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❆❜str❛❝t

❚❤✐s ♣❛♣❡r ♣r♦♣♦s❡s ❛ ♠♦❞❡❧ ♦❢ ♦♣t✐♠❛❧ t❛①✲✐♥❞✉❝❡❞ tr❛♥s❢❡r ♣r✐❝✐♥❣ ✇✐t❤ ❛ ❢✉③③② ❛r♠✬s

❧❡♥❣t❤ ♣❛r❛♠❡t❡r✳ ❋✉③③② ♥✉♠❜❡rs ♣r♦✈✐❞❡ ❛ s✉✐t❛❜❧❡ str✉❝t✉r❡ ❢♦r ♠♦❞❡❧❧✐♥❣ t❤❡ ❛♠❜✐❣✉✐t②

t❤❛t ✐s ✐♥tr✐♥s✐❝ t♦ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r✳ ❋♦r t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ❛♥t✐✲

s❤✐❢t✐♥❣ ♠❡❝❤❛♥✐s♠s✱ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ ❜❡❝♦♠❡s ❛ ♠❛①✐♠✐s✐♥❣ α✲❝✉t ♦❢ t❤❡ ❢✉③③②

❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r✳ ◆♦♥❡t❤❡❧❡ss✱ ✇❡ s❤♦✇ t❤❛t ✐t ✐s ♣r♦✜t❛❜❧❡ ❢♦r ✜r♠s t♦ ❝❤♦♦s❡ ❛♥②

♠❛①✐♠✐s✐♥❣ tr❛♥s❢❡r ♣r✐❝❡ ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❛① ❛✉❞✐t ✐s s✉✣❝✐❡♥t❧② ❧♦✇✱ ❡✈❡♥ ✐❢ t❤❡ ❝❤♦s❡♥

♣r✐❝❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛ ❝♦♠♣❧❡t❡❧② ♥♦♥✲❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ ❜② t❛① ❛✉t❤♦r✐t✐❡s✳ ■♥ t❤✐s ❝❛s❡✱ ✇❡

❞❡r✐✈❡ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t♦ ♣r❡✈❡♥t t❤✐s ❡①tr❡♠❡ s❤✐❢t✐♥❣ str❛t❡❣②✳

❑❡②✇♦r❞s✿ ❢✉③③② ♣r♦✜t s❤✐❢t✐♥❣✱ tr❛♥s❢❡r ♣r✐❝✐♥❣✱ t❛① ❡✈❛s✐♦♥✱ t❛① ❡♥❢♦r❝❡♠❡♥t✱ t❛① ♣❡♥❛❧t②✳

❏❊▲ ❈❧❛ss✐✜❝❛t✐♦♥✿ ❋✷✸✱ ❍✷✻✱ ❑✸✹

✶ ■♥tr♦❞✉❝t✐♦♥

❚❛① ❧✐t❡r❛t✉r❡ ❢r❡q✉❡♥t❧② ❞r❛✇s ❛tt❡♥t✐♦♥ t♦ t❤❡ ❛♠❜✐❣✉✐t② ❜❡t✇❡❡♥ ❛ t♦❧❡r❛♥t t❛① ❛✈♦✐❞❛♥❝❡

❜❡❤❛✈✐♦✉r ✈s✳ t❛① ❡✈❛s✐♦♥✳ ❚❤✐s ❛♠❜✐❣✉✐t② ✐s ❡s♣❡❝✐❛❧❧② r❡❧❡✈❛♥t ♦♥ t❤❡ ❛♥❛❧②s✐s ♦❢ ♣r♦✜t s❤✐❢t✐♥❣

str❛t❡❣✐❡s✱ ✇❤❡r❡ ♠✉❧t✐♥❛t✐♦♥❛❧ ❡♥t❡r♣r✐s❡s ✕ ▼◆❊ ❝❛rr② ✐♥tr❛✲✜r♠ tr❛♥s❛❝t✐♦♥s ❜❡t✇❡❡♥ r❡❧❛t❡❞

♣❛rt✐❡s ❢r♦♠ ❞✐✛❡r❡♥t ❥✉r✐s❞✐❝t✐♦♥s✱ s♦ t♦ ❛❞❥✉st t❤❡ tr❛♥s❢❡r ♣r✐❝❡s ✐♥ ♦r❞❡r t♦ r❡❛❧❧♦❝❛t❡ t❛①❛❜❧❡

♣r♦✜ts ❢r♦♠ ❤✐❣❤✲t❛① t♦ ❧♦✇✲t❛① ❧♦❝❛t✐♦♥s✶✳ ❆♥t✐✲s❤✐❢t✐♥❣ r✉❧❡s r❡q✉✐r❡ t❤❛t t❤❡ tr❛♥s❢❡r ♣r✐❝❡s

❝♦♠♣❧② ✇✐t❤ t❤❡ s♦ ❝❛❧❧❡❞ ❛r♠✬s ❧❡♥❣t❤ ♣r✐♥❝✐♣❧❡ ✭❖❊❈❉✱ ✷✵✶✼✮✱ ✇❤✐❝❤ st❛t❡s t❤❛t ✐♥tr❛✲✜r♠

♣r✐❝❡s ♠✉st ❜❡ ❝♦♥s✐st❡♥t ✇✐t❤ ♦♥❡s t❤❛t ✇♦✉❧❞ ❤❛✈❡ ❜❡❡♥ ❡st❛❜❧✐s❤❡❞ ✇✐t❤ ✐♥❞❡♣❡♥❞❡♥t ✉♥r❡❧❛t❡❞

♣❛rt✐❡s✳ ■❢ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞✱ t❛① ❛✉t❤♦r✐t✐❡s r❡q✉✐r❡ t❤❡ ♣❛②♠❡♥t ♦❢ t❛①❡s

♦✈❡r t❤❡ s❤✐❢t❡❞ ♣r♦✜ts✱ ❛♥❞ ❛ t❛① ♣❡♥❛❧t② ✉s✉❛❧❧② ❛♣♣❧✐❡s✳

❚❤❡ ❛r♠✬s ❧❡♥❣t❤ ❝♦♥❞✐t✐♦♥ ✐s ❛ ❢✉③③② ❝♦♥❝❡♣t✱ s✐♥❝❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s ❛r❡ ✐♥✢✉❡♥❝❡❞ ❜②

❧❡❣✐t✐♠❛t❡ ❞✐✛❡r❡♥❝❡s ✐♥ tr❛♥s❛❝t✐♦♥s✬ ❝♦♥❞✐t✐♦♥s ✭❇❡❝❦❡r✱ ❉❛✈✐❡s✱ ✫ ❏❛❦♦❜s✱ ✷✵✶✼❀ ❊❞❡♥✱ ✷✵✵✶❀

∗❙❝❤♦♦❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ❇✉s✐♥❡ss ❛♥❞ ❆❝❝♦✉♥t✐♥❣ ❛t ❘✐❜❡✐rã♦ Pr❡t♦✱ ❯♥✐✈❡rs✐t② ♦❢ ❙ã♦ P❛✉❧♦✱ ❇r❛③✐❧✳ ❊✲♠❛✐❧✿
❛❧❡①✳r❛t❤❦❡❅✉s♣✳❜r

✶❊①✐st✐♥❣ st✉❞✐❡s ♣r♦✈✐❞❡ r❡❧❡✈❛♥t ❡✈✐❞❡♥❝❡s ♦❢ ♣r♦✜t s❤✐❢t✐♥❣ ❜② ♠❡❛♥s ♦❢ ❞✐r❡❝t tr❛♥s❢❡r ♣r✐❝✐♥❣ ❛❞❥✉st♠❡♥ts
✭❉❛✈✐❡s✱ ▼❛rt✐♥✱ P❛r❡♥t✐✱ ✫ ❚♦✉❜❛❧✱ ✷✵✶✽❀ ❈r✐st❡❛ ✫ ◆❣✉②❡♥✱ ✷✵✶✻❀ ❇❡r♥❛r❞✱ ❏❡♥s❡♥✱ ✫ ❙❝❤♦tt✱ ✷✵✵✻❀ ❖✈❡r❡s❝❤✱
✷✵✵✻❀ ❇❛rt❡❧s♠❛♥ ✫ ❇❡❡ts♠❛✱ ✷✵✵✸❀ ❈❧❛✉s✐♥❣✱ ✷✵✵✸❀ ❙✇❡♥s♦♥✱ ✷✵✵✶✮✳

✶



❖❊❈❉✱ ✷✵✶✼✮✳ ■t ♠❡❛♥s t❤❛t tr❛♥s❢❡r ♣r✐❝❡s ❛r❡ ♥♦t ❛tt❛✐♥❡❞ t♦ ❛ ✉♥✐q✉❡ tr✉❡ ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡✱

❜✉t r❛t❤❡r t♦ ❛ r❛♥❣❡ ♦❢ ♦❜s❡r✈❛❜❧❡ ♣❛r❛♠❡t❡r ♣r✐❝❡s ✇✐t❤ ❞✐✛❡r❡♥t ❞❡❣r❡❡s ♦❢ ❛♣♣r♦♣r✐❛t❡♥❡ss

✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ❝♦♥❞✐t✐♦♥✳ ■♥ t❤❡ ❝❛s❡ ♦❢ ❛ t❛① ❛✉❞✐t✱ t❤❡ t❛① ❛✉t❤♦r✐t② ❤❛s

t♦ ❛ss❡ss ✐❢ t❤❡ tr❛♥s❢❡r ♣r✐❝❡s ❛♣♣❧✐❡❞ ❜② t❤❡ ▼◆❊ s❛t✐s❢② t❤❡ ❛r♠✬s ❧❡♥❣t❤ ❝♦♥❞✐t✐♦♥✱ ♦r ✐❢ t❤❡

❞❡✈✐❛t✐♦♥s ❢r♦♠ t❤❡ ❝♦r❡ ♦❢ t❤❡ ❛r♠✬s ❧❡♥❣t❤ r❛♥❣❡ r❡♣r❡s❡♥t ❡✈✐❞❡♥❝❡s ♦❢ ♣r♦✜t s❤✐❢t✐♥❣✳ ❚❤✐s ✐s

♥♦ ♠♦r❡ t❤❛♥ ❛♥ ❛♠❜✐❣✉♦✉s ❞❡❝✐s✐♦♥ t♦ ❜❡ t❛❦❡♥ ❜② t❤❡ t❛① ❛✉t❤♦r✐t②✱ t❤✉s ✐t ✐♠♣❧✐❡s ✐♥ ❛❞❞✐t✐♦♥❛❧

✉♥❝❡rt❛✐♥t✐❡s ❢♦r t❤❡ ▼◆❊✳

❚❤✐s ♣❛♣❡r ❞❡r✐✈❡s ❛ ♠♦❞❡❧ ❢♦r ♦♣t✐♠❛❧ t❛①✲✐♥❞✉❝❡❞ tr❛♥s❢❡r ♣r✐❝✐♥❣ s✉❜❥❡❝t❡❞ t♦ ❛ ❢✉③③②

❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r✳ ❲❡ ❛♣♣❧② ❢✉③③② ♥✉♠❜❡rs✱ ✇❤✐❝❤ ✇❡r❡ ✜rst ♣r♦♣♦s❡❞ ❜② ✭❩❛❞❡❤ ❡t ❛❧✳✱

✶✾✻✺✮ ❛♥❞ ❞❡✈❡❧♦♣❡❞ ❢✉rt❤❡r ❜② s❡✈❡r❛❧ r❡s❡❛r❝❤❡rs ✭❩✐♠♠❡r♠❛♥♥✱ ✶✾✾✶❀ ❑❧✐r ✫ ❨✉❛♥✱ ✶✾✾✺❀

❱❡r❞❡❣❛②✱ ✶✾✽✷✮✱ t❤✉s t♦ ♠♦❞❡❧ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ✉♥❝❡rt❛✐♥t② t❤❛t ✐s ✐♥tr✐♥s✐❝ t♦ t❤❡ ❛r♠✬s

❧❡♥❣t❤ ♣❛r❛♠❡t❡r ♦✈❡r t❤❡ ♣r♦✜t✲♠❛①✐♠✐s❛t✐♦♥ str❛t❡❣②✳ ❖✉r ♠♦❞❡❧ ❢♦❧❧♦✇s t❤❡ ❝♦♥❝❡❛❧♠❡♥t

❝♦sts ❛♣♣r♦❛❝❤ t❤❛t ✐s tr❛❞✐t✐♦♥❛❧ ✐♥ ♣r♦✜t s❤✐❢t✐♥❣ ❧✐t❡r❛t✉r❡ ✭❆❧❧✐♥❣❤❛♠ ✫ ❙❛♥❞♠♦✱ ✶✾✼✷❀ ❑❛♥t✱

✶✾✽✽❀ ❍✐♥❡s ❏r ✫ ❘✐❝❡✱ ✶✾✾✹✮✱ ❤♦✇❡✈❡r ✇❡ ❞❡s✐❣♥ ✐t ✐♥ ❛ ❣❡♥❡r❛❧✐s❡❞ t❛① ❝♦♥❞✐t✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇s

❢♦r t❤❡ ♠❛①✐♠✐s❛t✐♦♥ ❛♥❛❧②s✐s ✇✐t❤♦✉t ❝♦♥str❛✐♥ts ♦♥ t❤❡ s❤✐❢t✐♥❣ ❞✐r❡❝t✐♦♥✳ ❚❤❡ ♠♦❞❡❧ t❛❦❡s

t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r ❛s ❛ ❢✉③③② ♥✉♠❜❡r✱ t❤❡r❡❢♦r❡ t❤❡ ♠❛①✐♠✐s❛t✐♦♥ ♦❜❥❡❝t ✐s ❛❧s♦ ❛ ❢✉③③②

♦❜❥❡❝t✳

❇❛s❡❧✐♥❡ ❛♥❛❧②s✐s s❤♦✇s t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ t❤❡ ❢✉③③② ♠❛①✐♠✐s❛t✐♦♥ ♦❜❥❡❝t ✉♥❞❡r ✉s✉❛❧ ❝♦♥✲

❞✐t✐♦♥s ✐s ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r✱ ❛♥❞ ❛♥② ❛❞❥✉st♠❡♥ts ♦♥ t❤❡ tr❛♥s❢❡r ♣r✐❝❡

✉♣ t♦ t❤❡ ♦♣t✐♠❛❧ ❧❡✈❡❧ ♣r♦✈✐❞❡ ❛ ♣r♦✜t✲s❤✐❢t✐♥❣ ❣❛✐♥ ❢♦r t❤❡ ▼◆❊✳ ◆♦♥❡t❤❡❧❡ss✱ ✇❡ s❤♦✇ t❤❛t

t❤❡ ▼◆❊ ♠❛② ❝♦♠♣❧❡t❡❧② ❞✐sr❡❣❛r❞ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ t❛① ❛✉❞✐ts ✐s

s✉✣❝✐❡♥t❧② ❧♦✇✳ ■t ♠❡❛♥s t❤❛t ✐t ✐s ♣r♦✜t❛❜❧❡ t♦ ❝❤♦♦s❡ ❛♥② ♠❛①✐♠✐s✐♥❣ tr❛♥s❢❡r ♣r✐❝❡ ✐❢ t❤❡ ▼◆❊

❤❛s ❧♦✇ ❝❤❛♥❝❡s ♦❢ ❜❡✐♥❣ ❛✉❞✐t❡❞✱ ❡✈❡♥ ✐❢ t❤❡ ♠❛①✐♠✐s✐♥❣ tr❛♥s❢❡r ♣r✐❝❡ ✐s ❝♦♥s✐❞❡r❡❞ ❛ ❝♦♠♣❧❡t❡❧②

♥♦♥✲❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡✳ ■♥ t❤✐s s❡♥s❡✱ ✇❡ ❞❡r✐✈❡ t❤❡ ♥❡❝❡ss❛r② ❛♥❞ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥s t♦ ♣r❡✈❡♥t

t❤✐s ❡①tr❡♠❡ s❤✐❢t✐♥❣ ❝❛s❡✳

❚❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s ♣❛♣❡r ✐s str✉❝t✉r❡❞ ❛s ❢♦❧❧♦✇s✳ ❙❡❝t✐♦♥ ✷ ♣r❡s❡♥ts t❤❡ ❜❛s✐❝ ♥♦t✐♦♥s

♦❢ ❢✉③③② s❡ts ❛♥❞ ❢✉③③② ♥✉♠❜❡rs✳ ❙❡❝t✐♦♥ ✸ ❞❡r✐✈❡s t❤❡ ❣❡♥❡r❛❧ ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✹ s♦❧✈❡s t❤❡

❢✉③③② ♠❛①✐♠✐s❛t✐♦♥ ♦❜❥❡❝t✱ ♣r❡s❡♥ts t❤❡ s❡♥s✐t✐✈✐t② ❛♥❛❧②s❡s✱ ❛♥❞ ❞❡r✐✈❡s t❤❡ ✐♠♣❛❝t ♦❢ ❛ ❣❡♥❡r❛❧

t❛① ❡♥❢♦r❝❡♠❡♥t ❡✛❡❝t r❡❣❛r❞✐♥❣ t❤❡ ❝♦✉♥tr②✲❧❡✈❡❧ ❛♥t✐✲s❤✐❢t✐♥❣ ✈❛r✐❛❜❧❡s✳ ❙❡❝t✐♦♥ ✺ ❞r❛✇s s♦♠❡

❝♦♥❝❧✉❞✐♥❣ ❝♦♠♠❡♥ts✳

✷ ❇❛s✐❝s ♦♥ ❋✉③③② ❙❡ts

❋✉③③② s❡ts ✇❡r❡ ✜rst ✐♥tr♦❞✉❝❡❞ ❜② s❡♠✐♥❛❧ ♣❛♣❡r ♦❢ ✭❩❛❞❡❤ ❡t ❛❧✳✱ ✶✾✻✺✮ ❛♥❞ ❣❡♥❡r❛❧✐s❡ t❤❡

❝❧❛ss✐❝❛❧ ♥♦t✐♦♥ ♦❢ ❝r✐s♣ s❡ts✳ ❋✉③③② s❡ts ❛r❡ ❛ ❝♦❧❧❡❝t✐♦♥ ♦❢ ❡❧❡♠❡♥ts ✐♥ ❛ ✉♥✐✈❡rs❡ ✇❤❡r❡ t❤❡

❜♦✉♥❞❛r② ♦❢ t❤❡ s❡t ✐s ♥♦t ❝❧❡❛r❧② ❞❡✜♥❡❞✳ ❚❤❡ ❛♠❜✐❣✉✐t② ❛ss♦❝✐❛t❡❞ ✇✐t❤ t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ ❢✉③③②

s❡t Ã ✐♥ ❛ ✉♥✐✈❡rs❡ X ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ ♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ ❞❡✜♥❡❞ ❛s µÃ(x) : R → [0, 1]✱

x ∈ X✱ ❢♦r µÃ(x)♠❡❛s✉r❡s t❤❡ ❣r❛❞❡ ♦❢ ♠❡♠❜❡rs❤✐♣ ♦❢ ❡❧❡♠❡♥t x ✐♥ Ã✳ ■❢ t❤❡ ❣r❛❞❡ ♦❢ ♠❡♠❜❡rs❤✐♣

✐s ✵✱ t❤❡♥ t❤❡ ❡❧❡♠❡♥t x ❞♦❡s ♥♦t ❜❡❧♦♥❣ t♦ Ã✳ ■❢ t❤❡ ❣r❛❞❡ ♦❢ ♠❡♠❜❡rs❤✐♣ ✐s ✶✱ t❤❡♥ t❤❡ ❡❧❡♠❡♥t

x ❝♦♠♣❧❡t❡❧② ❜❡❧♦♥❣s t♦ Ã✳ ■❢ t❤❡ ❣r❛❞❡ ♦❢ ♠❡♠❜❡rs❤✐♣ ✐s ✇✐t❤✐♥ t❤❡ ✐♥t❡r✈❛❧ ❬✵✱✶❪✱ t❤❡♥ t❤❡

❡❧❡♠❡♥t x ♦♥❧② ♣❛rt✐❛❧❧② ❜❡❧♦♥❣s t♦ Ã✳ ❚❤❡ ❢✉③③② s❡t Ã ✐s t❤❡r❡❢♦r❡ ❝❤❛r❛❝t❡r✐s❡❞ ❜② t❤❡ ♣❛✐r

{(x, µÃ(x)) : x ∈ X}✳ ❚✇♦ ❢✉③③② s❡ts Ã ❛♥❞ B̃ ❛r❡ ❝♦♥s✐❞❡r❡❞ ❡q✉❛❧ ✐✛ µÃ(x) = µB̃(x)✳

▲❡t Ã = {(x, µÃ(x)) : x ∈ X} ❜❡ ❛ ❢✉③③② s❡t ❛♥❞ ❞❡✜♥❡ ❛ ❝♦♥t✐♥✉♦✉s ✐♥t❡r✈❛❧ α ∈ [0, 1]✳ ❚❤❡

✷



♦r❞✐♥❛r② ❝r✐s♣ s❡t ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❛♥② α ∈ [0, 1] ✐s ❝❛❧❧❡❞ α✲❝✉t ♦❢ t❤❡ ❢✉③③② s❡t Ã ❛♥❞ ✐s ❞❡✜♥❡❞

❛s Aα = {x ∈ X : µÃ(x) ≥ α}✳ ❲❡ ❝❛♥ ✉s❡ α✲❝✉ts t♦ r❡♣r❡s❡♥t ✐♥t❡r✈❛❧s ♦♥ ❢✉③③② s❡ts ❛s

Ãα = [A∧
α, A

∨
α]

=
[

min
x

{Ã},max
x

{Ã}
]

: Ã = {(X,µÃ(x)), µÃ(x) ≥ α}.

❚❤❡ s❡ts Aα✱ α ∈ [0, 1] r❡❢❡r t♦ ❛ ❞❡❝r❡❛s✐♥❣ s✉❝❝❡ss✐♦♥ ♦❢ s✉❜s❡ts ❝♦♥t✐♥✉❛❀ α1 ≥ α2 ⇔ Aα1 ⊆

Aα2 ✱ α1✱ α2 ∈ [0, 1] ✭❑❧✐r ✫ ❨✉❛♥✱ ✶✾✾✺✮✳

❚❤❡♦r❡♠✳ ✭❘❡♣r❡s❡♥t❛t✐♦♥ ❚❤❡♦r❡♠ ✲ ✭❑❧✐r ✫ ❨✉❛♥✱ ✶✾✾✺❀ ❩✐♠♠❡r♠❛♥♥✱ ✶✾✾✶❀ ❱❡r❞❡❣❛②✱

✶✾✽✷✮✷✮ ❋♦r ❛ ❢✉③③② s❡t Ã ❛♥❞ ✐ts α✲❝✉ts Aα✱ α ∈ [0, 1]✱ ✇❡ ❤❛✈❡

Ã =
⋃

α∈[0,1]

α ·Aα.

■❢ t❤❡ ♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ µAα(x) ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ s❡t Aα

µAα(x) =

{

1, ✐✛ x ∈ Aα

0, ♦t❤❡r✇✐s❡

t❤❡ ♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉③③② s❡t Ã ❝❛♥ ❜❡ ❡①♣r❡ss❡❞ ❛s t❤❡ ❝❤❛r❛❝t❡r✐st✐❝ ❢✉♥❝t✐♦♥ ♦❢ ✐ts

α✲❝✉ts ❛s

µÃ(x) = sup
α∈[0,1]

min (α, µAα(x)).

