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Abstract

This paper studies a Stackelberg type symmetric dynamic n-players zero-sum game.
There is one leader and n — 1 followers. Players have the symmetric payoff functions.
The game is a two-stages game. In the first stage the leader determines the value of its
strategic variable. In the second stage the followers determine the values of their strategic
variables given the value of the leader’s strategic variable. In the static game, on the other
hand, all players simultaneously determine the values of their strategic variable. We do not
assume differentiability of payoff functions. This paper shows that the sub-game perfect
equilibrium of the Stackelberg type symmetric dynamic zero-sum game is equivalent to
the equilibrium of the static game if and only if the game is fully symmetric.

Keywords: Stackelberg equilibrium, leader, follower, dynamic symmetric zero-sum game.

1 Introduction

We examine the relation between the Stackelberg equilibrium of dynamic game and the equi-
librium of the static game in a multi-players zero-sum game, and show that the Stackelberg
equilibrium of a dynamic zero-sum game and the equilibrium of the static zero-sum game are
equivalent if and only if the game is fully symmetric. The Stackelberg equilibrium of dynamic
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game and the equilibrium of the static game are equivalent in a two-person zero-sum game'.
We extend this analysis to more general multi-players zero-sum game. We do not assume
differentiability of payoff functions. However, we do not assume that the payoff functions are
not differentiable. We do not use differentiability of payoff functions.

In the next section, using a model of relative profit maximization in an oligopoly with
four firms, we show that the Stackelberg equilibrium is not equivalent to the static (Cournot)
equilibrium in the following cases which are not fully symmetric.

1. All firms are asymmetric, that is, they have different cost functions.

2. Two followers are symmetric, that is, they have the same cost functions.
3. Three followers are symmetric.

4. The leader and one follower are symmetric.

5. The leader and two followers are symmetric.

The Stackelberg equilibrium is equivalent to the static (Cournot) equilibrium if and only if all
firms are symmetric, that is, they have the same cost functions.

In Section 3 we show the main result. All players have symmetric payoff functions. One
player is the leader and other players are followers. The game is a two-stages game as follows;

1. In the first stage the leader determines the value of its strategic variable.

2. In the second stage the followers determine the values of their strategic variables given
the value of the leader’s strategic variable.

On the other hand, in the static game all players simultaneously determine the values of their
strategic variables. We show that the equilibrium of the Stackelberg type dynamic game and
the equilibrium of the static game are equivalent if the game is fully symmetric.

2 Example: relative profit maximization in a
Stackelberg oligopoly

In the example in this section we consider relative profit maximization in an oligopoly?.

IPlease see, for example, Korzhyk et. al. (2014), Ponssard and Zamir (1973), Tanaka (2014) and Yin et. al.
(2010)

2About relative profit maximization in an oligopoly see Matsumura, Matsushima and Cato (2013), Vega-
Redondo (1997), Satoh and Tanaka (2014a) and Satoh and Tanaka (2014b). In this example payoff functions
are differentiable.



2.1 Case 1: four firms are different each other

Suppose a four firms Stackelberg oligopoly with a homogeneous good. There are Firms A, B,
C and D. The outputs of the firms are x4, xp, X¢ and xp. The price of the good is p. The
inverse demand function is

p=a—Xx4—Xp—Xc—Xp, a>0.

The cost functions of the firms are c4x%, cpx%, ccx? and cpx3. ca4, cp, cc and ¢p are
positive constants. We assume that c4, c¢p, cc and cp are different each other. The relative
profit of Firm A is

1
Q4 = PXA —CaXg — §(pr — CpXy + pXc —CccXg + pXp — CpXp).
The relative profit of Firm B is
1
@B = DXB — CBXg — §(pr — CaX4 + pXc —ccxXg + pxn —CpXp).
The relative profit of Firm C is
2 | 2 2 2
$c = pXc —CcX¢ — g(PxA —CAX4 + pXB — CBXp + PXp — CDX]),
The relative profit of Firm D is
, 1 2 2 2
¢p = pXp —CpXp — g(PXA —C4Xy + pxp —CcpXp + pXc —ccXc).
The firms maximize their relative profits. We see

Y4+ ¢+ oc+¢p =0.

