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Abstract
This paper describes asset price and return disturbances as result of relations between
transactions and multiple kinds of expectations. We show that disturbances of expectations
can cause fluctuations of trade volume, price and return. We model price disturbances for
transactions made under all types of expectations as weighted sum of partial price and trade
volume disturbances for transactions made under separate kinds of expectations. Relations on
price allow present return as weighted sum of partial return and trade volume “return” for
transactions made under separate expectations. Dependence of price disturbances on trade
volume disturbances as well as dependence of return on trade volume “return” cause
dependence of volatility and statistical distributions of price and return on statistical

properties of trade volume disturbances and trade volume “return” respectively.
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1. Introduction

Asset pricing, price and return fluctuations and expectations are the key issues of modern
finance. Publications on these problems account thousands and we refer (Campbell, 1985;
Campbell and Cochrane, 1995; Heaton and Lucas, 2000; Cochrane, 2001; Cochrane and
Cupl, 2003; Cochrane, 2017) as very short list with clear, precise and general treatment of the
problem. Expectations as senior factors of finance and price dynamics are studied at least
since Muth (1961) and by numerous further papers (Fama, 1965; Lucas, 1972; Sargent and
Wallace, 1976; Hansen and Sargent, 1979; Brunnermeier and Parker, 2005; Dominitz and
Manski, 2005; Greenwood and Shleifer, 2014; Lof, 2014; Manski, 2017). Description of
return (Keim and Stambaugh, 1986; Mandelbrot, Fisher and Calvet, 1997; Fama, 1998; van
Binsbergen and Koijen, 2017) and studies of statistical properties of markets, price and return
(Brock and Hommes, 1998; Plerou et.al., 1999; Andersen et.al., 2001; Plerou et.al., 2001;
Gabaix et.al., 2003; Stanley et.al., 2008; Hansen, 2013; Greenwald, Lettau and Ludvigson,
2014; Gontis et.al., 2016) present only small part of publications on these problems.

This paper develops our model of price and return disturbances induced by relations between
transactions and expectations (Olkhov, 2018b). In brief our approach can be presented as
follows. Any price and return movements of particular asset occur only after transactions
with this asset are performed. Each transaction with particular asset defines trade volume and
price of the deal and decision to perform this transaction is made under certain expectations.
Thus relations between transactions and expectations define price and return dynamics and
fluctuations. In this paper we study the model that describes impact of multiple kinds of
expectations on transactions and cause price and return fluctuations with different
frequencies. Transactions made under particular expectation define trade volume and price
disturbances for this particular expectation. We describe price and return disturbances for
transactions made under different expectations as function of price disturbances determined
by transactions made under each particular expectations. Such representation uncovers
relations between price disturbances determined by all possible kinds of expectations and
trade volume disturbances defined by separate expectations. Price of transactions performed
under separate expectations defines partial return for each expectation. We describe
cumulative return under all possible kinds of expectations as function of partial return for
each expectation.

Representation of price disturbances as weighted sum of partial price disturbances and trade

volume disturbances determined by separate expectations impact statistical properties of



price disturbances. The similar relations valid for return fluctuations. Statistical distributions
of price and return fluctuations can depend on statistical properties of trade volume and on
trade volume “return” (12.3) disturbances and should be studied further.

The rest of the paper unfolds as follows. In Sec.2 we present model setup and argue main
definitions for transactions, trade value and volume, price, return and expectations. In Sec.3
we derive economic equations for transactions and in Sec.4 we introduce economic equations
for expectations. In Sec. 5 we discuss simple model interactions between transactions and
expectations and derive representation for disturbances of price as weighted sum of partial
prices and trade volume disturbances. For return we obtain representation as weighted sum of

partial return and partial trade “volume return”. Conclusions are in Sec.6.

2. Model setup

Impact of expectations on price trends and fluctuations are studied at least since Muth (1961)
and numerous papers (Lucas, 1972; Hansen and Sargent, 1979; Blume and Easley, 1984;
Brunnermeier and Parker, 2005; Dominitz and Manski, 2005; Greenwood and Shleifer, 2014;
Manski, 2017). In (Olkhov, 2018b) we present approximation that takes into account possible
impact of expectations on transactions with particular assets performed by economic agents
at Exchange. This approximation describes mutual interactions between transactions and
expectations and models simple price fluctuations under action of expectations.

In current paper we describe possible impact of numerous kinds of expectations on price and
return fluctuations.

Expectations are important characteristics of economic agents. Agents have economic and
financial variables like assets and debts, credits and investment, consumption and labor and
etc. Expectations of agents complement economic and financial properties of agents. Agents
may have multiple expectations about future dynamics of any of economic or financial
variables. Moreover, economic agents may establish their expectations about expectations of
other agents and so on. Possible amount of expectations that can impact performance of
economic or financial transactions exceed amount of economic variables and their
“econometrics” increase complexity of economic modeling. Economic and financial
transactions are only tools that change value of economic and financial variables of agents
and thus define economic and financial evolution. In (Olkhov, 2018b) we assumed that each
transaction is performed under single kind of expectations. For example Buy-Sell
transactions of selected assets at Exchange can be performed under expectations of future

returns. Meanwhile, different agents can use different kinds of expectations to take decisions



on transactions. Moreover, even same agent can use different sorts of expectations to take
decisions on Buy-Sell transactions of same asset. For example, Buy-Sell transactions can be
performed under expectations of rate of inflation, currency exchange rate, GDP growth,
weather forecasts, future returns and etc. Numerous kinds of expectations impact Buy-Sell
transactions of the same assets. Thus various sorts of expectations those approve transactions
of same assets can impact price and return. Below we model impact of multiple sorts of

