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Abstract

In this paper, we extend Bai and Perron’s (1998, Econometrica, p.47-78) framework for multi-
ple break testing to linear models estimated via Two Stage Least Squares (2SLS). Within our
framework, the break points are estimated simultaneously with the regression parameters via
minimization of the residual sum of squares on the second step of the 2SLS estimation. We
establish the consistency of the resulting estimated break point fractions. We show that various
F-statistics for structural instability based on the 2SLS estimator have the same limiting distri-
bution as the analogous statistics for OLS considered by Bai and Perron (1998). This allows us
to extend Bai and Perron’s (1998) sequential procedure for selecting the number of break points
to the 2SLS setting. Our methods also allow for structural instability in the reduced form that
has been identified a priori using data-based methods. As an empirical illustration, our methods

are used to assess the stability of the New Keynesian Phillips curve.

JEL classification: C12, C13
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1 Introduction

Linear models are widely applied in the analysis of macroeconomic time series. In many cases,
at least some of the explanatory variables are correlated with the error and so the model is
estimated via Instrumental Variables (IV). While it is routine to assume in estimation that the
parameters of these models are constant over time, there are reasons why this assumption may
be questionable. In particular, it can be argued that policy changes and/or exogenous shifts may
cause realignments in the relationship between economic variables which are reflected in changes
in the parameters. Therefore, it is important to develop methods for both detecting parameter
instability and also for building models that incorporate this behaviour.

Considerable attention has focused on developing tests for structural instability within the
IV or more generally the Generalized Method of Moments (GMM) framework.? The majority of
this literature has focused on the design of tests against alternatives in which there is structural
instability at a single breakpoint in the sample. Although these tests are also shown to have
non-trivial power against other alternatives, it is clearly desirable to develop procedures that
can discriminate between various forms of instability.

An important step in this direction is taken by Bai and Perron (1998).2 They develop
methods that are designed to test for discrete shifts in the parameters at potentially multiple
and unknown break points in the sample. Their analysis is in the context of linear regression
models estimated via Ordinary Least Squares (OLS). Within their framework, the break points
are estimated simultaneously with the regression parameters via minimization of the residual
sum of squares. Bai and Perron (1998) establish the consistency and the limiting distribution of
the resulting break point fractions. They also propose a sequential procedure for selecting the
number of break points in the sample based on various F-statistics for parameter constancy.

While not the only possible form for structural instability, the model with the discrete shifts
at multiple unknown break points has some appeal in macroeconometric applications because
it captures the case where relationships change due to changes in policy regime or exogenous

shifts. However, since Bai and Perron’s (1998) analysis is predicated on the assumption that

ISee inter alia Andrews and Fair (1988), Ghysels and Hall (1990), Andrews (1993), Sowell (1996) and Hall

and Sen (1999).
2Bai and Perron’s (1998) paper also contributes to the literature in statistics on change point estimation in

time series. See inter alia Picard (1985), Hawkins (1986), Bhattacharya (1987), Yao (1987) and Bai (1994).



all explanatory variables are exogenous, their methods can not be applied to the types of linear
macroeconometric models mentioned above.

In this paper, we extend Bai and Perron’s (1998) framework to linear models estimated via
Two Stage Least Squares (2SLS) and thereby provide a methodology for estimating linear models
with endogenous regressors that exhibit discrete shifts in the parameters at multiple unknown
points in the sample. Within our framework, the break points are estimated simultaneously with
the regression parameters via minimization of the residual sum of squares on the second step of
the 2SLS estimation. We establish the consistency of the resulting break point fractions. We show
that the various F-statistics for testing parameter constancy based on the 2SLS estimator have
the same limiting distribution as the analogous statistics for OLS considered by Bai and Perron
(1998). This allows us to extend Bai and Perron’s (1998) sequential procedure for selecting the
number of break points to the 2SLS setting.

As can be seen from the above summary, our focus is on the stability of the parameters in
the second stage regression or, in other words, in the structural equation of interest. However
to implement 2SLS, it is necessary in the first stage regression to estimate the reduced form for
the endogenous regressors in the structural equation of interest and this, of course, requires an
assumption about the constancy or lack thereof of these reduced form parameters. In this
paper, we establish the aforementioned results under two scenarios of interest, namely: (i)
the parameters in the first stage regression are constant; (ii) the parameters in the first stage
regression are subject to discrete shifts within the sample period and the locations of these shifts
are estimated a prior: via a data-based method that satisfies certain conditions. The latter
conditions allow the case in which the location of the instability is estimated via an application
of Bai and Perron’s (1998) methods to the appropriate reduced form equations on an equation
by equation basis.