△

❆ ❢✉③③② s❡t Ã ✐s ❝♦♥✈❡① ✐✛ ✐ts α✲❝✉ts ❛r❡ ❝♦♥✈❡①✳ ❊q✉✐✈❛❧❡♥t❧②✱ Ã ✐s ❝♦♥✈❡① ✐✛ ∀x1✱ x2 ∈

X✱ λ ∈ [0, 1] : µÃ(λx1 + (1 − λ)x2) ≥ min (µÃ(x1), µÃ(x2))✳ ❆ ❢✉③③② s❡t Ã ✐s ♥♦r♠❛❧✐s❡❞ ✐✛

supx∈X µÃ = 1✳

❆ ❢✉③③② ♥✉♠❜❡r ✐s ❛ s♣❡❝✐❛❧ ❝❛s❡ ♦❢ ❛ ❢✉③③② s❡t ♦♥ t❤❡ r❡❛❧ ❧✐♥❡ t❤❛t ✐s ❜♦t❤ ❝♦♥✈❡① ❛♥❞

♥♦r♠❛❧✐③❡❞✳ ■ts ♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ ✐s ♣✐❡❝❡✇✐s❡ ❝♦♥t✐♥✉♦✉s ❛♥❞ ∃x0 ∈ R : µÃ(x0) = 1 ✐s ❝❛❧❧❡❞

✐ts ♠♦❞❡✳ ❙✐♥❝❡ ❢✉③③② s❡ts ❛r❡ ❝♦♠♣❧❡t❡❧② ❞❡✜♥❡❞ ❜② t❤❡✐r ❝♦rr❡s♣♦♥❞✐♥❣ ♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥s✱

✇❡ r❡❢❡r t♦ ❛ ❢✉③③② ♥✉♠❜❡r ❛s t❤❡ s❡t Ã ❛s ✇❡❧❧ ❛s t❤❡ ♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ µÃ(x) ❤❡r❡✐♥❛❢t❡r✳

❋♦r ❛ s❡q✉❡♥❝❡ ♦❢ r❡❛❧ ♥✉♠❜❡rs x∧ ≤ x̄∧ ≤ x̄∨ ≤ x∨ ∈ R✱ t❤❡ ❢✉③③② ♥✉♠❜❡r Ã s❛t✐s✜❡s t❤❡

❢♦❧❧♦✇✐♥❣✿

❛✳ µÃ(x) = 0 ❢♦r ❡❛❝❤ x /∈ [x∧, x∨] ❀

❜✳ µÃ(x) ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ✐♥ [x∧, x̄∧] ❛♥❞ ♥♦♥✲✐♥❝r❡❛s✐♥❣ ✐♥ [x̄∨, x∨] ❀

❝✳ µÃ(x) = 1 ❢♦r ❡❛❝❤ x ∈ [x̄∧, x̄∨] ❀

✇❤❡r❡ [x̄∧, x̄∨] ✐s t❤❡ ♠♦❞❡ ♦❢ t❤❡ ❢✉③③② ♥✉♠❜❡r✱ [x∧, x̄∧] ✐s t❤❡ ✐♥t❡r✈❛❧ ♦♥ t❤❡ ❧♦✇❡r s✐❞❡ ♦❢ t❤❡

♠♦❞❡ ✇✐t❤ ✇✐❞t❤ x̄∧ − x∧✱ ❛♥❞ [x̄∨, x∨] ✐s t❤❡ ✐♥t❡r✈❛❧ ♦♥ t❤❡ ✉♣♣❡r s✐❞❡ ♦❢ t❤❡ ♠♦❞❡ ✇✐t❤ ✇✐❞t❤

✷✭❑❧✐r ✫ ❨✉❛♥✱ ✶✾✾✺✮ ❛♥❛❧②s❡ t❤✐s t❤❡♦r❡♠ ✐♥ ❛ s❡t ♦❢ t❤r❡❡ ❉❡❝♦♠♣♦s✐t✐♦♥ ❚❤❡♦r❡♠s ❢♦r r❡♣r❡s❡♥t❛t✐♦♥ ♦❢
❢✉③③② s❡ts ❜② ♠❡❛♥s ♦❢ t❤❡✐r α✲❝✉ts✳

✸



x∨− x̄∨✳ ❆ ❢✉③③② ♥✉♠❜❡r Ã ✐s ♦❢ t❤❡ LR✲t②♣❡ ✐❢ ✐t ❝❛♥ ❜❡ ♣❛r❛♠❡tr✐s❡❞ ❜② s❤❛♣❡ ❢✉♥❝t✐♦♥s f∧(·)

❛♥❞ f∨(·) ♦♥ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r s✐❞❡s ♦❢ t❤❡ ♠♦❞❡ r❡s♣❡❝t✐✈❡❧②✸✳ ❆ ♣❧❛♥❡ ❢✉③③② ♥✉♠❜❡r s❛t✐s✜❡s

∃(x̄∧, x̄∨) ∈ R✱ x̄∧ < x̄∨ : ∀x ∈ [x̄∧, x̄∨] → µÃ(x) = 1✱ ✐✳❡✳ ✐ts ♠♦❞❡ ✐s ❛ ♥♦♥✲❡♠♣t② ✐♥t❡r✈❛❧ ✇✐t❤

♠♦r❡ t❤❛♥ ♦♥❡ ❡❧❡♠❡♥t ✭❑❧✐r ✫ ❨✉❛♥✱ ✶✾✾✺❀ ❩✐♠♠❡r♠❛♥♥✱ ✶✾✾✶✮✳ ❆ ❢✉③③② ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ ❛

tr❛♣❡③♦✐❞❛❧ ❢✉③③② ♥✉♠❜❡r ✐✛ ✐t t❛❦❡s t❤❡ ❢♦r♠

µÃ(x) =































































x− x∧

x̄∧ − x∧
, x∧ ≤ x ≤ x̄∧

1, x̄∧ ≤ x ≤ x̄∨

x∨ − x

x∨ − x̄∨
, x̄∨ ≤ x ≤ x∨

0, ♦t❤❡r✇✐s❡✳

❆ ❢✉③③② ♥✉♠❜❡r ✐s ❝❛❧❧❡❞ ❛ tr✐❛♥❣✉❧❛r ❢✉③③② ♥✉♠❜❡r ✐✛ ✐t t❛❦❡s t❤❡ ❢♦r♠

µB̃(x) =











































x− x∧

x̄∧ − x∧
, x∧ ≤ x ≤ x̄∧

x∨ − x

x∨ − x̄∧
, x̄∧ ≤ x ≤ x∨

0, ♦t❤❡r✇✐s❡✳

❋✐❣✉r❡ ✶✿ ❊①❛♠♣❧❡s ♦❢ ❢✉③③② ♥✉♠❜❡rs✿ ❆ s②♠♠❡tr✐❝ tr❛♣❡③♦✐❞❛❧ ❢✉③③② ♥✉♠❜❡r Ã ♦♥ t❤❡ ❧❡❢t ❛♥❞
❛ s②♠♠❡tr✐❝ tr✐❛♥❣✉❧❛r ❢✉③③② ♥✉♠❜❡r B̃ ♦♥ t❤❡ r✐❣❤t✳ ❇♦t❤ Ã ❛♥❞ B̃ ❛r❡ s♣❡❝✐❛❧ ❢✉③③② ♥✉♠❜❡rs
♦❢ t❤❡ LR✲t②♣❡✳

❋✐❣✉r❡ ✶ s❤♦✇s ❡①❛♠♣❧❡s ♦❢ tr❛♣❡③♦✐❞❛❧ ❛♥❞ tr✐❛♥❣✉❧❛r ❢✉③③② ♥✉♠❜❡rs✳ ■t ✐s ❝❧❡❛r t❤❛t ❛

tr❛♣❡③♦✐❞❛❧ ❢✉③③② ♥✉♠❜❡r ✐s ❛♥ ✐♥st❛♥❝❡ ♦❢ ♣❧❛♥❡ ❢✉③③② ♥✉♠❜❡r✱ ❛♥❞ ❛ tr✐❛♥❣✉❧❛r ❢✉③③② ♥✉♠❜❡r

r❡❢❡rs t♦ ❛ tr❛♣❡③♦✐❞❛❧ ❢✉③③② ♥✉♠❜❡r ✇✐t❤ x̄∧ = x̄∨✳

✸▲✐t❡r❛t✉r❡ ❝♦♠♠♦♥❧② r❡❢❡r t♦ t❤❡ ❧❡❢t ❛♥❞ r✐❣❤t s✐❞❡s ♦❢ t❤❡ ♠♦❞❡ µÃ(x) = 1✱ ✐✳❡✳ t❤♦✉❣❤ t❤❡ ♦r✐❣✐♥ ♦❢ t❤❡
t❡r♠ LR✲t②♣❡ ✇✐t❤ s❤❛♣❡ ❢✉♥❝t✐♦♥s L(·) ❛♥❞ R(·)✳

✹



✸ ❚❤❡ ▼♦❞❡❧

■♥ t❤✐s s❡❝t✐♦♥✱ ✇❡ ❞❡r✐✈❡ ❛ ♠♦❞❡❧ t♦ ❛♥❛❧②s❡ t❤❡ ♦♣t✐♠❛❧ t❛①✲✐♥❞✉❝❡❞ tr❛♥s❢❡r ♣r✐❝✐♥❣✳ ❲❡ ✜rst

s❡t t❤❡ ❜❛s❡❧✐♥❡ ♥❡t ♣r♦✜t ❢✉♥❝t✐♦♥ ❢♦r t❤❡ ▼◆❊✱ t❤❡♥ ✇❡ ❞❡r✐✈❡ t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❢✉③③②

♣r♦✜t s❤✐❢t✐♥❣ ♦♣t✐♠✐s❛t✐♦♥✳

✸✳✶ ❇❛s❡❧✐♥❡ Pr♦✜t ❉❡s✐❣♥

❈♦♥s✐❞❡r ❛ ✈❡rt✐❝❛❧❧② ✐♥t❡❣r❛t❡❞ ▼◆❊ ✇✐t❤ t✇♦ ❞✐✈✐s✐♦♥s✱ t❤❡ ♣❛r❡♥t ❝♦♠♣❛♥② ❧♦❝❛t❡❞ ✐♥ ❈♦✉♥tr②

✶ ❛♥❞ ❛ ✇❤♦❧❧② ♦✇♥❡❞ s✉❜s✐❞✐❛r② ❧♦❝❛t❡❞ ✐♥ ❈♦✉♥tr② ✷✱ i = {1, 2}✳ ❇♦t❤ ❞✐✈✐s✐♦♥s✹ ♣r♦❞✉❝❡

♦✉t♣✉ts xi ✉♥❞❡r ❝♦sts Ci(xi)✱ ❜r✐♥❣✐♥❣ r❡✈❡♥✉❡s Ri(si) ❜❛s❡❞ ♦♥ ❞♦♠❡st✐❝ s❛❧❡s si(xi)✳ P❛r❡♥t

✜r♠ ❛❧s♦ ❡①♣♦rts ❛ ♣♦rt✐♦♥ m ♦❢ ✐ts ♦✉t♣✉t t♦ s✉❜s✐❞✐❛r② ✐♥ ❈♦✉♥tr② ✷✱ r❡❣❛r❞✐♥❣ ❛ s✐♥❣❧❡ t②♣❡ ♦❢

♣r♦❞✉❝t✱ ❝❤❛r❣✐♥❣ ❛ tr❛♥s❢❡r ♣r✐❝❡ p ❡st❛❜❧✐s❤❡❞ ❜② ♠❡❛♥s ♦❢ ❡①❝❧✉s✐✈❡ s❡❧❢✲❞✐s❝r❡t✐♦♥ ♦❢ ▼◆❊✬s

❝❡♥tr❛❧ ♠❛♥❛❣❡♠❡♥t✳ ❲❡ s❡t m = m(s2) ❛♥❞ ∂m/∂s2 > 0✱ t❤✉s ✐♥tr❛✲✜r♠ ♦✉t♣✉t m ❞❡♣❡♥❞s ♦♥

t❤❡ ♠❛r❦❡t ❞❡♠❛♥❞ ❢♦r ✜♥❛❧ ♣r♦❞✉❝t ✐♥ ❈♦✉♥tr② ✷✳ ❚❤❡ ♣r❡✲t❛① ♣r♦✜ts ♦❢ ❜♦t❤ ❞✐✈✐s✐♦♥s ❛r❡

π1 = R1(s1)− C1(s1 +m) + pm;

π2 = R2(s2)− C2(s2 −m)− pm.

❈♦✉♥tr② ✶ ❛♣♣❧✐❡s t❤❡ s♦✉r❝❡ ♣r✐♥❝✐♣❧❡ ♦♥ t❛①❛t✐♦♥ ♦❢ ❢♦r❡✐❣♥ ♣r♦✜ts✱ ❛♥❞ ✇❡ ❛ss✉♠❡ ♥♦ ✐♥✲

❝r❡♠❡♥t❛❧ ♦♣❡r❛t✐♦♥❛❧ ❝♦st ♦♥ tr❛♥s❢❡rr✐♥❣ ✐♥t❡r♥❛❧ ♦✉t♣✉t m t♦ ❞✐✈✐s✐♦♥ ✷✱ ✐✳❡✳ ∂Ci(m,xi)/∂m =

∂Ci(m,xi)/∂xi✳ ❋♦r ❛♥ ✐♥❝♦♠❡ t❛① r❛t❡ τi ∈ [0, 1] ✐♥ ❡❛❝❤ ❝♦✉♥tr②✱ ▼◆❊✬s ❣❧♦❜❛❧ ♥❡t ♣r♦✜ts ❛r❡

Π(τi, si, p,m) = (1− τ1)π1 + (1− τ2)π2✳ Pr♦✜t s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡s ❛r✐s❡ ✇❤❡♥ t❛① r❛t❡s ❜❡t✇❡❡♥

❞✐✈✐s✐♦♥s ❛r❡ ❞✐✛❡r❡♥t✱ τ1 6= τ2✱ ❛♥❞ t♦t❛❧ ♥❡t ♣r♦✜t Π(·) ✐♥❝r❡❛s❡s ✇❤❡♥ ▼◆❊ ✐s ❛❜❧❡ t♦ ❝❤♦♦s❡

❛ s♣❡❝✐✜❝ tr❛♥s❢❡r ♣r✐❝❡ p s♦ ♣r♦✜ts ❛r❡ tr❛♥s❢❡rr❡❞ ❢r♦♠ t❤❡ ❤✐❣❤✲t❛① ❝♦✉♥tr② t♦ t❤❡ ❧♦✇✲t❛①

❝♦✉♥tr②✳ ❚❤❡ ❝♦♥❞✐t✐♦♥ ∂Π(·)/∂p = (τ2 − τ1)m ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ t✇♦ ❝❛s❡s✿

▲♦✇ ❚r❛♥s❢❡r Pr✐❝❡ ❝❛s❡ ✲ ▲❚P✿ τ2 < τ1 →
∂Π(·)

∂p
< 0;

❍✐❣❤ ❚r❛♥s❢❡r Pr✐❝❡ ❝❛s❡ ✲ ❍❚P✿ τ2 > τ1 →
∂Π(·)

∂p
> 0.

✭✶✮

■♥ t❤❡ ▲❚P ❝❛s❡✱ t❤❡ ▼◆❊ ❤❛s ✐♥❝❡♥t✐✈❡s t♦ s❤✐❢t ♣r♦✜ts ❢r♦♠ ❞✐✈✐s✐♦♥ ✶ t♦ ❞✐✈✐s✐♦♥ ✷ ❜②

❝❤♦♦s✐♥❣ ❛ ❧♦✇ tr❛♥s❢❡r ♣r✐❝❡ p✱ t❤✉s ❤❛r♠✐♥❣ t❛① r❡✈❡♥✉❡s ✐♥ ❈♦✉♥tr② ✶✳ ■♥ t❤❡ ❍❚P ❝❛s❡✱ ▼◆❊

❝❤♦♦s❡s ❛ ❤✐❣❤ ♣r✐❝❡ p s♦ t♦ s❤✐❢t ♣r♦✜ts t♦ t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✱ t❤✉s ❤❛r♠✐♥❣ ❈♦✉♥tr② ✷✳

✸✳✷ ❋✉③③✐❢②✐♥❣ t❤❡ ❆r♠✬s ▲❡♥❣❤t Pr✐❝❡

❆ss✉♠❡ t❤❛t ❜♦t❤ ❝♦✉♥tr✐❡s ✐♠♣♦s❡ ❛ ♥♦♥✲♥❡❣❧✐❣✐❜❧❡ ❛♥❞ ♥♦♥✲❞❡❞✉❝t✐❜❧❡ t❛① ♣❡♥❛❧t② zi > 0 ✐❢

♣r♦✜t s❤✐❢t✐♥❣ ✐s ❞❡t❡❝t❡❞✱ ✇❤✐❝❤ ✐s ❝♦♠♣✉t❡❞ ❛s ❛ ♣♦rt✐♦♥ ♦❢ t❤❡ ❛♠♦✉♥t ♦❢ ❡✈❛❞❡❞ t❛①❡s✳ ■t

♠❡❛♥s t❤❛t t❤❡ t❛① ♣❡♥❛❧t② zi ✐s ✐♠♣♦s❡❞ ✐❢ t❤❡ ❤❛r♠❡❞ ❈♦✉♥tr② i ♦❜s❡r✈❡s t❤❛t t❤❡ tr❛♥s❢❡r

✹❋♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ ✇❡ ❛♣♣❧② s✉❜s❝r✐♣t i ❢♦r t❤❡ r❡❢❡r❡♥❝❡ ♦❢ ❜♦t❤ ❝♦✉♥tr✐❡s ❛♥❞ t♦ ❡❛❝❤ ▼◆❊✬s ❞✐✈✐s✐♦♥s
❤❡r❡✐♥❛❢t❡r✳

✺



♣r✐❝❡ p ✐s ❞✐✛❡r❡♥t ❢r♦♠ ❛ ♣❛r❛♠❡t❡r ♣r✐❝❡ p̄ ❡st❛❜❧✐s❤❡❞ ✉♥❞❡r ❛r♠✬s ❧❡♥❣t❤ ❝♦♥❞✐t✐♦♥s✺ ❛♥❞ t❤✐s

♣r✐❝❡ ❣❛♣ r❡s✉❧ts ✐♥ t❤❡ ♦✉t✢♦✇ ♦❢ t❛①❛❜❧❡ ♣r♦✜ts ❢r♦♠ ❈♦✉♥tr② i✳ ❚❤❡ ♣❛r❛♠❡t❡r ♦❢ ❛♥ ❛r♠✬s

❧❡♥❣t❤ ♣r✐❝❡ ✐s ❛ ❢✉③③② ❝♦♥❝❡♣t✱ s✐♥❝❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s ✈❛r② ❛❝❝♦r❞✐♥❣ t♦ ❧❡❣✐t✐♠❛t❡ ❞✐✛❡r❡♥❝❡s

✐♥ tr❛♥s❛❝t✐♦♥s✬ ❝♦♥❞✐t✐♦♥s✳ ❚❤❡r❡❢♦r❡✱ ❝♦✉♥tr✐❡s r❛t❤❡r ♦❜s❡r✈❡ ❛ ❢✉③③② s❡t ♦❢ ♣❛r❛♠❡t❡r ♣r✐❝❡s P̃ ✱

❛❧❧ ♦❢ ✇❤✐❝❤ ❤❛✈❡ ❞✐✛❡r❡♥t ❞❡❣r❡❡s ♦❢ ❛♣♣r♦♣r✐❛t❡♥❡ss ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣r✐♥❝✐♣❧❡✻✳

❉❡✜♥❡ t❤❡ ❢✉③③② s❡t ♦❢ ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡s P̃ = {(pj , µP̃ (pj)) : pj ∈ P}✱ j 6= i✱ P ∈ R+✱ ✇❤❡r❡

P ✐s t❤❡ ✉♥✐✈❡rs❡ ♦❢ ❛❧❧ ♦❜s❡r✈❛❜❧❡ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s✱ ✉♥✐✈❡rs❡ P ✐s ❝♦♥✈❡①✱ ❛♥❞ µP̃ (pj) ✐s t❤❡

♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉③③② s❡t P̃ ✳ ❋♦r ❛ s❡q✉❡♥❝❡ ♦❢ ✐♥❞❡♣❡♥❞❡♥t ♣r✐❝❡s p∧ ≤ p̄∧ ≤ p̄∨ ≤

p∨ ∈ P ✱ t❤❡ ❢✉③③② s❡t P̃ s❛t✐s✜❡s t❤❡ ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s

µP̃ (pj) = 0 ❢♦r ∀pj /∈ [p∧, p∨]; ✭✷✮

µP̃ (pj) ✐s ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❢♦r ∀pj ∈ [p∧, p̄∧]; ✭✸✮

µP̃ (pj) ✐s ♥♦♥✲✐♥❝r❡❛s✐♥❣ ❢♦r ∀pj ∈ [p̄∨, p∨]. ✭✹✮

❚❤❡ ♠♦❞❡ ♦❢ t❤❡ ❢✉③③② s❡t P̃ s❛t✐s✜❡s ∀pj ∈ P : µP̃ (pj) = 1✱ ✇❤✐❝❤ ♣r♦✈✐❞❡s t❤❡ ✐♥t❡r✈❛❧ ♦❢

♣r✐❝❡s t❤❛t ❝♦♠♣❧❡t❡❧② s❛t✐s❢② t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣r✐♥❝✐♣❧❡✱ µP̃ (pj) = 1 ❢♦r ∀pj ∈ [p̄∧, p̄∨]✳ ❍❡♥❝❡✱

t❤❡ ❝❤♦✐❝❡ ♦❢ ❛♥② str✐❝t ♣❛r❛♠❡t❡r ♣r✐❝❡ p̄ ♠✉st ❧✐❡ ✇✐t❤✐♥ t❤❡ ✐♥t❡r✈❛❧ ♦❢ ♣r✐❝❡s t❤❛t ❞❡✜♥❡ t❤❡

♠♦❞❡ ♦❢ t❤❡ ❢✉③③② s❡t P̃ ✱ ✐✳❡✳ p̄ ∈ [p̄∧, p̄∨]✳ ❊q✳ ✷ ❞❡✜♥❡s t❤❡ ❧✐♠✐t✐♥❣ ✐♥t❡r✈❛❧ [p∧, p∨] ♦✉t ♦❢ ✇❤✐❝❤

❛♥② ♣r✐❝❡ p ✐s ❝♦♥s✐❞❡r❡❞ ❛ ❝♦♠♣❧❡t❡❧② ♥♦♥✲❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡✳

❯♥❞❡r t❤❡s❡ ❝♦♥❞✐t✐♦♥s✱ t❤❡ ❢✉③③② s❡t P̃ ❜❡❝♦♠❡s ❛ ❢✉③③② ♥✉♠❜❡r ♦❢ t❤❡ LR✲t②♣❡✳ ❈❛❧❧ P̃ t❤❡

❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡✳ ❲❡ ❞❡✜♥❡ ❛ st❛♥❞❛r❞ ♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❢✉③③② ♥✉♠❜❡r P̃ ❛s

❢♦❧❧♦✇s✿

µP̃ (pj) =































































f∧

(

pj − p∧

p̄∧ − p∧

)

, p∧ ≤ pj ≤ p̄∧

1, p̄∧ ≤ pj ≤ p̄∨

f∨

(

pj − p∨

p̄∨ − p∨

)

, p̄∨ ≤ pj ≤ p∨

0, ♦t❤❡r✇✐s❡

✭✺✮

✇✐t❤ ❜♦t❤ ❢✉♥❝t✐♦♥s f∧(·) ❛♥❞ f∧(·) ♠♦♥♦t♦♥❡ ❝♦♥t✐♥✉♦✉s✳ ■♥ ❊q✳ ✺✱ ✇❡ ❛❧❧♦✇ ❢♦r t❤❡ ❢✉③③②

❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ t♦ ❜❡ ❛s②♠♠❡tr✐❝✳ ❚❤✐s ❛s②♠♠❡tr② ♠❛② ❜❡ ❞✉❡ t♦ ❛ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡

✇✐❞t❤s p̄∧ − p∧ ❛♥❞ p∨ − p̄∨ ♦♥ t❤❡ ❧♦✇❡r ❛♥❞ ✉♣♣❡r s✐❞❡s ♦❢ t❤❡ ❢✉③③② ♥✉♠❜❡r P̃ r❡s♣❡❝t✐✈❡❧②✱ ❛s

✇❡❧❧ ❛s ❢♦r ❞✐✛❡r❡♥❝❡s ✐♥ ❣r❛❞❡s ♦❢ ♠❡♠❜❡rs❤✐♣ ❞❡♥♦t❡❞ ❜② ❢✉♥❝t✐♦♥s f∧(·) ❛♥❞ f∨(·)✳ ■♥ ❡✛❡❝t✱

t❤❡ ❛s②♠♠❡tr② ✐♥ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ ✐s ✉s❡❢✉❧ t♦ ❞❡s❝r✐❜❡ ❤♦✇ ❈♦✉♥tr✐❡s ✶ ❛♥❞ ✷

❞✐✛❡r ✐♥ t❤❡✐r t♦❧❡r❛♥❝❡ ❢♦r ❛ tr❛♥s❢❡r ♣r✐❝❡ p ❢❛rt❤❡r ❢r♦♠ t❤❡ ♣❛r❛♠❡t❡r ♣r✐❝❡ p̄✳

✺❚❤❡ tr❛♥s❢❡r ♣r✐❝✐♥❣ ❣✉✐❞❡❧✐♥❡s ♣r❡♣❛r❡❞ ❜② ✭❖❊❈❉✱ ✷✵✶✼✮ ❤❛✈❡ ❜❡❝♦♠❡ t❤❡ ♠❛✐♥ ❝r✐t❡r✐♦♥ ❛❞♦♣t❡❞ ❜② ♠♦st
❝♦✉♥tr✐❡s ✇♦r❧❞✇✐❞❡ ❢♦r ❡✈❛❧✉❛t✐♦♥ ♦❢ ✐♥tr❛✲✜r♠ ♣r✐❝❡s✳ ❚❤❡ ❣✉✐❞❡❧✐♥❡s ❛r❡ ❜✉✐❧t ♦♥ t❤❡ ❜❛s✐s ♦❢ t❤❡ ❛r♠✬s ❧❡♥❣t❤
♣r✐♥❝✐♣❧❡ ❛s t❤❡ ❢✉♥❞❛♠❡♥t❛❧s ❢♦r t❛①✲❝♦♠♣❧✐❛♥t tr❛♥s❢❡r ♣r✐❝✐♥❣✳

✻■♥ t❤✐s ❧✐♥❡✱ ❛♥t✐✲s❤✐❢t✐♥❣ r✉❧❡s ✉s✉❛❧❧② ❡st❛❜❧✐s❤ ❛♥ ❛r♠✬s ❧❡♥❣t❤ r❛♥❣❡ ♦❢ ❛♣♣r♦♣r✐❛t❡ tr❛♥s❢❡r ♣r✐❝❡s✳ ❚❤❡
❛r♠✬s ❧❡♥❣t❤ r❛♥❣❡ ✐s ✉s✉❛❧❧② s❡t ❛s ❛♥ ✐♥t❡rq✉❛rt✐❧❡ r❛♥❣❡ ✇✐t❤✐♥ t❤❡ ❝♦♠♣❧❡t❡ s❡t ♦❢ ❝♦♠♣❛r❛❜❧❡ ♣r✐❝❡s ✭❖❊❈❉✱
✷✵✶✼✮✳

✻



❋♦r t❤❡ ▲❚P ❝❛s❡ ✐♥ ❊q✳ ✶✱ ❈♦✉♥tr② ✶ ✐s ❧❡ss t♦❧❡r❛♥t ✇✐t❤ r❡s♣❡❝t t♦ ❛ ❧♦✇ tr❛♥s❢❡r ♣r✐❝❡ ❝❧♦s❡

t♦ p∧✱ ✇❤✐❧❡ ✐t ❛❝❝❡♣ts ♣r✐❝❡s ♥❡❛r ♦r ❤✐❣❤❡r t❤❛♥ t❤❡ ♣❛r❛♠❡t❡r ♣r✐❝❡ p̄✳ ❚❤❡r❡❢♦r❡✱ ❈♦✉♥tr② ✶ ✐s