expectations on price and return fluctuations.
2.1. Economic space

Our approach is based on economic space notion. Below we present brief definitions and for
details refer to (Olkhov, 2016a-2018b). Let’s assume that all economic agents like banks,
funds, companies, households and etc., can execute Buy-Sell transaction with particular
assets at Exchange. There are a lot of risks that impact economic agents like credit risks,
inflation risks, market risks and many other (Wilier, 1901; Horcher, 2005; McNeil, Frey and
Embrechts, 2005; Skoglund and Chen, 2015). Let’s treat all risks as factors that impact
economic agents, their transactions and entire economics. For large banks and corporations
risk assessments are provided by rating companies as Moody’s, Fitch, S&P (Metz and
Cantor, 2007; Chane-Kon, et.al, 2010; Kraemer and Vazza, 2012). Ratings take value of risk
grades as AAA, A, BB, C and etc., and follow the risk rating methodologies (Staff U.S SEC,
2012; S&P, 2014; Pitman and Moss, 2016). We propose (Olkhov, 2016a-2018b) regard risk
grades AAA, A, BB, C and etc., as points xj,...x, of discrete economic space that imbed
economic agents by their risk ratings x. Ratings of single risk distribute agents over points of
one-dimensional economic space. Assessments of two or more risks distribute agents by their
risk ratings on economic space with dimension two or more. Let’s assume that risk
assessment methodology can utilize continuous risk grades. One can always assume that risk
grades take value between most secure grade equals O and most risky grade equals X.
Assessments of agent’s ratings for single risk fill interval (0,X) of economic domain on space
R. Assessments of agent’s ratings for n risks define agent’s coordinates on economic domain
on R". Let’s propose that econometrics provide sufficient data to evaluate risk assessments
for all economic agents of entire economics and there are n=1,2,3 major risks and their
impact cause main action on agents and macroeconomics. Assessments of agents for n major
risks distribute them over economic domain on economic space R". We refer to (Olkhov,

2016a — 2018b) for additional details. For brevity let’s further note economic space as e-



space and economic agents as e-particles (economic particles). We use roman letters f, ¢, etc.,

to define scalar and bold letters x, B, P, etc., to define vector variables.
2.2. Transactions on e-space

Let’s model Buy-Sell transactions of e-particles at Exchange with particular assets. Let’s
assume that economics is described by n major risks and each e-particle of the entire
economics is determined by risk coordinates x on e-space R". Different e-particles may have
same risk coordinates and we assume that at point x on e-space there are N(t,x) different e-
particles. Let’s assume that each e-particle i=1,2...N(t,x) at point x on e-space at moment ¢
under action of different types k=1,2,...K of expectations ex;(t,x) perform transactions
tri(t,x) with particular assets. Transaction #r;(t,x) are performed under expectations of type k
between e-particle i at point x and Exchange. Let’s state that transactions #ry(t,x) define
trading volumes Q(t,x) and trading values SVi(t,x) (1.1):
tru(t, ) = (Que(t, %); Vi (t, X)) (1.
ex;i(t, ) = (exyeg(t, %); exyesy (t,2)); k=1,..K (1.2)
We define transactions #riy(t,x) as two component functions (1.1) that are performed under
action of expectations ex;(tx) (1.2). Expectations exjyo are responsible for decisions on
trading volumes Qj(t,x) and expectations ex; are responsible for decisions on trading values
SVilt,x) of transactions #ry(t,x) (1.1). Thus different types k=1,2...K of expectations approve
different shares of transactions with same assets. Assets prices pi(t,x) of transactions (1.1)
are determined by obvious relations (1.3):
SVir (t, %) = pir (¢, %) Qi (¢, x) (1.3)
Description of transactions performed by numerous agents under various kinds of
expectations is a very complex problem. To simplify the model let’s aggregate transactions
and expectations of agents that have coordinates x. Aggregation of transactions performed by
e-particles at point x transfer description of transactions made by separate e-particles to
description of transactions made by all agents at point x. The same we do for description of
expectations. We replace description of transactions and expectations of separate agents by
modeling aggregated transactions and expectations made by e-particles at point x. This
transition average and rougher description of transactions and simplifies modeling
expectations and transactions of entire economics. Such approximation has parallels to

hydrodynamic approximation in physics of fluids and we shall note it as economic



hydrodynamic-like approximation. Let’s present above considerations in a more formal
manner.
Let’s remind (Olkhov, 2017d; 2018a; 2018b) that risk coordinates x=(x;,...x,) of e-particles
on economic domain of n-dimensional e-space R" are reduced by min and max values:
0<x;<X;,i=1,..n (1.4)

Here x;=0 define most secure and X; define most risky grades for risk i. One can always set
X;=1 but we use notion X; for convenience. Relations (1.4) define economic domain and all
economic agents (e-particles) have their risk coordinates inside economic domain (1.4). Let’s
assume that a unit volume dV(x) at point x contains many e-particles but scales dV; (1.5) of a
unit volume dV(x) are small to compare with scales X; of economic domain (1.4):

AV, K X;,i=1,.n; dV =][li=1,,dV; (1.5)
Let’s state that e-particles at moment ¢ have coordinates x=(xj,...x,) and velocities
v=(vy,...0,). Velocities v=(vy,...v,) describe change of risk coordinates of e-particles. Let’s
define transaction Try(t,x) as the sum of all transactions #ry(t,x) made under expectations
exi(tx) of type k from e-particles i with coordinates x in a unit volume dV(x) averaged

during time A4:

Tr (6, x) = (Q(t, 2); SVi(t, %)) = Ticav(x); a tTix (t, X) (2.1)
WED=) utD) 5 SED=)  Seltn)

tr (t, %) = (Qu(t, x); SVir (8, x))
Sieaveoatrae(t,X) =5 [T dT Bicav (o trae(z, ) 2.1.1)
Let’s use i € dV(x) to denote that coordinates x of e-particle i belong to a unit volume dV(x).
Let’s use left hand sum (2.1.1) to denote averaging during time 4 in a unit volume dV(x).
Prices pi(t,x) of transaction try(t,x) executed by e-particle i at point x are determined by
(1.3). Transaction Tri(t,x) as function of point x defines price pi(t,x) at point x (2.2) as
SVi(t,x) = pr(t, %) Qi (¢, x) (2.2)
Aggregations by scales of unit volume dV and averaging during time 4 move description of
transactions of separate e-particles to description of transactions as function of x on e-space.
Transactions Tri(t,x) become properties of points x of e-space but not properties of separate
e-particles. Transactions Tr(t,x) determine transactions Tr(t,x) performed by all e-particles