To illustrate our methods, we consider the stability of the New Keynesian Phillips curve
(NKPC) estimated using quarterly data for the US over the period 1968.3-2001.4. The NKPC
is of considerable theoretical importance in monetary policy analysis and its estimation has
received considerable attention in the literature. Zhang, Osborn, and Kim (2007) observe that
empirical studies of the NKPC often reach conflicting conclusions about the importance of key
variables in the determination of inflation, and argue this may be due to neglected parameter

variation. Zhang, Osborn, and Kim (2007) argue that changes in monetary policy regimes may



cause changes in the parameters of the NKPC; if true, this would mean that the parameters
of the NKPC would exhibit discrete shifts at potentially multiple points in the sample. Zhang,
Osborn, and Kim (2007) investigate this issue using a methodology based on uncovering break
points in the sample via the maximization of Wald statistics for parameter change associated
with 2SLS estimation. However, while their methodology has an intuitive appeal, there is no
theoretical justification for their methods as they note; it is, therefore, unclear exactly how to
interpret their results. In contrast, our methods can be applied to this model under plausible
assumptions about the data. Our analysis indicates that there are shifts in the parameters of
both the appropriate reduced forms and also in the NKPC itself.

It is useful to compare our results to two other recent extensions of Bai and Perron’s (1998)
framework. Qu and Perron (2007) extend Bai and Perron’s (1998) framework to systems of
regression equations and consider the case in which estimation and inference are based on quasi-
maximum likelihood techniques under normality. Perron and Qu (2006) consider the case of a
regression equation in which the least squares estimation imposes cross-regime restrictions, such
as the equality of parameters in two non-adjacent regimes. While both these papers expand
the set of available techniques in important ways, both sets of results are predicated on the
assumption that the explanatory variables are uncorrelated with the error(s). To our knowledge,
our paper is the first to consider estimation and inference about multiple structural changes in
a linear model with endogenous regressors.

An outline of the paper is as follows. Section 2 lays out the model, illustrates it via the NKPC
and also explains details of the estimation. Section 3 presents results on the limiting behaviour
of the break fraction estimators associated with the 2SLS estimation of the structural equation
of interest. It is shown that the break fraction estimators are consistent and deviate from the
true break fractions by a term of large order in probability 7!, where T is the sample size.
The import of this result is that inference regarding the parameters of the structural equation
can be conducted as if the the true break fractions are known a priori. In the remainder of
the paper, we consider the limiting behaviour of the 2SLS estimator and various associated
inference procedures. Section 4 presents the limiting distribution of the 2SLS estimator. Section
5 presents the limiting distributions of the various F-statistics. The simulation evidence is
reported in Section 6. Section 7 presents our empirical application and some concluding remarks

are offered in Section 8. All proofs are relegated to a mathematical appendix.



2 The Model and The Estimation

2.1 The model

We consider the case in which the equation of interest is a multiple linear regression model with

m breaks (i.e. m + 1 regimes), that is
Y = x;ﬁg,l + Zi,tﬁgl,i + ug, ’i:l,...,m+1, t:nofl—i_laano (1)

where 7§ = 0 and T),; = T. In this model, y; is the dependent variable, z; is a p; x 1
vector of explanatory variables that are correlated with the error u; and z; ¢ is a pa x 1 vector
of explanatory variables that are uncorrelated with u; and includes the intercept. We define
p = p1 + p2. The error term, u,, is assumed to have a mean of zero.

Following the convention in the literature, we index the break points {77} by break fractions

{\9}. These break fractions must satisfy the following:?
Assumption 1 T = [T\, where 0 < A} < ... < X0 < 1.

Assumption 1 requires the break points to be asymptotically distinct.

In view of the correlation between z; and u;, OLS estimation of (1) would yield inconsistent
estimators of the regression parameters. We therefore consider the case in which (1) is estimated
via 2SLS. To implement 2SLS, it is necessary to specifiy the reduced form for x. As noted in
the introduction, we consider two scenarios: (i) the reduced form for z; is structurally stable;
(ii) the reduced form for x; exhibits parameter variation. We elaborate on these two scenarios
in turn.

Scenario (i): stable reduced form.