♦♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❧♦✇❡r s✐❞❡ f∧(·) ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ ✳ ❚❤❡ ♦♣♣♦s✐t❡ ♦❝❝✉rs

❢♦r t❤❡ ❍❚P ❝❛s❡ ✐♥ ❊q✳ ✶✱ s✐♥❝❡ ❈♦✉♥tr② ✷ ✐s ♦♥❧② ❝♦♥❝❡r♥❡❞ ✇✐t❤ t❤❡ ❤✐❣❤❡r s✐❞❡ f∨(·) ♦❢ P̃ ✳ ■❢

✇❡ ❞✐✈✐❞❡ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ ✐♥t♦ t✇♦ ♠❡♠❜❡rs❤✐♣ s❡❝t✐♦♥s ✇✐t❤ r❡s♣❡❝t t♦ ❧♦✇❡r s✐❞❡

f∧(·) ❛♥❞ ✉♣♣❡r s✐❞❡ f∨(·)✱ ✇❡ ♦❜t❛✐♥ t✇♦ ❢✉③③② ♥✉♠❜❡rs P̃∧ ❛♥❞ P̃∨ s❛t✐s❢②✐♥❣ t❤❡ ❛❞❞✐t✐♦♥❛❧

❝♦♥❞✐t✐♦♥s✿

µP̃∧(pj) =

{

µP̃ (pj), pj ≤ p̄∨

1, pj > p̄∨.
✭✻✮

µP̃∨(pj) =

{

µP̃ (pj), pj ≥ p̄∧

1, pj < p̄∧.
✭✼✮

P̃ = P̃∧ ∩ P̃∨. ✭✽✮

■t ✐s ❝❧❡❛r t❤❛t t❤❡ ❢✉③③② ♥✉♠❜❡rs P̃∧ ❛♥❞ P̃∨ r❡❢❡r t♦ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡s t❛❦❡♥ ✐♥t♦

❛❝❝♦✉♥t ❜② ❈♦✉♥tr✐❡s ✶ ❛♥❞ ✷ r❡s♣❡❝t✐✈❡❧②✼✳ ❲❡ ✐♥❞✐❝❛t❡ t❤❡ st❛♥❞❛r❞ ❢♦r♠ ♦❢ t❤❡ ❢✉③③② ❛r♠✬s

❧❡♥❣t❤ ♣r✐❝❡s s❛t✐s❢②✐♥❣ ❝♦♥❞✐t✐♦♥s ✐♥ ❊q✳ ✻✲✽ ❛s P̃ c✱ c = {∧,∨}✳ ❚❤❡ ♠♦❞❡ ♦❢ t❤❡ ❢✉③③② ♥✉♠❜❡rs

P̃ c s❛t✐s✜❡s t❤❡ st❛♥❞❛r❞ ❝♦♥❞✐t✐♦♥ ∀pj ∈ P : µP̃ c(pj) = 1✳ ❚❤❡ ❜♦✉♥❞ ♦❢ t❤❡ ♠♦❞❡ ♦❢ t❤❡ ❢✉③③②

♥✉♠❜❡rs P̃ c ✐s ❞❡✜♥❡❞ ✐♥ st❛♥❞❛r❞ ❢♦r♠✽ ❛s p̄c✳ ❍❡♥❝❡✱ ❜♦t❤ ♣r♦✜t s❤✐❢t✐♥❣ ❝❛s❡s ✐♥ ❊q✳ ✶ ✐♠♣❧②

▲❚P → {i = 1, c = ∧}✱ ❍❚P → {i = 2, c = ∨}✳

✸✳✸ ❚❛① ❆✉❞✐ts ❛♥❞ ❚❛① P❡♥❛❧t✐❡s

❇♦t❤ ❝♦✉♥tr✐❡s ♣❡r❢♦r♠ t❛① ❛✉❞✐ts ✐♥ ♦r❞❡r t♦ ♣r❡✈❡♥t t❤❡ ♣r♦✜t s❤✐❢t✐♥❣✳ ■♥ t❤❡ ✉♥✐✈❡rs❡ ♦❢ ❛❧❧

t❛①♣❛②❡rs✱ ✇❡ ❛ss✉♠❡ t❤❛t ❝♦✉♥tr✐❡s ❛r❡ ♥♦t ❛❜❧❡ t♦ ❝♦♥t✐♥✉♦✉s❧② ♦❜s❡r✈❡ ❛❧❧ ▼◆❊ ✐♥ ❛❜s♦❧✉t❡

❝♦♠♣❧❡t❡♥❡ss✱ ❜✉t t❤❡② ❤❛✈❡ t♦ ❡① ❛♥t❡ s❡❧❡❝t ✇❤✐❝❤ ▼◆❊ ❛r❡ ❣♦✐♥❣ t♦ ❜❡ ❛✉❞✐t❡❞✳ ■♥ s♣❡❝✐❛❧✱

❜♦t❤ ❝♦✉♥tr✐❡s ❤❛✈❡ ♥♦ ♣r✐♦r ❦♥♦✇❧❡❞❣❡ ❛❜♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐♥tr❛✲✜r♠ tr❛♥s❛❝t✐♦♥s pm✱ t❤♦✉❣❤

t❤✐s ❦♥♦✇❧❡❞❣❡ ❞❡♣❡♥❞s ♦♥ ❛♥ ✐♥✐t✐❛❧ ♣✐❝❦✳ ❋♦❧❧♦✇✐♥❣ ✭▲❡✈❛❣❣✐ ✫ ▼❡♥♦♥❝✐♥✱ ✷✵✶✸✮✱ ✇❡ s❡t t❤❡

❛✉❞✐t s❡❧❡❝t✐♦♥ ✐♥ ❈♦✉♥tr② i ❛s ❛ P♦✐ss♦♥ ♣r♦❝❡ss ✇✐t❤ ✐♥t❡♥s✐t② r❛t❡ λi > 0 ❤♦♠♦❣❡♥❡♦✉s t❤r♦✉❣❤

t❤❡ t♦t❛❧ ♣❡r✐♦❞ ❞❡t❡r♠✐♥❡❞ ✐♥ t❤❡ ❧❡❣❛❧ st❛t✉t❡ ♦❢ ❧✐♠✐t❛t✐♦♥s✳ ❘❛t❡ λi r❡❢❡rs t♦ t❤❡ t❛① ❛✉❞✐t

✐♥t❡♥s✐t② ✐♥ ❈♦✉♥tr② i✳ ■❢ t❤❡ ▼◆❊ ✐s s❡❧❡❝t❡❞✱ ❈♦✉♥tr② i ✇✐❧❧ ♦❜s❡r✈❡ pm✱ t❤✉s tr✐❣❣❡r✐♥❣ ❛

❝❤❛♥❝❡ ❢♦r t❛① ♣❡♥❛❧t② zi✳

■❢ t❤❡ ♥✉♠❜❡r ♦❢ t❛① ❛✉❞✐ts ♣❡r❢♦r♠❡❞ ❜② ❈♦✉♥tr② i ✐s q ∈ N✱ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①❛❝t q = k

t❛① ❛✉❞✐ts ✐s P(q = k, λi) = λk
i e

−λi/k!✳ ❋✉rt❤❡r♠♦r❡✱ t❤❡ ❝✉♠✉❧❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❈♦✉♥tr② i t♦

♣❡r❢♦r♠ ✉♣ t♦ k ❛✉❞✐ts✱ P(0 ≤ q ≤ k, λi) ✐s ❝♦♠♣✉t❡❞ ❛s

P(0 ≤ q ≤ k, λi) =
k
∑

q=0

P(q, λi) =
Γ(k + 1, λi)

Γ(k + 1)
✭✾✮

✼■t ✐s ❛❧s♦ ❝❧❡❛r t❤❛t t❤❡ ❢✉③③② ♥✉♠❜❡rs P̃∧ ❛♥❞ P̃∨ ❛r❡ ♦❢ t❤❡ L✲t②♣❡ ❛♥❞ R✲t②♣❡ r❡s♣❡❝t✐✈❡❧②✳
✽❚❤❡ ❜♦✉♥❞ p̄c ♦❢ t❤❡ ♠♦❞❡ ♦❢ t❤❡ ❢✉③③② ♥✉♠❜❡r P̃ c ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s

p̄c : µP̃ c(p̄
c +∆p) < 1, lim

∆p→0
µP̃ c(p̄

c +∆p) = 1

✇✐t❤ ❞❡✈✐❛t✐♦♥ ∆p ∈ R✳

✼



✇❤❡r❡ Γ(k) ✐s t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥ ❛♥❞ Γ(k, λ) ✐s t❤❡ ✉♣♣❡r ❣❛♠♠❛ ❢✉♥❝t✐♦♥✾✳ ❘❡♠❛r❦ t❤❛t ♥♦

♣❡♥❛❧✐s❛t✐♦♥ ✇✐❧❧ ❜❡ ✐♠♣♦s❡❞ ✐❢ t❤❡r❡ ✐s ♥♦ t❛① ❛✉❞✐t✱ q = 0✳ ▼♦r❡♦✈❡r✱ ❡✈❡♥ ✇✐t❤ ❛♥ ❡st✐♠❛t❡

♦❢ t❤❡ ♥✉♠❜❡r ♦❢ t❛① ❛✉❞✐ts E(q = k, λi) = λi✱ t❤❡ ▼◆❊ ❝❛♥ ❜❡ s❡❧❡❝t❡❞ ✉♥❞❡r ❛♥② ♥✉♠❜❡r q

❞✐✛❡r❡♥t ❢r♦♠ k✳ ■♥ s✉♠♠❛r②✱ ▼◆❊ ❤❛s ❛ ❝❤❛♥❝❡ ♦❢ ❜❡✐♥❣ s❡❧❡❝t❡❞ ❢♦r t❛① ❛✉❞✐t ✐❢ ❈♦✉♥tr② i

♣❡r❢♦r♠s ❛t ❧❡❛st ♦♥❡ ❛✉❞✐t✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ t❛① ❛✉❞✐t ❢♦r t❤❡ ▼◆❊ ✐s

P(q > 0, λi) = 1− P(q = 0, λi) = 1−
Γ(1, λi)

Γ(1)
= 1− e−λi . ✭✶✵✮

■♥ t❤❡ ❝❛s❡ ♦❢ ❛✉❞✐t s❡❧❡❝t✐♦♥✱ ❈♦✉♥tr② i ♦❜s❡r✈❡s t❤❡ ✐♥tr❛✲✜r♠ tr❛♥s❛❝t✐♦♥s pm ❛♥❞ ❝♦♠♣❛r❡s

t❤❡ tr❛♥s❢❡r ♣r✐❝❡ p ✇✐t❤ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r p̄✳ ■❢ t❤❡ ❤❛r♠❡❞ ❈♦✉♥tr② i ❝♦♥❝❧✉❞❡s

t❤❛t t❤❡ ▼◆❊ ✐s s❤✐❢t✐♥❣ t❛①❛❜❧❡ ♣r♦✜ts ❛✇❛②✱ t❤❡ ▼◆❊ ✐s r❡q✉✐r❡❞ t♦ ♣❛② t❤❡ ❛♠♦✉♥t ♦❢

❡✈❛❞❡❞ t❛①❡s ♣❧✉s ❛ ♣❡♥❛❧t② zi ❧❡✈✐❡❞ ♦✈❡r t❤✐s ❛♠♦✉♥t✳ ■♥ t❤✐s ❝❛s❡✱ t❛① ♣❡♥❛❧t② ✐s ❝♦♠♣✉t❡❞

❛s Zi(zi, τi, p, p̄,m) = (1 + zi) · sgn(τ2 − τ1)τi · (p − p̄)m ≥ 0✱ ✇❤❡r❡ sgn(·) ✐s t❤❡ s✐❣♥ ❢✉♥❝t✐♦♥

❛♥❞ t❛① r❛t❡s ❛r❡ ♥♦♥✲♥❡❣❛t✐✈❡✱ τi ∈ [0, 1] ✳ ❖❜s❡r✈❡ t❤❛t t❤❡ t♦t❛❧ t❛① ♣❡♥❛❧t② ✐s ♥♦♥✲♥❡❣❛t✐✈❡

Zi(·) ≥ 0 ❢♦r ❜♦t❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s✶✵✳

◆♦♥❡t❤❡❧❡ss✱ t❤❡ ❛ss❡ss♠❡♥t ♦❢ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ p ❜② ❈♦✉♥tr② i ✐s ❜❛s❡❞ ♦♥ t❤❡ ❢✉③③② ❛r♠✬s

❧❡♥❣t❤ ♣❛r❛♠❡t❡r P̃ c✱ c = {∧,∨}✳ ❋♦r♠❛❧❧②✱ t❤✐s ❛ss❡ss♠❡♥t ✐s ♠❛❞❡ ❜② t❛❦✐♥❣ t❤❡ ❢✉③③② ♥✉♠❜❡r

P̃ c = {(pj , µP̃ c(pj)) : pj ∈ P} ❛♥❞ s❡tt✐♥❣ t❤❡ ❡q✉❛❧✐t② p = pj ✳ ❚❤❡ r❡s✉❧t ✐s ❛ ❢✉③③② ♣r✐❝❡ ❣❛♣

∆p = p̃− p̄c✱ ✇❤❡r❡ p̄c ✐s t❤❡ ❜♦✉♥❞ ♦❢ t❤❡ ♠♦❞❡ ♦❢ t❤❡ ❢✉③③② ♥✉♠❜❡r P̃ c✳ ❚❤❡ ❢✉③③② ♣r✐❝❡ ❣❛♣

∆p ✐s ❞❡✜♥❡❞ s✉❝❤ ❛s t♦ s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ p = {(p̄c + ∆p, µP̃ c(p̄c + ∆p)) : p ∈ P}✳ ❋♦r t❤❡

❤❛r♠❡❞ ❈♦✉♥tr② i✱ ♣r♦✜t s❤✐❢t✐♥❣ ♠❛② ❡①✐st ✐✛ µP̃ c(p) < 1✱ ✐✳❡✳ ✐✛ t❤❡ ❢✉③③② ♣r✐❝❡ ❣❛♣ ∆p ♣✉s❤❡s

t❤❡ tr❛♥s❢❡r ♣r✐❝❡ p ❛✇❛② ❢r♦♠ t❤❡ ♠♦❞❡ ♦❢ P̃ c✱ ∀pj : µP̃ c(pj) = 1✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♦r✐❣✐♥❛❧ t❛①

♣❡♥❛❧t② Zi(·) ≥ 0 t✉r♥s ✐♥t♦ ❛ ❢✉③③② t❛① ♣❡♥❛❧t② ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❢♦r♠✿

Z̃i(zi, τi,∆p,m) =

{

0, µP̃ c(p) = 1

(1 + zi) · sgn(τ2 − τ1)τi · (p̃− p̄c)m, ♦t❤❡r✇✐s❡✳
✭✶✶✮

■t ♠❡❛♥s t❤❛t t❤❡ ❤❛r♠❡❞ ❈♦✉♥tr② i ❤❛s t❤❡ t❛s❦ t♦ ❛ss❡ss ✐❢ t❤❡ ♣r✐❝❡ ❣❛♣ ∆p ✐s ❛ t♦❧❡r❛❜❧❡

✈❛r✐❛♥❝❡ ✉♥❞❡r t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ❝♦♥❞✐t✐♦♥s ♦r ✐❢ ✐t ✐s ❛♥ ❡✈✐❞❡♥❝❡ ♦❢ ♣r♦✜t s❤✐❢t✐♥❣✳

✹ ❖♣t✐♠❛❧ ❚r❛♥s❢❡r Pr✐❝✐♥❣

❚❤❡ ▼◆❊ ❛✐♠s ❝❤♦♦s❡ ❛ tr❛♥s❢❡r ♣r✐❝❡ p s♦ t♦ ♠❛①✐♠✐s❡ ❣❧♦❜❛❧ ♥❡t ♣r♦✜ts Π(·)✱ ❤♦✇❡✈❡r ✐t ❢❛❝❡s

t❤❡ ❝❤❛♥❝❡ ♦❢ t❛① ♣❡♥❛❧✐s❛t✐♦♥ ✐❢ t❤❡ ❤❛r♠❡❞ ❈♦✉♥tr② i ✜♥❞s ♦✉t t❤❡ ❡①✐st❡♥❝❡ ♦❢ ✐♥tr❛✲✜r♠

tr❛♥s❛❝t✐♦♥s pm ❛♥❞ ❞❡❝✐❞❡s t❤❛t ✐t r❡♣r❡s❡♥ts ❛ ♣r♦✜t s❤✐❢t✐♥❣ str❛t❡❣②✳ ■♥ t❤✐s ❧✐♥❡✱ ❛ss✉♠✐♥❣

t❤❛t t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ ✐♠♣❧✐❡s µP̃ c(p∗) < 1✱ t❤❡ ▼◆❊ ❤❛s ❛ ♠❛①✐♠✐s❛t✐♦♥ ♦❜❥❡❝t

s♣❡❝✐✜❡❞ ❛s ❢♦❧❧♦✇s✿

✾❉❡r✐✈❛t✐♦♥ ♦❢ ❊q✳ ✾ ✐♥ ❆♣♣❡♥❞✐①✳
✶✵❚♦t❛❧ t❛① ♣❡♥❛❧t② Zi(·) ≥ 0 ✐s ♥♦♥✲♥❡❣❛t✐✈❡ s✐♥❝❡ t❤❡ s✐❣♥s ♦❢ ❜♦t❤ t❤❡ t❛① ❞✐✛❡r❡♥t✐❛❧ τ2 − τ1 ❛♥❞ t❤❡ ♣r✐❝❡

❣❛♣ p− p̄ ❝❛rr② ✐♥❢♦r♠❛t✐♦♥ ❛❜♦✉t t❤❡ s❤✐❢t✐♥❣ ❞✐r❡❝t✐♦♥❀ ❍❚P ✐♠♣❧✐❡s τ2 − τ1 > 0✱ p− p̄ > 0✱ ✇❤✐❧❡ ▲❚P ✐♠♣❧✐❡s
τ2 − τ1 < 0✱ p− p̄ < 0✳

✽



max
p∈P

E(Π̃(·)) = Π(τi, si, p,m)− E(Z̃i(zi, τi,∆p,m))

= (1− τ1)π1 + (1− τ2)π2

−(1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi · (p̃− p̄c)m.

✭✶✷✮

❙✐♥❝❡ t❤❡ ❡①♣❡❝t❡❞ t❛① ♣❡♥❛❧t② E(Z̃i(·)) ✐s ❛ ❢✉③③② ♥✉♠❜❡r✱ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ✐♥ ❊q✳ ✶✷

❜❡❝♦♠❡s ❛ ❢✉③③② ♦❜❥❡❝t✐✈❡✱ ❛♥❞ ♣r♦✜t ♠❛①✐♠✐s❛t✐♦♥ ♠✉st t❛❦❡ ✐♥t♦ ❛❝❝♦✉♥t t❤❡ ❢✉③③✐♥❡ss ♦❢ t❤❡

♣r✐❝❡ ❣❛♣ ∆p = p̃− p̄c✳

❈♦♥❞✐t✐♦♥s ✐♥ ❊q✳ ✻✲✽ s❤♦✇ t❤❛t t❤❡ st❛♥❞❛r❞✲❢♦r♠ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c r❡♣r❡s❡♥ts ❛

♦♥❡✲t♦✲♦♥❡ ❛♥❞ ♦♥t♦ ❝♦rr❡s♣♦♥❞❡♥❝❡ µP̃ c(pj) : R → [0, 1] ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝❧♦s❡❞ ✐♥t❡r✈❛❧ ♦❢

✐♥t❡r❡st pj ∈ [pc, p̄c]✳ ❚❤❡r❡❢♦r❡✱ ✇❡ s♦❧✈❡ ❊q✳ ✶✷ ❜② ❛♣♣❧②✐♥❣ t❤❡ ♣r♦❝❡❞✉r❡ ❢♦r ❢✉③③② ♦♣t✐♠✐s❛t✐♦♥

❞❡✈❡❧♦♣❡❞ ✐♥ t❤❡ ❝❧❛ss✐❝❛❧ ✇♦r❦ ♦❢ ✭❱❡r❞❡❣❛②✱ ✶✾✽✷✮✳

❋♦r t❤❡ ♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ µP̃ c(pj)✱ pj ∈ [pc, p̄c]✱ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ α✲❝✉ts ❛r❡ P c
α = {pj ∈

[pc, p̄c] : µP̃ c(pj) ≥ α}✳ ❋r♦♠ t❤❡ r❡♣r❡s❡♥t❛t✐♦♥ t❤❡♦r❡♠ ❢♦r ❢✉③③② s❡ts✱ ❊q✳ ✶✷ ✐s ❡①♣r❡ss❡❞ ✐♥

t❤❡ ❢♦❧❧♦✇✐♥❣ ♣❛r❛♠❡tr✐❝ ❢♦r♠✿

max
α∈[0,1]
p∈P c

α

E(Π̃(·)) = (1− τ1)π1 + (1− τ2)π2

−(1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi · (p− p̄c)f(α)m
✭✶✸✮

✇✐t❤ α ∈ [0, 1]✱ ✇❤❡r❡ f(α) : [0, 1] → P ∈ R+✱ f(α) = µ−1
P̃ c

(α) ✐s t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥ ♦❢ t❤❡

♠❡♠❜❡rs❤✐♣ ❢✉♥❝t✐♦♥ µP̃ c(pj)✳ ❙✐♠♣❧② st❛t❡❞✱ ✐❢ t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✶✸ ✐s p∗(α)✱ t❤❡♥ t❤❡ s♦❧✉t✐♦♥

♦❢ ❊q✳ ✶✷ ✐s t❤❡ ❢✉③③② s❡t p∗ = {(p(α), α)}✳ ❍❡♥❝❡✱ ♣r♦✜t ♠❛①✐♠✐s❛t✐♦♥ ✐♥ ❊q✳ ✶✷ r❡s✉♠❡s t♦

✜♥❞ t❤❡ ♦♣t✐♠❛❧ α✲❝✉t ❞❡✜♥❡❞ ❜② P c
=α = {p∗(α) ∈ [pc, p̄c] : µP̃ c(p∗(α)) = α} ❛t t❤❡ ♠❡♠❜❡rs❤✐♣

❣r❛❞❡ µP̃ c(p∗(α)) = α✳

❇❛s❡❞ ♦♥ t❤❡ ❣❡♥❡r❛❧ ❙t♦♥❡✲❲❡✐❡rstr❛ss ❛♣♣r♦①✐♠❛t✐♦♥✱ ❛ss✉♠❡ t❤❛t t❤❡ st❛♥❞❛r❞✲❢♦r♠ s❤❛♣❡

❢✉♥❝t✐♦♥ f c(·) ✐♥ ❊q✳ ✺ ❝❛♥ ❜❡ ❞❡✜♥❡❞ ❛s ❛ s✐♠♣❧❡ ♣♦✇❡r ❢✉♥❝t✐♦♥

f c

(

p− pc

p̄c − pc

)

=

(

p− pc

p̄c − pc

)γi

✭✶✹✮

✇✐t❤ γi ∈ (0, 1] ❛s ❛ r❡❣✉❧❛r✐s❡❞ ♣❛r❛♠❡t❡r ❢♦r t❤❡ t♦❧❡r❛♥❝❡ ♦❢ ❈♦✉♥tr② i r❡❣❛r❞✐♥❣ ❢✉③③✐♥❡ss

✐♥ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡✱ ❡✳❣✳ ❛ s❧❛❝❦❡♥ t❛① ❛ss❡ss♠❡♥t ❜② ❈♦✉♥tr② i ✐♠♣❧✐❡s γi → 0✱ ✇❤✐❧❡

❛ t✐❣❤t❡♥ t❛① ❛ss❡ss♠❡♥t ✐♠♣❧✐❡s γi → 1✳ ❊q✳ ✶✹ ♣r♦✈✐❞❡s ❛ s♠♦♦t❤ ✈❛r✐❛t✐♦♥ ✐♥ ♠❡♠❜❡rs❤✐♣

❣r❛❞❡ ❛s tr❛♥s❢❡r ♣r✐❝❡ p ❣❡ts ❢❛rt❤❡r ❢r♦♠ t❤❡ ❜♦✉♥❞ ♦❢ t❤❡ ♠♦❞❡ p̄c✳ ❋♦r t❤❡ ✐♥t❡r✈❛❧ ♦❢ ✐♥t❡r❡st

p ∈ [pc, p̄c]✱ ♣❛r❛♠❡tr✐❝ ♦♣t✐♠✐s❛t✐♦♥ ✐♥ ❊q✳ ✶✸ t❤❡♥ ❜❡❝♦♠❡s

✾



max
p∈[pc,p̄c]

E(Π̃(·)) = (1− τ1)π1 + (1− τ2)π2

−(1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi · (p− p̄c) · µ−1
P̃ c

(α)m

= (1− τ1)π1 + (1− τ2)π2

−(1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi · (p− p̄c)

(

1−

(

p− pc

p̄c − pc

)) 1
γi

m

= (1− τ1)π1 + (1− τ2)π2

−(1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi · (p− p̄c)

(

p− p̄c

pc − p̄c

) 1
γi

m.