Thus, the game is a zero-sum game. Firm A is the leader and Firms B, C and D are followers.
In the first stage of the game Firm A determines x 4, and in the second stage Firms B, C and D
determine xp, xc and xp given x 4.

Nash equilibrium of the static game

The equilibrium outputs are
acg(cc(27cp +18) + 18¢cp + 12) + a(cc(18cp + 12) + 12¢p + 8)
Aq ’
B acc(ca(7cp + 18) + 18cp + 12) + a(c4(18cp + 12) + 12¢p + 8)
Aq ’
acg(ca(R7cp + 18) + 18cp + 12) + a(c4(18cp + 12) + 12¢p + 8)
Ay ’
_acp((27ca + 18)cc + 18c4 + 12) + a((18c4 + 12)cc + 12¢4 + 8)
D = A ;

Xc =

where

A1 =cp(cc(ca(54cp + 54) + S54cp + 48) + c4(54cp + 48) + 48cp + 40)
4+ cc(ca(54cp + 48) + 48cp + 40) + c4(48cp + 40) + 40cp + 32.



Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

1

B A 1s
+ 27cgcc + 20cc + 20cp + 12)],

X4 [3a(3cp +2)(3cc +2)(Bcp + 2)(27cpecep + 27cccep + 27cpgep + 20cp

1

Xp = [3a(B3cc 4+ 2)(Bcp + 2)(8lcacpecep + S54cpecep + 8lcaccep

1s

+ 42cccp + 8lcacgep + 42cgep + 72c4cp + 32¢p + 8lcqcgee + 42cpec + 7T2c4¢c
—+ 326‘(; + 72c4cp + 32cp + 60cy4 + 24)],

1

Xc = [3a(3cp + 2)(3cp + 2)(Blcqcpeccep + S4cpecep + 8lcacccep
1s
+ 42cccep + 8lcacpep + 42cgep + 72c4cp + 32¢p + 8lcacpec + 42cpec + T2c4¢c
+ 32c¢c 4+ 72cacp + 32cp + 60cy + 24)],
1
Xp :A [3a(3cp + 2)(3cc + 2)(8lcacpecep + 54cpecep + 8lcaccep + 42ccep + 8lcacpep
1s
+ 42cgep + 7T2cacp + 32¢cp + 8lcacpec + 42cgec + T2cacc + 32¢cc + T2c4cp + 32¢p
+ 60c4 + 24)],
where

Ay =2(2187cacqctch + 2187cqcch + 4374cacpcgcq, + 3807cpcéch,
+ 2187c gct c? + 1620ck c? + 4374c qchecc? + 3807checc? + 8262 4cpcccsy
+ 6264cpccces, + 3888cqcccd, + 2556cc ey, + 2187c4cqer + 1620c5c7, + 3888cacpcs
+ 2556¢pc3 + 1728c 4¢3, + 1008c, + 4374cacgcécp + 3807cgcécp + 8262ccpcécp
+ 6264cpcicp + 3888cactcp + 2556¢kcp + 8262¢c4cxccep + 6264ckcccep
+ 14904c 4cgccep + 9936¢cgcccp + 6696¢c4cccp + 3936¢cccp + 3888CAC§CD + 2556c12;c1)
+ 6696¢ 4cpcp + 3936¢pcp + 2880cacp + 1520cp + 2187ccxed + 1620ckce
+ 3888c4cpcE + 2556cpcE + 1728¢4¢g + 1008¢E + 3888cacgcc + 2556¢kcc
+ 6696c4cpce + 3936¢cgce + 2880c4cc + 1520cc + 17280140%;
+ 1008c% + 2880c4cp + 1520cp + 1200c4 + 576).