The reduced form for x; is assumed to be as follows:
xy, = 21Ao + v (2)

where zx = (24,1, 21,2, ..., 2t,¢) 1S @ ¢ X 1 vector of instruments that is uncorrelated with both
up and vy, Ag = (01,0, 02,0, .-, Op;,0) With dimension ¢ x p; and each d; for j = 1,...,p1 has
dimension g x 1. We assume that z; contains z; ;. Under the assumption that E[u;?|z] = o2,

the optimal IV estimator is the 2SLS estimator.* Our analysis is confined to the 2SLS estimator,

3[-] denotes the integer part of the quantity in the brackets.
4See, for example, Hall (2005)[p.44].



although we wish to emphasize that the aforementioned conditional homoscedasticity restriction
is only imposed in certain parts of the analysis. o.
Scenario (ii): unstable reduced form.

The reduced form for x; is:

’ ’

zp = AV o, i=1,2. . h+1,  t=Tr,+1,...T¢ (3)

where T3 = 0 and Ty, = T. The points {7} are assumed to be generated as follows.

Assumption 2 T = [Tn?], where 0 < 79 < ... <79 < 1.

Note that the break fractions {7} may or may not coincide with {\?}. Let 7° = [, 79, ..., 79]".
Within our analysis, it is assumed that the break points in the reduced form are estimated prior
to estimation of the structural equation in (1). For our analysis to go through, the estimated
break fractions in the reduced form must satisfy certain conditions that are detailed below; these
conditions would hold, for instance, if Bai and Perron’s (1998) methodology is applied equation

by equation to the reduced form.

Equation (3) can be re-written as follows
z, = 5(7°) O + v, t=1,2,...,T (4)

where O = [ASY, AR APTY (%) = o(t,T) ® 2, o(t, T) is a (h + 1) x 1 vector with
first element Z{t/T € (0, 7V}, h+1t" element Z{t/T € (79, 1]}, k' element Z{t/T € (79 _,, 7]}
for k=1,2,...,h and Z{-} is an indicator variable that takes the value one if the event in the

curly brackets occurs. Notice that (4) fits the generic constant parameter form of (2). o

To illustrate the potential interest in our framework, we consider the case of the NKPC. For ease

of exposition, it suffices here to consider the following stylized version of the NKPC,
inft = ¢y + aj'inff+l|t “+ ozbinft,1 “+ QpgOgt =+ uy (5)

where inf; is inflation in (time) period ¢, in flet denotes expected inflation in period ¢ + 1
given information available in period ¢, og; is the output gap in period ¢, u; is an unobserved
error term and 6 = (co, af, ap, vy)’ are unknown parameters. The variables in fle . and og; are

anticipated to be correlated with the error u;, and so (5) is commonly estimated via IV; e.g.



see Zhang, Osborn, and Kim (2007) and the references therein. Suitable instruments must be
both uncorrelated with u; and correlated with in f; gt and og;. In this context, the instrument
vector z; commonly includes such variables as lagged values of expected inflation, the output
gap, the short-term interest rate, unemployment, money growth rate and inflation. This model
fits within our framework with (5) as the structural equation of interest provided the reduced
forms for inf{, ;, and og; are assumed to be given by either (2) or (3). We return to this example

in Section 7.

2.2 The estimation

To describe the estimation of the model, it is assumed that the number of break points m is
known but their location is not. Therefore the researcher must estimate both the break points
and regression parameters. This estimation proceeds as follows. On the first stage, the reduced
form for x; is estimated via OLS using - as appropriate - either (2) or a version of (4) with

estimated break fractions substituted for 7°

. Let 2; denote the resulting predicted value for
x¢. The second stage of the 2SLS estimation is itself divided into a number of steps because of
the need to estimate both the break points and the regression parameters. The first step of the

second stage is to estimate the model
Yo = j;ﬁ;,l + Zi,tﬁ:hi + ’ata Zzlaam+17 t:Ti—l‘Fla---,Ti (6)

via OLS for each possible m-partition of the sample, denoted by {7} }/*,, such that 7; —T;_1 > q.