(agents) in a unit volume dV under all possible expectations of all types k=1,...K as:

Tr(t,x) = Yp=1.x T (t,x) = (Q(t,x); SV (¢, x)) (2.3)



Q(t,x)=2k=1 LCONE SV(t,x)zz SV, (%)

k=1,.K

Transactions Tr(t,x) taken under all expectation k=1,..K define price p(t,x) (2.4) as

SV(t,x) =p(t,x)Q(t, x) (2.4)
To describe evolution of transactions 7Tr(z,x) one should model evolution of transactions
Tr(t,x) made under expectations of type k. To describe evolution of transactions Tr(t,x) one
should take into account (Olkhov, 2018b) motions of transactions Tri(t,x) that are induced by
velocities v=(v,,...v,) of separate e-particles on e-space. Indeed, velocities v;(t,x)=(v,...0,)
describe change of risk coordinates x of e-particle i and thus describe flows of transactions
tri(t.x) of e-particle i on e-space alike to flows of fluids. The product of velocity v;(t,x) and
transactions #ry(t,x) describe amount of transactions fri(t,x) carried out in the direction of
velocity v;(t,x). Such a product v;(t,x)tri(t,x) is alike to “impulse” of transaction. We use
notion “impulse” to outline only one parallel between motion of transactions and motion of
particles in physics: “impulse” vi(t,x )tri(t,x) 1s an additive variable. Let’s define transactions
“impulses” pj. of e-particle i under expectations of type k as (2.5.1):

Pir(t, ) = (Diko (& X); Pirsy (£, %)) = (Quie (&, X) v:(£, %) 5 SV (£, %) v;(8, %)) (2.5.1)
Transactions “impulses” pi(t,x) are additive and sum (2.3.2) of “impulses” of two e-particles
1 and 2 p ;i(t,x) + p2i(t,x) equals impulse py(t,x) of group of two e-particles:

Pr(t, x) = (Qk(t: X) Vieg(t, X) 5 SVie (£, X) viesy (¢, x)) =PutX)+pa(t,x)  (2.5.2)

Qi (t, X) Vi (t, x) = Q1 (¢, x) v1(E, %) + Qi (L, X) V(8 x) (2.5.3)
SVi(t, x) vsp (t, x) = SV, (t, x) v1(t, x) + SV, (t, x) v (L, X) (2.5.4)
Relations (2.5.1-2.5.4) show that risk velocities vio(z,x) of the trade volumes Qi(t,x) and
velocities vgsy(t,x) of the transaction values SVi(t,x) can be different. Similar to (2.1) we
aggregate transactions “impulses” under expectations of type k of e-particles in a unit volume
dV(x) and average during time 4 and define transactions “impulses” and velocities under

expectations of type k=1,...K as functions of x (2.1.1):

P(t,) = (Pig(6,) ; Pisy(t,%)) = Ticavea Pue(t,) (26.1)
Pyo(t,x) = Qi (t, X)vio(t, X) = Yicavxa Qik (£, X) v (£, x) (2.6.2)
Psy(t,x) = SVi(t, X)Vsy (t, X) = Xicavoa SVik (t, x) v; (¢, x) (2.6.3)
Pir(t, ) = Pirg (&, X); Pirsy (6, %)) = (Qure (&, X); (¢, 2); SViy (6, )0 (t, %)) (2.6.4)
V(t,x) = (Vi (t, X); visy (£, X)) (2.6.5)



Economic meaning of “impulses” is very simple. Impulses pi(t,x) describe flows of
transactions under expectations of type k of separate agents i due to motion of agents on e-
space. Impulses Pi(t,x) describe flow of transactions Tri(t,x) through a unit surface normal to
velocity vi(t,x)=(vko(t,x); vksv(t,x)) (2.6.5) during time dt. Impulses Pi(t,x) describe flows of
transactions under expectations of type k induced by collective risk motion of all e-particles
in a unit volume dV(x) during time 4. Impulses Py(t,x) of transactions under expectations of
type k define impulses P(t,x) (2.1-2.4; 2.7.1 - 2.7.3) of transactions Tr(t,x) performed under
expectations of all types k=1,..K:

P(t,x) = Xk=1,k Pr(t,x) = (PQ(t: x); Pgy(t, x)) (2.7.1)
Py(t,x) = Q(t,x)vo(t, X) = Xp=1,.x Qr(t, X) Vi (¢, X) (2.7.2)
Pgy (t,x) = SV (t, x)vsy (t,X) = X=1,.x SVi (£, X)Vsy (L, X) (2.7.3)

Relations (2.1-2.7.3) define transactions Tr(t,x) performed under expectations of all types
k=1,..K, and their “impulses” P(t,x) and velocities v(t,x) as functions of coordinates x on e-
space. These relations (2.1-2.7.3) replace modeling transactions #r(t,x) of separate e-particle
i at point x made under expectations of type k by description of transactions 7Tr(f,x) made
under all possible expectations with less accuracy on e-space determined by coarsening over
a unit volume dV and averaged during time 4. Such treatment has certain parallels to
hydrodynamic approximation in physics (Landau and Lifshitz, 1987; Resibois and De
Leener, 1977). Hydrodynamic approximation neglect granularity of separate particles and
describes physical properties of the system as continuous media. We develop similar
economic continuous media approximation to describe transactions of e-particles (agents) on
e-space. Integral of transactions Tr(z,x) by variable x over e-space R" defines all transactions

Tr(t) with particular assets performed by all e-particles in the entire economics at moment 7.
2.3. Expectations on e-space