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are not equivalent.

2.2 Case 2: the leader and one follower are symmetric

Assume cp = cy4.



Nash equilibrium of the static game

The equilibrium outputs are

a(Bcg +2)(Bcc +2)

A= 2(9c4cpec + 9cgec + 9cqce + 8ce + 12c4cp + 10cg + 10c4 + 8)’
g = a(Bcqg +2)(Bec +2) ’
2(9c4cpec 4+ 9cpec 4+ 9cace + 8ce + 12c4cp + 10cp + 10cy + 8)
e = a(Bcg +2)(Bcp +2) ’
2(9cscpcc + 9cpec 4+ 9cace + 8ce + 12c4¢p + 10cpg + 10c4 + 8)
o a(Bcqg +2)(Bcp +2)

- 2(9ccpec + 9cpec + 9cace + 8cc + 12c4cp + 10cp + 10cy + 8)

Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

3a(3cp +2)(27cpc + 27ct + S4cpec + 40cc + 20cp + 12)
X4 = )

Ay

3a(B3cec +2)(27cacpec + 18cpee + 27cacc + 14cc + 36c4cp + 16cp + 30c4 + 12)
XB = A, )

3a(B3cp 4+ 2)(27cscpec + 18cpec + 27cacc + l4ce + 36¢c4cp + 16¢cp 4+ 30c4 + 12)
Xc = A, )

3a(B3cp + 2)(27cscpec + 18cpec + 27cacc + ldce + 36¢c4cp + 16¢cp + 30c4 + 12)
Xp = A, )
where

Ay =2(243cchcd + 243cgcd + 486c4cpel + 423cpeg + 243c 4¢8
+ 180cg + 648cacgcc + 522¢5cc + 1188cacpec + 828cpec + 540ccc + 328¢c
+432¢c 405 + 252¢% + 720c4cp + 380cp + 300c4 + 144).

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are not equivalent.

2.3 Case 3: two followers are symmetric

Assume cp = cc.



Nash equilibrium of the static game

The equilibrium outputs are

a(Bcg +2)(Bce +2)

A= 2(9CACBCC + 12cgec + 9cqcc + 10cc + 9c4qcp + 10cg + 8cq + 8),
g = aBca +2)(Bec +2)

2(9c4cpec + 12cgec + 9cqcc + 10cc + 9cqcp + 10cp + 8¢y + 8)’
e = a(Bcg +2)(Bcp +2)

2(9c4cpec + 12cgec + 9cqcc + 10cc + 9cacp + 10cp + 8¢y + 8)
o a(Begp +2)(Bec +2)

- 2(9CACBCC + 12cgec + 9cq4cc + 10cc + 9c4cp + 10cg + 8cq + 8)

Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

1
X4 :A_[3a(3CA 4+ 2)(3cp + 2)(Bec + 2)(27cacpec + 27cpec + 27cacc
3

+ 20cc + 27cacp + 20cp + 20c4 + 12)],

1
XB =A—[3a(3cA +2)(3cc +2)(81cicpec + 135cacpec + 42cpec + 8lciec + 11dcqec + 32¢c
3

+81cicp + 1l4cqcp + 32¢cp + 72¢5 + 92c4 + 24)],

1
Xc =A—[3a(3c,4 +2)(3cp + 2)(81cicpec + 135cacpec + 42cpec + 81ciec + 114cqcc + 32¢c
3

+ 81cicp + 1l4cqcp + 32¢p + 72¢5 + R2c4 + 24)],

1
XD :A—[3a(3cB +2)(3cc +2)(81cicpec + 135cacpec + 42cpec + 8lciec + 11deacc + 32¢c
3
+ 81cicp + 114ccp + 32¢p + 72¢5 + 92¢c4 + 24)],

