1.B The potential outcome when treated for the always-observed sub-population
1s less than or equal to the same parameter for the observed-only-when-treated sub-population:

ENIX=2,U=u,5%=15=1]<E}Y|X=2U=u,S5=0,5 =1]

for any x € X and u € [0, 1].

Note that assumption C.1.A implies that AY? (z,u) < m} (z,u) by equations (A.4) and
(A.5), while assumption C.1.B implies that Ago (w,u) > m] (x,u). As a consequence, by

following the same steps of the proof of corollary 10, I can derive:

Corollary C.2.A Fizu € [0,1] and x € X arbitrarily. Suppose that the my (z,u), mi (x,u),

mg (r,u) and Ag (z,u) are point-identified. Define k := min {m%/ (z,u) ,@*}.

Under assumptions 1-6, 7.1, 8 and C.1.A, the bounds on A}Q*O (x,u) are given by

Y —k-A Y
A%O (2,1) > maX{’rfU (x,u)s K S(%U)’y*} _ M —. AQO (z,u) (C.1)
my (z,u) my (x,u) ——
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and that

my (z,u) —y* - As (z,u)  mY (z,u
A9 (2,u) < —2 p_— (; " - m%( ) = A9 (z,u). (C.2)
0\ 0

Under assumptions 1-6, 7.2, 8 and C.1.A, the bounds on Ag? (xz,u) are given by

mY (z,u) — k- Ag (z,u) my (z,u)

AQO > _ = AQ9 C.3
Y (f]f,u) — m§ (SU,U) mg (.’E,U) Y (l',u) ( )
and that
Yy
A9 (z,u) <F* — M = A0 (2,u) . (C.4)
my (x,u)

Under assumptions 1-6, 7.3 (sub-case (a) or (b)), § and C.1.A, the bounds on AY? (z,u)

are given by

Y — kA Y
ADO (5 u) > max{ml (ﬂc,u)s K- Ag (x,U)7y*} _ w = A99 (2, u) (C.5)
mg (z,u) mg (z,u)
and that
ml (z,u) —y* - Ag (z,u) my (z,u)
AO*O < mi 1 ) g ’ 0 _ 70\ A9C ’ ] C.6
Y (ZE,U) = mln{ mg’ (1_7 U) » Y g(x7u) Y (m 'LL) ( )

and

Corollary C.2.B Fizu € [0,1] and x € X arbitrarily. Suppose that the my (z,u), mi (x,u),

m§ (z,u) and Ag (x,u) are point-identified. Define r = max {m{ (z,u) ,y*}.

Under assumptions 1-6, 7.1, 8 and C.1.B, the bounds on Agg (x,u) are given by

Y
A9 (z,u) > y* — M = A9 (z,u) (C.7)
= my (z,u)
and that
Y o Y
my (x,u) my (z,u)
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Under assumptions 1-6, 7.2, 8 and C.1.B, the bounds on A3O,9 (z,u) are given by

Y A Y
AQ (z,u) > my (@) = Y s(@u) m% (2, ) = A9 (z,u) (C.9)
my (x,u) my (z,u)

and that

mg (z,u)

Y o y
A9 (2. u) < min {ml (z,u) — k- Ag (x,u),y*} _mg (zu) A9 (z,u).  (C.10)
m

Under assumptions 1-6, 7.8 (sub-case (a) or (b)), 8 and C.1.B, the bounds on AY? (x,u)

are given by

Y _ak, Y
my (z,u) my (z,u)
and that
00 . m%/ (a:,u) - K'AS (l’,u) —x m(})/ (x,u) 00
AyY (z,u) < min S Y — v = AYY (z,u) . (C.12)
mO (l‘, u) m() (:Ev u)

The bounds in corollaries C.2.A and C.2.B can be identified using the strategies that were

described in sections 4 and 5.
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D Bounds on the MTE for the Observed-only-when-treated Sub-population

Here, I use the same notation of section 3 and I am interested in the following target
parameter: m{¥9 (z,u) == E[Y]|X = 2,U = u, Sy = 0,5 = 1]. Following the same steps of

the proof of proposition 9, I can show that:

Proposition D.1 Suppose that the m{ (z,u), m¥ (z,u), m§ (z,u) and Ag (z,u) are point-

identified.

Under assumptions 1-6, 7.1 and 8, the bounds on m{vo (x,u) are given by

NO * NO
= < m <
my - (z,u) =y <my " (2,u) < Y E)

NO(

Under assumptions 1-6, 7.2 and 8, the bounds on m{'“ (x,u) are given by

Y ok oS
m{VO (l’,u) — my (xyu) Yy -my (xyu) < m{VO (l‘,U) < Q* — m{VO (337“) ) (D2)
— As (x,u)
Under assumptions 1-6, 7.3 (sub-case (a) or (b)) and 8, the bounds on mYN© (x,u) are
given by
Y ok S * S
NO _m (z,u) =¥ -myg (z,u) NO my (z,u) —y* -mg (z,u)

my' 0 (@ u) = = Ag (z,u) : S mi (@) < Ag (z,u) = (@)