In this subsection let’s argue expectations as functions on e-space. To do that let’s underline
that expectations should be treated as intensive (non-additive) variables. Indeed, expectations
exy(t.x) of e-particle (agent) i of type k those approve transactions fry(t,x) have financial
“weight” proportional to value of transactions fry(t.x). Expectations exyo(t,x) of trading
volume Qj(t,x) have “weight” proportional to trading volume Qj(t,x). Expectations exjsy(t,x)
of trading value SVi(tx) have “weight” proportional to trading value SVi(tx). It is
reasonable to account expectations proportionally to amount of transactions performed under

particular kind of expectations. To develop description of expectations on e-space and model



mutual relations between transactions and expectations let’s introduce extensive (additive)

variables that we note as expected transactions ety(t,x) of type k=1,..K, of e-particle i :

ety (t,x) = (etikQ(tJ x); etisy (t, x)) = (exikQ (t, X)Qix (t, x); exjpsy (£, x)SVi (¢, x)) (3.1)
Due to (3.1) sum of expected transactions et;(t,x) of group of N e-particles can be presented
as expected transaction et,(t,x) of entire group of N e-particles. As example (3.2;3.3) present
definition of expected transactions efyio(t,x) of type k of trading volume QOni(t,x) for N e-
particles as follows:

etk (t, X) = Yi=1 neXi (t, X) Qi (t, x) = exyy (t, x)Quk (t, X) (3.2)
Qni (6, %) = Xi=1,.v Quk (£, x) (3.3)
Relations (3.2; 3.3) define expected transactions efyio(t,x) and expectations exyko(t,x) of
trading volume Qi(t,x) for group of N e-particles. Similar to (3.2; 3.3) and (2.1; 2.3) let’s
define expected transactions Ef(t,x) of type k as sum of expected transactions et;(t,x) for all

e-particles i with coordinates x in a unit volume dV(x) and averaged (2.1.1) during time 4:

Et,(t,x) = (Eth (t,x); Etrsy (2, x)) = Yicav(x); a €tix(t, X) (3.4)
Etyo(t,x) = Exyo(t, x)Qx(t, X) = Xicav:a tirg (£, X) Qix (¢, x) (3.5)
Etysy (t,x) = Exysy (t, X)SVi (t, X) = Yicav(x);a €tiksy (6, X)SVi (£, x) (3.6)

Relations (3.4-3.6) and (2.5.3; 2.5.4) define aggregate expected transactions E#(t,x) and
expectations Ex(t,x) (3.7) of type k=1,..K, of all e-particles in a unit volume dV(x) averaged

during time 4
Ex; (t,%) = (Exig (£, %); Exesy (£,)) 3.7)
Similar to (2.3) expected transactions Et(t,x) of type k define expected transactions E#(t,x)

and expectations Ex(t,x) for all types k=1,..K of expectations in a unit volume dV(x) at

moment ¢ during time 4

Et(t,x) = Yyer x Eti(t,x) = (EtQ (t,x); Etgy (£, %)) (3.8)
Ety(t,x) = Exg(t,)Q(6, %) = Yyeer.x Exiq (t, %) Qe (£, X) (3.9)
Etgy(t, x) = Exgy (t,X)SV(t,%) = Yier x Exiesy (£, X)SVie (£, ) (3.10)
Ex(t, x) = (ExQ (t, x); Exoy (t, x)) G.11)

Relations (3.8-3.10) define expected transactions Et(t,x) and expectations Ex(t,x) (3.9-3.11)
as sum over all types of expectations k=1,..K. Evolution of expectations Ex(t,x) (3.9-3.11) is
determined by evolution of expected transactions Ef(t,x) (3.8-3.10). To describe evolution of

extensive (additive) expected transactions Et(t,x) one should take into account motion of



expected transactions Et(t,x) alike to motion of “fluid” induced by motion of separate e-
particles on e-space. To do that let’s introduce impulses IIi(t,x) of expected transactions
Et(t,x) of type k and impulses II(t,x) of expected transactions Ef(t,x) of all types k=1,..K of
expectations similar to definitions (2.6.1-2.7.3) of impulses P(#,x) of transactions Tr(t,x).

Indeed, expected transactions et;(t,x) of type k for e-particle i change their coordinates on e-
space due to velocities v=(vy,...v,) of e-particles. Products of expected transaction et;(z,x)
and velocity v=(v;,...v,) define (4.1.1-4.1.3) impulse 5;(t,x) of expected transactions of type

k for e-particle i:

M0e(t, %) = (Mg (&2 Mgy (&%) ) (@.1.1)
Nikg (£, X) = exi(t, x) Qi (t, x) v; (¢, x) 4.1.2)
Niko (£, X) = exysy (¢, x)SViy (¢, x) v;(t, x) 4.1.3)

ni(tx) — describe “impulses” of expectations of trading volume Qu(t,x) and muysv(t,x) —
describe “impulses” of expectations of trading value SVi(t,x). “Impulse” nio(t,x) describes
flow of expected transaction (3.1) due to motion of e-particle i with velocity v;(t, x).
Aggregation of “impulses” ni(t,x) of type k of all e-particles in a unit volume dV(x) and
averaging (2.1.1) during time 4 determines impulses of expectations of type k at point x at

moment ¢ similar to (2.6.1-6.6.5):

1, (6,2) = (Mg (6,20 5 Misy (6,%)) = Sicaosa Mik (t, %) (@2.1)

Iy (t,x) = Etyo(t, X)Vkeq(t, X) = Xicav(x);n €Xiko (t, ) Qi (£, x) v (¢, X) 4.2.2)

Iy (t,x) = Etysy (t, X)Vkesy (£, X) = Yicav ) eXiksy (6, X)SVi (¢, x) v;(t, x) (4.2.3)

Vie(t, %) = (Wkeq (8 X); Vieser (¢, X)) (4.2.4)
Due to (3.5; 3.6) relations (4.2.2; 4.2.3) take form:

Iy (t,x) = Expq(t, x)Qk (£, X)Vpeq (L, X) 4.2.5)

M5y (8, x) = Exysy (¢, X)SVi (£, X)Vpesy (t, %) (4.2.6)

Economic meaning of “impulses” II;(t,x) of expected transactions Et(t,x) of type k is similar
to meaning of “impulses” Py(t,x) of transactions Tri(t,x): II;(t,x) describe flows of expected
transactions Ef(t,x) through a unit surface normal to velocity vi.(t,x)=(vero(t,X); Viesv(t,X))
during time dt. Such a flow is induced by velocities v=(v,...v,) of e-particles on e-space.
“Impulses” IT;(t,x) for expectations of type k define “impulses” I1(t,x) for expectations of all

types k=1,..K similar to (2.7.1-2.7.3) as:
M(t, %) = Yyemr, M (6,2) = (Mo(6,2) 5 Mgy (£, %)) 43.1)

,(t,x) = Ety(t,x)V00(t,X) = Yk=1, k Etro(t, X)Vpeq(t, X) 4.3.2)
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Iy (t,x) = Etsy (t, X)Vesy (£, %) = Yp=1, k Etsy (£, X)Vgesy (t, X) (4.3.3)
Relations (4.3.1-4.3.3) complete set on notions that are required for modeling evolution and
mutual interaction between transactions Tr(z,x) and expectations Ex(z,x) on e-space. In the
next Section we argue economic equations that model dynamics and interactions between

transactions 7Tr(t,x) and expectations Ex(z,x).