✭✶✺✮

◆♦✇ ✇❡ ❤❛✈❡ t❤❡ ❡①♣❡❝t❡❞ ♥❡t ♣r♦✜ts E(Π̃(·)) s♣❡❝✐✜❡❞ ❝♦♠♣❧❡t❡❧② ✐♥ t❡r♠s ♦❢ t❤❡ tr❛♥s❢❡r

♣r✐❝❡✶✶ p✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ❊q✳ ✶✺ ✇✐t❤ r❡s♣❡❝t t♦ p ❛♥❞ s♦❧✈✐♥❣✱ ✇❡ ♦❜t❛✐♥ t❤❡ s♦❧✉t✐♦♥

∂E(Π̃(·))

∂p
= (τ2 − τ1)m− (1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi ·

(

1 +
1

γi

)(

p− p̄c

pc − p̄c

) 1
γi

m = 0;

p∗ = p̄c +





τ2 − τ1

(1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi ·
(

1 + 1
γi

)





γi

(pc − p̄c)

= p̄c +





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)





γi

(pc − p̄c)

= P c
=α = {p∗ ∈ [pc, p̄c] : µP̃ c(p∗) = α}

✭✶✻✮

✇✐t❤ | · | : R → R+ ❛s t❤❡ ❛❜s♦❧✉t❡ ✈❛❧✉❡ ❢✉♥❝t✐♦♥✶✷✳ ❊q✳ ✶✻ s❤♦✇s t❤❛t t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r

♣r✐❝❡ p∗ ✐s r❡♣r❡s❡♥t❡❞ ❛s ❛ ♠❛①✐♠✐s✐♥❣ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c ❞❡✜♥❡❞ ❛s

P c
=α = {p∗ ∈ [pc, p̄c] : µP̃ c(p∗) = α}✱ ✐✳❡✳ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗ = p∗ − p̄c ✐s ❛ s❤❛r❡ ♦❢ t❤❡

♣r✐❝❡ ❞✐✛❡r❡♥❝❡ pc − p̄c✳ ❚❤✐s α✲❝✉t ✐s r❡♣r❡s❡♥t❡❞ ❜② ❛ s❤❛r❡ ❢✉♥❝t✐♦♥ ♦✈❡r t❤❡ ✐♥t❡r✈❛❧ [pc, p̄c]✱

✇❤✐❝❤ ✐s ♠❡❛s✉r❡❞ ❛s t❤❡ ♠❛❣♥✐t✉❞❡ ♦❢ t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡ |τ2 − τ1| ❛❞❥✉st❡❞ ❜② t❤❡

♠❛r❣✐♥❛❧ ❡①♣❡❝t❡❞ ♣❡♥❛❧✐s❛t✐♦♥ ❡✛❡❝t (1− e−λi) · (1+ zi) · τi✳ ❚❤❡ s❧♦♣❡ ♦❢ t❤✐s s❤❛r❡ ✐s t❤❡ s❛♠❡

❛s ♦❢ t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥ ✐♥ ❊q✳ ✶✹ ❜② ♠❡❛♥s ♦❢ t❤❡ ❡①♣♦♥❡♥t γi✳ ■t ❛❧s♦ ❤❛s ❛♥ ❛❞❥✉st♠❡♥t

❡q✉❛❧ t♦ (γi + 1)/γi✱ ✇❤✐❝❤ ❞❡r✐✈❡s ❢r♦♠ t❤❡ ❡♥❞♦❣❡♥♦✉s s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤

♣r✐❝❡ P̃ c ✐♥ t❡r♠s ♦❢ p ✇✐t❤✐♥ t❤❡ ❡①♣❡❝t❡❞ t❛① ♣❡♥❛❧t② ✐♥ ❊q✳ ✶✺✶✸✳ ▼♦r❡♦✈❡r✱ t❤❡ ❛♠♦✉♥t ♦❢

✐♥tr❛✲✜r♠ ♦✉t♣✉t m ❞♦❡s ♥♦t ❛✛❡❝t t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ ✐♥ t❤❡ ♠♦❞❡❧✱ ✐✳❡✳ ✐t r❡❢❡rs

✶✶P❛r❛♠❡tr✐❝ ❢♦r♠ ✐♥ ❊q✳ ✶✺ ✐s ♣♦ss✐❜❧❡ s✐♥❝❡ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡rs pc, p̄c ∈ P ❛r❡ ❡①♦❣❡♥♦✉s ✇✐t❤ r❡s♣❡❝t
t♦ Π(·) ❛♥❞ Z̃(·)✳

✶✷❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣❡rt② ✐s ❛♣♣❧✐❡❞✿ ❢♦r ❛♥② r❡❛❧ ♥✉♠❜❡r ∀x ∈ R✱ x s❛t✐s✜❡s

x = sgn(x) · |x| → |x| =
x

sgn(x)
.

✶✸▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ p ❛✛❡❝ts ❜♦t❤ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ ❣❛♣ ∆p = p − p̄c ❛♥❞ t❤❡ ♠❡♠❜❡rs❤✐♣
r❡❧❛t✐♦♥ µP̃ c(p) s♣❡❝✐✜❡❞ ❜② t❤❡ s❤❛♣❡ ❢✉♥❝t✐♦♥ ✐♥ ❊q✳ ✶✹✱ ❢♦r t❤❡ ❝♦♠❜✐♥❡❞ ♠❛r❣✐♥❛❧ ❡✛❡❝t ♦♥ Z̃(·) ❜❡❝♦♠❡s
(γi + 1)/γi✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ p ❛✛❡❝ts ♠❛r❣✐♥❛❧❧② t❤❡ ♥❡t ♣r♦✜ts Π(·) ✐♥ ❛ ❞✐r❡❝t ✇❛②✳ ❚❤❡

✶✵



t♦ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ♣✉r❡ ❝♦♠♣❛r❛❜❧❡ ✉♥❝♦♥tr♦❧❧❡❞ ♣r✐❝❡ ✕ ❈❯P ♠❡t❤♦❞✶✹ ✭❖❊❈❉✱ ✷✵✶✼✮✳

❙✉✣❝✐❡♥t ❥♦✐♥t ❝♦♥❞✐t✐♦♥s ❢♦r ♥♦♥✲③❡r♦ ♦♣t✐♠❛❧ ∆p∗ ❛r❡ τ1 6= τ2✱ zi < ∞ ❛♥❞ pc 6= p̄c✳

❘❡❝❛❧❧ t❤❛t t❤❡ t✇♦ ♣r♦✜t s❤✐❢t✐♥❣ ❝❛s❡s ✐♥ ❊q✳ ✶ ✐♠♣❧② ▲❚P → {i = 1, c = ∧}✱ ❍❚P

→ {i = 2, c = ∨}✳ ❚♦t❛❧ ❣❛✐♥s ❢r♦♠ ♣r♦✜t s❤✐❢t✐♥❣ ❛r❡ ♦❜t❛✐♥❡❞ ❜② s✉❜st✐t✉t✐♥❣ t❤❡ ♦♣t✐♠❛❧

tr❛♥s❢❡r ♣r✐❝❡ p∗ ♦♥ t❤❡ ❡①♣❡❝t❡❞ ♥❡t ♣r♦✜ts E(Π̃(p∗)) ❛♥❞ ❝♦♠♣❛r✐♥❣ ✐t ✇✐t❤ t❤❡ ♥❡t ♣r♦✜ts

✉♥❞❡r t❤❡ ❛r♠✬s ❧❡♥❣t❤ ❝♦♥❞✐t✐♦♥ E(Π̃(p̄c))✳ ❲❡ ✜♥❞

E(Π̃(p∗))− E(Π̃(p̄c)) = (τ2 − τ1) ·∆p∗m ·
1

1 + γi
> 0 ✭✶✼✮

✇❤✐❝❤ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡ ❢♦r ❜♦t❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s✳

Pr♦♣♦s✐t✐♦♥ ✶✳ ❙❛t✐s❢②✐♥❣ s✉✣❝✐❡♥t ❥♦✐♥t ❝♦♥❞✐t✐♦♥s ❢♦r ♥♦♥✲③❡r♦ ♣r✐❝❡ ❣❛♣✱ τ1 6= τ2✱ zi < ∞

❛♥❞ pc 6= p̄c✱ t❛①✲✐♥❞✉❝❡❞ ✈❛r✐❛t✐♦♥s ✐♥ tr❛♥s❢❡r ♣r✐❝❡s ❛❧✇❛②s ✐♥❝r❡❛s❡ t❤❡ ❡①♣❡❝t❡❞ ♥❡t ♣r♦✜ts ✉♣

t♦ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣

∆p∗ =





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)





γi

(pc − p̄c).

Pr♦♦❢✳ ❊①♣❡❝t❡❞ ♥❡t ♣r♦✜ts ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ ❛♥❞ t♦ t❤❡ ❜♦✉♥❞ ♦❢

t❤❡ ♠♦❞❡ ♦❢ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ❝♦♥❞✐t✐♦♥ p̄c ❛r❡ ❡q✉❛❧ t♦

E(Π̃(p∗)) = (1− τ1)[R1(s1)− C1(s1 +m)] + (1− τ2)[R2(s2)− C2(s2 −m)]

+(τ2 − τ1)



p̄c +





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)





γi

(pc − p̄c)



m

−

(

τ2 − τ1

1 + 1
γi

)





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)





γi

(pc − p̄c)m;

E(Π̃(p̄c)) = (1− τ1)[R1(s1)− C1(s1 +m)] + (1− τ2)[R2(s2)− C2(s2 −m)] + (τ2 − τ1)p̄
cm.

t♦t❛❧ ❡✛❡❝t ♦♥ t❤❡ ❡①♣❡❝t❡❞ ♥❡t ♣r♦✜ts ✐s ❡q✉❛❧ t♦

1−
1

γ1+1
γ1

=
1

1 + γi
.

✶✹▲✐t❡r❛t✉r❡ ✐♥❞✐❝❛t❡s t❤❛t ♣r♦✜t s❤✐❢t✐♥❣ ❞❡t❡❝t✐♦♥ ✐s ♠♦r❡ ❡✛❡❝t✐✈❡ ✐❢ t❛① ❛✉❞✐ts ❢♦❝✉s ♦♥ t❤❡ ❛♠♦✉♥t ♦❢ ✐♥tr❛✲
✜r♠ tr❛♥s❢❡rs pm r❛t❤❡r t❤❛♥ ♦♥ tr❛♥s❢❡r ♣r✐❝❡s ♦♥❧② ✭◆✐❡❧s❡♥✱ ❙❝❤✐♥❞❧❡r✱ ✫ ❙❝❤❥❡❧❞❡r✉♣✱ ✷✵✶✹✮✳ ◆♦♥❡t❤❡❧❡ss✱
❛♥t✐✲s❤✐❢t✐♥❣ r✉❧❡s r❡q✉✐r❡ t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣r✐♥❝✐♣❧❡ s♦❧❡❧② ❢♦r t❤❡ ❡st❛❜❧✐s❤♠❡♥t ♦❢ tr❛♥s❢❡r
♣r✐❝❡s p✱ ✐✳❡✳ t❤❡r❡ ❛r❡ ♥♦ ❝✉rr❡♥t r❡q✉✐r❡♠❡♥ts ❢♦r ❛♥ ✧❛r♠✬s ❧❡♥❣t❤ q✉❛♥t✐t②✧ ✕ s❛② ✧m̄✧✱ ❛♥❞ t❛① ❛✉t❤♦r✐t✐❡s
❜❡❛r ♥♦ ❛r❣✉♠❡♥ts ❛❣❛✐♥st ❛♥② ✐♥tr❛✲✜r♠ ♦✉t♣✉t m ❛s ❧♦♥❣ ❛s t❤❡ tr❛♥s❢❡r ♣r✐❝❡ ✐s ❡q✉❛❧ t♦ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡✱
p = p̄✳ ❊q✳ ✶✻ r❡✢❡❝ts t❤✐s ❝♦♥❞✐t✐♦♥✳

✶✶



❚❤❡ ❞✐✛❡r❡♥❝❡ E(Π̃(p∗))− E(Π̃(p̄c)) ✐s ❡q✉❛❧ t♦

E(Π̃(p∗))− E(Π̃(p̄c)) =

= (τ2 − τ1)

(

1

1 + γi

)





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)





γi

(pc − p̄c)m

= (τ2 − τ1) ·∆p∗m ·
1

1 + γi
> 0

✇❤✐❝❤ ✐s ♣♦s✐t✐✈❡ ❢♦r ❜♦t❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s ❞❡r✐✈❡❞ ✐♥ ❊q✳ ✶ ❛s ✇❡ ❤❛✈❡

▲❚P : {i = 1, c = ∧} → {τ2 − τ1 < 0,∆p∗ < 0};

❍❚P : {i = 2, c = ∨} → {τ2 − τ1 > 0,∆p∗ > 0}.

❲❡ st❛t❡ ❛ r❡❧❡✈❛♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❛✉❞✐t ✐♥t❡♥s✐t② λi > 0 ❞❡r✐✈❡❞ ❢r♦♠ ❊q✳ ✶✻✿

Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ ✐s ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c ♦♥❧②

✐❢ t❤❡ ❛✉❞✐t ✐♥t❡♥s✐t② λi s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥

λi ≥ − ln



1−
|τ2 − τ1|

(1 + zi) · τi ·
(

1 + 1
γi

)



 .

Pr♦♦❢✳ ❋♦r t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ t♦ ❜❡ ❛♥ ♦♣t✐♠❛❧ α✲❝✉t ❡q✉❛❧ t♦ P c
=α = {p∗ ∈ P :

µP̃ c(p∗) = α}✱ s♣❡❝✐✜❝❛t✐♦♥ ✐♥ ❊q✳ ✶✻ r❡q✉✐r❡s t❤❡ ❝♦♥❞✐t✐♦♥





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)





γi

∈ [0, 1].

✇❤✐❝❤ ✐♠♣❧✐❡s |∆p∗| ≤ |pc − p̄c|✳ ❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ❞♦♠❛✐♥ ♦❢ ❛❧❧ ✈❛r✐❛❜❧❡s ✇✐t❤✐♥ ❊q✳ ✶✻✱ ✇❡

♦❜s❡r✈❡ t❤❛t t❤❡ ♦♥❧② ❝❛s❡ ✇❤❡r❡ t❤❡ ❝♦♥❞✐t✐♦♥ |∆p∗| ≤ |pc − p̄c| ✐s ✈✐♦❧❛t❡❞ ✐s ✇❤❡♥ t❤❡ ❛✉❞✐t

✐♥t❡♥s✐t② λi ✐s s✉✣❝✐❡♥t❧② s♠❛❧❧✱ s✉❝❤ t❤❛t

{∀δ > 0, λi > 0 : λi < δ0} →





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)





γi

> 1

✶✷



❢♦r s♦♠❡ ✈❛❧✉❡ δ0✳ ❚❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ |∆p∗| ≤ |pc − p̄c| ✐♠♣❧✐❡s

1 ≥





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)





γi

(1− e−λi)γi ≥





|τ2 − τ1|

(1 + zi) · τi ·
(

1 + 1
γi

)





γi

e−λi ≤ 1−
|τ2 − τ1|

(1 + zi) · τi ·
(

1 + 1
γi

)

λi ≥ − ln



1−
|τ2 − τ1|

(1 + zi) · τi ·
(

1 + 1
γi

)



 .

■❢ t❤✐s ❝♦♥❞✐t✐♦♥ ✐s ♥♦t s❛t✐s✜❡❞✱ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ ❛s s♣❡❝✐✜❡❞ ✐♥ ❊q✳ ✶✻ ♦✉t❜♦✉♥❞s

t❤❡ ✐♥t❡r✈❛❧ ♦❢ ✐♥t❡r❡st✱ p∗ /∈ [pc, p̄c]✱ t❤✉s t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✶✻ ✐s ♥♦ ♠♦r❡ ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③②

❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c✳

Pr♦♣♦s✐t✐♦♥ ✷ s❤♦✇s t❤❛t t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ ❛s s♣❡❝✐✜❡❞ ✐♥ ❊q✳ ✶✻ ♦✉t❜♦✉♥❞s t❤❡

✐♥t❡r✈❛❧ ♦❢ ✐♥t❡r❡st✱ p∗ /∈ [pc, p̄c] ✐❢ t❤❡ ❛✉❞✐t ✐♥t❡♥s✐t② ✐s s✉✣❝✐❡♥t❧② ✇❡❛❦✳ ■♥ t❤✐s s♣❡❝✐❛❧ ❝❛s❡✱ t❤❡

▼◆❊ ❝❛♥ ❢✉rt❤❡r ✐♥❝r❡❛s❡ t❤❡ ❣❛✐♥s ❢r♦♠ ♣r♦✜t s❤✐❢t✐♥❣ ❜② ❞✐sr❡❣❛r❞✐♥❣ t❤❡ ❜♦✉♥❞s ♦❢ t❤❡ ❢✉③③②

❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c ✇❤❡♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ p✳ ■t t❤❡r❡❢♦r❡ ✐♠♣❧✐❡s✿

❈♦r♦❧❧❛r② ✶✳ ■❢ t❤❡ ❛✉❞✐t ✐♥t❡♥s✐t② λi > 0 ❞♦❡s ♥♦t s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✱

♠❛①✐♠✐s❛t✐♦♥ ♦❜❥❡❝t ✐♥ ❊q✳ ✶✷ ❤❛s ♥♦ ❣❡♥❡r❛❧ s♦❧✉t✐♦♥ ✐♥ t❡r♠s ♦❢ ❛♥ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗✳

Pr♦♦❢✳ ❆ss✉♠❡ t❤❛t t❤❡ s♦❧✉t✐♦♥ ♦❢ ❊q✳ ✶✻ ♣r♦✈✐❞❡s t❤❡ ✐♥❡q✉❛❧✐t② |∆p∗| > |pc − p̄c|✱ s♦ t❤❡

❝♦♥❞✐t✐♦♥ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ✐s ✈✐♦❧❛t❡❞✳ ❚❤❡r❡❢♦r❡✱ ❊q✳ ✺✲✽ ✐♠♣❧② t❤❛t t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡

p∗ ❤❛s ❛ ♠❡♠❜❡rs❤✐♣ ❣r❛❞❡ ❡q✉❛❧ t♦ ③❡r♦✱ µP̃ c(p∗) = 0✱ s♦ p∗ ✐s ❝♦♥s✐❞❡r❡❞ ❛ ❝♦♠♣❧❡t❡❧② ♥♦♥✲❛r♠✬s

❧❡♥❣t❤ ♣r✐❝❡✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ✐♥✐t✐❛❧ ♠❛①✐♠✐s❛t✐♦♥ ♦❜❥❡❝t ✐♥ ❊q✳ ✶✷ t❛❦❡s t❤❡

❢♦r♠ ♦❢ ❛ ❝r✐s♣ ❧✐♥❡❛r ❢✉♥❝t✐♦♥ ♦❢ p ✐♥ t❤❡ ✜rst ♣❧❛❝❡✱ ✇✐t❤ ♥♦ ❝♦♥str❛✐♥ts✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦

max
p∈P

E(Π(·)) = (1− τ1)π1 + (1− τ2)π2

−(1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi · (p− p̄c)m

✇✐t❤ ✜rst ❞❡r✐✈❛t✐✈❡ ❡q✉❛❧ t♦

∂E(Π(·))

∂p
= (τ2 − τ1)m− (1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi ·m = 0

❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡ ❡q✉❛❧ t♦ ③❡r♦✳ ❚❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ❛t ∂E(Π(·))/∂p = 0 ♣r♦✈✐❞❡s t❤❡ s❛♠❡

❝♦♥❞✐t✐♦♥s ❛s ✐♥ ❊q✳ ✶✱ ❢♦r ✇❡ ❤❛✈❡

▲❚P : {i = 1, τ1 > τ2} → (τ2 − τ1) = (1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi < 0;

❍❚P : {i = 2, τ1 < τ2} → (τ2 − τ1) = (1− e−λi) · (1 + zi) · sgn(τ2 − τ1)τi > 0.

✶✸



❚❤❡r❡❢♦r❡✱ ❛♥② ❝❤❛♥❣❡s ✐♥ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ p t♦✇❛r❞s t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ❞✐r❡❝t✐♦♥ ✐♥❝r❡❛s❡s t❤❡

❡①♣❡❝t❡❞ ♥❡t ♣r♦✜ts ✇✐t❤ ♥♦ ✉♣♣❡r ❜♦✉♥❞✱ ❢♦r ❜♦t❤ ▲❚P ❛♥s ❍❚P ❝❛s❡s✳

❈♦r♦❧❧❛r② ✶ s✐♠♣❧② s❤♦✇s t❤❛t t❤❡ ▼◆❊ ❤❛s ❢✉❧❧ ✐♥❝❡♥t✐✈❡s t♦ s❤✐❢t ♣r♦✜ts ❛✇❛② ❢r♦♠ t❤❡

❤✐❣❤ t❛① ❈♦✉♥tr② i ✐❢ t❤❡ t❛① ❛✉t❤♦r✐t② ✐s ❧❛①✳ ❋♦r ❛ s✉✣❝✐❡♥t❧② ✇❡❛❦ ❛✉❞✐t ✐♥t❡♥s✐t② λi✱ t❤❡

❡①♣❡❝t❡❞ t❛① ♣❡♥❛❧t② ❜❡❝♦♠❡s ❡①tr❡♠❡❧② ❧♦✇ ❛♥❞ ❧✐♥❡❛r ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ p ✕

s❡❡ Pr♦♣♦s✐t✐♦♥ ✷✳ ■♥ t❤✐s ❝❛s❡✱ ✐t ❜❡❝♦♠❡s ♣r♦✜t❛❜❧❡ ❢♦r t❤❡ ▼◆❊ t♦ ❝❤♦♦s❡ ❛♥② t❛①✲✐♥❞✉❝❡❞

tr❛♥s❢❡r ♣r✐❝❡ p✱ ❡✈❡♥ ✐❢ p ✐s ❝♦♥s✐❞❡r❡❞ ❛ ❝♦♠♣❧❡t❡❧② ♥♦♥✲❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡✳

✹✳✶ ❙❡♥s✐t✐✈✐t② ❆♥❛❧②s❡s

■♥✐t✐❛❧❧② st❛t❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦r♦❧❧❛r② ✷✳ ❯♥❞❡r t❤❡ ♦♣t✐♠❛❧✐t② ❝♦♥❞✐t✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ♣r✐❝❡ ❣❛♣ ∆p∗✱ ✐♥❝r❡❛s❡ ✐♥ ✐♥tr❛✲✜r♠

♦✉t♣✉ts m ❛❧✇❛②s ✐♥❝r❡❛s❡s t❤❡ t♦t❛❧ ❛♠♦✉♥t ♦❢ ♣r♦✜t s❤✐❢t✐♥❣✳

Pr♦♦❢✳ ❉❡r✐✈❡s ❞✐r❡❝t❧② ❢r♦♠ t❤❡ ❣❛✐♥s ♦❢ ♣r♦✜t s❤✐❢t✐♥❣ ✐♥ ❊q✳ ✶✼

∂[E(Π̃(p∗))− E(Π̃(p̄c))]

∂m
= (τ2 − τ1) ·∆p∗ ·

1

1 + γi
> 0.