Following the same proof of proposition 11 (see Remark 2 at the end of Appendix A.4.1),

I can also show that:

Proposition D.2 Suppose that the functions m%/, mi, mOS and Ag are point-identified at

every pair (z,u) € X x [0,1]. Under assumptions 1-6, 7 (sub-cases 1, 2, 3(a) or 3(b)) and

8, the bounds m{VO and mleO, given by proposition D.1, are point-wise sharp, i.e., for any

u € [0,1], T € X and v (T,u) € (m{vo (z,w), m{¥o (T,ﬂ)), there exist random wvariables

(170*, 171*, U, V) such that

m¥O (z,u) =E {fq* X=z,U=1u,5=0,5 = 1} = (Z,7), (D.4)




P[(on*,?l*,x?) eV x Y x10,1] X:T,f]:u} =1 for any u € [0,1], (D.5)

and

Ff/,ﬁ7§’Z,X (ya du S, Zvj) = FY,D,S,Z,X (y7 d) S, 2, E) (D6)

for any (y,d,s,z) € R*, where D = 1{P(X,Z)Zﬁ}, Sy = 1{Q(O,X)2f/}, S =
H{QUX) 2 V) T = 8 ¥5, Ty = §1 - ¥ and V= D-Ti + (1- D) o

Finally, following the same proof of proposition 12, I can also show that:

Proposition D.3 Suppose that the functions mg, m%/, mOS and Ag are point-identified at

every pair (x,u) € X x [0,1]. Impose assumptions 1-6 and 8. If Y* = R, then, for any

uel0,1], T € X and v (z,u) € R, there exist random variables (170*, }71*, U, V) such that

A0 (z,7) = E [ffl* X=7,0=u8=03 = 1} = v (z,7), (D.7)
P [(170*,171*,17) eV x V' x [0, 1]‘X 7,0 = u} =1 for any u € [0,1], (D.8)

and
Fy pszx(¥.d.5,27) = Fypszx (y.d, s, 27) (D.9)

for any (y,d,s,z) € R*, where D = l{P(X,Z)ZU}, Sy = I{Q(O,X)Zf/}, ST =
1{Q(I,X)Z‘7},?Ozgo-%*,?lzgl-)}l* andY:D}}l—i—(l—D)f/b
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E Negative Treatment Effect on the Selection Indicator

Even when sample selection is monotone (equation (2)), assumption 8 may be invalid in
some empirical applications. In particular, it might be the case that the following assumption

holds:

Assumption E.1 Treatment has a negative effect on the sample selection indicator for all

individuals, i.e., Q (0,2) > Q (1,2) > 0 for any x € X.

I stress that this assumption is testable according to Machado et al. (2018).

With obvious modifications to the proofs of corollary 10 and propositions 11 and 12 (see
the proofs of propositions F.3 and F.4), I can show that the target parameter in section 3
can be bounded, that its bounds are sharp and that it is impossible to derive bounds for the
target parameter with only assumptions 1-6 and E.1. First, I state a result that is analogous

to corollary 10.

Proposition E.2 Fizu € [0,1] and z € X arbitrarily. Suppose that the my (z,u), mi (x,u),
mg (r,u) and Ag (z,u) are point-identified.

Under assumptions 1-6, 7.1 and E.1, the bounds on A}QQ (z,u) are given by

m{ (x,u)  my (z,0) —y* - (—As (z,u))
AQE (a) 2 T u; - T AP (rw) ()
1 ’ 1 )
and that
Y
AL (x,u) < L (@u) e 300 (3,u) (E.2)
my (z,u
Under assumptions 1-6, 7.2 and E.1, the bounds on A?/Q (x,u) are given by
Y
AQO (o) > ML e 400 (4 4 (E:3)
my (z,u)
and that
00 my (z,u)  mg (z,u) —§* - (—As (z,u) 50
Ay (z,u) < —5 — 3 =AY (z,u). (E.4)
my (z,u) my (z,u)



Under assumptions 1-6, 7.3 (sub-case (a) or (b)) and E.1, the bounds on ALY (z,u) are

given by

mls (x,u)

ADQ (z,u) > W — min { my (2,w) —y" - (“As (w’u)),y*} = A9 (z,u)  (E.5)

and that

mY (z,u my (z,u) —7* - (— T, U
A)QQ(:U,U)SIS(’)—IH&X{ 0 (@, )mig(x(u)AS( : ))»?/*} = A9 (z,u). (E.6)

Second, I state a result that is analogous to proposition 11.

Proposition E.3 Suppose that the functions mé/, mi, mg and Ag are point-identified at

every pair (z,u) € X x [0,1]. Under assumptions 1-6, 7 (sub-cases 1, 2, 3(a) or 3(b))

and E.1, the bounds A}Q*O and A}Q*O, given by proposition E.2, are point-wise sharp, i.e., for

any u € [0,1], T € X and 0 (T,u) € (AXO/*O (z, ) ,A%O (7, H)), there exist random variables

(170*, 171*, U, V) such that

A9 (z,u) _E[f/l*—yo* X=70=125 =15 :1} = §(z,7), (E.7)
P [(170*,171*,‘7) eY" x Y*rx [O,l]’X:f,U:u] =1 for any u € [0,1], (E.8)

and
Ff/D 5’7Z7X (y7d787z7f) = FY,D,S,Z,X (y7d75727f) (Eg)

for any (y,d,s,z) € R*, where D = 1{P(X,Z) ZU}, Sy = I{Q(O,X) ZV}, ST =

1{@(1,){) zf/}, Yo=2S50 Vi, Vi=8, -V and Y =D -V, + (1—15) Y.
Finally, I state a result that is analogous to proposition 12.