Letting 37" = (8%, 8%, '), the resulting estimates of 8* = (8;', 53, ..., :;1+1/)/ are obtained by

x,i Mz,
minimizing the sum of squares of the residuals

m—+1 T;

ST T) = Y D (e = B — 21,18e0,0)° (7)

i=1 t=T;_1+1

with respect to 3 = (81, 52, ..., 6m+1/)/. We denote these estimators by B({Tl}ﬁl)
The second step of the second stage involves constructing the minimized sum of squares
associated with (6) for each partition, that is

m—+1 T;

ST(Tla sty T?TL? B({E}ﬁl) = (yt - j;ﬂ’t - 21715621,1')2
1 t=T;_1+1

+

N 8
B=B{Ti}L,) ®)

%



The estimates of the break points, (Tl, ooy Trp), are defined as

(T1, o, ) =arg, ity Sr(Ty, ., Ty H{THLL)) 9)

vvvvv m

where the minimization is taken over all partitions, (71, ...,T,,) such that T; — T;—1 > g. The
2SLS estimates of the regression parameters, 3({T;}7,) = (3}, 35, .., A,’nﬂ)’, are the regression

parameter estimates associated with the estimated partition, {7}}™,.

3 Limiting behaviour of the break fraction estimators

In this section we analyze the limiting behaviour of the break point fraction estimators {5\1 =
T /T}. Two properties are established: consistency and that the estimated break fractions de-
viate from the true break fractions by an O,(T~') term. These results are established for both
the scenarios regarding the parameters of the reduced form for x; described in Section 2. We

take each of these scenarios in turn.

3.1 Stable reduced form

In this case, the predicted value for x; is given by

T T

.f; = Zt/AT = Zt/(z ZtZt/)ilztht/ (10)

t=1 t=1
To facilitate the analysis of this version of the model, we impose the following conditions.
Assumption 3 Let by = (ug,v)) and F = o — field{... ,z1_1,2t, ..., bi—2,b_1}. Assume by is

a martingale difference relative to {F;} and sup, E[||b:||*] < .

Assumption 4 rank{[Ao, II] } = p where II" = [I,,, 0p,x (q—ps)], Lo denotes the a x a identity

matriz and Ogxp 18 the a X b null matriz.

Assumption 5 There ezists an ly > 0 such that for all 1 > lg, the minimum eigenvalues of

Ay = (1/1) ZtTi);éJrl 2z and of AY, = (1/1) ZtTi)T.sz 2z’ are bounded away from zero for all

i=1,....m+1.

Assumption 6 T—! Z?:Tl] zi2h B Quy(r) uniformly in v € [0,1] where Qzz(r) is positive

definite for any r > 0 and strictly increasing in 7.



Assumption 7 The minimization in (9) is over all partitions (T, ..., T,n) such that T; —T;—1 >

€T for some € > 0 and € < infi(A},; — AY).

A few comments on these assumptions are in order. Assumption 3 includes the restrictions
that b is a serially uncorrelated process, and hence the errors in both the structural equation and
reduced form exhbit this property. This assumption also includes the restriction that E[zb;] =
Ogx (p1+1) Which implies both the implicit population moment condition in 2SLS is valid - that
is Flziu) = 0 - and also that the conditional mean of the reduced form is correctly specified.
However, note that this assumption does allow z; to contain lagged values of y;. Assumption 4
implies the standard rank condition for identification in IV estimation in the linear regression
model® because Assumptions 3, 4 and 6 together imply that

(T7]
TN ule), 21 ) = Qzz(r)[A0, T = Qzx.z,)(r) uniformly in 7 € [0, 1]

t=1
where Q7 x,7,)(r) has rank equal to p for any » > 0. Assumption 5 requires that there be
enough observations near the true break points so that they can be identified. This condition
is analagous to Bai and Perron’s (1998) Assumption A2 and the interested reader is refered to
this source for further discussion of this condition. Assumption 7 requires that each segment
considered in the minimization contains a positive fraction of the sample asymptotically; in
practice € is chosen to be small in the hope that the last part of the assumption is valid.

The proof strategy for consistency is identical to that used by Bai and Perron (1998) in their
proof of the corresponding results for OLS estimators. The proof builds from the following two

properties of the error sum of squares on the second stage of the 2SLS esimation.

e Since the 2SLS estimators minimize the error sum of squares in (7), it follows that
T T
(1/T)Yya; < (1YT)) a; (11)
t=1 t=1

where 4y = y; —i;ﬁ}m - z{ytﬁAzm— denotes the estimated residuals for ¢ € [Tj,l +1, TJ] in the

0 denotes

. . . ~ A/
second stage regression of 2SLS estimation procedure and @; = y; —3,3% ;, — 21 , B

the corresponding residuals evaluated at the true parameter value for t € [TP | + 1,T?].

e Using dy = Uy — Uy = j;(B%J _6(92,1') _Z;,t(BZLj _621,1') overt € [Tj*1+1’ TJ] N [Ti071—|—1, Tzo]a

5See e.g. Hall (2005)[p.35].



it follows that

T T T T
Ty A = TNy ap + Ty d - 207 id, (12)

t=1 t=1 t=1 t=1
Consistency is established by proving that if at least one of the estimated break fractions does

not converge in probability to a true break fraction then the results in (11)-(12) contradict each

other. This conflict is established using the results in the following lemma.