▼❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✐♥ ✐♥tr❛✲✜r♠ ♦✉t♣✉t m ✐♥t❡♥s✐❢② t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ❛♠♦✉♥t✱ ❤♦✇❡✈❡r ✐♥tr❛✲

✜r♠ tr❛♥s❢❡rs ❞❡♣❡♥❞s ♦♥ t❤❡ ♣r♦❞✉❝t ❞❡♠❛♥❞ ✐♥ ❈♦✉♥tr② ✷✱ s2✳ ❆ss✉♠❡ t❤❛t t❤❡ ❞❡♠❛♥❞ ✐♥

❞✐✈✐s✐♦♥ ✷ ✐s ♥♦t ❝❤❛♥❣❡❞✱ ❜✉t t❤❡ ▼◆❊ ❤❛s ✢❡①✐❜✐❧✐t② t♦ ✈❛r② t❤❡ ❛♣♣❧✐❝❛t✐♦♥ ♦❢ ✐♥t❡r♥❛❧ ♦✉t♣✉t

m t♦ ♣r♦✈✐❞❡ r❡✈❡♥✉❡s ✐♥ ❞✐✈✐s✐♦♥ ✷✳ ❍❡♥❝❡✱ t❤❡ ▼◆❊ ❝❛♥ r✉♥ ❛ s❡❝♦♥❞ ♦♣t✐♠✐s❛t✐♦♥ st❛❣❡ t♦

❝❤♦♦s❡ t❤❡ ♦♣t✐♠❛❧ ✐♥tr❛✲✜r♠ ♦✉t♣✉tm✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ s❡❝♦♥❞✲st❛❣❡ ♦❜❥❡❝t✐✈❡ E(Π̃(p∗)) ✇✐t❤

r❡s♣❡❝t t♦ ✐♥tr❛✲✜r♠ ♦✉t♣✉t m✱ s✉❜❥❡❝t❡❞ t♦ t❤❡ ❝♦♥str❛✐♥t m ≤ s2✱ ✇❡ ♦❜t❛✐♥

∂E(Π̃(p∗,m))

∂m
= −(1− τ1)

∂C1(m)

∂m
+ (1− τ2)

∂C2(m)

∂m
+ (τ2 − τ1)

(

p̄c +∆p∗
1

1 + γi

)

−L(s2 −m) = 0;

(1− τ1)
∂C1(m)

∂m
= (1− τ2)

∂C2(m)

∂m
+ (τ2 − τ1)

(

p̄c +∆p∗
1

1 + γi

)

− L(s2 −m)

✭✶✽✮

✇✐t❤ ❝♦♥❞✐t✐♦♥s−∂C1(m)/∂m < 0✱ ∂C2(m)/∂m > 0✱ L(s2−m) = 0✱ ✇❤❡r❡ L(·) ✐s t❤❡ ▲❛❣r❛♥❣✐❛♥

♠✉❧t✐♣❧✐❡r ❢✉♥❝t✐♦♥✳ ■❢ t❤❡ ❝♦♥str❛✐♥t ✐s ♥♦t ❜✐♥❞✐♥❣✱ m < s2✱ ✇❡ ❤❛✈❡ L(·) = 0✳ ■♥ ❊q✳ ✶✽✱

t❤❡ ❡①♦❣❡♥♦✉s ❡✛❡❝t ♦❢ t❤❡ ✐♥tr❛✲✜r♠ tr❛♥s❛❝t✐♦♥ (τ2 − τ1)p̄
c ❢♦❧❧♦✇s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦✜t

s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡ ✕ ▲❚P ✐♠♣❧✐❡s (τ2 − τ1)p̄
∧ < 0 ❛♥❞ ❍❚P ✐♠♣❧✐❡s (τ2 − τ1)p̄

∨ > 0✱ p̄c ∈ P ∈ R+✱

c = {∧,∨}✳ ❍♦✇❡✈❡r✱ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ✐s ❛❧✇❛②s ♣♦s✐t✐✈❡✱ (τ2− τ1)∆p∗ · [1/(1+

γi)] > 0✱ γi ∈ (0, 1] ✕ s❡❡ t❤❡ ❈♦r♦❧❧❛r② ✷ ✳ ❊q✉❛❧✐t② ♦❢ ♥❡t ♠❛r❣✐♥❛❧ ❝♦sts ♦❝❝✉rs ♦♥❧② ✐♥ t❤❡

❡①tr❡♠❡ ▲❚P ❝❛s❡ ✇❤❡r❡ t❤❡ ❡✛❡❝t ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ❝♦♠♣❧❡t❡❧② ♥❡✉tr❛❧✐s❡s t❤❡ ❡①♦❣❡♥♦✉s

❛r♠✬s ❧❡♥❣t❤ ❡✛❡❝t✱ ✐✳❡✳ ✐✛ p̄c = ∆p∗ · [1/(1 + γi)]✳ ❍❡♥❝❡✱ ❛t t❤❡ ♦♣t✐♠❛❧ ✐♥tr❛✲✜r♠ ♦✉t♣✉t m∗✱

✶✹



t❤❡ ❣❡♥❡r❛❧✐s❡❞ ❝♦♥❞✐t✐♦♥ (1− τ1) · [∂C1(m)/∂m] 6= (1− τ2) · [∂C2(m)/∂m] ✐s ❛tt❛✐♥❡❞ ✐♥ ♠♦st ♦❢

❝❛s❡s✳

■♥ s♣❡❝✐❛❧✱ ❊q✳ ✶✽ ✐♥❞✐❝❛t❡s t❤❛t ❞✐✛❡r❡♥t t❛① r❛t❡s ❞✐st✉r❜ t❤❡ ❡✛❡❝t ♦❢ t❤❡ m✲❡❧❛st✐❝✐t②

♦❢ s✉❜st✐t✉t✐♦♥ ❜❡t✇❡❡♥ ❝♦sts C1(m) ❛♥❞ C2(m) ♦✈❡r t❤❡ ❡①♣❡❝t❡❞ ♥❡t ♣r♦✜ts E(Π̃(p,m))✳ ❚❤❡

❡✛❡❝t ✐s ❡q✉❛❧ t♦ 1−τ1
1−τ2

·εC1,C2 ✱ τi ∈ [0, 1]✱ ✇❤❡r❡ εC1,C2 ✐s t❤❡m✲❡❧❛st✐❝✐t② ♦❢ s✉❜st✐t✉t✐♦♥✶✺ ❜❡t✇❡❡♥

C1(m) ❛♥❞ C2(m)✳

❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡ τ2 − τ1✱ τ1 6= τ2✱ ✐t ✐s ❝❧❡❛r t❤❛t t❤❡ ♦♣t✐♠❛❧

tr❛♥s❢❡r ♣r✐❝❡ p∗ ✐s ❛✛❡❝t❡❞ ❜② ❝❤❛♥❣❡s ✐♥ t❛① r❛t❡ τi ∈ [0, 1]✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ ❊q✳ ✶✻ ✇✐t❤ r❡s♣❡❝t

t♦ τi✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞✲❢♦r♠ ❡q✉❛t✐♦♥s✶✻✿

∂p∗

∂τi
=

γi(p
c − p̄c)

(

(1− e−λi) · (1 + zi) ·
(

1 + 1
γi

))γi ·
τi − |τ2 − τ1|

τ1+γi
i · |τ2 − τ1|1−γi

; ✭✶✾✮

∂2p∗

∂τ2i
=

∂p∗

∂τi
·
(γi − 1) · τi − (γi + 1) · |τ2 − τ1|

τi · |τ2 − τ1|
. ✭✷✵✮

❋✐rst✱ ❊q✳ ✶✾ s❤♦✇s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ∂p∗/∂τi ❢♦❧❧♦✇s t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ❞✐r❡❝t✐♦♥✳

Pr♦♣♦s✐t✐♦♥ ✸✳ ❱❛r✐❛t✐♦♥ ✐♥ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ ✇✐t❤ r❡s♣❡❝t t♦ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✐♥

t❤❡ t❛① r❛t❡ τi ♦❢ t❤❡ ❤❛r♠❡❞ ❈♦✉♥tr② i ❢♦❧❧♦✇s t❤❡ ❞✐r❡❝t✐♦♥ ♦❢ t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡ τ2−τ1✱

s✉❝❤ t❤❛t sgn(∂p∗/∂τi) = sgn(∆p∗)✳ ❱❛r✐❛t✐♦♥ ∂p∗/∂τi ✐s ❡q✉❛❧ ③❡r♦ ✐✛ τj 6=i = 0✳

Pr♦♦❢✳ ❋r♦♠ ❊q✳ ✶✾✱ t❤❡ ❞✐✛❡r❡♥❝❡ τi − |τ2 − τ1| > 0✱ τi ∈ [0, 1]✱ τj 6=i 6= 0✱ i, j = {1, 2} ✐s ❛❧✇❛②s

♣♦s✐t✐✈❡✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ❢♦❧❧♦✇✐♥❣ ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ❢♦r ❡❛❝❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s✿

▲❚P : {i = 1, c = ∧} → {∆p∗ < 0, pc − p̄c < 0 → ∂p∗/∂τi < 0};

❍❚P : {i = 2, c = ∨} → {∆p∗ > 0, pc − p̄c > 0 → ∂p∗/∂τi > 0}.

❋♦r t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ✇❤❡r❡ τj 6=i = 0✱ ❊q✳ ✶✻ ✐s ♥♦ ♠♦r❡ ❛ ❢✉♥❝t✐♦♥ ♦❢ τi✱ s♦ ✇❡ ❝❧❡❛r❧② ❤❛✈❡

τj 6=i = 0 → ∂p∗/∂τi = 0✳

❆s ✐t ✐s ✐♥t✉✐t✐✈❡❧② ❝♦♥❥❡❝t✉r❡❞✱ Pr♦♣♦s✐t✐♦♥ ✸ s❤♦✇s t❤❛t ♠❛r❣✐♥❛❧ ✐♥❝r❡♠❡♥ts ✐♥ t❤❡ t❛① r❛t❡

τi ♦❢ t❤❡ ❤❛r♠❡❞ ❈♦✉♥tr② i ✇✐❞❡♥s t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗ t❤✉s t♦ s❤✐❢t ♠♦r❡ ♣r♦✜ts ❛✇❛② ❢r♦♠

❈♦✉♥tr② i✱ s✐♥❝❡ ✐t r❡♣r❡s❡♥ts ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡✳ ❘❡❞✉❝t✐♦♥s ✐♥ t❛① r❛t❡

τi ❝❛✉s❡ t❤❡ r❡✈❡rs❡ ❡✛❡❝t✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❢♦r ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✐♥ t❛① r❛t❡ τj 6=i✱ i, j = {1, 2}

♦❢ t❤❡ ♥♦♥✲❤❛r♠❡❞ ❈♦✉♥tr② j✱ ✈❛r✐❛t✐♦♥ ∂p∗/∂τj t❛❦❡s t❤❡ ♦♣♣♦s✐t❡ ❞✐r❡❝t✐♦♥✱ ❡✳❣✳ ❛ ♠❛r❣✐♥❛❧

✐♥❝r❡❛s❡ ✐♥ τj 6=i s❤r✐♥❦s t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗ ❛♥❞ r❡❞✉❝❡s t❤❡ ❣❛✐♥s ❢r♦♠ ♣r♦✜t s❤✐❢t✐♥❣✶✼✳

✶✺❋♦r♠❛❧❧②✱ t❤❡ ❡✛❡❝t ♦❢ t❤❡ m✲❡❧❛st✐❝✐t② ✐s ❡q✉❛❧ t♦

1− τ1
1− τ2

· εC1,C2
−

(

τ2 − τ1
1− τ2

)(

p̄cm

C1(m)

)

· εp̄c,C2
−

(

τ2 − τ1
1− τ2

)(

1

1 + γi

)(

∆p∗m

C1(m)

)

· ε∆p∗,C2

✇❤❡r❡ εp̄c,C2
✐s t❤❡ m✲❡❧❛st✐❝✐t② ❜❡t✇❡❡♥ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r p̄c ❛♥❞ C2(m)✱ ❛♥❞ ε∆p∗,C2

✐s t❤❡ m✲
❡❧❛st✐❝✐t② ❜❡t✇❡❡♥ ∆p∗ ❛♥❞ C2(m)✳ ❊q✳ ✶✻ ✐♠♣❧✐❡s ❜♦t❤ ∂p̄c/∂m = 0 → ∂p̄c/∂C2(m) = 0✱ ∂∆p∗/∂m = 0 →
∂∆p∗/∂C2(m) = 0✱ t❤❡r❡❢♦r❡ ✇❡ ❤❛✈❡ εp̄c,C2

= 0✱ ε∆p∗,C2
= 0✳

✶✻❉❡r✐✈❛t✐♦♥ ♦❢ ❊q✳ ✶✾✲✷✵ ✐♥ ❆♣♣❡♥❞✐①✳
✶✼❋♦r ❝❤❛♥❣❡s ✐♥ τj 6=i✱ i, j = {1, 2}✱ ✇❡ ❤❛✈❡ t❤❡ ❝♦♥❞✐t✐♦♥

sgn

(

∂p∗

∂τi

)

= −sgn

(

∂p∗

∂τj

)

→ sgn

(

∂p∗

∂τj

)

= −sgn(∆p∗).

✶✺



❋♦r t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ✇❤❡r❡ t❤❡ t❛① r❛t❡ ♦❢ t❤❡ ♥♦♥✲❤❛r♠❡❞ ❈♦✉♥tr② j ✐s ③❡r♦✱ τj 6=i = 0✱ ❝❤❛♥❣❡s

✐♥ t❤❡ t❛① r❛t❡ τi ❞♦ ♥♦t ❛✛❡❝t t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗✳ ❚❤❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥ ❢♦r ❊q✳ ✶✾ t♦

❜❡ ❧✐♥❡❛r ♦❝❝✉rs ❛t t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r ❡q✉❛❧ t♦

γi(τi, |τ2 − τ1|) =
W [(τi · |τ2 − τ1|) · (ln(|τ2 − τ1|)− ln(τi))]

ln(|τ2 − τ1|)− ln(τi)
∈ (0, 1]

✇✐t❤ τj 6=i 6= 0✱ ✇❤❡r❡ W (τi, |τ2 − τ1|) ✐s t❤❡ ▲❛♠❜❡rt ♣r♦❞✉❝t ❧♦❣ ❢✉♥❝t✐♦♥✶✽✳

❋✉rt❤❡r♠♦r❡✱ ❊q✳ ✷✵ ❞❡s❝r✐❜❡s t❤❡ s❧♦♣❡ ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ ❛s t❤❡ t❛①

r❛t❡ τi ❝❤❛♥❣❡s✳ ❯♥❞❡r t❤❡ s❝♦♣❡ ♦❢ ❜♦t❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s✱ ❊q✳ ✷✵ s❤♦✇s t❤❛t t❤❡ s❧♦♣❡ ♦❢

t❤❡ ✈❛r✐❛t✐♦♥ ∂p∗/∂τi ✐s ♦♣♣♦s✐t❡ t♦ t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ❞✐r❡❝t✐♦♥❀ t❤❡ s❧♦♣❡ ♦❢ ∂p∗/∂τi ✐s str✐❝t❧②

✐♥❝r❡❛s✐♥❣ ❢♦r t❤❡ ▲❚P ❝❛s❡ ❛♥❞ str✐❝t❧② ❞❡❝r❡❛s✐♥❣ ❢♦r t❤❡ ❍❚P ❝❛s❡✳

Pr♦♣♦s✐t✐♦♥ ✹✳ ❚❤❡ s❧♦♣❡ ♦❢ t❤❡ ✈❛r✐❛t✐♦♥ ∂p∗/∂τi ✐s ♦♣♣♦s✐t❡ t♦ t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ❞✐r❡❝t✐♦♥✱

s✉❝❤ t❤❛t sgn(∂2p∗/∂τ2i ) = −sgn(∂p∗/∂τi)✳

Pr♦♦❢✳ ❋✐rst✱ t❤❡ ♠✉❧t✐♣❧✐❡r ❛t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✷✵ ❡q✉❛❧ t♦

ε2p∗,τi
τi

=
(γi − 1) · τi − (γi + 1) · |τ2 − τ1|

τi · |τ2 − τ1|

✐s ❞❡✜♥❡❞ ❛s t❤❡ s❡❝♦♥❞✲♦r❞❡r τi✲s❡♠✐✲❡❧❛st✐❝✐t② ♦❢ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗✱ t❤✉s ❊q✳ ✷✵ ✐s

❡q✉❛❧ t♦ ❊q✳ ✶✾ ♠✉❧t✐♣❧✐❡❞ ❜② ε2p∗,τi/τi✳ ❲❡ ♥♦t✐❝❡ t❤❛t ε2p∗,τi/τi < 0✱ τi ∈ [0, 1]✱ γi ∈ (0, 1] ✐s ❛❧✇❛②s

♥❡❣❛t✐✈❡ ❢♦r ❜♦t❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s✳ Pr♦♣♦s✐t✐♦♥ ✸ s❤♦✇s t❤❛t sgn(∂p∗/∂τi) = sgn(∆p∗)✱

t❤❡r❡❢♦r❡ ✐t ✐♠♣❧✐❡s

sgn

(

∂2p∗

∂τ2i

)

= −sgn

(

∂p∗

∂τi

)

= −sgn(∆p∗).

■❢ τi → τj ✱ i, j = {1, 2}✱ t❤❡ t❛① ❞✐✛❡r❡♥t✐❛❧ t❡♥❞s t♦ ③❡r♦✱ τ2− τ1 → 0✱ s♦ ❊q✳ ✷✵ ❞✐✈❡r❣❡s ❢♦r ❛♥②

γi < 1 ❛s ❢♦❧❧♦✇s✿

γi < 1 → lim
τi→τj

γi(p
c − p̄c)

(

(1− e−λi) · (1 + zi) ·
(

1 + 1
γi

))γi ·
(γi − 1)

τγii · |τ2 − τ1|
→0+

2−γi
= −sgn(τ2 − τ1) · ∞

✇❤❡r❡ sgn(τ2 − τ1) = sgn(pc − p̄c)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

sgn

(

∂2p∗

∂τ2i

)

= −sgn(τ2 − τ1) = −sgn

(

∂p∗

∂τi

)

= −sgn(∆p∗).

❚❤❡ s❧♦♣❡ ♦❢ ∂p∗/∂τi ✐s ❡q✉❛❧ t♦ ③❡r♦ ♦♥❧② ✐♥ t❤❡ s♣❡❝✐❛❧ ❝❛s❡ ✇❤❡r❡ γi = 1✱ τi = τj ✱ ✐✳❡✳ ✐t ❞♦❡s ♥♦t

✜t ❡✐t❤❡r ▲❚P ♦r ❍❚P ❝❛s❡s✳ ❚❤❡r❡❢♦r❡✱ ❜♦t❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s str✐❝t❧② s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥

sgn(∂2p∗/∂τ2i ) = −sgn(∂p∗/∂τi)✳

❊q✳ ✷✵ s❤♦✇s t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ∂p∗/∂τi ✐s ❡❧❛st✐❝ ✐❢ t❤❡ t❛① ❞✐✛❡r❡♥t✐❛❧ τ2−τ1 ✐s ♥❛rr♦✇✱ s✐♥❝❡

✐t ✐♠♣❧✐❡s t❤❛t t❤❡ ✐♥✐t✐❛❧ s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡ ✐s ✇❡❛❦ ❛♥❞ t❤❡ ♠❛①✐♠✐s✐♥❣ ♣r✐❝❡ ❣❛♣ ∆p∗ ✐s r❛t❤❡r

✶✽▲❛♠❜❡rt ♣r♦❞✉❝t ❧♦❣ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s t❤❡ ❢♦❧❧♦✇✐♥❣✿ ❢♦r ❛♥ ❡①♣♦♥❡♥t✐❛❧ ❢✉♥❝t✐♦♥ xex✱ t❤❡ ✐♥✈❡rs❡ ❢✉♥❝t✐♦♥
✐s s✉❝❤ ❛s ✐t s❛t✐s✜❡s t❤❡ ❝♦♥❞✐t✐♦♥ x = f−1(xex) = W (xex)✱ ✇❤❡r❡ W (x) ✐s ❝❛❧❧❡❞ t❤❡ ▲❛♠❜❡rt ♣r♦❞✉❝t ❧♦❣

❢✉♥❝t✐♦♥✳ ■t ✐s ❛♣♣❧✐❡❞ ❢♦r ❛ ❣❡♥❡r❛❧ ♣♦✇❡r ❢✉♥❝t✐♦♥ f(x) = xax✱ a ∈ R ❛s x = W (f(x)·ln(a))
ln(a)

✳

✶✻



s♠❛❧❧ ✕ s❡❡ ❊q✳ ✶✻✳ ■♥ t❤✐s ❝❛s❡✱ s♠❛❧❧ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✐♥ τi ♣r♦❞✉❝❡ ❧❛r❣❡ ♠❛r❣✐♥❛❧ ✐♠♣❛❝ts ♦♥

t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛ ❧❛r❣❡ ♣r♦✜t s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡ τ2 − τ1 ✐♠♣❧✐❡s

t❤❛t t❤❡ ✐♥✐t✐❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗ ✐s ❛❧r❡❛❞② ✇✐❞❡✱ ❛♥❞ ❢✉rt❤❡r ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✐♥ t❤❡ t❛① r❛t❡ τi

♣r♦❞✉❝❡ ❛ ✇❡❛❦❡r ✐♠♣❛❝t✳ ❱❛r✐❛t✐♦♥ ∂p∗/∂τi ❜❡❝♦♠❡s ✐♥❡❧❛st✐❝ ❛s t❤❡ t❛① r❛t❡ ❛♣♣r♦❛❝❤❡s t❤❡

❜♦✉♥❞❛r② τi → 1✱ |τ2 − τ1| < 1✳

❈♦r♦❧❧❛r② ✸✳ ❯♥✐t❛r② τi✲❡❧❛st✐❝✐t② ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗ ♦❝❝✉rs ❛t t❤❡ ❡q✉❛❧✐t②

γi(τi − |τ2 − τ1|) = |τ2 − τ1|

s✉❝❤ t❤❛t t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r γi s❝❛❧❡s t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❞✐✛❡r❡♥❝❡ τi− |τ2− τ1|

✇✐t❤✐♥ ❊q✳ ✶✾✳

Pr♦♦❢✳ ❉❡r✐✈❡s ❞✐r❡❝t❧② ❢r♦♠ ❊q✳ ✶✻✿

ε∆p∗,τi =
∂∆p∗

∂τi
·

τi
∆p∗

= γi ·
τi − |τ2 − τ1|

|τ2 − τ1|
;

ε∆p∗,τi = 1 → γi(τi − |τ2 − τ1|) = |τ2 − τ1|.

■♥ ♦✈❡r❛❧❧✱ ❊q✳ ✶✾✲✷✵ s❤♦✇ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ∂p∗/∂τi ❝♦♥✈❡r❣❡s ✐❢ t❤❡ ❣❡♥❡r❛❧ ❝♦♥❞✐t✐♦♥s

τi > 0✱ τi 6= τj ❛r❡ s❛t✐s✜❡❞✳ ❚❤❡ ❣❡♥❡r❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❛t ✐♥❞✐✈✐❞✉❛❧❧② ✐♥❝r❡❛s✐♥❣ t❛① r❛t❡s τi → 1✱

τj 6=i → 1 ❛r❡ ♦❜t❛✐♥❡❞ ❛s ❢♦❧❧♦✇s✿

lim
τi→1

∂p∗

∂τi
=

γi(p
c − p̄c)

(

(1− e−λi) · (1 + zi) ·
(

1 + 1
γi

))γi ·
τj

|1− τj |1−γi
;

lim
τj 6=i→1

∂p∗

∂τi
=

γi(p
c − p̄c)

(

(1− e−λi) · (1 + zi) ·
(

1 + 1
γi

))γi ·
2τi − 1

τ1+γi
i · |τi − 1|1−γi

.

❲❡ ❛❧s♦ ❤❛✈❡ limγi→0 ∂p
∗/∂τi = 0✳ ◆♦♥❡t❤❡❧❡ss✱ ✐♥ t❤❡ ❧✐♠✐t✐♥❣ ❝❛s❡ ♦❢ t❤❡ t✐❣❤t❡st t❛①

❛ss❡ss♠❡♥t γi → 1✱ ✇❡ ♦❜t❛✐♥ ❛ s♣❡❝✐❛❧ ❝♦♥✈❡r❣❡♥❝❡ ❢♦r τi → τj ❡q✉❛❧ t♦

lim
τi→τj
γi→1

∂p∗

∂τi
=

(pc − p̄c)

2τi(1− e−λi)(1 + zi)
,

❢r♦♠ ✇❤✐❝❤ ✇❡ ♦❜t❛✐♥

lim
τj 6=i→1
γi→1

(

lim
τi→1

∂p∗

∂τi

)

= lim
τi→1
γi→1

(

lim
τj 6=i→1

∂p∗

∂τi

)

= lim
τi→1



 lim
τi→τj
γi→1

∂p∗

∂τi



 =
(pc − p̄c)

2(1− e−λi)(1 + zi)
.

❖t❤❡r✇✐s❡✱ ✈❛r✐❛t✐♦♥ ∂p∗/∂τi ❞✐✈❡r❣❡s ❛s ❢♦❧❧♦✇s✿

lim
τi→τj

∂p∗

∂τi
= sgn(τ2 − τ1) · ∞, γi < 1;

✶✼



lim
τi→0

∂p∗

∂τi
= −sgn(τ2 − τ1) · ∞, τj 6=i > 0.