Proposition E.4 Suppose that the functions m%/, my, mg and Ag are point-identified at

every pair (x,u) € X x [0,1]. Impose assumptions 1-6 and E.1. If Y* = R, then, for any
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uel0,1], T € X and ¢ (zT,u) € R, there exist random variables (170*, )71*, U, V) such that

ALY (1) =E [}71* ~ Y| X=7U=1u,5=1,5 = 1] =6 (z,7), (E.10)
P [(YO*,YI*,V) € V' x Y x [0, 1}‘ X=70= u} =1 for any u € [0,1], (E.11)

and
FY/7D’§7Z7X (y7 d7 S, Zaf) = FY,D,S,Z,X (yad7 S, Z,f) (E12)

for any (y,d,s,z) € R*, where D = I{P(X,Z)EU}, Sy = I{Q(O,X)Zf/}, ST =
1{Q<1,X>2x7},%:50.%*,?1291.?; andY:f)-fflJr(l—[))-ffo.
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F Monotone Sample Selection

Depending on the results of the test proposed by Machado et al. (2018), a researcher
may want to be agnostic about the direction of the monotone selection problem and impose
only equation (2), while ruling out uninteresting cases. In such situation, it is reasonable to

assuine:

Assumption F.1 Treatment has a monotone effect on the sample selection indicator for all
individuals, i.e., either (i) Q (1,z) > Q (0,2) > 0 for any x € X or (i) Q (0,z) > Q (1,z) >

0 for any x € X.

I stress that assumption F.1 only strengthens equation (2) by ruling out the theoretically
uninteresting cases mention below assumption (8).

By combining corollary 10 and proposition E.2, I find that:

Proposition F.2 Fizu € [0,1] and x € X arbitrarily. Suppose that the m{ (z,u), m¥ (x,u),

my (z,u) and Ag (x,u) are point-identified. Under assumptions 1-6, 7 and F.1, the bounds

on A9 (z,u) are given by

Y99 (2, 1) = min {A§39 (z,u), AY? (z, u)}
< A9 (z,u) (F.1)

< max {Ag? (z,u),AD? (z, u)} = Y99 (2, u)

Most importantly, those bounds are also point-wise sharp:'!

Proposition F.3 Suppose that the functions m%/, m%/, mUS and Ag are point-identified at

every pair (x,u) € X x[0,1]. Under assumptions 1-6, 7 (sub-cases 1, 2, 3(a) or 3(b)) and F.1,
the bounds Tg? and T?,Q, given by corollary 10, are point-wise sharp, i.e., for any u € [0, 1],

T € X and 6 (Z,u) € (T}O,Q (z,a), T}O,*O (7, ﬂ)), there exist random variables (370*, }71*, U, ‘N/)

HThe proof of propositions F.3 and F.4 are located at the end of Appendix F.
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such that

ALY (z,u) =E [}71* — Y| X=7U=1,5=1,85 = 1} =0 (z,1), (F.2)
P [()70*,171*,‘7) eV x Y x [0,1]‘)( =7z,U = u] =1 for any u € [0, 1], (F.3)

and
FY7E7§7Z7X (y7 d7 S, Z7§) = FY,D,S,Z,X (y7d7 S, Zaf) (F4)

for any (y,d,s,z) € R*, where D = l{P(X,Z)Zﬁ}, Sy = 1{Q(O,X)2f/}, S, =
1{Q(1.%) >V}, Y= §0- ¥, o= 51 V7 and V= D-Vi + (1- D) - T

Finally, I state an impossibility result that is analogous to proposition 12.

Proposition F.4 Suppose that the functions m(}]/, mi, mOS and Ag are point-identified at
every pair (x,u) € X x [0,1]. Impose assumptions 1-6 and F.1. If Y* = R, then, for any

ue€l0,1], T € X and ¢ (zT,u) € R, there exist random variables (}70*, }71*, U, f/> such that

A% (z,1) = E [f/; VX =7,0=18 =15 = 1} = §(z,7), (F.5)
P [(370*,171*,17) e V' x Y* x [0, 1](X 7,0 = u] =1 foranyuel0,1,  (F.6)

and
F)77D75'7Z7X (ya da S, Zaf) = FY,D,S,Z,X (y7d7 S, Zaf) (F7)

for any (y,d,s,z) € R, where D = I{P(X,Z)ZU}, Sy = I{Q(O,X)ZV}, Sy =
1{@(1,X)2f/},}70:50-170*,)71:5’1-171* andY/:D-fflJr(l—[))-Yo.

