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Abstract

We consider a Stackelberg type symmetric dynamic three-players zero-sum game. One
player is the leader and two players are followers. All players have the symmetric payoff
functions. The game is a two-stages game. In the first stage the leader determines the
value of its strategic variable. In the second stage the followers determine the values of
their strategic variables given the value of the leader’s strategic variable. On the other
hand, in the static game all players simultaneously determine the values of their strategic
variable. We do not assume differentiability of players’ payoff functions. We show that
the sub-game perfect equilibrium of the Stackelberg type symmetric dynamic zero-sum
game with a leader and two followers is equivalent to the equilibrium of the static game if
and only if the game is fully symmetric.

Keywords: symmetric zero-sum game, Stackelberg equilibrium, leader, follower.

1 Introduction

It is well known that the equilibrium of the Stackelberg type dynamic game and that of the
static game are equivalent in a two-person zero-sum game. See, for example, Korzhyk et. al.
(2014), Ponssard and Zamir (1973), Tanaka (2014) and Yin et. al. (2010). We examine this
problem in a three-players zero-sum game, and show that the equilibrium of the Stackelberg
type dynamic zero-sum game and that of the static zero-sum game are equivalent if and only if
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the game is fully symmetric. We do not assume differentiability of players’ payoff functions'.
However, we do not assume that the payoff functions are not differentiable. We do not use
differentiability of payoff functions.

In the next section we show the main result. All players have symmetric payoff functions.
One player is the leader and two players are followers. The game is a two-stages game as
follows;

1. In the first stage the leader determines the value of its strategic variable.

2. In the second stage the followers determine the values of their strategic variables given
the value of the leader’s strategic variable.

On the other hand, in the static game all players simultaneously determine the values of their
strategic variables. We show that if the game is fully symmetric, the equilibrium of the
Stackelberg type dynamic game and that of the static game are equivalent.

As we will show in Section 3 using a model of relative profit maximization in an oligopoly,
the Stackelberg equilibrium is not equivalent to the static (Cournot) equilibrium in the following
cases which are not fully symmetric.

1. All firms are asymmetric, that is, they have different cost functions.
2. Two followers are symmetric, that is, they have the same cost functions.
3. The leader and one follower are symmetric.

If and only if all firms are symmetric, that is, they have the same cost functions, the Stackelberg
equilibrium is equivalent to the static (Cournot) equilibrium.

2 Symmetric dynamic zero-sum game

There is a three-players and two-stages game. Players are called Player 1, Player 2 and Player
3. The strategic variable of Player i is s;, i € {1,2,3} . The set of strategic variable of Player
iis S;, i €{l1,2,3}, which is a convex and compact set of a linear topological space. One of
players is the leader and other players are followers.

The structure of the game is as follows.

1. The first stage

The leader determines the value of its strategic variable.

2. The second stage

Followers determine the values of their strategic variables given the value of the leader’s
strategic variable.

'In Tanaka (2018) we analyzed a similar problem when payoff functions of players are differentiable.



Thus, the game is a Stackelberg type dynamic game. We investigate a sub-game perfect
equilibrium of this game.

On the other hand, there is a static game in which three players simultaneously determine
the values of their strategic variables.

The payoft of Playeri is denoted by u; (s1, 52, $3). u; is jointly continuousins; ands;, j # i.
We assume .

Zui(sl, S2,53) = 0 given (51, 52, 53).
i=1
Therefore, the game is a zero-sum game.

We do not assume differentiability of players’ payoff functions?. We also assume that the
game is symmetric in the sense that the payoff functions of all players are symmetric, and
assume that the sets of strategic variables for all players are the same. Denote them by S.

We show the following theorem

Theorem 1. The sub-game perfect equilibrium of the symmetric Stackelberg type dynamic
zero-sum game with a leader and two followers is equivalent to the equilibrium of the static
game.