3. Economic equations on transactions
Evolution of transactions 7Tr(t,x) (2.3) is determined by dynamics of transactions Tr(t,x)
(2.1) taken under expectations Exy(t,x) (3.4-3.7). Let’s follow (Olkhov, 2018a; 2018b) and
derive economic equations that describe dynamics of transactions Try(t,x) (2.1). Components
Ou(t,x) and SVi(t,x) (5.1) of transactions Tri(t,x) :

Tri(t, %) = (Qi(t, x); SVi(t, %)) (5.1)
are extensive (additive) variables. There are two factors that change Q(f,x) in a unit volume
dV at point x and moment ¢. The first factor describes change of Qi(#,x) in time as 0Qx(t,x)/Ot.
The second factor change value of extensive variable Q(z,x) in a unit volume dV due to flux
of Qk(t.x)vko(t,x) through surface of a unit volume. Indeed, some value of Qi(t,x) can flow
out or flow in a unit volume dV during time dt and that will change amount of Q(z,x) in dV.
Amount of flow Qx(t,x) is described by Ok(7,x)vio(t,x). Origin of such flux Qk(t,x)vro(t,x) 1s
the motion of e-particles on e-space. Risk ratings of agents can change during time dt and that
is described by motion of e-particles on e-space. Velocities v (t,x) of particular e-particle i on
e-space carry trading volumes Qy(t,x) of this e-particle. Aggregates of motion of e-particles
at point x define “impulses” Pi(t,x) (2.6.1-2.6.5) that describe fluxes of trading volume
O«(tx), values SVi(t,x) and (4.2.1-4.2.6) describe fluxes of expected transactions Et;o(t,x) and
Etisv(tx). Flux of Qi(t,x)vro(t,x) through surface of a unit volume dV can increase or
decrease amount of trading volume Q(z,x) in a unit volume dV. Due to divergence theorem
(Strauss 2008, p.179) integral of flux Qu(t,x)vio(t,x) over surface of a unit volume dV equals

volume integral of divergence:

$ds Qi (t, x) Vig(t, %) = [ dV V- (Q(t, x) vyq (L, X)) (5.2.1)
Thus total change of trading volume Qy(#,x) in a unit dV is described as:
[ a4V [5: Q) + V- (Qu(t, ) Do (6, 0))] (5:22)
Hence we obtain change of trading volume Qy(#,x) in a unit volume dV at point x as:
2 Qu(t,X) + V- (Qk(t, X) Vi (&, x)) (5.2.3)

Due to (2.6.2):
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P (8, x) = Qi (£, x) vy (t, x)

and relations (5.2.3) can take form:

%Qk(t; x) + V- Pyo(t, x) (5.2.4)
Relations (5.2.1-5.2.4) are reproduced in any treatise on physics of continuous media at least
for fifty years (Batchelor, 1967; Resibois and De Leener, 1977; Landau and Lifshitz, 1987)
and are valid for any extensive (additive) economic or financial characteristics defined
similar to (2.1; 2.6.1-2.6.5; 3.4-3.6; 4.2.1-4.2.5) as aggregates of corresponding
characteristics of e-particles (agents) at point x on e-space. Dynamics of any continuous
media — with economic, financial or physical properties — follows relations (5.2.1-5.2.4).
Let’s underline important property of (5.2.1-5.2.4): integral in the right hand side of (5.2.1)
over economic domain (1.4) equals integral of fluxes through surface outside of economic
domain (1.4). Due to definition (1.4) of economic domain there are no agents and hence no
economic or financial variables outside of economic domain. Thus integral (5.2.1) over
economic domain (1.4) equals zero for any extensive economic variable or economic
transactions. Hence integral for (5.2.4) over economic domain (1.4) equals simple ordinary

time derivative for Qy(1):

[V |2 Qult,x) + V- Pig(t, )| = 2 Qu (1) (5.2.5)
Equations (5.2.5) determine relations between equations (5.2.3; 5.2.4) and ordinary time
derivatives of economic or financial variables of entire economics defined as functions of
time ¢ only. On e-space usual ordinary time derivative operator d/dt is replaced by relations
(5.2.3) that take into account change of Qi(z,x) in a unit volume dV due to flux Qw(t,x)vio(1,x)
induced by motion of e-particles on e-space caused by change of their risk ratings. Economic
equations on trading volume Qy(t,x) describe balance between change of Q(t,x) (5.2.3;5.2.4)
at point x and economic and financial factors that impact such a change. Let’s note these
factors as Fyo(t,x). Transactions with trading volume Qy(t,x) may depend on trading value
SVi(tx) (2.1; 2.2), impulses Pi(t,x) (2.6.1-2.6.5) and on other economic or financial variables
or other transactions performed with other assets or on other economic variables. As well
decisions on transactions Tri(t,x) (2.1) are made under expectations Exy(t,x) (3.4).
To model impact of expectations Exi(t,x) on transactions Tri(t,x) let’s propose that factors
F(t.x) depend on expected transactions Eti(t,x) (3.4) or their impulses Ili(t,x) (4.2.1-4.2.6).