Proof of Proposition F.3. I only prove proposition F.3 under assumption 7.3 (sub-
cases (a) and (b)).The proofs of proposition F.3 under assumptions 7.1 and 7.2 are trivial
modifications of the proof presented below.

Fix w € [0,1], 7 € X and 6 (7,u) € (Tg? (z,u), TP (7, E)) arbitrarily. For brevity,
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define

my (
a(@u) =1{Q(1,z) >Q(0,z)}- (5(:E,u)+ms’

+1{Q (1,2) < Q(0,2)} - (—5(x,u) + ZZ ((x’Z))) ,
mY (z,7) — o (Z,7) -mS (T,u
YW = 1QL0) > (0, - (MHE LA g ()
mY (Z,7) — o (Z, 1) - m? (T,u
F1{Q(12) < Qo) - (M BH R E ),
Q (z) =min{Q (0,2),Q (1,2)},
and
Q(z) =max{Q(0,z),Q (1,z)}.
Note that
a(@,m) € (y'.77), (F.8)
and that
v(T,u) € (v, 5") - (F.9)

The strategy of this proof consists of defining random variables (170*, }71*, U, V) through

their joint cumulative distribution function F\ Ve V0V, 2,X and, then, checking that equations
. 6 ” _ o .

(F.2), (F.3) and (F.4) are satisfied. I fix (yo,y1,u,v,z,2) € R® and define FYO*,Yl*,U,V,Z,X in

twelve steps:

Step 1. For x ¢ X’ F~0*,)71*,ﬁ,\77Z7X (y(]vyla u,v, Z,IL’) = FYO*,YI*,U,V,Z,X (yanla u,v, Z,I‘).

Step 2. From now on, assume that z € X. Since

FYO*’YI*’ﬁ,\;"Z’X (y(]vylaua v, Z)'T) = FY/O*’YI*’U,V’Z‘X (yO)ylvuuvv z |$) . FX (:C) )
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it suffices to define FYo*yl*vU,V:ZW (0, Y1, u, v, 2z |x). Moreover, I impose
Z1 (1?0*,?1*,0, v) X
by writing

Fy

SRR (Yo, y1,u,v,2|z) = Fye g 0.01x (Yo, y1,u,v|z) - Fpx (2]2),
implying that it is sufficient to define F~0*,171*,U,\7\X (Yo, y1, u, v |x).

Step 3. For u ¢ [0,1], I define FYO*,Y/;,U,V\X (Yo, y1,u,v|x) = FYO*,Yl*,U,V|X (Yo, y1,u,v|z).

Step 4. From now on, assume that « € [0,1]. Since
Fyo*yl*,amX (Yo, y1,u,v|z) = Fyo*yl*’WX’U (Yo, y1,v |z, w) - Fﬁ\X (ulz),
it suffices to define F?o*yf»WXvﬁ (yo,y1,v |z, u) and Fyix (u |).

Step 5. I define Fy (ulr) = Fyix (ulr) = u.
Step 6. For any u # @, I define F~0*7)~,1*7‘~/’X’0 (Yo, y1,v |z, u) = Fys vy vixu (Yo, y1,v |z, u).
Step 7. For any v ¢ [0, 1], I define F?o*ifﬂ'lX,U (Yo, y1,v |z, @) = Fys vy vixu (Yo, y1,v |z, ).
Step 8. From now on, assume that v € [0, 1]. Since

Fyp v v|x,0 W0, 91,0 |2,0) = Fye 5 v 5.5 (W0, 91 2,0, 0) - By (v]2,3)

it is sufficient to define F?0*7171*’X707‘7 (yo,y1 |z, w,v) and F\?\X,U (v|z,u).
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Step 9. I define

mg (z,7a) - Q(l‘) ity < Q(m)
Fy|xo (vlz,@) ={ mg (x,7) + As (2,7) - va_)f)gzx) if Q(z) <v<Q(x)
i e+ 0= 09) 222 1) <o

Step 10. T write F~0*7§,1* x.0.v o y1 |z, 1, v) = FYO*]X,U,V (o |z, @,v)  Fyo) x5y (41 |2, 0, v), im-

*
1

plying that I can separately define Ff/o*\X o o lr,u,v) and FYG*\X g Wiz, w,v).

Step 11. When @ (1,z) > Q (0, z) and Y* is a bounded interval (sub-case (a) in assumption 7.3),
I define

Foaxop Wolz o) =9 ——— -

When Q (1,2) > Q(0,z) and §* = max {y € Y*} and y* = min {y € V*} (case (b) in

assumption 7.3), I define

0 if yo <y* and v < Q (x)
m(})/(f’ﬂ) *
mS (@3 2

1— 0 if y* <yo <7y* and v < Q ()
_ y -y - -
Fyxo0 (ol o) = -

1 if y* <yo and v < Q ()

1{yo > 7"} if Q(z) <w
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S

my (T,

which are valid cumulative distribution functions because 7) € @*,@*]