Proof. (1) Suppose that the leader is Player 1. Let (s2(s1),s3(s1)) be a solution of the
following equation;

$2(s1) = argmaxy,es U2(51, 52, 53(51))
53(s1) = argmaxs,es U3(s1, 52(51), 53),

given s1. Assume that arg max,es U2(S1, 52, 53(s1)) and arg maxy,es u3(s1, 52(51), 53)
are unique. (s2(s1), s3(s1)) is a fixed point of a function of (s, s’) from S x S to S x S;

/
arg maxg,es U2(S1, 52, 5")
arg maxs,es U3(s1,5,53) )’

given s1. Since S is compact, u,(sy, 52, 53) and u3(sy, 52, §3) are jointly continuous, by
the maximum theorem s, (s;) is continuous. We have

max Uz(S1, 52, 53(51)) = ua(s1, 52(51), 53(51)),
2
and
m2§u3(S1,S2(S1),S3) = u3(s1,52(51), 53(51)).
53

By symmetry of the game
s2(s1) = 53(51),

and
Uz (51, 52(51),53(51)) = u3(s1,52(51), 53(51)),

2As we said in the introduction, we do not assume that the payoff function is not differentiable. We do not use
differentiability of payoff functions.
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given 1. 51(52), S1(53), s2(s3) and s,(s3) are similarly defined, and by symmetry of the
game we have

51(52) = 53(52), 51(53) = 52(53).

s2(s1) is also obtained as a fixed point of the following function

max u (s, s, $2(51)).
seS

The Nash equilibrium of the static game is obtained as a fixed point of a function of
(s,8,8")fromS xS xStoS xS xS;

i 1
arg maxg, es U1(s1,5’,5")
"
arg maxg,es U (s, 2, 5”)
/
arg maxg,es Us(s,s’, s3)

By symmetry of the game for all players we assume that s; = s, = s3 at the equilibrium.
Denote the equilibrium by (5, §,5). § is also obtained as a fixed point of the following
function.

max u(s, s, 5).
seS

We assume uniqueness of the Nash equilibrium of the static game. At the equilibrium
of the static game (5, 5, §), we have

u1(8,5,5) > uy(s,s,5) forany s € S, s # 5, (1)

and
u(s,s,s) =0.

Similarly,

U>(8,5,5) > uy(s,s,5) forany s € S, s # 5§,

us(5,5,5) > usz(s,s,s) forany s € S, s # 5,
and

u>(5,5,5) = us(s,s,5) =0.

Note that

§2(5) = argmax u,(s, s2,5) = §.
s€ES
Since the game is zero-sum and symmetric for Players 2 and 3, we have
ui1(s,5,5) = —2u,(s,s,5s).

Thus, (1) means
us(s,s,5) > 0.

By symmetry for Players 1 and 2, we get

uy(s,s,s) > 0.



3)

“4)

Therefore,

u(s,5,5) <0 <uy(s,s,Ss). (2)
Similarly,
ui(s,5,5) <0 <u(s,5,s). 3)
Also we have
[u1(s.5.3)| = 2Ju1 (8,5, 5)] = 2[u1(5,5.9)|. 4)

The equilibrium strategy of Player 1 in the dynamic game is written as
argmax Uy (s1, 52(s1), 53(51)).
S1€S
Let
s7 =argmaxuy (s, s2(s1), 53(51))-
S1ES

(87, 52(87), s3(s7)) is the Stackelberg equilibrium of the dynamic game when Player 1 is
the leader. We assume uniqueness of the Stackelberg equilibrium. Similarly, we get s
and s3 such that

s, =argmax U (s1(s2), 52, 53(52)),
sH€S
and
sy =argmax uz(s1(s3), s2(s3), 53).
s3€S

s5 (s3) is the Stackelberg equilibrium strategy of Player 2 (Player 3) if he is the leader.
By symmetry of the game

ST =5, =15;.
Denote them by s*.

Since, by symmetry for Players 2 and 3, s3(s) = s,(s) for any s, we have

s* = arg max u1(s, 52(s), s2(5)).
SE

This is equivalent to
u(s™,52(5), 52(5™)) > uy(s,52(s),52(s)) forany s € S, s # s*.
Suppose a state such that s; = s, = s3 = §. From (2) and (3), for s # 5,
u(s,5,5) <0, u(s,s,5) >0, u(s,s,s) > 0.

Since u1(sq, 52, 53) is jointly continuous, there exists a neighborhood V’(5) of § such
that, for s’ € V'(5), s’ #§

lui (5, s, 8| < |ui(8,s,5)],



and
u(s,s',s") >0,

for s which satisfies (2) and (3). Since the game is zero-sum,
ui(5,s',8") +ux(3, 5", 5") +us(3.5",s") = 0.
By symmetry
u1(8,s",s") = —2u,(5,s',s") = —2u,(s", 5, 5).