Let’s take equations on Q(t,x) as:

206,20 + Y+ (Qut, %) vig(6,0)) = Fig (%) (6.1)
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The same considerations allows take equations on asset value SVi(t,x) ) (2.1; 2.2) as:

0
52 SVi(t, %) + V- (Vi (£, %) Viesy (£, X)) = Frsy (£, %) (6.2)
Relations (6.1; 6.2) permit take equations of transactions Tr(t,x) as:
%Trk(t, x) + V- (Tr(t,x) v (t,x)) = F (¢, x) (6.3)
Fi(t, ) = (Fig(t, %); Fesy (£,%)) (6.4)

Due to relations (5.2.5) integrals of equations (6.3) over economic domain (1.4) give:
2Tr(6) = [ aV | ZTri(t,2) + V- (Tri(6,2) vie(t, %)) | = [ AV Fi(6,2) = Fi(£) (6.5)

Ordinary differential equations (6.5) describe evolution of cumulative transactions of all
agents of entire economics with selected assets. Equations (6.1-6.4) depend on velocity vy
=(vro,ksv) and hence economic equations that describe evolution of transactions in a closed
form should incorporate equations on velocities v or impulses Pyo(t,x) and Pisy(t,x) (2.6.1-
2.6.5). All reasons that ground relations (5.2.1-5.2.4) for trading volume Qi(t,x) are valid for
any additive variables and impulses Pyo(t,x) (2.6.1-2.6.5) also. All components of Pyjo(t,x),
j=1,..n on n-dimensional e-space R" change in a unit volume due to change in time and due to
flux of components Pjjo(t,x) through surface of a unit volume. Thus each components

Pyjo(t,x) follow equations similar to (6.1) as:

2 Pejo(t, %) + V- (P (t, %) ka(t,x)) = Gjo(t,X); j=1,..n (7.1)
or for impulses Py(t.x):
2 Pe(t,2) + V- (Pi(t, %) g (£,2)) = Gie(£,) (7.2)
Pt %) = (Pig(t,0)Prsy (6,0) ) Gi(t,2) = (G (6, 1) Gresy (£,)) (7.3)
V- (Pro(t:0) kg (t,0)) = Bict, n 3= (Pro(t,%) Diig (1, X)) (7.4)

Factors Gy(t,x) in the right side of (7.2) describe impact of economic and financial variables,
their impulses, expectations or other transactions on evolution of impulses Pi(t,x). Economic
equations (6.1-6.4) and (7.1-7.4) describe evolution of transactions 7Tr(t,x) and their impulses
Pi(t,x) under action of economic and financial variables, expectations and other transactions

determined by factors F(t,x) and G(t,x).

4. Economic equations on expectations
To describe mutual action of transactions and expectations let’s derive economic equations
on expectations. In Sec. 2.3 we argue that description of expectations should be developed

via modeling extensive (additive) variables that we note as expected transactions E#(t,x)
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(3.4-3.6) and their impulses IT(t,x) (4.2.1-4.2.6). Evolution of additive variables like
expected transactions Ef(t,x) and their impulses IT;(t,x) follows economic equations similar
to (6.1-6.4) and (7.1-7.4). Economic equations on expected transactions Efi(t,x) take form

similar to equations on transactions Tr(t,x) (6.1-6.4):

2 Ety(t,x) + V- (Ety(t, X) i (t, X)) = Fey(t, x) (8.1)
Ety (t,x) = (Etiq(t,%); Etisy) 5 Fey(t,x) = (Ferq(t,2); Feyesy (t,3)) (8.2)
2 Etig(t,%) + V- (Etig(t,2) g (£,2)) = Feyq(t,) (8.3)
2 Etiesy (£, %) + V- (Etiesy (£, %) Wesy (£, %)) = Fegy (£, %) (8.4)

Factors Fey(t,x) in the right hand side of (8.1 -8.4) describe action of economic and financial
variables, transactions or their impulses and expected transactions on evolution of Et(t,x). To
describe evolution of velocity ux(t,x)=(uro(t,x); ursv(t,x)) of expected transactions let’s take

equations on their impulses IT(t,x) (4.2.1-4.2.6) similar to (7.1-7.4):

2 (%) + V- (M (6,2) g (£,2)) = Gey (8,2) (8.5)
2 Mi(6,2) + 7 - (Mg (6, %) g (£, %)) = Geyeg (£, %) (8.6)
2 Mgy (6,20 + 7 - (s (£, %) sy (£, %)) = Geggy (2,%) (8.7)
M (t,2) = (Mg (t, M5y (%)) ;- Ger(t, %) = (Geyg(t, X)Gersy (X)) (8.8)

Economic equations on transactions Tri(t,x) (6.1-6.4) and their impulses Py(t,x) (7.1-7.4) and
on expected transactions Efi(t,x) (8.1-8.4) and impulses ITi(t,x) (8.5-8.8) establish a self
consistent system of equations that model interactions between transactions and expectations.
This system of equations describes the relations between transactions and expectations of

separate economic agents and macroeconomic transactions and expectations.

5. Model interactions between transactions and expectations

Expectations Ex(t,x) those approve transactions Tr(z,x) may depend on numerous economic
and financial variables, transactions and other expectations. Let’s study simple model
relations between transactions Tri(t) and expected transactions Ef(t) of entire economics as
functions of time ¢ only:

Tr(t) = [dx Tr(t,x) ; Et,(t) = [dx Et,(t,x) 9.1)
Integrals in (9.1) are taken over economic domain (1.4) and due to equations (5.2.5) and (6.5)
equations (6.1-6.4) on transactions Tri(t) and (8.1-8.4) on expected transactions Ef(t) take