❲✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦t❤❡r ❝♦✉♥tr②✲❧❡✈❡❧ ✈❛r✐❛❜❧❡s r❡❧❛t❡❞ ✇✐t❤ t❤❡ ❛✉❞✐t ✐♥t❡♥s✐t② λi > 0✱ t❛①

♣❡♥❛❧t② zi > 0 ❛♥❞ t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r γi ∈ (0, 1]✱ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧

♣r✐❝❡ ❣❛♣ ∆p∗ ✐♥ ❊q✳ ✶✻ s❤♦✇s ❛♥ ❡❧❛❜♦r❛t❡ ❡✛❡❝t✳ ❱❛r✐❛t✐♦♥ ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗ ✇✐t❤

r❡s♣❡❝t t♦ ❡❛❝❤ ✐♥❞✐✈✐❞✉❛❧ ❝♦✉♥tr②✲❧❡✈❡❧ ✈❛r✐❛❜❧❡ ✐s ❡q✉❛❧ t♦✿

∂p∗

∂λi
= ∆p∗ ·

−γie
−λi

1− e−λi
; ✭✷✶✮

∂p∗

∂zi
= ∆p∗ ·

−γi
1 + zi

; ✭✷✷✮

∂p∗

∂γi
= ∆p∗ ·



ln





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)



+
1

1 + γi



 . ✭✷✸✮

❋✐rst r❡❣❛r❞✐♥❣ ❊q✳ ✷✶✲✷✷✱ ❜♦t❤ ❝❧❡❛r❧② ♣r❡s❡♥t ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗

❢♦r t❤❡ ❝♦♠♣❧❡t❡ ✐♥t❡r✈❛❧ ♦❢ ✐♥t❡r❡st p∗ ∈ [pc, p̄c]✱ ✇❤✐❝❤ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ✐♥t✉✐t✐✈❡ ♣r❡♠✐s❡✱

❡✳❣✳ ❛ ♠❛r❣✐♥❛❧ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❛✉❞✐t ✐♥t❡♥s✐t② λi ♦r ✐♥ t❤❡ ♣❡♥❛❧t② r❛t❡ zi ✐♥❝r❡❛s❡s t❤❡ ❡①♣❡❝t❡❞

t❛① ♣❡♥❛❧t② E(Z̃i(·))✱ t❤✉s ✐t s❤♦rt❡♥s t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗❀ ❛ ❞❡❝r❡❛s❡ ✐♥ λi ♦r zi ♣r♦❞✉❝❡s

t❤❡ ♦♣♣♦s✐t❡ ❡✛❡❝t✳

❋♦r t❤❡ ❊q✳ ✷✸✱ ♦♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ t❤❡ ❡✛❡❝t ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ♥❡❣❛t✐✈❡ ♦♥ t❤❡ ❢✉❧❧ ✐♥t❡r✈❛❧

[pc, p̄c]✱ ❢♦r ❛❧❧ ∀γi ∈ (0, 1]✳ ■♥ t❤❡ ❣❡♥❡r❛❧ ❝❛s❡✱ t❤❡ ✈❛r✐❛t✐♦♥ ∂p∗/∂γi r❡♣r❡s❡♥ts ❛ ♥♦♥✲♣♦s✐t✐✈❡

❡✛❡❝t ♦✈❡r t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗ ✐✛ ✐t s❛t✐s✜❡s t❤❡ ✐♥❡q✉❛❧✐t②

ln





|τ2 − τ1|

(1− e−λi) · (1 + zi) · τi ·
(

1 + 1
γi

)



 ≤ −
1

1 + γi
< 0;

♦t❤❡r✇✐s❡✱ t❤❡ ❡✛❡❝t ❢♦❧❧♦✇s t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ❞✐r❡❝t✐♦♥✳ ❚❤✐s ♣♦s✐t✐✈❡ ❡✛❡❝t ✐s ❝♦✉♥t❡r✲✐♥t✉✐t✐✈❡

❛t ✜rst✱ ❢♦r ✇❡ ❡①♣❡❝t t❤❛t ❝❤❛♥❣❡s ✐♥ t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r γi ∈ (0, 1] t♦ ♣r♦❞✉❝❡

♦♥❧② ❡✛❡❝ts t❤❛t ❛r❡ ♦♣♣♦s✐t❡ t♦ t❤❡ s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡✳ ◆♦♥❡t❤❡❧❡ss✱ ♥♦t✐❝❡ t❤❛t t❤❡ s♣❡❝✐✜❝❛t✐♦♥

♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c ✐♥ t❡r♠s ♦❢ p ♣r♦❞✉❝❡s ❛ ♠❛r❣✐♥❛❧ ❛❞❥✉st♠❡♥t ❡✛❡❝t ♦♥ t❤❡

❣❛✐♥s ❢r♦♠ ♣r♦✜t s❤✐❢t✐♥❣ ❡q✉❛❧ t♦ 1/(1 + γi) ✕ s❡❡ ❊q✳ ✶✻✳ ■t ♠❡❛♥s t❤❛t t❤❡ ❡✛❡❝t ♦❢ ♠❛r❣✐♥❛❧

❝❤❛♥❣❡s ✐♥ t❤❡ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r γi ♠✉st ❜❡ ♥❡❣❛t✐✈❡ ❛♥❞ ♠✉st ♦✉t❜✉rst t❤❡ ♠❛r❣✐♥❛❧ ❡✛❡❝t

♦❢ 1/(1+ γi)✱ ✐♥ ♦r❞❡r t♦ ♣r♦❞✉❝❡ ❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t ♦♥ p∗✳ ❚❤✐s ❧❛st ♦✉t❝♦♠❡✶✾ ✐s s♣❡❝✐❛❧❧② ❞✉❡ t♦

t❤❡ s♣❡❝✐✜❝❛t✐♦♥ ♦❢ P̃ c ✐♥ t❡r♠s ♦❢ p ✇✐t❤✐♥ ❊q✳ ✶✺✳

✹✳✷ ▼♦❞❡❧❧✐♥❣ ❛ ●❡♥❡r❛❧ ❚❛① ❊♥❢♦r❝❡♠❡♥t ❊✛❡❝t

❲❤✐❧❡ ❊q✳ ✷✶✲✷✸ s❤♦✇ ❤♦✇ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✐♥ ✐♥❞✐✈✐❞✉❛❧ ❛♥t✐✲s❤✐❢t✐♥❣ ✈❛r✐❛❜❧❡s ❛✛❡❝t t❤❡

♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗✱ t❤❡ ✐♥✢✉❡♥❝❡ ♦❢ ❛ ❣❡♥❡r❛❧ ❡♥❢♦r❝✐♥❣ ❜❡❤❛✈✐♦✉r ❢r♦♠ t❤❡ ❤❛r♠❡❞ ❈♦✉♥tr②

i ♠❛② ❜❡ r❡✢❡❝t❡❞ s✐♠✉❧t❛♥❡♦✉s❧② ✐♥ ♠♦r❡ t❤❛♥ ♦♥❡ ✈❛r✐❛❜❧❡✳ ■♥ s♣❡❝✐❛❧✱ ✐t ✐s s❛❢❡ t♦ ❛ss✉♠❡ t❤❛t

t❤❡ ❛✉❞✐t ✐♥t❡♥s✐t② λi > 0 ❛♥❞ t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r γi ∈ (0, 1] ❛r❡ ❜♦t❤ r❡❧❛t❡❞

✶✾▼♦r❡ s♣❡❝✐✜❝❛❧❧②✱ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✐♥ t❤❡ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r γi ♣r♦❞✉❝❡ ❛ ♣♦s✐t✐✈❡ ❡✛❡❝t ♦♥ p∗ ✐✛ ❊q✳ ✶✻
✐♠♣❧✐❡s t❤❡ ✐♥❡q✉❛❧✐t② |τ2 − τ1| > (1 − e−λi) · (1 + zi) · τi · (1 + 1/γi)✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗

✐s ✐♥❝r❡❛s✐♥❣ ❛t γi✱ ❛❧t❤♦✉❣❤ ✐t ✐♠♣❧✐❡s ❜❡❢♦r❡❤❛♥❞ t❤❛t p∗ ✐s ♥♦t ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c ✕ s❡❡
❈♦r♦❧❧❛r② ✶✳

✶✽



✇✐t❤ s♦♠❡ ❝♦♠♠♦♥ ♠❡❛s✉r❡ ♦❢ t❛① ❡♥❢♦r❝❡♠❡♥t ❛♣♣❧✐❡❞ ❜② ❈♦✉♥tr② i✳

▲❡t γ̇i ∈ (0, 1] ❜❡ ❛ r❡❣✉❧❛r✐s❡❞ t❛① ❡♥❢♦r❝❡♠❡♥t ♠❡❛s✉r❡ ❢♦r t❤❡ ❈♦✉♥tr② i✱ s✉❝❤ t❤❛t t❤❡ ❛r♠✬s

❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r γi ✐s ❛ ♠♦♥♦t♦♥❡ ♦r❞❡r✲♣r❡s❡r✈✐♥❣ ❢✉♥❝t✐♦♥ γi = g(γ̇i) : (0, 1] → (0, 1]✱

❢♦r ❛ ✇❡❛❦ t❛① ❡♥❢♦r❝❡♠❡♥t ✐♠♣❧✐❡s γ̇i → 0✱ ✇❤✐❧❡ str♦♥❣ t❛① ❡♥❢♦r❝❡♠❡♥t ✐♠♣❧✐❡s γ̇i → 1✳

▼♦r❡♦✈❡r✱ ❛ss✉♠❡ t❤❛t t❤❡ t❛① ❛✉❞✐t ✐♥t❡♥s✐t② λi > 0 ✈❛r✐❡s ✇✐t❤ r❡s♣❡❝t t♦ t❛① ❡♥❢♦r❝❡♠❡♥t γ̇i✱

t❤✉s t❤❡ ❛✉❞✐t ✐♥t❡♥s✐t② ❜❡❝♦♠❡s ❛ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ r❛t❡ ❢✉♥❝t✐♦♥ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡

t❛① ❡♥❢♦r❝❡♠❡♥t✱ λi(γ̇i) : (0, 1] → R++✳ ❆ss✉♠❡ t❤❛t λi(γ̇i) ✐s ❝♦♥t✐♥✉♦✉s✳ ❍❡♥❝❡✱ ✐❢ t❤❡ ♥✉♠❜❡r

♦❢ t❛① ❛✉❞✐ts ♣❡r❢♦r♠❡❞ ❜② ❈♦✉♥tr② i ✐s q(γ̇i) ∈ N ❛♥❞ t❤❡ t❛① ❡♥❢♦r❝❡♠❡♥t ❧❡✈❡❧ γ̇i ∈ (0, 1]

✐♠♣❧✐❡s q(γ̇i) ≥ 0✱ limγ̇i→0 q(γ̇i) = 0✱ t❤❡♥ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢ ❡①❛❝t q(γ̇i) = k ❛✉❞✐ts ✐s

P(q(γ̇i) = k, λi(γ̇i)) =
(Λi(0, γ̇i))

k · e−Λi(0,γ̇i)

k!

✇✐t❤ t❤❡ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ✐♥t❡♥s✐t② ♣❛r❛♠❡t❡r ❡q✉❛❧ t♦

Λi(0, γ̇i) =

∫ γ̇i

→0+

λi(y) dy. ✭✷✹✮

❊q✳ ✷✹ ❞❡r✐✈❡s ❢r♦♠ t❤❡ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s P♦✐ss♦♥ ❝♦♥❞✐t✐♦♥

P[q(γ̇i +∆γ̇i)− q(γ̇i) = 1, λi(γ̇i)] ≈ λi(γ̇i)∆γ̇i

✇❤✐❝❤ s❛②s t❤❛t t❤❡ ✐♥❝r❡♠❡♥t❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ ♦♥❡ ❛❞❞✐t✐♦♥❛❧ t❛① ❛✉❞✐t ❜② ❈♦✉♥tr② i ✐s ❛♣✲

♣r♦①✐♠❛t❡ t♦ ❛ ❧✐♥❡❛r r❡❧❛t✐♦♥ ❜❡t✇❡❡♥ t❤❡ r❛t❡ ❢✉♥❝t✐♦♥ λi(γ̇i) ❛t γ̇i ❛♥❞ t❤❡ ✈❛r✐❛t✐♦♥ ✐♥ t❛①

❡♥❢♦r❝❡♠❡♥t ∆γ̇i✳ ❚❤❡ t♦t❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ t❛① ❛✉❞✐t ❢♦r t❤❡ ▼◆❊ ❞❡r✐✈❡s ❞✐r❡❝t❧② ❢r♦♠ ❊q✳ ✶✵

❛♥❞ ❊q✳ ✷✹ ❛♥❞ ✐s ❡q✉❛❧ t♦

P(q(γ̇i) > 0, λi(γ̇i)) = 1− P(q(γ̇i) = 0, λi(γ̇i)) = 1− e−Λi(0,γ̇i).

❙♣❡❝✐✜❝❛t✐♦♥ ♦❢ t❤❡ ❛✉❞✐t r❛t❡ ❢✉♥❝t✐♦♥ λi(γ̇i) ✐s ♥♦t ❛ str❛✐❣❤t t❛s❦✳ ■♥ ❣❡♥❡r❛❧✱ ❡①✐st✐♥❣ st✉❞✐❡s

s✉❣❣❡st t❤❛t ❤✐❣❤❡r t❛① ❡♥❢♦r❝❡♠❡♥t ✐♠♣❧✐❡s ✐♥ ♠♦r❡ ❢r❡q✉❡♥t ❛✉❞✐ts✱ ❛❧t❤♦✉❣❤ t❤❡ ✐♥❝r❡♠❡♥ts

♦♥ t❤❡ ♥✉♠❜❡r ♦❢ t❛① ❛✉❞✐ts ✈❛r② t❤r♦✉❣❤ t❤❡ ❡♥❢♦r❝❡♠❡♥t r❛♥❣❡ γ̇i ∈ (0, 1] ✭❆❧♠✱ ✷✵✶✷✮✱ s♦ ✇❡

❛ss✉♠❡ t❤❛t t❤❡ ❛✉❞✐t r❛t❡ ✐s ❝❧❡❛r❧② ♥♦♥✲❞❡❝r❡❛s✐♥❣ ❛s t❤❡ t❛① ❡♥❢♦r❝❡♠❡♥t γ̇i ✐♥❝r❡❛s❡s✳

❚♦ s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s✱ ❞❡✜♥❡ ❛ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ f(γ̇i) : (0, 1] → R++✱ f(γ̇i) ✐s ♠♦♥♦t♦♥❡

❝♦♥t✐♥✉♦✉s ❢♦r ∀γ̇i ∈ (0, 1)✱ ❛♥❞ ✐t s❛t✐s✜❡s limγ̇i→0 f(γ̇i) = 0✱ limγ̇i→1 f(γ̇i) = 1✳ ❯♥❞❡r ❛❞❡q✉❛t❡

❝♦♥❞✐t✐♦♥s✷✵ r❡❣❛r❞✐♥❣ t❤❡ ❛✉❞✐t r❛t❡ ❢✉♥❝t✐♦♥ λi(γ̇i) ❛♥❞ t❤❡ t❛① ❡♥❢♦r❝❡♠❡♥t γ̇i✱ ✇❡ ❛r❣✉❡ t❤❛t

t❤❡ t❤❡ ❛✉❞✐t ♣r♦❜❛❜✐❧✐t② ❝❛♥ ❜❡ ♣❛r❛♠❡tr✐s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ γ̇i ❛s

P(q(γ̇i) > 0, λi(γ̇i)) = f(γ̇i) ✭✷✺✮

s♦ ✇❡ ❛r❡ ❛❜❧❡ t♦ ❞❡✜♥❡ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ ✐♥ ❊q✳ ✶✻ ✐♥ t❡r♠s ♦❢ t❤❡ t❛① ❡♥❢♦r❝❡♠❡♥t

✈❛r✐❛❜❧❡ γ̇i ∈ (0, 1]✱ ❡q✉❛❧ t♦

p∗(γ̇i, ·) = p̄c +





|τ2 − τ1|

f(γ̇i) · (1 + zi) · τi ·
(

1 + 1
g(γ̇i)

)





g(γ̇i)

(pc − p̄c).

✷✵❉❡r✐✈❛t✐♦♥ ♦❢ t❤❡ ❝♦♥❞✐t✐♦♥s ❢♦r ❊q✳ ✷✺ ✐♥ ❆♣♣❡♥❞✐①✳

✶✾



❋r♦♠ ♥♦✇ ♦♥✱ s✐♠♣❧✐❢② t❤❡ ♥♦t❛t✐♦♥ ♦❢ ❜♦t❤ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥s ❛s g(γ̇i) = gγ̇i ❛♥❞ f(γ̇i) = fγ̇i ✳

❖♥ t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ γ̇i ∈ (0, 1]✱ ❜♦t❤ ❢✉♥❝t✐♦♥s gγ̇i ✱ fγ̇i ❤❛✈❡ t❤❡ s❛♠❡ ❧✐♠✐t✐♥❣ ✈❛❧✉❡s ♦♥ t❤❡

❜♦✉♥❞❛r✐❡s✱ γ̇i → 0 ❛♥❞ γ̇i → 1✱ ✇❤✐❝❤ ❛r❡ ❡q✉❛❧ t♦

lim
γ̇i→0

gγ̇i = lim
γ̇i→0

fγ̇i = 0;

lim
γ̇i→1

gγ̇i = lim
γ̇i→1

fγ̇i = 1

❜② ❞❡✜♥✐t✐♦♥✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡✐r s❧♦♣❡s✳ ❙✐♥❝❡ ❢✉♥❝t✐♦♥s fγ̇i ✱ gγ̇i ❛r❡ ❝♦♥t✐♥✉♦✉s ♦♥ t❤❡ ❝♦♠♣❧❡t❡

❞♦♠❛✐♥✱ ∀γ̇i ∈ (0, 1]✱ ✇❡ ♦❜s❡r✈❡ t❤❛t ❛♥② ♠♦♥♦t♦♥✐❝ ♠❛♣ F (f(·)) : (0, 1] → (0, 1] ✐♠♣❧✐❡s

|F (fγ̇i)− F (gγ̇i)| < ∞✳ ❚❤❡r❡❢♦r❡✱ ✐t ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

Pr♦♣♦s✐t✐♦♥ ✺✳ ❋♦r t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗(γ̇i, ·) ♣❛r❛♠❡tr✐s❡❞ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ t❛①

❡♥❢♦r❝❡♠❡♥t ✈❛r✐❛❜❧❡ γ̇i ∈ (0, 1]✱ t❤❡ ♠❛①✐♠✐s✐♥❣ ♣r✐❝❡s ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ ❞♦♠❛✐♥✱ γ̇i → 0

❛♥❞ γ̇i → 1 ❛r❡ ❡q✉❛❧ t♦

lim
γ̇i→0

p∗(γ̇i, ·) = pc;

lim
γ̇i→1

p∗(γ̇i, ·) = p̄c +
|τ2 − τ1|

2(1 + zi)τi
· (pc − p̄c).

Pr♦♦❢✳ ❋♦r ❛♥② ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡ ✐♥ t❤❡ t❛① ❡♥❢♦r❝❡♠❡♥t γ̇i✱ ✈❛r✐❛t✐♦♥ ✐♥ p∗(γ̇i, ·) ❞❡♣❡♥❞s ♦♥ t❤❡

❡✛❡❝t ♦❢ ❜♦t❤ gγ̇i ✱ fγ̇i ✱ ✇❤✐❝❤ ✐s ❡q✉❛❧ t♦ [gγ̇i/(fγ̇i(1 + gγ̇i))]
gγ̇i ✳ ❋♦r t❤❡ ✉♣♣❡r ❜♦✉♥❞ γ̇i → 1✱ ✇❡

❝❧❡❛r❧② ❤❛✈❡

lim
γ̇i→1

(

gγ̇i
fγ̇i(1 + gγ̇i)

)gγ̇i

=
1

2
→ lim

γ̇i→1
p∗(γ̇i, ·) = p̄c +

|τ2 − τ1|

2(1 + zi)τi
· (pc − p̄c).

❋♦r t❤❡ ❧♦✇❡r ❜♦✉♥❞ γ̇i → 0✱ ✇❡ ❞❡r✐✈❡ t❤❡ ❢♦❧❧♦✇✐♥❣✿

ln

(

lim
γ̇i→0

(

gγ̇i
fγ̇i(1 + gγ̇i)

)gγ̇i
)

= lim
γ̇i→0

ln

(

gγ̇i
fγ̇i(1 + gγ̇i)

)gγ̇i

= lim
γ̇i→0

gγ̇i · ln

(

gγ̇i
fγ̇i

)

= lim
γ̇i→0

gγ̇i · (ln gγ̇i − ln fγ̇i) ;

t❤❡r❡❢♦r❡✱ | ln gγ̇i − ln fγ̇i | < ∞ → lim
γ̇i→0

gγ̇i · (ln gγ̇i − ln fγ̇i) = 0

→ lim
γ̇i→0

(

gγ̇i
fγ̇i(1 + gγ̇i)

)gγ̇i

= 1.

❙✐♥❝❡ ✇❡ ❛❧s♦ ❤❛✈❡ t❤❡ ❝♦♥❞✐t✐♦♥ limγ̇i→0

(

|τ2−τ1|
(1+zi)τi

)g(γ̇i)
= 1 ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♦t❤❡r ❝♦✉♥tr②✲

❧❡✈❡❧ ✈❛r✐❛❜❧❡s✱ ✇❡ ✜♥❛❧❧② ❝♦♥❝❧✉❞❡ t❤❛t limγ̇i→0 p
∗(γ̇i, ·) = p̄c + 1(pc − p̄c) = pc✳

Pr♦♣♦s✐t✐♦♥ ✺ ❝♦♥✜r♠s t❤❛t t❤❡ ♠❛①✐♠✐s✐♥❣ tr❛♥s❢❡r ♣r✐❝❡s ❛t t❤❡ ❜♦✉♥❞❛r✐❡s ♦❢ t❤❡ t❛①

✷✵



❡♥❢♦r❝❡♠❡♥t ❞♦♠❛✐♥✱ γ̇i → 0 ❛♥❞ γ̇i → 1 ❛r❡ ❜♦t❤ α✲❝✉ts ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c✳

◆♦♥❡t❤❡❧❡ss✱ ❢♦r ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s ✇✐t❤✐♥ t❤❡ ❞♦♠❛✐♥ ✐♥t❡r✈❛❧ γ̇i ∈ (0, 1]✱ t❤❡ ❡✛❡❝t ♦✈❡r t❤❡

♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗(γ̇i, ·) ❞❡♣❡♥❞s ♦♥ ❤♦✇ ❢✉♥❝t✐♦♥s gγ̇i ✱ fγ̇i ✈❛r②✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ p∗(γ̇i, ·)

✇✐t❤ r❡s♣❡❝t t♦ γ̇i✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞✲❢♦r♠ ❡q✉❛t✐♦♥s✿

∂p∗(γ̇i, ·)

∂γ̇i
= ∆p∗ ·





dgγ̇i
dγ̇i

·



ln





|τ2 − τ1|

fγ̇i · (1 + zi) · τi ·
(

1 + 1
gγ̇i

)



+
1

1 + gγ̇i



−
dfγ̇i
dγ̇i

·
gγ̇i
fγ̇i



 ; ✭✷✻✮

❋♦r ❊q✳ ✷✻✱ ✇❡ ♦❜s❡r✈❡ ❛❣❛✐♥ t❤❛t t❤❡ ✈❛r✐❛t✐♦♥ ∂p∗(γ̇i, ·)/∂γ̇i ✐s ♥♦t ♥❡❝❡ss❛r✐❧② ♥❡❣❛t✐✈❡ ❢♦r

❛❧❧ ∀γ̇i ∈ (0, 1] ✕ ❝♦♠♣❛r❡ ✐t ✇✐t❤ ❊q✳ ✷✸✳ ❆ ♥❡❣❛t✐✈❡ ✈❛r✐❛t✐♦♥ s✉❝❤ t❤❛t sgn(∂p∗(γ̇i, ·)/∂γ̇i) =

−sgn(∆p∗(γ̇i, ·)) r❡q✉✐r❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥s gγ̇i ✱ fγ̇i ✿

Pr♦♣♦s✐t✐♦♥ ✻✳ ❱❛r✐❛t✐♦♥ ✐♥ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗(γ̇i, ·) ✇✐t❤ r❡s♣❡❝t t♦ ♠❛r❣✐♥❛❧ ❝❤❛♥❣❡s

✐♥ t❤❡ t❛① ❡♥❢♦r❝❡♠❡♥t γ̇i ✐s ♦♣♣♦s✐t❡ t♦ t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡ τ2−τ1✱ s✉❝❤ t❤❛t sgn(∂p∗(γ̇i, ·)/∂γ̇i) =

−sgn(∆p∗(γ̇i, ·))✱ ✐✛ t❤❡ ❢✉♥❝t✐♦♥s gγ̇i ✱ fγ̇i s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥

∀γ̇i ∈ (0, 1] : fγ̇i ≥
gγ̇i

1 + gγ̇i
.

Pr♦♦❢✳ ❋♦r s✐♠♣❧✐✜❝❛t✐♦♥✱ ❛ss✉♠❡ ✐♥✐t✐❛❧❧② t❤❡ ❡q✉❛❧✐t✐❡s τj 6=i = 0✱ zi = 0✳ ❋♦r t❤❡ ❊q✳ ✷✻ t♦ ❤❛✈❡

❛ ♥❡❣❛t✐✈❡ ❡✛❡❝t✱ s✉❝❤ t❤❛t sgn(∂p∗(γ̇i, ·)/∂γ̇i) = −sgn(∆p∗(γ̇i, ·))✱ ✐t r❡q✉✐r❡s t❤❡ ♥❡❝❡ss❛r②

❝♦♥❞✐t✐♦♥

dgγ̇i
dγ̇i

·



ln





1

fγ̇i ·
(

1 + 1
gγ̇i

)



+
1

1 + gγ̇i



−
dfγ̇i
dγ̇i

·
gγ̇i
fγ̇i

≤ 0

❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❞♦♠❛✐♥ ∀γ̇i ∈ (0, 1]✳ ❘❡❛rr❛♥❣✐♥❣✱ ✇❡ ♦❜t❛✐♥ t❤❡ ✐♥❡q✉❛❧✐t②

dfγ̇i
dgγ̇i

·
gγ̇i
fγ̇i

≥ ln

(

gγ̇i
fγ̇i · (1 + gγ̇i)

)

+
1

1 + gγ̇i
.

❆t t❤❡ ❝r✐t✐❝❛❧ ♣♦✐♥t ∂p∗(γ̇i, ·)/∂γ̇i = 0✱ ✇❡ ❝❧❡❛r❧② ❤❛✈❡

fγ̇i =
gγ̇i

1 + gγ̇i
.

◆♦✇✱ ❢♦r ❛♥② s♠❛❧❧ ♣❡rt✉r❜❛t✐♦♥ δ 6= 0 ♦♥ ❢✉♥❝t✐♦♥ fγ̇i s✉❝❤ t❤❛t ✇❡ ❤❛✈❡ δ 6= 0 : fγ̇i =

✷✶



gγ̇i/(1 + gγ̇i) + δ✱ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ✐s ❡q✉❛❧ t♦

d

dgγ̇i

(

gγ̇i
1 + gγ̇i

+ δ

)

·

(

gγ̇i(1 + gγ̇i)

gγ̇i + δ(1 + gγ̇i)

)

≥ ln

(

gγ̇i
gγ̇i + δ(1 + gγ̇i)

)

+
1

1 + gγ̇i

1

1 + gγ̇i
·

gγ̇i
gγ̇i + δ(1 + gγ̇i)

≥ ln

(

gγ̇i
gγ̇i + δ(1 + gγ̇i)

)

+
1

1 + gγ̇i

1

1 + gγ̇i
·

(

gγ̇i − (gγ̇i + δ(1 + gγ̇i))

gγ̇i + δ(1 + gγ̇i)

)

≥ ln

(

gγ̇i
gγ̇i + δ(1 + gγ̇i)

)

−δ

gγ̇i + δ(1 + gγ̇i)
≥ ln

(

gγ̇i
gγ̇i + δ(1 + gγ̇i)

)

.

❚❤❡ ✐♥❡q✉❛❧✐t② ✐s s❛t✐s✜❡❞ ❢♦r ❛♥② ♥♦♥✲♥❡❣❛t✐✈❡ ✈❛❧✉❡ δ ≥ 0✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ t❤❡

♣❡rt✉r❜❛t✐♦♥ ✐s ♥❡❣❛t✐✈❡ s✉❝❤ t❤❛t δ < 0 → fγ̇i < gγ̇i/(1 + gγ̇i)✱ ✇❡ ❛rr✐✈❡ ❛t ❛ ❝♦♥tr❛❞✐❝t✐♦♥ ✕

t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ✐♥❡q✉❛❧✐t② ❜❡❝♦♠❡s t❤❡ ❧❛r❣❡r t❡r♠✳ ❍❡♥❝❡✱ ✐t ✐♠♣❧✐❡s

{

δ ≥ 0 : fγ̇i =
gγ̇i

1 + gγ̇i
+ δ

}

→ fγ̇i ≥
gγ̇i

1 + gγ̇i
.