Thus,
u(s’,5,5) <0, u (s, s',5) <0.

Also we have
lui (5, s, 8| = 2|ui(s', 5, 5")| = 2Jui(s', 5", 5)].

Since u;(sy, 52, 53) is jointly continuous, if V(5) is sufficiently small, we can assume
lui(5,s',s") —ui(5,5,5)] ~ 2ui(5,s",5) —ui(5,5,5)].
or
lui(5,5",s")] ~ 2lu, (8,5, 5)]|.

Consequently, from (4)
lui (5,5, )| ~ |ui (s, 5,3)]|.

Then, there exists a neighborhood V'(§) of § such that for s € V(5)
lu1(s,52(5), 52(8))| < |u1(s’,5,5)|, fors” € V'(5).

It seems to be that
[s2(s) —§| < |s — 5].

Since
uy(s,s,5) <0,
and
ui (8, 52(5), 52(5)) > 0,
we get
ui(s, s2(s), s2(s)) < 0.
This means

u1(8,5,85) > ui(s,s2(s), 52(s)), fors € V(s).

Thus, (5, §, §) is the Stackelberg equilibrium.
We have completed the proof. [



3 Example: relative profit maximization in a
Stackelberg oligopoly

3.1 Case 1: three firms are different each other

Consider a three firms Stackelberg oligopoly with a homogeneous good®. There are Firms A,
B and C. The outputs of the firms are x4, xp and x¢. The price of the good is p. The inverse
demand function is

p=a—x4—Xxp—Xxc,a>0.

The cost functions of the firms are cixA, c%,xB and c%xc. c4, cp and cc are positive
constants. We assume that ¢4, cp and c¢ are all different. The relative profit of Firm A is

1
QA = PXA — CaXy — E(PXB — CpXy + pXc — CCXE).

The relative profit of Firm B is

1
@B = pXB — CpXg — E(pr —caxy + pxe —coxg).

The relative profit of Firm C is

1
$Yc = pxXc — ché - E(pr - CAxfl + pxp — CBXIZ;).
The firms maximize their relative profits. We see

Y4+ @B +@c = 0.

Thus, the game is a zero-sum game. Firm A is the leader and Firms B and C are followers.
In the first stage of the game Firm A determines x4, and in the second stage Firms B and C
determine xp and x¢ given x 4.

Nash equilibrium of the static game

The equilibrium outputs are

a(4cp + 3)(4cc + 3)

Y4 = 32c4cpcc + 32cpec + 32cacc + 30cc + 32cacp + 30cp +30cy +27°
= a(dcqa + 3)(4cc +3)
B 32cqcpec + 32cpec + 32c4cc + 30cc + 32c4cp + 30cp + 30cy + 27’
a(4cq +3)(4cp +3)
Xc =

32c4cpcc + 32cgec + 32cacc + 30cc + 32cacp + 30cp +30cy + 27

3In this example payoff functions are differentiable.



Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

_ 4a(4cp + 3)(4cc + 3)(4cgec + 4cc + 4cp + 3)

XA P

2a(4cc + 3)(32cscpec + 24cpec + 32cqcc + 2lec + 32c4cp + 21cp 4+ 30c4 + 18)

XB = )
A

2a(4cp 4+ 3)(32c4cpec + 24cpec + 32cacc + 21ce + 32c4cp + 21cp + 30c4 + 18)

Xc = ,
¢ A

where

A =512c4c5¢E + 512¢5¢cE + 1024c4cpcE + 944cpcd + 512¢4¢8 + 432¢%
+ 1024c4c5cc + 944cgec + 1984c4cpec + 1680cgce + 960c cc + T47cc + 512¢cac%
+ 432¢% + 960cacp + 747cp + 450c 4 + 324.

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are not equivalent.

3.2 Case 2: the leader and one follower are symmetric

Assume cc = cy.