STV
SRS

T, u)

m

When Q (1,2) < Q (0,z) and Y* is a bounded interval (case (a) in assumption 7.3), I

define

FY/O*\X,U,V (yo |z, w,v) = 1{yo >~ (z,q

When @Q (1,2) < Q(0,2) and §* = max {y € Y*} and y* = min {y € V*} (case (b) in

assumption 7.3), I define

Ff”o*!X,U,\”/ (yo |z, u,v) =

0
- 2802y
-y
1
_ _O_ _
@) -y
TR
1
__1{_yo_z_y_*}__

if yo <y* and v < Q ()

if y* <yo <¥y* and v < Q (2)

if 7 < yo and v < Q ()

if yo <y* and Q (z) <v < Q ()

if y* <yo <7* andQ(as)<U§@(m)

if7* <yoand Q(z) <v<Q(x)

which are valid cumulative distribution functions because of equations (F.8) and (F.9).
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Step 12. When @ (1,z) > @ (0,z) and Y* is a bounded interval (case (a) in assumption 7.3), 1

define

Fexoy aleio) =3 Hn2y@n} Q@) <v<Q ()

When Q (1,z) > Q(0,z) and §* = max {y € Y*} and y* = min {y € Y*} (case (b) in

assumption 7.3), I define

F?1*|X,l~/,‘~/ (yl ‘Z',ﬁ7v) —

o
o
=l

|
<<
*

<
|

<
*

if y1 <y* and v < Q ()

<y <y and v < Q (v)

which are valid cumulative distribution functions because of equations (A.10) and (A.11).

When @ (1,2) < Q (0,z) and Y* is a bounded interval (sub-case (a) in assumption 7.3),
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I define

Fooxov Wz gv)=9 ——— -

When Q (1,z) < Q(0,z) and §* = max {y € Y*} and y* = min {y € Y*} (case (b) in

assumption 7.3), I define

0 if y1 <y* and v < Q (x)
my (T,3)
mf (@m) *
1— — ify* <y <y and v < Q ()
— y -y - -
Fyoxop Wlewv) = -
1 if 7* <y and v < Q ()
1{y1 > 7"} if @ (z) <wv

Y —_ —
mi (T,u _
which are valid cumulative distribution functions because g(()) € @*, y*]
my (Z,u

Having defined the joint cumulative distribution function F} VOV Z,X0 note that equa-

EL y]and Y(xu)

tions (F.8) and (F.9), the facts 0 1) ——
my (T, %)

[y m } and steps 7-12
m0 (
ensure that equation (F.3) holds.

Now, I show, in three steps, that equation (F.2) holds.

Step 13. Observe that

E[iq* X:f,f]:ﬂ,gozl,gl:l}
mY (Z,u
=1{Q(1,2) >Q0,2)} - a(z,u) + 1{Q(1,2) < Q (0,x)} - M (F.10)
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Step 14. Notice that

my (T,
- 1Q(.9) > Q) PEEH £ 1{Q(La) < Q0.0)} 0@ (1)

A2 (z,u) =E {Yl* Yy

ensuring that equation (F.2) holds.

Finally, to show that equation (F.4) holds, it suffices to follow steps 16 and 17 in Appendix
A4,

I can, then, conclude that proposition F.3 is true. =
Proof of Proposition F.4. This proof is essentially the same proof of proposition F.3

under assumption 7.3.(a). Fix w € [0,1], T € X and ¢ (7,u) € R arbitrarily. For brevity,

define
a(@a) =1{Q1,2) > Q(0,z)}- (5(w,u)+ m% ((i;zo
(- my (z,7)
+1{Q(1,2) <Q(0,2)} 5(:1:,u)—|—mf(x7)7
and
mY (Z,7) — o (T,7) - m§ (T, u
’Y(Taﬂ) ::1{Q(17x)>Q(0,$)}‘< 1 ( ? ) AS((x:u)) O( ) ))
my (%, 1) — o (T,73) - m? (1
FH < Q). (MR )

Note that o (Z,u) € R = Y* and v (Z,u) € R = Y*.
I define the random variables <1~/0*, }71*, U, 1~/> using the joint cumulative distribution func-

tion F};O*yl*ﬂy’ Z.X described by steps 1-12 in the last proof for the case of convex support
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Y*. Note that equation (F.6) is trivially true when * = R. Moreover, equations (F.5) and
(F.7) are valid by the argument described in the last proof

I can, then, conclude that proposition F.4 is true. =
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G Sharpness and Impossibility Results with Smoothness Restrictions

In the main text, I imposed no smoothness condition on the joint distribution of (Y, Y7*, U, V, Z, X).

Here, I impose the following smoothness condition:

Assumption G.1 The conditional cumulative distribution functions Fy x y are Fys veixuv

are continuous functions of U.

As a consequence of this new assumption, propositions 11 and 12 have to be modified
to accommodate infinitesimal violations of the data restriction and to ensure that the extra

model restrictions imposed by assumption G.1 are also satisfied.