form of ordinary differential equations:
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2Tre(t) = Fo(t) 5 = Qu(t) = Fig(t) 5 2= SVie(£) = Fiesy (£) 9.2)
Fi(t) = [dx Fi(t,x) ; Feo(t) = [dx Fep(t,x) ; Fesy(t) = [ dx Fesy(t,x) (9.3)
Ete(®) = Fe(t) 5 3 Etiq(t) = Fexq(t) 5 5 Etisy (1) = Feysy (1) 9.4)
Fe,(t) = [dx Fe,(t,x); Feyo(t) = [ dx Fey(t,x); Feysy(t) = [ dxFeysy(t,x) (9.5)
Et,(t) = Ex; ()Tr(t) ; Etyo(t) = Expo(£)Qk(t) ; Etgsy (t) = Exysy (£)SV(t) (9.6)
Equations (9.2-9.5) describe transactions Tri(t) (9.1) , k=1,..K with assets under consideration
performed by all agents of the entire economics under expectations Ex(t)=(Exio(t), Exisy(1))
determined by (9.6). Let’s describe mutual action between disturbances of transactions and
expectations in the linear approximation. To do that let’s consider the system of equations
(9.2-9.5) and assume that mean values Tr(t) of transactions Tr(t) and mean values Et;(t) of
expected transactions Et(t) are slow to compare with disturbances #r(t) of transactions and
expected transactions efi(z) and hence let’s take them as constants:
Tr(t) = Trio(1 + tri(t)) ; Etg(t) = Etio(1 + ety (t)) 9.7)
Relations (9.7) present disturbances #ry(t) and efi(t) as dimensionless variables. Equations on

disturbances take form:

Quo 2 Q) = fieg(£) 5 SVio 250k (£) = fies (1) (9.8)

Etrog =etiq(t) = feiq(t) ; Etiosy == eticsy(t) = fersy (t) 9.9)

Q@ = Qro(1+ qx(®);  SVi(t) = SVio(1 + svi (1)) (9.10)
Etyo(t) = Etyoq (1 + ety (t)); Etysy(t) = Etrosy (1 + ety () 9.11)
tr1e(8) = (a0 sv(0)) 5 etu(®) = (etig (1); et (©)) ©9.12)

Fio(t) = Fio(0) + fr(t) ; Fey(t) = Feyo(t) + fey () 9.13)

Fe® = (fea®; fisw(®) 5 Fer(®) = (ferq(t); fersu (D)) 9.14)

Let’s assume that factors fi,(t) and fi(?) in the right hand side of equations (9.8) depend on
disturbances of expected transactions ety,(?) and et (?) and factors fey,(t) and fey () in the
right hand side of equations (9.9) depend on disturbances of transactions gx(?) and sv(t). Thus

for linear approximation let’s take equations (9.8; 9.9) as:

d d
Qo 7 A (t) = arqEtrogetig(t) ; SVio 7 SVi(t) = ArsvEtiosy etisy(t) (10.1)
d d
Etyoq ; etiq (t) = begqQroqx(t) ; EtkOSVEetksv(t) = beysySVio Svi(t) (10.2)
For
(U,Zcq = _akqbekq >0; (‘)Izcsv = — Qgsybersy > 0 (10.3)
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equations (10.1; 10.2) on disturbances take form of equations for harmonic oscillators:

dz d2
(ﬁwiq)qk(t) =0; (@erisv)svk(t) =0 (10.4)

dz dZ
(F-'_ w’%Q)etkq(t) =0; (ﬁ_i_ wlzcsv )etksv(t) =0;k=1,..K (10.5)

Simple solutions of (10.4) for dimensionless disturbances gx(?) and svi():

Qi (t) = CrgSinwygt + dygCoswyqt (10.6)
SV (t) = CrspSiNWy gyt + djsy,COSWisyt (10.7)
Ckq» qu » Ckesvy dksv K1 (10~8)

Relations (10.6-10.8) present simplest example of harmonic fluctuations of disturbances of
trading volume gi(?) and trading value svi(¢) under k=/,...K different expectation. As we

show below (10.6-10.8) define price and return disturbances.
5.1 Price fluctuations

Disturbances of transactions under different expectations cause disturbances of price.
Relations (2.2) and (9.1; 9.10) define price pi(t) of transactions Tri(t) performed under
expectations of type k, k=1,...K by all agents as:
SVi(t) = pr(£) Qi (2) (10.9)
Aggregate of transactions Tri(t) (9.1) over all types k, k=I,...K of expectations define
cumulative transactions Tr(¢) in the entire economics with assets under consideration:
Tr(t) = X Tr(t) ; Q@) = Xk Q) 5 SV(t) = X SVi(t) (10.10)

Relations (9.1; 10.9) determine price p(¢) of cumulative transactions 7r(t) (10.10) as:

SV(e) = p(©O)Q () (10.11)
Relations (10.11) and (10.6-10.8) define price p(t) as:
Q) = Tk Quo(1 + qx(®)) = Qo Xy (1 + qi () (11.1)
SV(E) = i SVio(1 + svp(£)) = SVo T e (1 + s (0)) (11.2)
Qo =2k Qko Ak=QQ_I:) s SVo =2k SVko lik=5:7k00 (11.3)
XA =2 =1 (11.4)
PO =G5 = S (1.5)
.= SVo _ Zk=1,k5Vko (11.6)

Q  Zk=1.xQko
In linear approximation by disturbances qi(t) and svi(t) price p(t) (11.5) of assets under

consideration can be presented as follows:

p(t) = po[l + ()] = poll + X paesvi (t) — X A qi ()] (11.7)
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Relations (11.7) show that dimensionless price fluctuations z(?) (11.8) depend on fluctuations
of trade value svi(t) and on fluctuations of trade volume g(?):

m(t) = X usve(t) — X Aqr(t) (11.8)
Relations (10.6-10.8) and (11.8) define price fluctuations with frequencies (10.3).
Coefficients y; and Ay are determined by (11.3; 11.4) and describe impact of trade value SVjy

and trade volume Qyy. For each k=1,..K let’s present (10.9) as

SVi(t) = SViol1 + svr ()] = proll + mr ()] Qxo[1 + g (O] (11.9)
Relations (11.9) in linear approximation by disturbances give:
SVko = ProQro 5 SVk(t) = mp(t) + q (8) (11.10)
Substitution (11.10) into (11.8) gives
() = X e () + Xt — ) qi () (11.11)

Relations (11.11) describe perturbations of price z(z) as weighted sum of partial price
disturbances m(t) determined by different expectations for k=1/,..K and weighted sum of
partial trade volume disturbances gy(?). Thus statistics of price disturbances z(?) can depend
on statistics of partial price disturbances mi(?) and on statistics of partial trade volume
disturbances gx(t) for different expectations k=1,..K. One should take into account this issue

while modeling statistical distribution of price fluctuations.
5.2 Return fluctuations