Nash equilibrium of the static game

The equilibrium outputs are

a(4cp + 3)
X4 = ,
4 8cacp +10cg +8c4 + 9
a(4cq +3)
XB = )
8cqcp + 10cp +8c4 + 9
a(4cp + 3)
Xc =

~ 8cacp + 10cg +8c4 + 9

Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

_4a(4cq +3)(4cp +3)(4cacp +4cp +4cqs + 3)

XA B
2a(4cq + 3)(32¢%cp + 56cacp + 21cp + 32¢% + Sley + 18)
Xg = ,
5 B
2a(4cp + 3)(32¢%cp + 56cacp + 21cp +32¢5 + Slea + 18)
Xc = ,
B



where

B =512c3cy + 1536¢7% ¢ + 1456c4¢% + 432¢% + 1024c3cp + 2928¢5 ¢
+2640c 4cp + T47cp + 512¢3 + 1392¢5 + 1197¢c4 + 324.

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are not equivalent.

3.3 Case 3: two followers are symmetric

Assume cc = cp.

Nash equilibrium of the static game

The equilibrium outputs are

a(4cp + 3)
X4 = ,
47 Bcacs + 8cg + 10c4 + 9
a(4cyqg + 3)
XB = )
8cqcp +8cp +10cq4 + 9
a(4cyg + 3)
Xc =

"~ 8cucp +8cp+10cs + 9

Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

2a(2cpg + 1)(2cp + 3)

7 T6cac% + 1663 + 40c4c5 + 35¢5 + 254 + 18
2a(4cqcp + 3cp + 5¢4 + 3)

B = T6cacs + 16¢3 + 40cacp + 35¢5 + 25¢4 + 187

e = 2a(4cacp + 3cp + 5¢4 + 3)

16cac% + 16c% + 40c4cp + 35¢p + 25¢4 + 18°

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are not equivalent.

3.4 Case 4: all firms are symmetric
Nash equilibrium of the static game

Assume c4 = cg = cc.
The equilibrium outputs are

a a a
=5 XB=——5, XCc = .
2c4 + 3 2c4 + 3 2c4 + 3

XA



Sub-game perfect equilibrium of the dynamic game

The equilibrium outputs are

a a a
=, Xp=57———%, Xc = :

2c4 + 3 2c4 + 3 2c4 + 3

The Nash equilibrium of the static game and the sub-game perfect equilibrium of the dynamic
game are equivalent.

X4

4 Concluding Remark

As we said in the introduction, the equivalence of the Stackelberg type dynamic game and the
static game in a two-players zero-sum game is a widely known result. But, this problem in a
multi-players case has not been analyzed. In this paper we have analyzed a three-players game.
In the future research we want to extend the analysis in this paper to more general n-players
zZero-sum game.

Acknowledgment

This work was supported by Japan Society for the Promotion of Science KAKENHI Grant
Number 15K03481 and 18K01594.

References

Korzhyk, D., Yin, Z., Kiekintveld, C., Conitzer, V. and Tambe, M. (2014), “Stackelberg vs.
Nash in security games: An extended investigation of interchangeability, equivalence, and
uniqueness,” Journal of Artificial Intelligence Research, 41, pp. 297-327.

Matsumura, T., N. Matsushima and S. Cato (2013) “Competitiveness and R&D competition
revisited,” Economic Modelling, 31, pp. 541-547.

Ponssard, J. P. and Zamir, S. (1973), “Zero-sum sequential games with incomplete information,”
International Journal of Game Theory, 2, pp. 99-107.

Satoh, A. and Y. Tanaka (2014a) “Relative profit maximization and equivalence of Cournot
and Bertrand equilibria in asymmetric duopoly,” Economics Bulletin, 34, pp. 819-827, 2014.

Satoh, A. and Y. Tanaka (2014b), “Relative profit maximization in asymmetric oligopoly,”
Economics Bulletin, 34, pp. 1653-1664.

Tanaka, Y. (2014), “Relative profit maximization and irrelevance of leadership in Stackelberg
model,” Keio Economic Studies, 50, pp. 69-75.

Tanaka, Y. (2018), “Stackelberg type dynamic symmetric three-players zero-sum game with a
leader and two followers,” mimeo.

10



Vega-Redondo, F. (1997) “The evolution of Walrasian behavior,”, Econometrica, 65, pp. 375-
384.

Yin, Z., Korzhyk, D., Kiekintveld, C., Conitzer, V. and Tambe, M. (2010), “Stackelberg vs.
Nash in security games: Interchangeability, equivalence, and uniqueness,”’, Proceedings
of the 9th International Conference on Autonomous Agents and Multiagent Systems, pp.
1139-1146, International Foundation for Autonomous Agents and Multiagent Systems.

11