where

A3 =2(2187c3c5ct + 6561c5cacd + 5994 cqchcd + 1620c%ce
+ 4374c3cped + 12069¢4cpcd + 10152cacpcd + 2556¢pcs + 2187¢3c
+ 5508¢%cé + 4284cact + 1008cE + 4374ccpec + 12069c5c5cc + 10152¢ 4c5cc
+ 2556c5cc + 8262¢3cpec + 21168cicpec + 16632¢4cpcc + 3936¢pcc + 3888c7cc
+ 9252c%cc + 6816c4cc + 1520cc + 2187cicq + 5508¢5cq + 4284c ¢
+ 1008c% + 3888cicp + 9252c%cp + 6816¢4cp + 1520cp + 1728¢3
+ 3888¢? + 2720c4 + 576).



The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are not equivalent.

2.4 Case 4: the leader and two followers are symmetric

Assume cp = c¢c = c4.

Nash equilibrium of the static game

The equilibrium outputs are

a3cp +2) a(Bcyq +2)
X4 = s XB = )
2(3cacp +5¢cp +3ca +4) 2(3cacp +5¢cp +3ca +4)
a(3cp +2) a(Bcp +2)
Xc

= ,X = .
2(3cacp + 5¢cp +3c4 + 4) b 2(3cqcp + 5¢p +3c4 + 4)

Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

3a(3cp + 2)(27¢icp + S54cacp + 20cp + 27¢% + 40c4 + 12)
Ay ’

3a(3ca + 2)(27¢%cp + S54cacp + 16cp + 27¢% + 44cq + 12)
Ay '

_3a(3cp 4 2)(27chcp + 54cacp + 16cp + 27¢5 + 4dcy + 12)
Ay '

_ 3a(Bcp +2)(27c4cp + 54cacp + 16cp + 27c; + 44cq + 12)
Ay ’

X4 =

XBp =

Xc

XD
where

Ay =2(243c3c2 + 891cics + 954c 4¢3 + 252¢% + 486¢3cp + 1611c%cp + 1548c 4¢3
+380cp + 243c¢3 + 720c¢% + 628¢4 + 144).

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are not equivalent.

2.5 Case 5: three followers are symmetric

Assume cp = ¢c¢c = cp.



Nash equilibrium of the static game

The equilibrium outputs are

aBcp +2) a(Bcyq +2)
X4 = ,XB = )
2(3cacp +3cp + 5¢c4 + 4) 2(3cacp +3cp 4+ 5¢c4 + 4)
a(Bcqg +2) a(Bca +2)
Xc = =

,Xp = .
2(3cacp + 3cp + 5¢c4 + 4) b 2(3cqcp +3cp + 5¢c4 + 4)

Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

3a(cg +2)(3cp + 1)

= 29 ack + 9¢% + 30cach + 23¢p + 25¢4 + 12)°
B 3a(3cqacp +2cp + 5¢c4 +2)
B 2(9cac2 + 9¢2 + 30c4cp + 23¢p + 2504 + 12)
. 3a(Bcacp +2cp + 5¢c4 + 2)
2 T 2(9cac + 92 + 30c4cs + 23cp + 254 + 12)°
3a(3cqacp +2cp +5c4 +2)
Xp

- 2(9cac% + 9cZ +30cscp + 23cp + 25¢4 + 12)

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are not equivalent.

2.6 Case 6: all firms are symmetric

Assume cg = cc = cp = 4.

Nash equilibrium of the static game

The equilibrium outputs are

a a a a
Xyj=——— Xpg=——— X = ——— Xp = ————.
AT 2eat2) " T 2ea+2) 7 T 20ca+2)"P T 20ca +2)

Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are
a a a a
— — ) X == ) X = ’ X = °
2ca+2"7" T 2ea+2)C T 2+ 2(ea+2)

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are equivalent.

XA



3 Symmetric dynamic zero-sum game

There is an n-players and two-stages game. Players are called Player 1, 2, ..., n. The strategic
variable of Player i is s;, i € {1,2,...,n} . The set of strategic variable of Player i is
Si, i €{1,2,...,n}, which is a convex and compact set of a linear topological space. One of
players is the leader and other players are followers.