Proposition G.2 Suppose that the functions m%/, m%/, mg and Ag are point-identified at

every pair (z,u) € X x [0,1]. Under assumptions 1-6, 7 (sub-cases 1, 2, 3(a) or 3(b)), 8 and

G.1, the bounds AYY and AQQ, given by equations (13) and (14) are infinitesimally point-

wise sharp, i.e., for any e € Ry, uw e [0,1], T € X and 6 (T,u) € (A?/? (z,u) ,A?,Q (z, ﬁ)),

there exist random variables ()N/O*, }71*, U, V) such that

ALY (z,u) =E [}71* — Y| X=7,U=1,5=1,5 = 1} =6 (z,7), (G.1)
P [(570*,171*,‘7) eV x Y x [0,1}’X =z,U = u} =1 for any u € [0,1], (G.2)
F‘~,|X70 is a continuous function of U, (G.3)
F‘PO*,YI*]X,U,V is a continuous function of U, (G.4)

and
‘FY/,D,S*,Z,X (y,d,s,z,%) — Fypszx (y,d,s, z,f)’ <e (G.5)

for any (y,d,s,z) € R*, where D = 1{P(X,Z)2ﬁ}, Sy = 1{Q(O,X)2f/}, S =
H{QUX) 2 V) T = 8 ¥3, Ty = §1 - ¥ and V= D-Ti + (1- D) - To

Proposition .3 Suppose that the functions mOY, my, mg and Ag are point-identified at

every pair (x,u) € X x [0,1]. Impose assumptions 1-6, 8 and G.1. If Y* =R, then, for any
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ecRy,uwe0,1], T € X and 0 (T,u) € R, there exist random variables (170*, }71*, U, V) such

that
A% (z,u) =E [}71* — Y| X=7,U=1,5=1,5 = 1} =0 (z,1), (G.6)
P [()70*,171*,‘7) e V" x Y*x [0,1”X =z,U :u} =1 for any u € [0,1], (G.7)
F\?]X,U is a continuous function of U, (G.8)
F%*K*!Xﬁﬁ is a continuous function of U, (G.9)

and
‘F}”/,D,S‘z,x (y,d,s,2,%) — Fy.p sz x (y,d,s, z,f)’ <e (G.10)

for any (y,d,s,z) € R*, where D = I{P(X,Z)sz}, Sy = I{Q(O,X)sz}, S =
1{@(1,X)2f/},170:5‘0-170*,171:5‘1-171* andy:b.ﬁ+(1_b).%.

The proofs of propositions G.2 and G.3 are below. They are small modification of the
previous proofs.
Proof of Proposition G.2. I only prove proposition G.2 under assumption 7.3 (sub-
cases (a) and (b)).The proofs of proposition G.2 under assumptions 7.1 and 7.2 are trivial
modifications of the proof presented below.

Fix any sufficiently small ¢ € Riy, any w € [0,1], any T € X and any 0 (Z,u) €

00 (= =\ A0O (3.7 - S e (@E)
(AY* (T, w), AYS (a:,u)) For brevity, define a (7,u) = 6§ (7,u) + —g——=, 7(T,0) =
— my (T, u)
mY (Z,u) — o (z,70) - m§ (T, ) nd © €

As (7, 1) - 2-Fx (T)
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Note that

mg (z,u)
(G.11)
in mi (v,u) —y* - Ag(v,u)
mg (z,u) ’
C (v 7).
and that
a(Z,u my (z,u) =7 Ag (z,u) m] (z,u) —y* - Ag (z,u)
(@) € < mg (z,u) ’ mg (z,u) )
(G.12)

& y(@u) € (7).

The strategy of this proof consists of defining random variables (170*, }71*, U, f/) through
their joint cumulative distribution function F: v V0V, 2,X and, then, checking that conditions

. 6 5 N o .
(G.1)-(G.5) are satisfied. I fix (yo,y1,u,v,2,2) € R® and define FYO*,Yl*,U,V,Z,X in fourteen

steps:

Step 1. For x §é X’ F~0*,}71*,[~]7‘~/7Z7X (y(]a Yy,u,v,z, l’) = FYO*,YI*,U,V,Z,X (y(]a Yy1,u,v, 2z, l‘)

Step 2. From now on, assume that x € X. Since

Fye e .07, 2.x W0, Y156, 0,2,8) = Fe g 75 71x (Y0, 91,0, 0, 2 |2) - Fx (2),
it suffices to define F?0*7)~,1*7[~J7‘772|X (Yo, y1,u, v, z|z). Moreover, I impose

Z1 ()70*,171*,6,&7) X
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by writing

Fye e 0.0, 21x W0, 01,0, 0, 2[2) = Fye g 5 91x (0,91, 0,0 |2) - Fix (22,

implying that it is sufficient to define Fye v 001x (Yo, y1,u,v|z).
Step 3. For u ¢ [0,1], I define Py v 071x (Yo, y1,u,v|x) = Fyx yx yyvix (Yo, y1,u,v[2).

Step 4. From now on, assume that u € [0, 1]. Since

Fyp v ovix ooy w,v|e) = Fyo g vy g o,y v, u) - gy (ufar)

it suffices to define FYO*,?I*,V|X7U (y0,y1,v |z, u) and FU\X (u|x).
Step 5. I define Fy ¢ (ulr) = Fyix (u]z) = u.
Step 6. Forany u ¢ (u —€,u + €), I define F?O*YF,VIKU (Yo, y1,v |z, u) = Py vy vixu (Yo, y1,v |z, u).
Step 7. For any v ¢ [0, 1], I define FYO*YF,VIXﬂ (yo,y1,v [2,T) = Fys vy vix,u (Yo, y1,v |2, a).