Lemma 1 Let y; be generated by (1), x; be generated by (2), & be generated by (10) and

Assumptions 1, 3-7 hold.

(i) T71 S0y edy = 0p(1).

(i) If 5\j 5 )\9 for some j, then

T—o0

T
lim sup P (Tl Zdt2 > C{ [ Ao( g,j - g,j+1)H2 + Hﬁgl,j - 21,j+1H2} + §T> > €
t=1
for some C > 0 and € > 0, where {&r = op(1).
Using (11)-(12) and Lemma 1, consistency is established along the lines anticipated above.

Theorem 1 Let y; be generated by (1), x; be generated by (2), &+ be generated by (10) and

Assumptions 1, 3-7 hold, then 5\j LN )\2 forallj=1,2,....m.

For the development of inference procedures for determining the number of breaks, it is important
to know not only that the break fraction estimators are consistent but also the order of magnitude

of their deviation from the true break fraction. This is established in the following theorem.

Theorem 2 Let y; be generated by (1), x; be generated by (2), &+ be generated by (10) and
Assumptions 1, 3-7 hold then, for every n > 0, there exists C such that for all large T, P(T|5\j —

0 C_
A >C)<m, forj=1,...,m.

Therefore, the break fraction estimators deviate from the true break fractions by a term of order

in probability T—1.



3.2 Unstable reduced form

Recall that the reduced form exhibits discrete parameter changes at unknown points in the

0

sample and these points are indexed by the break fraction vector, 7°. We suppose that 7 is

estimated by 7 and that these estimated break fractions satisfy the following condition.
Assumption 8 7 = 7 + O,(T1)

Note that Assumption 8 implies 7 is consistent for 7% and T'(7 — V) is bounded in probability.
Such an estimator might be obtained by applying Bai and Perron (1998)’s methodology equation
by equation and then pooling the resulting estimates of the break fractions. For our purposes,
it only matters that Assumption 8 holds and not how 7 is obtained. The latter is, of course, a
matter of practical importance but we do not address it here.

These estimated breaks are imposed on the the reduced form for z;. Let éT be the OLS

estimator of ©g from the model

xy = Z(7)'©g + error t=1,2,---,T (13)

where Z;(7) is defined analogously to Z;(7"), and now define Z; to be
R T T
& = () Or = 2@ {D_AmaE) Y)Y Al (14)
t=1

t=1

For the analysis in the case, the regularity conditions need to be altered. Assumption 4 is
replaced by:
Assumption 9 Tcmk{ [Agi), H} } =pfori=1,2,--- h+1 and Il is defined in Assumption
4.

It is also necessary to modify Assumption 7.

Assumption 10 The minimization in (9) is over all partitions (T4, ..., Trn) such that T,—T;_1 >

€T for some € > 0 and € < inf;(A\),; = \)) and € < inf;(n),, — ).

The following theorem establishes the consistency of the break fraction estimators.

Theorem 3 If Assumptions 1-3, 5-10 hold, y; is generated via (1), x; is generated via (4) and

Ty is calculated via (14), then

)\j&)\? forallj=1,2,--- m.

10



In order to extend Theorem 2, we impose one final condition.

Assumption 11 There exists an I, > 0 such that for all | > ., the minimum eigenvalues of
B, = (1/1) ZtTi%L£+1 2z’ and of B}, = (1/1) ZtTiT_,_l 2z’ are bounded away from zero for all

i=1,..,h+1.

Assumption 11 is similar to Asssumption 5 above but refers to the break points in the reduced

form. The order in probability of the estimated break fractions is given in the following theorem.

Theorem 4 If Assumptions 1-8, 5-11 hold, y; is generated via (1), x; is generated via (4)
and &y is calculated via (14), then, for every n > 0, there exists C such that for all large T,

P(T|5\j =X >C)<n, forj=1,..,m.