Price fluctuations (11.11) cause disturbances of return r(t,d):

r(t,d) = pz’t(_”d) 1 (12.1)

To derive relations on return r(t,d) for price p(t) determined by (11.7; 11.11) let’s introduce

partial returns ri(t,d) (12.2) for price pi(t) as:

t
ro(t,d) = p;z:(kT(—)d) -1 (12.2)

and partial “returns” wy(t,d) (12.3) of trade volumes Qy(t) as

Q(t
wi(t, d) = #(_)d)— 1 (12.3)

Let’s assume for simplicity that mean price pg; and trade volumes Qyo are constant during

time term d then (9.10; 11.7; 11.11) allow present (12.1; 12.3) as

(O)-mr(t-a) O-qrt-d)
re(t,d) = T 7?;— > wk(td) = q"“qkq(’; > (12.4)
1+m(t-d) 1+qg(t—d)
r(t,d) = By (6 d) + E e — A) T wie(t d) (12.5)

Let’s define
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gt —d) = e Tt s 5 Mt = d) = (o~ A RS (12.6)
Lt —d) +me(t—d)] =1 (12.7)
r(t,d) = Y&t — d)r (¢, d) + X (t — d)wy (¢, d) (12.8)

Relations (12.4-12.8) describe dependence of return (12.1) on partial returns ry(t,d) and on
“returns” wy(t,d) of trade volumes Qy(z) (12.2-12.4).

Above relations describe price p(t) (11.7) and price disturbances z(z) (11.11) as weighted sum
of partial price disturbances m(?) and partial trade volume disturbances g(z) determined by
numerous expectations for k=1/,..K. Relations (12.8) present return r(t,d) (12.1) as weighted
sum of partial returns ri(t,d) (12.2) and trade volume “returns” w(t,d) (12.3). Sum for
coefficients s and zy-Ax for price p(t) (11.11) and &(¢) and #(t) for return r(t,d) (12.8) equals
unit but (11.11) and (12.8) can’t be treated as certain averaging as some coefficients z-A; and

ni(t) should be negative. If mean price pio (11.10) is constant for all expectations k=1,..K and

Po=Pro; k=1,..K (13.1)
then it is easy to show that

A=Wk ; M) =0forallk=1,..K (13.2)
and relations (11.11; 12.8) take simple form

m(t) = X i (t) (13.3)

r(t,d) = L et — dn(t,d) = L uy eSS (13.4)

We propose that relations (13.1) on price py may fail for transactions driven by different

kinds of expectations. Expectations are key factor for market competition and different

expectations may cause different mean partial prices. That should cause more complex

representation of price (11.11) and return (12.8) disturbances as well as impact on volatility

and statistic distributions of price and return disturbances.

If one takes into account possible linear price trend during time term d and n(t) as (11.11)
p(t) = py (1 + at + n(t))

then for return r(t,d) (12.1) obtain (see Appendix):

4) = ad
red) = =

D et = d) 1(6,d) + 1ot — Dwi(t, D)

6. Conclusion
Economic space permits describe transactions and expectations as functions of risk
coordinates and derive economic equations on transactions and expectations. We propose that

agents make transactions under different kinds of expectations. As example we study simple
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model interactions between transactions and expectations and describe relations between
transactions and expectations in a closed form. For this simple example we obtain that trade
volume and price disturbances can be described by fluctuations with numerous frequencies
(10.3). Different kinds of expectations define partial transactions with different prices and
trade volume disturbances. We derive representation of cumulative price disturbances
determined by all expectations as weighted sum of partial price and trade volume
disturbances. Description of price fluctuations allows model evolution of return and we
present cumulative return defined by all expectations as weighted sum of partial return and
trade volume “return” (12.3).

Such representation of price and return for very simple model indicates that their statistical
distributions can depend on statistical properties of trade volume disturbances and trade
volume “return” respectively. Thus description of price and return volatility and their
statistical distributions should take into account possible dependence on statistical properties
of trade volume disturbances and trade volume “return”. These relations should be studied

further.
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Appendix
Price and return with linear price trend

To take into account possible linear price trend during time term d let’s take
Q) = Quo(L+ Vit + qx(®) 5 Qo(®) = Z Quo (1) = Qo(1 + vt +q®)

SVe(®) = SVio(1 + Bit + 59(©)) 5 SVo(®) = ) SVig (6) = SVo(1 + Bt + 5v()
pi(®) = Pro(L + axt +m (1) 5 p(1) = po(1 + at + (1))

Qo = Z Qko 5 Qovy = Z Qro¥k 5 Qoq(t) = z Qo qi (1)

Vo= ) SV 5 SVoB = ) SViof 5 SVosu(t) = ) Vi sui(®

Vo . _ Qo

SV, k 7} Ay = WPk kVk 3 & (Ur P kVk) (247

Y Qk
ﬁzz—koﬁk—Z#kﬁk v Y = _Oyk—z/lkyk
SV,

SVo(1+ Bt + sv(t)) Vo
QW(L+yt+q®)  Q

Uk =

p(t) =po(1 + at + (b)) = (1+ @B -y)t+sv() —q@®))

SV,
po=Q—O° s a=(B-y) ; m(t)=sv(t)—q(t)

Due to (11.10)

PO =po (1 +at+1®) 5 70 =) mem(®) + ) (e = H)ai(®
For return r(t,d) (12.1) obtain:
r(t,d) = r(t,d) + r,(t,d)

poad _ poa[n(t) — n(t — d)]
sy Y=

For ri(t,d) (12.2) and wy(t,d) (12.3) obtain:

Rt d) = ) et = d) 1(6,d) + 1t — Dwi(t,D)

r(t,d) =

1+m(t—d)
l+a(t—d)+n(t—d)

1+ q,(t—d)
1+a(t—d)+n(t—d)

epa(t —d) = py

M2t —d) = (g — Ay)

4 = ad
r&d) = D =

D et = d) 1(6,d) + 1ot — Dwi (8, D)
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