Step 8. From now on, assume that v € [0,1]. Since

Fye v vixo Woy1 v |2,0) = Fyo g x oy (o, 91 2, 0,0) - By (v]z,3),

it is sufficient to define FYO*YHX,UV (yo,y1 |z, uw,v) and F\?|X,U (v|x,a).

Step 9. I define

my (x,u) 00.2) if v <Q(0,x)
Fyixp (vle,m) = § m§ (2,7) + As (2,7) Q(;)J)Q_%a 7 QO <v<Q(L2)
mf(w,u)+(1—mf(x,u))3:g&g if Q(1,z) <w
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Step 10.

Step 11.

Step 12.

For any u € (u —€,u), I define

L u—1u B U—Uu-+E€
F\7|X,U (v, u) = F\?]X,U (v|x,w—F€)- ( - ) +F\7]X,U (v|z, @) - (e) ,

which are valid cumulative distribution functions because a convex combination of cu-

mulative distribution functions is a cumulative distribution function.

For any u € (u,u + €), I define

_ u+e—u o uU—1u
F\7|X,U (vlz,u) = FV]X,U (vlz, @) - <6> +F‘7’X70 (v|x,u+F€)- ( - ) ,

which are valid cumulative distribution functions because a convex combination of cu-

mulative distribution functions is a cumulative distribution function.

Note that F‘~/| . is a continuous function of U, i.e., it satisfies restriction (G.3).

I write Ff/o*vf/l* X, 0,V (yo, U1 |x,ﬂ,v) = FY/O*’X,U,V (yo |33,ﬂ,’u) 'Ff/l* X0V (y1 |;1:,H,v), im-

plying that I can separately define Fyaix o (yo|z,w,v) and Fyoxo0 (y1 |z, @, v).

When Y* is a bounded interval (sub-case (a) in assumption 7.3), I define

Foaxov Wolz o) =9 ————— - — -~
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When y* = max {y € Y*} and y* = min {y € Y*} (case (b) in assumption 7.3), I define

.
0 if yo <y* and v < Q(0,x)
my (T,7)
mS (z,7) 2
1— 0 if y* <yo <y and v < Q(0,x)
_ y -y -
Fyaxo0 (wole, o) = -
1 if 7* <ypand v < Q(0,z)
1{yo > 7"} if Q(0,2) <w

Fyoxop lzwe) =9 Huz2y@a)} ifQ(0,2) <v<Q(l,2)
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When y* = max {y € Y*} and y* = min {y € Y*} (case (b) in assumption 7.3), I define

Fyoxo0 W e a0) = 0

if 1 <y* and v < Q (0, )

<y <7y and v < Q(0,2)

7* <y and v < Q (0, )

which are valid cumulative distribution functions because of equations (G.11) and (G.12).

Step 14. For any u € (u —€,u), I define

_ U—u
F?O*7?1*|X,U)V (yﬂ’yl |x7 u7v) = F?O*’?l*’XyUz‘N/ (yo’ y]- |x7u - 67/1)) : ( i >
u
€

which are valid cumulative distribution functions because a convex combination of cu-

mulative distribution functions is a cumulative distribution function.

For any u € (u,u + €), I define

_ u+
F?0*7?1*|X:07‘7 (yo,y1 ’x’u’v) = F?O*Y1*|X,U,f/ (Z/O,ZJl |xau7v) : < -

Al | el

-

_ uU—u
+F~0*7}71*’X7U7\~/ (y07y1 |$7u + 6,’0) < ¢ ) )
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which are valid cumulative distribution functions because a convex combination of cu-

mulative distribution functions is a cumulative distribution function.

Note that F?o*if\XﬂV is a continuous function of U, i.e., it satisfies restriction (G.4).

Having defined the joint cumulative distribution function Fy. g« 7 4 x» note that equa-
041 YV 4,
my (T, )

tions (G.11) and (G.12) m

€ @*,y*] and steps 7-14 ensure that equation (G.2)
holds.

Now, I show, in three steps, that equation (G.1) holds.

Step 15. Observe that

Eﬁfxzmﬁzujb:Lﬁzl}
:E{fff X=z,U0=1Q(0,7) > ~}
E[I{Q(O,f)zf/} Y X:E,U:ﬂ}

Q(0,7)
/ E [}71* Xzf,f]zﬂ,f/:v} dFy 7 (v]z, )
_ 0
ﬂ@@@z?h:aﬁzﬂ
Q(0,7)

by step 13

=« (T,u). (G.13)

Step 16. Notice that

Eﬁf




(G.14)

Step 17. Note that

AL (z,5) = E V7 - Y5

_E[f/l* X=z20=18=125 =1
—E[f/; X =70 =1, ~0:1,51:1}
Y —
_a(f,u)—mg(f’f
my (T, )

by equations (G.13) and (G.14)
=0 (fa U)

by the definition of « (7, ),

ensuring that equation (G.1) holds.
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Finally, I show, in four steps, that equation (G.5) holds.