The structure of the game is as follows.

1. The first stage

The leader determines the value of its strategic variable.

2. The second stage

Followers determine the values of their strategic variables given the value of the leader’s
strategic variable.

Thus, the game is a Stackelberg type dynamic game. We investigate a sub-game perfect
equilibrium of this game.

On the other hand, there is a static game in which all players simultaneously determine the
values of their strategic variables.

The payoff of Player i is denoted by u; (s, 52, ..., Sx). ¥; is jointly continuous in s; and all
Sj, j # i. We assume

n
Zu,-(sl,sz, .oy 8y) = 0 given (s1,52,...,8,).
i=1

Therefore, the game is a zero-sum game.

We assume that the game is symmetric in the sense that the payoff functions of all players are
symmetric, and assume that the sets of strategic variables for all players are the same. Denote
them by S. We do not assume differentiability of players’ payoff functions.

We show the following theorem

Theorem 1. The sub-game perfect equilibrium of the symmetric Stackelberg type dynamic
zero-sum game is equivalent to the equilibrium of the static game.

Proof. (1) Suppose that the leader is Player 1. Let (s2(s1),53(51),...,5,(s1)) be a solution
of the following equation;

$2(s1) = arg maXs,cs Uz (81,52,53(51), ... 80(51))

s3(s1) = arg maXgs;es u3z(s1,52(51), 83, ... 8,(51))

Sp(sy) = arg maxs, es Un(S1,52(51),83(51), - .. Sn)

3 As we said in the introduction, we do not assume that the payoff function is not differentiable. We do not use
differentiability of payoff functions.



given s1. Assume that arg maxg, es 4; (51, 52(51), ..., 8i,...,8,(s1)) fori € {2,3,...,n}

are unique. Since S is compact, u;(sy,S2,...,5,) forall i € {1,2,...,n} are jointly
continuous, by the maximum theorem s,(s1), $3(s1), ..., S,(s1) are continuous. We

have

Enélgiui(s1,Sz(S1),.~-,Si,---,Sn(S1)) = u;(s1,5(51),...,85:(51),...,8,(81)), i €{2,...,n}.
i

By symmetry of the game
$2(81) = $3(51) = -+ = $u(51),
and
Uz(s1,52(51), - - -, Sn(51)) = u3(s1,52(51)s - ., S0 (51)) = ++- = Un (51, 52(51), . ., $u(51)),

given s1. $1(52), 53(52), ..., $,(52), $2(83), ..., Sp(53), ..., $1(Sn), ..., Su—1(s,) are
similarly defined. By symmetry of the game we have

51(52) = 53(52) = -+ = $0(52), 52(83) == = 50(53), ..., 51(8n) = -+ = Su—1(Sn).
s2(s1) is also obtained as a fixed point of the following function

max U, (81, S, 52(51),...,852(51)).
seS

(2) The Nash equilibrium of the static game is obtained as a fixed point of a function from
S"to S™;

arg maxg, es U1 (s1, sV, 5@, ..., s™)
arg maxg,es Uz (s, 55, ..., 5™)
arg max, es U, (s, 5@, ... s,)
By symmetry of the game for all players we assume that s; = s, = --- = s, at the
equilibrium. Denote the equilibrium by (5, §,...,5). § is also obtained as a fixed point
of the following function.
max u(s,s,5,...,,5).
seS

We assume uniqueness of the Nash equilibrium of the static game. At the equilibrium
of the static game (5, 5, ...,5), we have

u(5,5,...,85) > uy(s,s,...,5) forany s € S, s # 5, (1)

and
u(s,s,...,s5) =0.