3.3 Discussion

At this stage, it is useful to comment on the nature of the foregoing analysis. First consider the
case where the reduced form is structurally stable. In this case, Theorems 1-2 establish that
the break fraction estimators, {};}, are consistent and \; — A) = Op(T~"). Now consider the
case where the reduced form exhibits parameter variation. If the location of the breaks in the
reduced form are known a priori then, as noted above, the reduced form can be re-written as a
structurally stable regression equation involving the augmented parameter vector.® Therefore, in
this case, the limiting behaviour of the break fraction estimators associated with the structural
equation is covered by Theorems 1-2. However, in most cases, the locations of the breaks in
the reduced form are unknown and so must be estimated a priori. In this case, Theorems 3-4
provide conditions on the estimators of the reduced form break fractions, {#;}, under which
the break fraction estimators associated with the structural equation, {j\j}, are consistent and
A=A =0,(TY).

Of the scenarios described above, the most empirically relevant is likely to be the one in-
volving estimation of break fractions in both reduced form and structural equations. Under our
assumptions, the estimators of the break fractions in both reduced form and structural equations
converge at rate T' to the true break fractions. It emerges below that this rate is sufficiently

fast that the estimation of the break fractions can be ignored in the asymptotic analysis of the

6See equation (4).

11



2SLS estimators and its associated statistics.” In other words, for the purposes of the asymp-
totic analysis of the 2SLS estimator and its associated statistics, we can essentially proceed as
if the break fractions in both equations are known. Since, as noted above, the reduced form
with known break points can be rewritten as a constant parameter regression model, we focus
exclusively for the remainder of the paper on the case in which the reduced form is structurally
stable. The analagous results for the model with parameter variation in the reduced form can
be deduced from the results presented with an appropriate redefinition of the regressor vector in

the reduced form.

4 The limiting distribution of the 2SLS estimators

Once the break fractions are estimated, it is clearly desirable to perform inference about the
structural parameters {3Y}. If the break fractions are known a priori then standard arguments
can be employed to show the root 1T asymptotic normality of the 2SLS estimator. Since the
estimated break fractions converge at rate T, this standard asymptotic distribution theory can

be extended to the 2SLS estimates based on the estimated break fractions.

Theorem 5 Let y; be generated by (1), x; be generated by (2), &+ be generated by (10) and

Assumptions 3-6 hold, then

T2 (BUTYE) = B) = N (Opmrnyrs V)

where 60 = [ (1)/a g/a <o 62+1/]/) 610 = [Bm,i/a gl,i/]/)
(1,1) (1,m+1)
Vg =
(m+1,1) (m+1,m+1)
vy eV
VD = RiSupR;,  forij=1,2,.. .m+1

Ri = (A)Qzz(1)"'QiQzz(1)TA()) T A(1)Qzz(1) !
and Q; = Qzz(N)) —Qzz(N)_1), A(r) = [Qzx(r),Qz,z(r)'], Qz,z(r) is the probability limit of
T-1 Z?:Tl] 21,42 (defined in Assumption 6), S(; j) = limg oo Cov[T~1/2 Zio 2y, T~/ Zjo 2z,

m

>, denotes the summation over t = [TA)_ ] +1,...[TA)], and we set \J =0, A, = 1.

7A similar finding is reported by Bai and Perron (1998) in their analysis of OLS estimators.

12



Note that S(;,;y is non-zero in general because the first stage regression pools observations across
regimes and this creates a connection between the aforementioned sums from different regimes.
However, if the reduced form is also unstable then the connection across regimes is broken in
one leading case. If the breaks in the structural equation also occur in the reduced form then
the predictions are only based on the observations in the sub-sample in question and so Vj is

block diagonal. Specifically, if & > m and A} =« for some j for each i then
(L) (2,2 = (m+1,m+1
Vs = diag(Vy"D, Vi3, i) (15)

where fxﬁ(m) = RiSunR, R = (AiQ;lA;)’lAiQ;l, A; = AN — AN )), and S =
limp_oo Tt Zio Var|zu]. Notice that Vé“) is just the variance of the 2SLS estimator based

on the i*" sub-sample allowing potentially for breaks in the reduced form within that sub-sample.

5 Test statistics for multiple breaks

The sup-F type test of no structural break (m = 0) versus the alternative hypothesis that there
is m = 1 break has been considered by Andrews (1993). Bai and Perron (1998) generalize
Andrew’s sup-F type test to the hypothesis m = k for linear models estimated via OLS. In this
section, we extend Bai and Perron’s results to linear models estimated via 2S5LS.

For this part of the analysis, we impose the following restrictions.