Step 18. Fix (y,d, s, z) € R* arbitrarily and observe that expression (G.5) can be simplified to:

Ff/’ﬁﬂé"Z’X (y7 d7 S, Zaf) - FY,D,S,Z,X (ya d7 S, va)} <e€

S|y pszx W,d,s,2|T) - Fx (T) = Fypszix (Y:ds,2[T) - Fx (T)| < €

_ _ €
S| Fy pszx W,d,5,2|T) = Fypszx (y,d, 5,2 ’95)‘ < Fx @)

S|y pszx 4,d,5,2|T) = Fypszx (y,d, 5,2 ’T)‘ <2-€ (G.15)

by the definition of €.

Step 19. Notice that

F~ f)75~'7Z‘X (yu da S, 2 |E> - FY,D,S,Z|X (y7d7 S, 2 ‘j)

s

—E [1{(?,1375*,2) < (y,d,s,z)}‘X :f} _E[1{(Y,D,S,2) < (y.d,s,2)}| X = 7]
_ / 1{(7.0.8.2) < n.d5.2)} dFy. 5. 5 i (oo, ., 2 [F)

- /1{(1/7 D7S7 ) < (yudu S,Z)} dFYO*,Yl*,U,V,Z\X (y07y17u7v7z|f)

[1{(Y.D,S5,2) < (y,d,s,2)} - 1{u & (u—€u+6)}] dFyy vr vv.zix (Wo,y1,u,v,2|T)
- [RAYD8.2) < (rds. 2} Hu € @- 6w+ Y dFigvp izt (om0, [7)
by linearity of the Lebesgue Integral
— [4.D.5.2) < (s, 2))  L{u ¢ @ e+ 0] Ay e wvx (0,002 )
+/ {1 {(Y,D, S',Z) < (y,d,s,z)} -1{u € (ﬂfE,ﬂ+E)}} dFy. g 57, 2/x (Yo, Y1, U, v, 2 |T)
— / [1{(Y,D,S,7Z) <(y,d,s,2)} - 1{u ¢ (u—€u+¢e)}] dFys v vvizix (Yo, y1,u,v,2 |T)
- / [1{(Y,D,S,2) < (y,d,s,2)} - 1{u € (W —€u+ €} dFy; vy vv.zix (Yo,Y1,u,v,2|T)

by steps 2-6

= / [1 {(f’,b75’, Z) < (y7d,s7z)} 1{ue (@—¢u+e} dF?o*7?1*707‘71Z|X (Yo, y1,u,v,2|T)
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- / [1{(Y7D757 Z) < (y,d,S,Z)} ! 1{'LL € (ﬂ_aﬂ—’_g)}] dF‘YO",Yl",U,V,Z|X (y()vylauav?Z'E)
< /1{u €(m—¢u+e} dF?o*791*,l7»V7Z\X (Yo, y1,u,0,2 |T)

= /1{u €c@—-&u+e} dFy x (u[7)

Step 20. Following the same procedure of step 19, I have that:

Fy pgzix (¥, ds,2[T) = Fy,ps,z1x (¥, d, s, 2[T)
:/[1{(}7,[),5’, Z) < (y,d,s,z)}-l{ue (@—-eu+9}| dFy. 3 5.7 21x (Yo, y1,u,0,2|T)
- / [1{(Y,D,S,2) < (y,d,s,2)} - 1{u € (u—€u+ €} dFy; v vv.zix (Yo,¥1,u,v,2|T)
> —/1 {ue @—&eu+e} dFysyve vv,zix (Yo,y1,u,0,2|T)
- —/1{u €(@-eu+e} dFyx (u|z)

=-2.¢

Step 21. Combining steps 19 and 20, I find that

F}77ﬁ7g7Z|X <y7 d7 S,z ‘f) - FY,D,S,Z‘X (ya d7 S,z ’f) < 2 €,

implying equation (G.5) according to equation (G.15).

I can, then, conclude that proposition G.2 is true. ®
Proof of Proposition G.3. This proof is essentially the same proof of proposition G.2 under

assumption 7.3.(a). Fixe e Ry, u € [0,1],7 € X and § (T, u) € (A%O (z,u),AQ? (z,u ) ar-
@

Y (7 o Y (7o) Y S
bitrarily. For brevity, define a (7, u) :== ¢ (7, u)—l—m, v (T, ) = my (7, 7) A(; é” Z; mg (7,7)
and €:= — . Note that o (z,u) e R=Y* and v (7,u) € R = Y*.

2- Fx ()
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I define the random variables (ffo*, 171*, U, V) using the joint cumulative distribution func-
tion FVJYFﬁVZX described by steps 1-14 in the proof of proposition G.2 for the case of
convex support V*. Note that equation (G.7) is trivially true when J* = R. Moreover, equa-
tions (G.6) and (G.10) are valid by the argument described in steps 15-21 in the previous
proof.

I can, then, conclude that proposition G.3 is true. m
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