❆t ❧❛st✱ t❤✐s ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ✐s ❝❧❡❛r❧② ♠❛✐♥t❛✐♥❡❞ ✐❢ ✇❡ ❞r♦♣ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥s τj 6=i = 0✱

zi = 0❀ ❢♦r ❜♦t❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s✱ τ1 6= τ2✱ τj 6=i > 0✱ zi > 0✱ ✇❡ ❤❛✈❡ t❤❡ ✐♥❡q✉❛❧✐t②

−δ

gγ̇i + δ(1 + gγ̇i)
≥ ln

(

gγ̇i
gγ̇i + δ(1 + gγ̇i)

)

> ln

(

gγ̇i
gγ̇i + δ(1 + gγ̇i)

)

+ ln

(

|τ2 − τ1|

(1 + zi) · τi

)

✇❤✐❝❤ ❛❧s♦ ✐♠♣❧✐❡s fγ̇i ≥ gγ̇i/(1 + gγ̇i)✳

Pr♦♣♦s✐t✐♦♥ ✺ s❤♦✇s t❤❛t t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ ❛t t❤❡ ❧♦✇❡st ❡♥❢♦r❝❡♠❡♥t ❧❡✈❡❧✱ γ̇i → 0

✐s ❡q✉❛❧ t♦ t❤❡ ❧❡❛st t♦❧❡r❛❜❧❡ ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ pc✱ ❡✳❣✳ ❢♦r t❤❡ ❧♦✇❡st t❛① ❡♥❢♦r❝❡♠❡♥t✱ t❤❡

▼◆❊ ♠❛② ❝❤♦♦s❡ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ ❡q✉❛❧ t♦ pc ∈ P̃ c✱ ✇❤✐❝❤ ✐s t❤❡ ❢❛rt❤❡st ❢r♦♠ t❤❡ ♠♦❞❡

p̄c✳ ▼♦r❡♦✈❡r✱ Pr♦♣♦s✐t✐♦♥ ✻ ♣r❡s❡♥ts t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ✈❛r✐❛t✐♦♥ ∂p∗(γ̇i, ·)/∂γ̇i t♦

♣r♦❞✉❝❡ ❛♥ ❡✛❡❝t ♦♣♣♦s✐t❡ t♦ t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ ✐♥❝❡♥t✐✈❡✱ τ2 − τ1 t❤r♦✉❣❤ t❤❡ ❝♦♠♣❧❡t❡ ❞♦♠❛✐♥

γ̇i ∈ (0, 1]✳ ❍❡♥❝❡✱ ✐t ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣✿

❈♦r♦❧❧❛r② ✹✳ Pr♦♣♦s✐t✐♦♥ ✷ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✻ ❛r❡ ❡q✉✐✈❛❧❡♥t✳

Pr♦♦❢✳ ❉❡r✐✈❡s ❞✐r❡❝t❧② ❢r♦♠ ❊q✳ ✷✹ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷✱ ✇✐t❤ t❤❡ s✐♠♣❧✐✜❝❛t✐♦♥s τj 6=i = 0✱ zi = 0✱

❢♦r ✇❡ ❤❛✈❡

Λi(0, γ̇i) = − ln(1− f(γ̇i)) ≥ − ln



1−
1

(

1 + 1
g(γ̇i)

)





1− f(γ̇i) ≤
1

1 + g(γ̇i)

f(γ̇i) ≥
g(γ̇i)

1 + g(γ̇i)
.

✷✷



❋r♦♠ ❈♦r♦❧❧❛r② ✹✱ ✐t ♠❡❛♥s t❤❛t t❤❡ ✐♥❡q✉❛❧✐t② fγ̇i ≥ gγ̇i/(1+gγ̇i) ✐s ❛❧s♦ ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥

❢♦r t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗(γ̇i, ·) t♦ ❜❡ ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c✳ ❖t❤❡r✇✐s❡✱

✇❡ ♠❛② ❤❛✈❡ ❛ t❛① ❡♥❢♦r❝❡♠❡♥t ❧❡✈❡❧ s✉❝❤ t❤❛t ∃γ̇i ∈ (0, 1] : p∗(γ̇i, ·) /∈ P̃ c✳

◆♦✇✱ ✇❡ ❞❡r✐✈❡ ❛ s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗(γ̇i, ·) t♦ ❜❡ ❛ α✲❝✉t ♦❢

t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❞♦♠❛✐♥ ∀γ̇i ∈ (0, 1]✳

Pr♦♣♦s✐t✐♦♥ ✼✳ ■❢ t❤❡ ❢✉♥❝t✐♦♥s gγ̇i ✱ fγ̇i s❛t✐s❢② t❤❡ ❝♦♥❞✐t✐♦♥ fγ̇i ≥ gγ̇i ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❞♦♠❛✐♥

∀γ̇i ∈ (0, 1]✱ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗(γ̇i, ·) ✐s ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c✳

Pr♦♦❢✳ ❈♦r♦❧❧❛r② ✹ ❞❡r✐✈❡s t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ fγ̇i ≥ gγ̇i/(1 + gγ̇i) ❢♦r t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r

♣r✐❝❡ p∗(γ̇i, ·) t♦ ❜❡ ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♠♣❧❡t❡

❞♦♠❛✐♥ ∀γ̇i ∈ (0, 1]✳ ❋✐rst✱ ✇❡ ❛r❡ s✉r❡ t❤❛t t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ ❛tt❛✐♥s t❤❡ ❡q✉❛❧✐t② ❛t t❤❡

❧♦✇❡r ❜♦✉♥❞ ♦❢ t❤❡ ❞♦♠❛✐♥✱ γ̇i → 0✱ ❢♦r ✇❡ ❤❛✈❡

lim
γ̇i→0

(

fγ̇i ≥
gγ̇i

1 + gγ̇i

)

= lim
γ̇i→0

fγ̇i ≥ lim
γ̇i→0

(

gγ̇i
1 + gγ̇i

)

= lim
γ̇i→0

fγ̇i = lim
γ̇i→0

(

gγ̇i
1 + gγ̇i

)

= 0.

❇✉t ✇❡ ❛❧s♦ ❤❛✈❡ t❤❛t limγ̇i→0 gγ̇i/(1 + gγ̇i) = limγ̇i→0 gγ̇i = 0✱ s♦ ❛❧❧ t❡r♠s ❝♦♥✈❡r❣❡ t♦ ③❡r♦

❛t t❤❡ ✈❡r② ✐♥✐t✐❛❧ ♣♦✐♥t γ̇i → 0✿

lim
γ̇i→0

gγ̇i = lim
γ̇i→0

fγ̇i = lim
γ̇i→0

(

gγ̇i
1 + gγ̇i

)

= 0.

❍♦✇❡✈❡r✱ ❛s t❤❡ t❛① ❡♥❢♦r❝❡♠❡♥t ✐♥❝r❡❛s❡s✱ γ̇i ∈ (0, 1] : γ̇i > 0✱ t❤✐s ❡q✉❛❧✐t② ✐s ♥♦t ♠❛✐♥t❛✐♥❡❞✱

s✐♥❝❡ ✐t ✐♠♣❧✐❡s γ̇i > 0 → gγ̇i > gγ̇i/(1 + gγ̇i)✳ ❇❡s✐❞❡s✱ ❛s t❤❡ t❛① ❡♥❢♦r❝❡♠❡♥t r❡❛❝❤❡s t❤❡ ✉♣♣❡r

❜♦✉♥❞ ♦❢ t❤❡ ❞♦♠❛✐♥✱ γ̇i → 1✱ ✇❡ ❤❛✈❡ limγ̇i→1 gγ̇i = limγ̇i→1 fγ̇i = 1✱ t❤✉s ✐t ✐♠♣❧✐❡s limγ̇i→1 fγ̇i >

limγ̇i→1(gγ̇i/(1 + gγ̇i))✳ ❈♦♠❜✐♥✐♥❣ t❤❡s❡ t✇♦ ❝❛s❡s✱ ✇❡ ❞❡r✐✈❡ t✇♦ ♣♦ss✐❜❧❡ ✐♥❡q✉❛❧✐t✐❡s✿

{γ̇i ∈ (0, 1] : γ̇i > 0} →



















gγ̇i ≥ fγ̇i ≥
gγ̇i

1 + gγ̇i
;

fγ̇i ≥ gγ̇i >
gγ̇i

1 + gγ̇i
.

■t s❤♦✇s t❤❛t ✐❢ ✇❡ ❤❛✈❡ gγ̇i ≥ fγ̇i ✱ ✇❡ st✐❧❧ ♥❡❡❞ t♦ ❝♦♥✜r♠ t❤❛t t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥

fγ̇i ≥ gγ̇i/(1 + gγ̇i) ✐s s❛t✐s✜❡❞✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ✐❢ ✇❡ ❤❛✈❡ fγ̇i ≥ gγ̇i ✱ t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥

✐♥ ❈♦r♦❧❧❛r② ✹ ✐s ❛✉t♦♠❛t✐❝❛❧❧② s❛t✐s✜❡❞✳ ❚❤❡r❡❢♦r❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ ∀γ̇i ∈ (0, 1] : fγ̇i ≥ gγ̇i ✐s ❛

s✉✣❝✐❡♥t ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗(γ̇i, ·) ✐s ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤

♣r✐❝❡ P̃ c✳

❘❡♠❛r❦ t❤❛t ❢✉♥❝t✐♦♥s gγ̇i ✱ fγ̇i r❡❢❡r t♦ t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r ❛♥❞ t❤❡ ♣r♦❜✲

❛❜✐❧✐t② ♦❢ t❛① ❛✉❞✐t r❡s♣❡❝t✐✈❡❧②✳ Pr♦♣♦s✐t✐♦♥ ✼ t❤✉s ✐♥❞✐❝❛t❡s t❤❛t t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡

p∗(γ̇i, ·) ✐s ❝❡rt❛✐♥❧② ❛ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ P̃ c ✐❢ t❤❡ ❛✉❞✐t ♣r♦❜❛❜✐❧✐t② ✐s ❣r❡❛t❡r

✷✸



t❤❛♥ t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r✱ ❢♦r t❤❡ ❝♦♠♣❧❡t❡ ❞♦♠❛✐♥ ∀γ̇i ∈ (0, 1]✳ ❖t❤❡r✇✐s❡✱ ✇❡

st✐❧❧ ♥❡❡❞ t♦ ❝♦♥✜r♠ t❤❛t t❤❡ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ fγ̇i ≥ gγ̇i/(1 + gγ̇i) ✐s s❛t✐s✜❡❞✳

✺ ❉✐s❝✉ss✐♦♥ ❛♥❞ ❈♦♥❝❧✉s✐♦♥

❚❤✐s ♣❛♣❡r ♣r❡s❡♥ts ❛ ♠♦❞❡❧ ❢♦r ♦♣t✐♠❛❧ t❛①✲✐♥❞✉❝❡❞ tr❛♥s❢❡r ♣r✐❝✐♥❣ ✉♥❞❡r ❢✉③③② ❛r♠✬s ❧❡♥❣t❤

♣❛r❛♠❡t❡r✳ ❚❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡ ❢♦❧❧♦✇s t❤❡ str✉❝t✉r❡ ♦❢ ❛ ❢✉③③② ♥✉♠❜❡r ✭❩❛❞❡❤ ❡t ❛❧✳✱

✶✾✻✺✮ ❜② ♠❡❛♥s ♦❢ ❛ ❝♦♥❝❛✈❡ s❤❛♣❡ ❢✉♥❝t✐♦♥ ✇✐t❤ s♠♦♦t❤ ♠❡♠❜❡rs❤✐♣ ❣r❛❞✐♥❣✱ ✇❤✐❝❤ ✈❛r✐❡s ✇✐t❤

r❡s♣❡❝t t♦ t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♣❛r❛♠❡t❡r ♦❢ t❛① ❛✉t❤♦r✐t✐❡s✳ ❯♥❞❡r ✉s✉❛❧ ❝♦♥❞✐t✐♦♥s✱ t❤❡

♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ ❜❡❝♦♠❡s ❛ ♠❛①✐♠✐s✐♥❣ α✲❝✉t ♦❢ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣r✐❝❡✱ ✇❤✐❧❡ ✐t st✐❧❧

s❛t✐s✜❡s t❤❡ ❝♦♥✈❡♥t✐♦♥❛❧ ❛ss✉♠♣t✐♦♥s ♦❢ ❝♦♥✈❡① ❝♦♥❝❡❛❧♠❡♥t ❝♦sts ❛♥❞ ✐♥❝r❡❛s✐♥❣ ♣r♦✜t✲s❤✐❢t✐♥❣

✐♥❝❡♥t✐✈❡s ❛t ❛♥ ✐♥❝r❡❛s✐♥❣ t❛① ❞✐✛❡r❡♥t✐❛❧s✳

❆t ✜rst✱ ✇❡ s❤♦✇ t❤❛t t❤❡ ▼◆❊ ❛❧✇❛②s ♦❜t❛✐♥s ❛ ❣❛✐♥ ❢r♦♠ ♣r♦✜t s❤✐❢t✐♥❣ ✉♣ t♦ t❤❡ ♦♣t✐♠❛❧

tr❛♥s❢❡r ♣r✐❝❡✱ r❡❣❛r❞❧❡ss ♦❢ t❤❡ s❤✐❢t✐♥❣ ❞✐r❡❝t✐♦♥✱ ❛♥❞ t❤✐s ❣❛✐♥ ✐s ♦❜t❛✐♥❡❞ ❛t ❛♥② ❧❡✈❡❧s ♦❢ t❛①

♣❡♥❛❧t②✱ ❛✉❞✐t ♣r♦❜❛❜✐❧✐t② ❛♥❞ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡✳ ●❛✐♥s ❢r♦♠ ♣r♦✜t s❤✐❢t✐♥❣ ❛r❡ ✐♥t❡♥s✐✜❡❞

❜② ❛❞❥✉st✐♥❣ t❤❡ ✐♥tr❛✲✜r♠ ♦✉t♣✉ts ❛t ❛ s❡❝♦♥❞ ♠❛①✐♠✐s❛t✐♦♥ st❛❣❡✳ ▼♦r❡♦✈❡r✱ t❤❡ ▼◆❊ ♠❛②

♦❜t❛✐♥ ❡①❝❡❡❞✐♥❣ ❣❛✐♥s ❜② ❡①tr❛♣♦❧❛t✐♥❣ t❤❡ ❢✉③③② ❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r ✐❢ t❤❡ ♣r♦❜❛❜✐❧✐t② ♦❢

t❛① ❛✉❞✐ts ✐s s✉✣❝✐❡♥t❧② ❧♦✇✳ ❚❤✐s ❡①tr❡♠❡ ❝❛s❡ ✐s ♣r❡✈❡♥t❡❞ s♣❡❝✐❛❧❧② ❜② ✐♥❝r❡❛s✐♥❣ t❤❡ ❛✉❞✐t

✐♥t❡♥s✐t② ♦r ✐♥t❡♥s✐❢②✐♥❣ t❤❡ ♦t❤❡r ❛♥t✐✲s❤✐❢t✐♥❣ ♠❡❝❤❛♥✐s♠s ♦♥ t❤❡ ❤❛r♠❡❞ ❝♦✉♥tr②✳

❚❤❡s❡ ❛♥❛❧②s❡s ♦✛❡r s♦♠❡ ✐♥t❡r❡st✐♥❣ ✐♥s✐❣❤ts ♦♥ ❤♦✇ t❤❡ ❛♠❜✐❣✉✐t② ♦❢ t❤❡ ❛r♠✬s ❧❡♥❣t❤ ♣❛✲

r❛♠❡t❡r ♠❛② ❛✛❡❝t t❤❡ ♣r♦✜t s❤✐❢t✐♥❣ str❛t❡❣② ♦❢ ✜r♠s✳ ❋✐rst ❛♥❞ ❢♦r❡♠♦st✱ t❤❡ ❢✉③③✐♥❡ss ♦❢ t❤❡

❛r♠✬s ❧❡♥❣t❤ ♣❛r❛♠❡t❡r ❝❛♥ ❜❡ ✉s❡❞ ❜② ✜r♠s t♦ ❛❝❤✐❡✈❡ t❤❡✐r ♣r♦✜t s❤✐❢t✐♥❣ ❣♦❛❧s✱ s✐♥❝❡ t❤✐s ❢✉③③✐✲

♥❡ss ✐s t❤❡ ❝♦♥❞✐t✐♦♥ t❤❛t ✐♠♣❧✐❡s t❤❡ ❣❛✐♥s ❢r♦♠ ♣r♦✜t s❤✐❢t✐♥❣✳ ❋♦r ❛♥② q✉❡st✐♦♥✐♥❣ ❜② t❤❡ t❛①

❛✉t❤♦r✐t②✱ t❤❡ tr❛♥s❢❡r ♣r✐❝❡ ♠❛② ❜❡ ♠♦r❡ ♦r ❧❡ss s✉st❛✐♥❡❞ ❜❛s❡❞ ♦♥ ❛r❣✉♠❡♥ts ❛❜♦✉t t❤❡ ❝♦♥❞✐✲

t✐♦♥s ♦❢ t❤❡ ❝♦♠♣❛r❛❜❧❡ tr❛♥s❛❝t✐♦♥s✳ ▼♦r❡♦✈❡r✱ ❡✈❡♥ ✐❢ t❤❡ t❛① ❛✉t❤♦r✐t② ♦❜s❡r✈❡s ❛❧❧ ✐♥tr❛✲✜r♠

tr❛♥s❛❝t✐♦♥s ✐♥ ❛ ❢✉❧❧✲❛✉❞✐t ♠♦❞❡✱ t❤❡ ❛♠❜✐❣✉✐t② ♦❢ ✇❤❛t ❝❛♥ ❝♦♥s✐❞❡r❡❞ ❛♥ ❛♣♣r♦♣r✐❛t❡ tr❛♥s❢❡r

♣r✐❝❡ ✐s ♥♦t ❡❧✐♠✐♥❛t❡❞✳ ■t ♠❡❛♥s t❤❛t t❤❡ ✉♥❝❡rt❛✐♥t② ✐s ♥♦t ❛ttr✐❜✉t❡❞ ♦♥❧② t♦ t❤❡ ♣r♦❜❛❜✐❧✐t②

♦❢ ❜❡✐♥❣ ❛✉❞✐t❡❞✱ ❜✉t ❛❧s♦ ♦♥ t❤❡ t♦❧❡r❛♥❝❡ ❧❡✈❡❧ ♦❢ t❤❡ t❛① ❛✉❞✐t♦r✳ ❆♥❞ t❤✐s ✉♥❝❡rt❛✐♥t② ❝❛♥ ❜❡

❜❡♥❡✜❝✐❛❧ ❢♦r ✜r♠s ❢♦❝✉s✐♥❣ ♦♥ ❛ ♣r♦✜t s❤✐❢t✐♥❣ str❛t❡❣②✳ ❆t ❧❛st✱ ❛♥t✐✲s❤✐❢t✐♥❣ r✉❧❡s ✐♠♣♦s❡ t❤❡

❛r♠✬s ❧❡♥❣t❤ ❝r✐t❡r✐♦♥ ❢♦r t❤❡ tr❛♥s❢❡r ♣r✐❝❡s✱ ❜✉t ♥♦ r❡q✉✐r❡♠❡♥ts ❛r❡ ❝✉rr❡♥t❧② ✐♠♣♦s❡❞ ❢♦r t❤❡

❧❡✈❡❧ ♦❢ ✐♥t❡r♥❛❧ ♦✉t♣✉ts✳ ■♥ t❤✐s s❡♥s❡✱ ❛♥② ❝❤❛♥❣❡ ✐♥ t❤❡ ❛r♠✬s ❧❡♥❣t❤ t♦❧❡r❛♥❝❡ ♦❢ t❛① ❛✉t❤♦r✐t✐❡s

♠✐❣❤t ❜❡ ♦✛s❡t ❜② ❛❞❥✉st♠❡♥ts ✐♥ ✐♥t❡r♥❛❧ ♦✉t♣✉ts ✐❢ t❤❡ ▼◆❊ ❤❛s s♦♠❡ ♦♣❡r❛t✐♦♥❛❧ ✢❡①✐❜✐❧✐t②✱

s♦ t❤❡ ✜♥❛❧ ❛♠♦✉♥t ♦❢ s❤✐❢t❡❞ ♣r♦✜ts r❡♠❛✐♥s t❤❡ s❛♠❡✳

❆♣♣❡♥❞✐①

❉❡r✐✈❛t✐♦♥ ♦❢ ❊q✳ ✾

❋♦r ❛ ✈❛r✐❛❜❧❡ g ∈ R++ ❛s ❛♥② ♣♦✐♥t ✇✐t❤✐♥ ❛ ❝♦♥t✐♥✉✉♠ ♦❢ ♦❝❝✉rr❡♥❝❡s ❛t ❛ ❝♦♥st❛♥t ❛✈❡r❛❣❡

r❛t❡ λ✱ t❤❡ t✐♠❡ y ♦❢ t❤❡ g✲t❤ ♦❝❝✉rr❡♥❝❡ ✐s ❛ r❛♥❞♦♠ ✈❛r✐❛❜❧❡ t❤❛t ❢♦❧❧♦✇s ❛ ❣❛♠♠❛ ❞✐str✐❜✉t✐♦♥

❛♥❞ ❤❛s ❛ ❝✉♠✉❧❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❛s P(y) = 1− Γ(g, λ)/Γ(g)✳ ❚❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

Γ(g) =

∫ ∞

0
λgyg−1e−λy dy

✷✹



❛♥❞ t❤❡ ✉♣♣❡r ❣❛♠♠❛ ❢✉♥❝t✐♦♥ ✐s ❞❡✜♥❡❞ ❛s

Γ(g, λ) =

∫ ∞

λ

λgyg−1e−λy dy.

❙✐♥❝❡ ✇❡ ❤❛✈❡ ❞✐s❝r❡t❡ ❡✈❡♥ts ❛s g = k : k ∈ N✱ t❤❡ ✉♣♣❡r ❣❛♠♠❛ ❢✉♥❝t✐♦♥ ❝❛♥ ❜❡ ❡①♣r❡ss❡❞

❛s t❤❡ s❡r✐❡s ❡①♣❛♥s✐♦♥

Γ(k, λ) = (k − 1)! · e−λy
k−1
∑

q=0

(λy)q

q!
.

❚❤❡ s❡❝♦♥❞ ♠✉❧t✐♣❧✐❡r ❛t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ t❤❡ ❛❜♦✈❡ ❡q✉❛t✐♦♥ r❡♣r❡s❡♥ts t❤❡ ❝✉♠✉❧❛t✐✈❡

❝❤❛♥❝❡ ♦❢ k − 1 ❡✈❡♥ts t♦ ♦❝❝✉r ❛t ✐♥t❡♥s✐t② λ ✉♣ t♦ ♠♦♠❡♥t y✱ ✇❤❡r❡ k ✐s ❛ P♦✐ss♦♥ r❛♥❞♦♠

✈❛r✐❛❜❧❡✷✶✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ❣❛♠♠❛ ❢✉♥❝t✐♦♥ s❛t✐s❢② t❤❡ ♣r♦♣❡rt② Γ(k) = (k − 1)! ❢♦r ❞✐s❝r❡t❡

✈❛r✐❛❜❧❡s k ∈ N✱ ✇❤✐❝❤ ✐♠♣❧✐❡s t❤❡ ❡q✉❛❧✐t② kΓ(k) = Γ(k + 1)✳ ❍❡♥❝❡✱ ❛ss✉♠✐♥❣ t❤❡ ♦❝❝✉rr❡♥❝❡

r❛t❡ λ ✐s ♦❜t❛✐♥❡❞ ❢♦r ❛ ♣❡r✐♦❞ ✉♣ t♦ y✱ t❤✉s y = 1✱ t❤❡s❡ ❝♦♥❞✐t✐♦♥s ❛❧❧♦✇ ✉s t♦ ❞❡r✐✈❡ t❤❡

❝✉♠✉❧❛t✐✈❡ ♣r♦❜❛❜✐❧✐t② ❞✐str✐❜✉t✐♦♥ ♦❢ k ❡✈❡♥ts ❛s

k
∑

q=0

P(q) =
k!

k!
·

k
∑

q=0

λqe−λ

q!
=

Γ(k + 1, λ)

Γ(k + 1)

✇❤✐❝❤ ✐s ♣r❡s❡♥t❡❞ ✐♥ ❊q✉❛t✐♦♥ ✾✳ P♦✐ss♦♥ ❝✉♠✉❧❛t✐✈❡ ❞✐str✐❜✉t✐♦♥ ❢✉♥❝t✐♦♥
∑k

q=0 P(q) ❡①♣r❡ss❡❞

❜② ♠❡❛♥s ♦❢ ❣❛♠♠❛ ❢✉♥❝t✐♦♥ Γ(k, λ) ✐s ❞❡✜♥❡❞ ❢♦r ❛❧❧ ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡rs ❛♥❞ ♣r♦✈✐❞❡s ❝♦♥t✐✲

♥✉✐t② ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❛♥❛❧②s✐s✳

❉❡r✐✈❛t✐♦♥ ♦❢ ❊q✳ ✶✾✲✷✵

❋♦r ❛❧❧ r❡❛❧ ♥✉♠❜❡rs ∀x ∈ R✱ x ✐s ❡q✉❛❧ t♦ x = sgn(x) · |x|✱ ✇✐t❤ | · | : R → R+ ❛s t❤❡ ❛❜s♦❧✉t❡

✈❛❧✉❡ ❢✉♥❝t✐♦♥ ❛♥❞ sgn(x) ❛s t❤❡ s✐❣♥ ❢✉♥❝t✐♦♥ s❛t✐s❢②✐♥❣

sgn(x) =











−1, ✐✛ x < 0

0, ✐✛ x = 0

1, ✐✛ x > 0.