Assumption 12 (3) T! Z?:Tl] 212l B rQyy uniformly in r € [0,1] where Qz is a positive

definite matrixz of constants;
(ii) the conditional variance of the errors is independent of t, that is

U o
Var 2| = Q =
Vg v X

2

where ) is a constant, positive definite matriz, o= is a scalar and X is a p1 X p1 matrix;

The restrictions in Assumption 12 are analogous to that imposed by Bai and Perron (1998) in
their Assumptions A8 and A9 which underpin their analysis of various F-statistics for testing

for multiple breaks within the OLS framework.?

8Although note that the conditional variance restriction in Assumption 12 involves both u¢ and v; whereas

Bai and Perron (1998) need only restrict the conditional variance of u¢.
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Assumptions 3 and 12 together ensure that a uniform version of the multivariate functional

central limit theorem in de Jong and Davidson (2000) holds:

Ut

[T7]
T2y ®u = (2 ©Q/7)Bulr) (16)
t=1 V¢
where By, (r) is a n x 1 standard Brownian motion with n = ¢ x (p; +1) and “=" denotes weak
convergence in the space D[0, 1] under the skorohod metric.

The sup-F type test statistic can be defined as follows. Let (717, ...,Tk) be a partition such
that T; = [T'A\;] (¢ =1, ..., k). Define

T (k+1 SSRy — SSR
FT()\l,..-,)\k;p> = { (kp )p }{ ;SRk - } (17)

where SSRy and SSRj are the sum of squared residuals based on the fitted X under null and
alternative hypothesis, respectively. Recall from Assumption 7 that the minimization is per-
formed over partitions which are asymptotically large and the size of the partitions is controlled
by €, a non-negative constant. Accordingly, we define A, = {(A1,..., k) @ |[Aig1 — | > €, A1 >

€, \r <1 —¢}. Finally, the sup-F type test statistic is defined as

Sup — Fr(k;p) = Supor,,..a)ea Fr(A, .., Ak p) (18)

Theorem 6 If the data are generated by (1)-(2) with m = 0, &4 is generated by (10) and As-
sumptions 1, 3-7 and 12 hold then Sup — Fr(k;p) = Sup — Fy , = Sup(r,,... apea. F(A1, - As p)

where

k W
1 |)\’L+1W )\ ’L+1||

F(A,...,0\ = —
( 1y ey AR P kp Zl )\)\1+1 i1 )‘1)

where k is the number of break points under the alternative hypothesis, and W; = Bp(X\;).

We note that the limiting distribution in Theorem 6 is exactly the same as the one in Bai and
Perron’s (1998) analogous result for the sup-F test based on OLS estimators when the regressors
are exogenous. Percentiles for this distribution can be found in Bai and Perron (1998)[Table I]
for € = 0.05 and in Bai and Perron (2001) for other values of e.

The Sup — Fr(k; p) statistic is used to test the null hypothesis of structural stability against
the k-break model, and so is designed for the case in which a particular choice of & is of interest.

In many circumstances, a researcher is unlikely to know a priori the appropriate choice of k
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for the alternative hypothesis. To circumvent this problem, Bai and Perron (1998) propose so
called “Double Maximum tests” that combine information from the Sup — Fr(k;p) statistics for
different values of £ running from one to some ceiling K. We consider here only the following

example of Double Maximum test,”
UDmazFr(K;p) = max sup Fr(A1,..., Ak p) (19)
The limiting distribution of this statistic follows directly from Theorem 6.

Corollary 1 Under the conditions of Theorem 6, it follows that
UDmaxFr(K;p) = |ax {Sup — Fi p }

Critical values for the limiting distribution in Corollary 1 are presented in Bai and Perron
(1998)[Table 1] for e = 0.05 and in Bai and Perron (2001) for other values of .

The Sup — Fr(k;p) and UDmaxFr(K;p) statistics are used to test the null hypothesis of
no breaks. It is also of interest to develop statistics for testing the null hypothesis of [ breaks
against the alternative of I 4 1 breaks. Following Bai and Perron (1998), a suitable statistic can
be constructed as follows. For the model with [ breaks, the estimated break points, denoted by
11, ..., T;, are obtained by a global minimization of the sum of the squared residuals as in (9).
For the model with [ 41 breaks, [ of the breaks are fixed at Tl, e Ty and then the location of the
(I 4+ 1)" break is chosen by minimizing the residual sum of squares. The test statistic is given
by

SSR(Ty, ..., T}) — infren, SSRia (11, ... Ty_1, 7, Ty, ..., T
Fr(l+1Jl) = max { (T, 1) = infren,,, 1 (T LT 1)}

b (20

1<i<I+1 62
where
67 =Y (= &yBei — A 4B )/ (T = Tioy — p)
t=T5_1+1
ANy = {r: Ty 1+ (jliL - Tifl)n <7r<T;— ( [ — Tifl)n}

and Bl is the 2SLS estimator calculated using the sample T 1+ 1,..., T; on the second stage.
The following theorem gives the limiting distribution of this statistic under the null hypothesis
of [ breaks.