Similarly,

ui(s,...,8,....,8) >u;(s,....,8,...,8,...,5,...,5) forany s € S, s #5, 5; =5,

10



fori € {2,...,n}. Note that

55(5) = arg max us(§,82,8,...,85) =35,
2

and so on. Since the game is zero-sum and symmetric, we have

ui(s,s,...,85) = —(n—Dusy(s,s,...,5).
Thus, (1) means
ux(s,s,...,5) > 0.
By symmetry, we get
u(s,s,s,...,5)>0.
Therefore,
ui(s,s,...,5) <0<u(s,s,s,...,5). 2)
Similarly,
u(s,8,...,85) <0 <wu(s,...,s,s8,...,5), s, =s,0 €{3,4,...,n}. (3)
Also we have
lui(s,8,....,8)| = (= Du(5,s,5,...,5)|. 4)

(3) The equilibrium strategy of Player 1 in the dynamic game is written as

argmax uy(s1, $2(51), ..., 5n(s1)).
s1€S
Let
s7 =argmaxuy(sy, $2(51), .- ., Sn(51)).
S1ES
(s7,52(87), ..., 8,(s7)) is a Stackelberg equilibrium of the dynamic game when Player

1 is the leader. We assume uniqueness of the Stackelberg equilibrium. Similarly, we get
s such that

s; =arg max wi(s108:), ., 8ic1(80), 81, 8i41(80)s - .., Sn(s0)).
Si

By symmetry of the game

Denote them by s*.

11



(4) Since, by symmetry for Players 2 to n, s,(s) = s,—1(s) = --- = s,(s) for any s, we have

s* = arg meagiul(s, 52(8), ..., 82(5)).
N

This is equivalent to
uUr(s*,52(5), ..., 52(5%)) > ui(s, s2(5),...,52(s)) forany s € S, s # s*.
Suppose a state such that s; = s, = --- = 5. From (2) and (3), for s # 5,
u(s,s,...,8) <0,...,u1(s,...,5,5,8,....,5)>0(s; =), ..., u1(5,...,5,8) > 0(s, = 5).

Since u;(s1, 52, ...,58,) is jointly continuous, there exists a neighborhood V'(5) of §
such that, for s’ € V'(5), s’ #§

lu (5,8, ..., < |ui(5,5,5,...,5),

and
ui(s,s',...,58) >0,

for s which satisfies (2) and (3). Since the game is zero-sum,
ur(S,s",....8") +uS,s',...,8") +us@S, s, ...+ +u, 5,87, 8") = 0.
By symmetry
u1(S,s",...,8")y == — Duy(3,s',...,8) == — Du(s',5,5,....5).
Thus,
ui(s’,5,8,...,8) <0 (s, =58),...,u1(s".s",...,5.,5) <0 (s, =73).

Also we have

lu (8,8, ..., = (n—Du(s',5,5,...,5)|.
Since u1(s1, 52, . . ., S,) is jointly continuous, if V(5) is sufficiently small, we can assume
J y y
lu (5,8, ....8") —u (8,5,....9)| ~ (n—D|ui(5,5,5,...,5) —ui(5,5,....,9)|.
or
lu (8,8, ..., ~ (n—1Du(5,5,5,...,5)|.

Consequently, from (4)
lui (5,8, ..., ~ lui(s',5,....,9)|.
There exists a neighborhood V(5) of § such that for s € V(5)

lu1(s,s2(s),...,52(8))| < |u1(s",5,5,...,3)|, fors’ € V'(5).

12



It seems to be that
|s2(s) —§| < |s —5].

Since
uy(s,s,...,5) <0,
and
U1 (5, 52(8),...,82(s)) >0,
we get
uy(s, s2(5),...,52(5)) <O.
This means

u(5,5,...,8) > ui(s,s2(5),...,52(s)), fors € V(s).

Thus, (5,5, ...,5) is the Stackelberg equilibrium.
We have completed the proof. [

4 Concluding Remark

As we said in the introduction, the equivalence of the Stackelberg type dynamic game and the
static game in a two-players zero-sum game is a widely known result. But, this problem in a
multi-players case has not been analyzed. In this paper we have analyzed a general n-players
game.
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