❋♦r ∀x 6= 0✱ ✇❡ ❤❛✈❡ sgn(x) = x/|x| = |x|/x → |x| = x · sgn(x) = x/sgn(x)✱ ✇❤✐❝❤ ✐♠♣❧✐❡s

∂|x|/∂x = sgn(x)✳ ❉✐✛❡r❡♥t✐❛t✐♥❣ |τ2 − τ1| ✇✐t❤ r❡s♣❡❝t t♦ τi ❢♦r ❜♦t❤ ▲❚P ❛♥❞ ❍❚P ❝❛s❡s

♣r♦✈✐❞❡s

∂|τ2 − τ1|

∂τi
=











▲❚P → {τ2 < τ1, i = 1} → ∂|τ2−τ1|
∂τ1

= sgn(τ2 − τ1) ·
∂(τ2−τ1)

∂τ1
= 1;

❍❚P → {τ2 > τ1, i = 2} → ∂|τ2−τ1|
∂τ2

= sgn(τ2 − τ1) ·
∂(τ2−τ1)

∂τ2
= 1.

❯♥❞❡r t❤❡s❡ ♣r♦♣❡rt✐❡s✱ ❞✐✛❡r❡♥t✐❛t✐♥❣ ❊q✳ ✶✻ ✇✐t❤ r❡s♣❡❝t t♦ τi ♣r♦✈✐❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥✲

❞❛r❞ ❢♦r♠✿

✷✶❚❤❡ r❡❧❛t✐♦♥ P(y) = 1 − P(k − 1) ✐♥❞✐❝❛t❡s t❤❛t ❝❤❛♥❣❡s ✐♥ ♦❝❝✉rr❡♥❝❡ r❛t❡ λ ♣r♦❞✉❝❡ ❛♥ ✐♥✈❡rs❡ ✐♠♣❛❝t ♦♥
t❤❡ ❞✐str✐❜✉t✐♦♥❀ ❛ r❛♥❞♦♠ ❣❛♠♠❛✲❞✐str✐❜✉t❡❞ ✈❛r✐❛❜❧❡ y ❤❛s ♠❡❛♥ E(y) = k/λ ❛♥❞ ✈❛r✐❛♥❝❡ V(y) = k/λ2✳

✷✺



∂p∗

∂τi
=

∂p̄c

∂τi
+

∂∆p∗

∂τi

= 0 + γi





|τ2 − τ1|

(1− e−λi)(1 + zi)
(

1 + 1
γi

)

· τi





γi−1

·
∂

∂τi





|τ2 − τ1|

(1− e−λi)(1 + zi)
(

1 + 1
γi

)

· τi



 (pc − p̄c)

= γi ·
|τ2 − τ1|

γi−1

(

(1− e−λi)(1 + zi)
(

1 + 1
γi

)

· τi

)γ1+1 ·
[

τi · (1− e−λi)(1 + zi)
(

1 + 1
γi

)

−|τ2 − τ1| · (1− e−λi)(1 + zi)
(

1 + 1
γi

)]

(pc − p̄c)

=
γi(p

c − p̄c)

τγi+1
i · |τ2 − τ1|1−γi

·
(1− e−λi)(1 + zi)

(

1 + 1
γi

)

(

(1− e−λi)(1 + zi)
(

1 + 1
γi

))γi+1 · (τi − |τ2 − τ1|)

=
γi(p

c − p̄c)
(

(1− e−λi) · (1 + zi) ·
(

1 + 1
γi

))γi ·
τi − |τ2 − τ1|

τ1+γi
i · |τ2 − τ1|1−γi

.

❋♦r ∂2p∗/∂τ2i ✱ s✐♠♣❧✐❢② t❤❡ ❝♦♥st❛♥t ♠✉❧t✐♣❧✐❡r Ξc
i = γi(p

c−p̄c)
(

(1−e−λi )·(1+zi)·
(

1+ 1
γi

))γi ❛t t❤❡ r✐❣❤t

❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✶✾✳ ❙t❛♥❞❛r❞ ❢♦r♠ ✐♥ ❊q✳ ✷✵ ✐s ❞❡r✐✈❡❞ ❛s ❢♦❧❧♦✇s✿

∂2p∗

∂τ2i
=

γi(p
c − p̄c)

(

(1− eλi) · (1 + zi) ·
(

1 + 1
γi

))γi ·
d

dτi

(

τi − |τ2 − τ1|

τ1+γi
i · |τ2 − τ1|1−γi

)

= Ξc
i ·

(

0−
(τi − |τ2 − τ1|) · [d(τ

1+γi
i · |τ2 − τ1|

1−γi)/dτi]

(τ1+γi
i · |τ2 − τ1|1−γi)2

)

= Ξc
i ·

[(

−
τi − |τ2 − τ1|

τ1+γi
i · |τ2 − τ1|1−γi

)

·

[(

(1 + γi)τ
γi
i · |τ2 − τ1|

1−γi

τ1+γi
i · |τ2 − τ1|1−γi

)

+

(

(1− γi) · |τ2 − τ1|
−γi · τ1+γi

i

τ1+γi
i · |τ2 − τ1|1−γi

)]]

= Ξc
i ·

[

−

(

τi − |τ2 − τ1|

τ1+γi
i · |τ2 − τ1|1−γi

)

·

(

1 + γi
τi

+
1− γi
|τ2 − τ1|

)

]

= Ξc
i ·

(

τi − |τ2 − τ1|

τ1+γi
i · |τ2 − τ1|1−γi

)

·

(

(γi − 1) · τi − (γi + 1) · |τ2 − τ1|

τi · |τ2 − τ1|

)

=
∂p∗

∂τi
·
(γi − 1) · τi − (γi + 1) · |τ2 − τ1|

τi · |τ2 − τ1|

✷✻



❋r♦♠ t❤❡ τi✲s❡♠✐✲❡❧❛st✐❝✐t② ♦❢ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ❣❛♣ ∆p∗ ❡q✉❛❧ t♦ ε∆p∗,τi/τi = γi ·
τi−|τ2−τ1|
τi·|τ2−τ1|

✱

t❤❡ s❡❝♦♥❞✲♦r❞❡r τi✲s❡♠✐✲❡❧❛st✐❝✐t② ♦❢ p∗ ✐s ❞❡✜♥❡❞ ❛s

ε2p∗,τi
τi

=
∂2p∗/∂τ2i
∂p∗/∂τi

=
ε∆p∗,τi

τi
−

τi − |τ2 − τ1|

τi · |τ2 − τ1|

=
(γi − 1) · τi − (γi + 1) · |τ2 − τ1|

τi · |τ2 − τ1|

✇❤✐❝❤ ✐s t❤❡ ♠✉❧t✐♣❧✐❡r ❛t t❤❡ r✐❣❤t ❤❛♥❞ s✐❞❡ ♦❢ ❊q✳ ✷✵✳

❉❡r✐✈❛t✐♦♥ ♦❢ ❊q✳ ✷✺

❚❤❡ ❤♦♠♦❣❡♥❡♦✉s ❛✉❞✐t ✐♥t❡♥s✐t② λi > 0 ❝❛♥ ❜❡ ❛♥② ♣♦s✐t✐✈❡ r❡❛❧ ♥✉♠❜❡r✱ t❤✉s t❤❡ r❛♥❣❡ ♦❢ t❤❡

❝♦rr❡s♣♦♥❞✐♥❣ ♥♦♥✲❤♦♠♦❣❡♥❡♦✉s ❛✉❞✐t r❛t❡ ❢✉♥❝t✐♦♥ λi(γ̇i) : (0, 1] → R++ ✐s ✉♥❜♦✉♥❞❡❞ ❛❜♦✈❡✳

❙✐♥❝❡ ✇❡ ❤❛✈❡ ❛ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥ γ̇i ∈ (0, 1]✱ t❤❡r❡❢♦r❡ t❤❡ r❛t❡ ❢✉♥❝t✐♦♥ λi(γ̇i) ♠✉st ✐♥❞❡❡❞ ❜❡

✉♥❜♦✉♥❞❡❞ ❛❜♦✈❡✷✷✱ ✐✳❡✳ ✉♥❞❡r t❤❡ ❞❡✜♥✐t✐♦♥ ♦❢ ♥♦♥✲✉♥✐❢♦r♠❧② ❝♦♥t✐♥✉♦✉s ❢✉♥❝t✐♦♥s✱ ✐t ✐♠♣❧✐❡s

{∀δ > 0✱ γ̇i ∈ (0, 1] : |∆γ̇i| < δ} → lim
γ̇i→1

|λi(γ̇i +∆γ̇i)− λi(γ̇i)| = ∞.

❋r♦♠ t❤❡ ❣❡♥❡r❛❧ ❢✉♥❝t✐♦♥ f(γ̇i) : (0, 1] → R++ ❛s ❞❡✜♥❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ❧❡t t❤❡ ❛✉❞✐t r❛t❡

❢✉♥❝t✐♦♥ ❢♦❧❧♦✇ ❛ ♥❡❣❛t✐✈❡ s❡♠✐✲❡❧❛st✐❝✐t② ❞❡s✐❣♥✷✸✱ s✉❝❤ t❤❛t λi(γ̇i) = −d(1−f(γ̇i))
dγ̇i

· 1
1−f(γ̇i)

✐s

✉♥❜♦✉♥❞❡❞ ❛❜♦✈❡ ❛t t❤❡ ③❡r♦s✱ f(γ̇i) → 1✳ ❍❡♥❝❡✱ ✐t ✐♠♣❧✐❡s t❤❡ ❢♦❧❧♦✇✐♥❣ ❞✐✛❡r❡♥t✐❛❧ ❢♦r♠✿

lim
γ̇i→1

|λi(γ̇i +∆γ̇i)− λi(γ̇i)| = ∞ → λi(γ̇i) = −
d(1− f(γ̇i))

dγ̇i
·

1

1− f(γ̇i)
;

λi(γ̇i)dγ̇i =
df(γ̇i)

1− f(γ̇i)
.

■♥t❡❣r❛t✐♥❣ ♦♥ t❤❡ ❢✉❧❧ ❞♦♠❛✐♥ γ̇i ∈ (0, 1]✱ ✇❡ ♦❜t❛✐♥ ❛ ♣❛r❛♠❡tr✐❝ r❡♣r❡s❡♥t❛t✐♦♥ ♦❢ t❤❡ ❛✉❞✐t

✐♥t❡♥s✐t② Λi(0, γ̇i) ✐♥ t❡r♠s ♦❢ f(γ̇i) ❡q✉❛❧ t♦

✷✷❖❢ ❝♦✉rs❡✱ t❤❡ ❝♦♥❞✐t✐♦♥ ❢♦r t❤❡ ❢✉♥❝t✐♦♥ λi(γ̇i) t♦ ❜❡ ✉♥❜♦✉♥❞❡❞ ❛❜♦✈❡ ♥❡❝❡ss❛r✐❧② ❛r✐s❡s ❢r♦♠ ♦✉r r❡str✐❝t✐♦♥
♦❢ t❤❡ ❞♦♠❛✐♥ ♦❢ γ̇i t♦ t❤❡ ❜♦✉♥❞❡❞ ✐♥t❡r✈❛❧ (0, 1]✳

✷✸❋♦r ❛ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ f(y) : Y → R✱ y ∈ Y ✱ Y ✐s ❜♦✉♥❞❡❞✱ t❤❡ ♥❡❣❛t✐✈❡ s❡♠✐✲❡❧❛st✐❝✐t② ❡q✉❛❧ t♦

− df(y)
dy

· 1
f(y)

✐s ✉♥❜♦✉♥❞❡❞ ❛❜♦✈❡ ❛t t❤❡ ③❡r♦s f(y) → 0✳ ❚✇♦ ❝❧❛ss✐❝❛❧ ❡①❛♠♣❧❡s ❛r❡ t❤❡ ❢✉♥❝t✐♦♥s −1/y ❛♥❞

tan(y)✱ ✇❤✐❝❤ ❛r❡ ✉♥❜♦✉♥❞❡❞ ❛❜♦✈❡ ♦♥ t❤❡ ❜♦✉♥❞❡❞ ❞♦♠❛✐♥s y ∈ [−1, 0] ❛♥❞ y ∈ [0, π/2] r❡s♣❡❝t✐✈❡❧②✳ ❇♦t❤
❡①❛♠♣❧❡s ❛r❡ ❞❡✜♥❡❞ ❛s t❤❡ ♥❡❣❛t✐✈❡ s❡♠✐✲❡❧❛st✐❝✐t✐❡s ♦❢ t❤❡ ❢✉♥❝t✐♦♥s f(y) = −y ❛♥❞ f(y) = cos(y) ❛s ❢♦❧❧♦✇s✿

f(y) = −y : −
d(−y)

dy
·

1

−y
= −

1

y
;

f(y) = cos(y) : −
d cos(y)

dy
·

1

cos(y)
= tan(y).

✷✼



γ̇i ∈ (0, 1] : Λi(0, γ̇i) =

∫ 1

→0+
λi(y) dy =

∫ 1

→0+

df(y)/dy

1− f(y)
dy

= − ln(1− f(γ̇i))

✇❤✐❝❤ s❛t✐s✜❡s t❤❡ ✉♥❜♦✉♥❞❡❞♥❡ss ❝♦♥❞✐t✐♦♥✳ ❚❤❡r❡❢♦r❡✱ t❤❡ t♦t❛❧ ♣r♦❜❛❜✐❧✐t② ♦❢ t❛① ❛✉❞✐t ❜❡✲

❝♦♠❡s P(q(γ̇i) > 0, λi(γ̇i)) = 1− e−Λi(0,γ̇i) = 1− eln(1−f(γ̇i)) = f(γ̇i)✳

❉❡r✐✈❛t✐♦♥ ♦❢ ❊q✳ ✷✻

❚♦ s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s✱ ✇❡ ❛❞♦♣t ✐♥ t❤✐s s❡❝t✐♦♥ t❤❡ ♣r✐♠❡ ♥♦t❛t✐♦♥ ❢♦r t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞

❞❡r✐✈❛t✐✈❡s ❛s ❢♦❧❧♦✇s✿ ❢♦r t❤❡ ❞✐✛❡r❡♥t✐❛❜❧❡ ❢✉♥❝t✐♦♥ f(γ̇i) = fγ̇i ✱ t❤❡ ✜rst ❛♥❞ s❡❝♦♥❞ ❞❡r✐✈❛t✐✈❡s

r❡❣❛r❞✐♥❣ t❤❡ ✈❛r✐❛❜❧❡ γ̇i ❛r❡ r❡s♣❡❝t✐✈❡❧② ❡q✉❛❧ t♦ dfγ̇i/dγ̇i = f ′
γ̇i
✱ d2fγ̇i/dγ̇i

2 = f ′′
γ̇i
✳

❉✐✛❡r❡♥t✐❛t✐♥❣ t❤❡ ♦♣t✐♠❛❧ tr❛♥s❢❡r ♣r✐❝❡ p∗(γ̇i, ·) ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ✈❛r✐❛❜❧❡ γ̇i ❛s ♣❛r❛♠❡tr✐✲

s❛t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✹✳✷✱ ✇❡ ♦❜t❛✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ st❛♥❞❛r❞ ❢♦r♠✿

∂p∗(γ̇i, ·)

∂γ̇i
=

∂p̄c

∂γ̇i
+

∂∆p∗

∂γ̇i

= 0 +
∂

∂γ̇i









|τ2 − τ1|

fγ̇i · (1 + zi) · τi ·
(

1 + 1
gγ̇i

)





gγ̇i

(pc − p̄c)





= ∆p∗ ·



g′γ̇i · ln





|τ2 − τ1|

fγ̇i · (1 + zi) · τi ·
(

1 + 1
gγ̇i

)



+ gγ̇i ·
∂

∂γ̇i
ln





|τ2 − τ1|

fγ̇i · (1 + zi) · τi ·
(

1 + 1
gγ̇i

)









= ∆p∗ ·



g′γ̇i · ln





|τ2 − τ1|

fγ̇i · (1 + zi) · τi ·
(

1 + 1
gγ̇i

)



+ fγ̇i(1 + gγ̇i) ·
g′γ̇ifγ̇i − gγ̇if

′
γ̇i
− g2γ̇if

′
γ̇i

(fγ̇i(1 + gγ̇i))
2





= ∆p∗ ·



g′γ̇i ·



ln





|τ2 − τ1|

fγ̇i · (1 + zi) · τi ·
(

1 + 1
gγ̇i

)



+
1

1 + gγ̇i



− f ′
γ̇i
·
gγ̇i
fγ̇i



 .

❘❡❢❡r❡♥❝❡s

❆❧❧✐♥❣❤❛♠✱ ▼✳ ●✳✱ ✫ ❙❛♥❞♠♦✱ ❆✳ ✭✶✾✼✷✮✳ ■♥❝♦♠❡ t❛① ❡✈❛s✐♦♥✿ ❆ t❤❡♦r❡t✐❝❛❧ ❛♥❛❧②s✐s✳ ✱ ✶ ✭✸✲✹✮✱

✸✷✸✕✸✸✽✳

❆❧♠✱ ❏✳ ✭✷✵✶✷✮✳ ▼❡❛s✉r✐♥❣✱ ❡①♣❧❛✐♥✐♥❣✱ ❛♥❞ ❝♦♥tr♦❧❧✐♥❣ t❛① ❡✈❛s✐♦♥✿ ❧❡ss♦♥s ❢r♦♠ t❤❡♦r②✱ ❡①♣❡r✐✲

♠❡♥ts✱ ❛♥❞ ✜❡❧❞ st✉❞✐❡s✳ ■♥t❡r♥❛t✐♦♥❛❧ ❚❛① ❛♥❞ P✉❜❧✐❝ ❋✐♥❛♥❝❡✱ ✶✾ ✭✶✮✱ ✺✹✕✼✼✳

❇❛rt❡❧s♠❛♥✱ ❊✳ ❏✳✱ ✫ ❇❡❡ts♠❛✱ ❘✳ ▼✳ ✭✷✵✵✸✮✳ ❲❤② ♣❛② ♠♦r❡❄ ❝♦r♣♦r❛t❡ t❛① ❛✈♦✐❞❛♥❝❡ t❤r♦✉❣❤

tr❛♥s❢❡r ♣r✐❝✐♥❣ ✐♥ ♦❡❝❞ ❝♦✉♥tr✐❡s✳ ❏♦✉r♥❛❧ ♦❢ P✉❜❧✐❝ ❊❝♦♥♦♠✐❝s✱ ✽✼ ✭✾✲✶✵✮✱ ✷✷✷✺✕✷✷✺✷✳

❇❡❝❦❡r✱ ❏✳✱ ❉❛✈✐❡s✱ ❘✳ ❇✳✱ ✫ ❏❛❦♦❜s✱ ●✳ ✭✷✵✶✼✮✳ ❚❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ❛❞✈❛♥❝❡ ♣r✐❝✐♥❣ ❛❣r❡❡♠❡♥ts✳

❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝ ❇❡❤❛✈✐♦r ✫ ❖r❣❛♥✐③❛t✐♦♥✱ ✶✸✹ ✱ ✷✺✺✕✷✻✽✳

✷✽



❇❡r♥❛r❞✱ ❆✳ ❇✳✱ ❏❡♥s❡♥✱ ❏✳ ❇✳✱ ✫ ❙❝❤♦tt✱ P✳ ❑✳ ✭✷✵✵✻✮✳ ❚r❛♥s❢❡r ♣r✐❝✐♥❣ ❜② ✉s✲❜❛s❡❞ ♠✉❧t✐♥❛t✐♦♥❛❧

✜r♠s ✭❚❡❝❤✳ ❘❡♣✳✮✳ ◆❛t✐♦♥❛❧ ❇✉r❡❛✉ ♦❢ ❊❝♦♥♦♠✐❝ ❘❡s❡❛r❝❤ ✭◆♦✳ ✇✶✷✹✾✸✮✳

❈❧❛✉s✐♥❣✱ ❑✳ ❆✳ ✭✷✵✵✸✮✳ ❚❛①✲♠♦t✐✈❛t❡❞ tr❛♥s❢❡r ♣r✐❝✐♥❣ ❛♥❞ ✉s ✐♥tr❛✜r♠ tr❛❞❡ ♣r✐❝❡s✳ ❏♦✉r♥❛❧

♦❢ P✉❜❧✐❝ ❊❝♦♥♦♠✐❝s✱ ✽✼ ✭✾✲✶✵✮✱ ✷✷✵✼✕✷✷✷✸✳

❈r✐st❡❛✱ ❆✳ ❉✳✱ ✫ ◆❣✉②❡♥✱ ❉✳ ❳✳ ✭✷✵✶✻✮✳ ❚r❛♥s❢❡r ♣r✐❝✐♥❣ ❜② ♠✉❧t✐♥❛t✐♦♥❛❧ ✜r♠s✿ ◆❡✇ ❡✈✐❞❡♥❝❡

❢r♦♠ ❢♦r❡✐❣♥ ✜r♠ ♦✇♥❡rs❤✐♣s✳ ❆♠❡r✐❝❛♥ ❊❝♦♥♦♠✐❝ ❏♦✉r♥❛❧✿ ❊❝♦♥♦♠✐❝ P♦❧✐❝② ✱ ✽ ✭✸✮✱ ✶✼✵✕

✷✵✷✳

❉❛✈✐❡s✱ ❘✳ ❇✳✱ ▼❛rt✐♥✱ ❏✳✱ P❛r❡♥t✐✱ ▼✳✱ ✫ ❚♦✉❜❛❧✱ ❋✳ ✭✷✵✶✽✮✳ ❑♥♦❝❦✐♥❣ ♦♥ t❛① ❤❛✈❡♥✬s ❞♦♦r✿

▼✉❧t✐♥❛t✐♦♥❛❧ ✜r♠s ❛♥❞ tr❛♥s❢❡r ♣r✐❝✐♥❣✳ ❘❡✈✐❡✇ ♦❢ ❊❝♦♥♦♠✐❝s ❛♥❞ ❙t❛t✐st✐❝s✱ ✶✵✵ ✭✶✮✱

✶✷✵✕✶✸✹✳

❊❞❡♥✱ ▲✳ ✭✷✵✵✶✮✳ ❚❛①❡s✱ tr❛♥s❢❡r ♣r✐❝✐♥❣✱ ❛♥❞ t❤❡ ♠✉❧t✐♥❛t✐♦♥❛❧ ❡♥t❡r♣r✐s❡✳ ❚❤❡ ❖①❢♦r❞ ❍❛♥❞❜♦♦❦

✐♥ ■♥t❡r♥❛t✐♦♥❛❧ ❇✉s✐♥❡ss✱ ❖①❢♦r❞ ❯♥✐✈❡rs✐t② Pr❡ss✿ ❖①❢♦r❞ ✱ ✺✾✶✕✻✶✾✳

❍✐♥❡s ❏r✱ ❏✳ ❘✳✱ ✫ ❘✐❝❡✱ ❊✳ ▼✳ ✭✶✾✾✹✮✳ ❋✐s❝❛❧ ♣❛r❛❞✐s❡✿ ❋♦r❡✐❣♥ t❛① ❤❛✈❡♥s ❛♥❞ ❛♠❡r✐❝❛♥ ❜✉s✐♥❡ss✳

❚❤❡ ◗✉❛rt❡r❧② ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝s✱ ✶✵✾ ✭✶✮✱ ✶✹✾✕✶✽✷✳

❑❛♥t✱ ❈✳ ✭✶✾✽✽✮✳ ❊♥❞♦❣❡♥♦✉s tr❛♥s❢❡r ♣r✐❝✐♥❣ ❛♥❞ t❤❡ ❡✛❡❝ts ♦❢ ✉♥❝❡rt❛✐♥ r❡❣✉❧❛t✐♦♥✳ ❏♦✉r♥❛❧

♦❢ ■♥t❡r♥❛t✐♦♥❛❧ ❊❝♦♥♦♠✐❝s✱ ✷✹ ✭✶✲✷✮✱ ✶✹✼✕✶✺✼✳

❑❧✐r✱ ●✳✱ ✫ ❨✉❛♥✱ ❇✳ ✭✶✾✾✺✮✳ ❋✉③③② s❡ts ❛♥❞ ❢✉③③② ❧♦❣✐❝ ✭❱♦❧✳ ✹✮✳ Pr❡♥t✐❝❡ ❤❛❧❧ ◆❡✇ ❏❡rs❡②✳

▲❡✈❛❣❣✐✱ ❘✳✱ ✫ ▼❡♥♦♥❝✐♥✱ ❋✳ ✭✷✵✶✸✮✳ ❖♣t✐♠❛❧ ❞②♥❛♠✐❝ t❛① ❡✈❛s✐♦♥✳ ❏♦✉r♥❛❧ ♦❢ ❊❝♦♥♦♠✐❝

❉②♥❛♠✐❝s ❛♥❞ ❈♦♥tr♦❧ ✱ ✸✼ ✭✶✶✮✱ ✷✶✺✼✕✷✶✻✼✳

◆✐❡❧s❡♥✱ ❙✳✱ ❙❝❤✐♥❞❧❡r✱ ❉✳✱ ✫ ❙❝❤❥❡❧❞❡r✉♣✱ ●✳ ✭✷✵✶✹✮✳ ❆❜✉s✐✈❡ tr❛♥s❢❡r ♣r✐❝✐♥❣ ❛♥❞ ❡❝♦♥♦♠✐❝

❛❝t✐✈✐t② ✭❚❡❝❤✳ ❘❡♣✳✮✳ ❈❊❙✐❢♦ ❲♦r❦✐♥❣ P❛♣❡r ◆♦✳ ✹✾✼✺✳

❖❊❈❉✳ ✭✷✵✶✼✮✳ ❖❡❝❞ tr❛♥s❢❡r ♣r✐❝✐♥❣ ❣✉✐❞❡❧✐♥❡s ❢♦r ♠✉❧t✐♥❛✲

t✐♦♥❛❧ ❡♥t❡r♣r✐s❡s ❛♥❞ t❛① ❛❞♠✐♥✐str❛t✐♦♥s ✷✵✶✼✳ ❘❡tr✐❡✈❡❞ ❢r♦♠
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