9 UDmaz denotes Unweighted Double maximum. Bai and Perron (1998) also consider a WDmaz statistic

in which the the maximum is taken over weighted values of the Sup — Fr(k;p) statistics. Analogous WDmaz

statistics can be developed within our framework, but for brevity we do not explore them here.
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Theorem 7 If the data are generated by (1)-(2) with m =1, &, is generated by (10) and As-
sumptions 1, -7 and 12 hold then then limy_,oo P(Fr(l+ 1]1) < z) = Gp.,(z)* where G, (z)

is the distribution function of sup, <,<1_, [|W () — pW(1)|*/p(1 — p) and W () = By(u).

Once again, the limiting behaviour of the test statistic is the same as that of the analogous
statistic proposed by Bai and Perron (1998) for the OLS case. Critical values can be found in
Bai and Perron (1998)[Table II] for the case in which calculated with n = .05 and in Bai and
Perron (2001) for other values of 7.

Following Bai and Perron (1998), the statistics described in this section can be used to
determine the estimated number of breakpoints, ke say, via the following sequential strategy.
On the first step, use either Sup — Fr(1;p) or UDmaxFr(K,p) to test the null hypothesis that
there are no breaks. If this null is not rejected then kr = 0; else proceed to the next step. On
the second step Frp(2|1) is used to test the null hypothesis that there is only one break against
the alternative hypothesis of two breaks. If Fp(2|1) is insignificant then kr = 1; else proceed
to the next step. On the I'" step Fr(l + 1|) is used to test the null hypothesis that there are
[ breaks against the alternative hypothesis of | + 1 breaks. If Fp(l 4 1|l) is insignificant then
kr =1 ; else proceed to the next step. This sequence is continued until some preset ceiling for
the number of breaks, L say, is reached. If all statistics in the sequence are significant then the
conclusion is that there are at least L breaks. We evaluate the finite sample performance of this
strategy as part of the simulation study reported in the following section.

To conclude our discussion of these F-statistics, we return to the issue of the assumptions on
the errors. Assumption 12 requires the errors to be homoscedastic and serially uncorrelated. It
is, however, possible to relax this assumption to some extent as we now discuss. Suppose that it
is assumed that a regime is characterized by both a change in the regression parameter vector
and also a change in the conditional variance matrix of the errors, that is Q in Assumption
12 is replaced by €; for t € ([TAY_;]+1,[TAY]). Since the calculation of Fr(l + 1|I) only
involves sub-sample covariance matrix estimators, it follows that the limiting distribution of the
test statistic is unaffected by heteroscedasticity of this type. It is therefore possible to use the
the test statistics described above to develop a sequential strategy to determine the number of
breaks for the case where the no break model is homoscedastic and the [ break models involve

a conditional error variance that is constant within a regime but varies across regimes.
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6 Finite sample behaviour

In this section, we evaluate the finite sample behaviour of the various statistics discussed in
the previous sections via a small simulation study. The simulation design involves models with
zero, one or two breaks. Since our analysis of the break fractions is premised on the existence
of a break, we begin by discussing the one break and two break models. We then conclude the

sections by considering the behaviour of the test statistics in the no break model.

6.1 One break model

The data generating process for the structural equation is:

g o= (L)' + fort =1,...,[T/2]
(21)
= (1,28 + u, fort = [T/2]+1,...,T
The reduced form equation for the scalar variable z; is:
x = 210 + vy, fort=1,...,T (22)

where ¢ is ¢ x 1. The errors are generated as follows: (uy, vt)/ ~ IN(02x1, ) where the diagonal
elements of {2 are equal to one and the off-diagonal elements are equal to 0.5. The instrumental
variables, z;, are generated via: z; ~ i.i.d N(Ogx1,1Iy). The specific parameter values are as
follows: (i) T = 60, 120, 240, 480; (ii) (89, 89) = ([1,0.1),[=1, —0.1)"); (iii) ¢ = 2,4, 8; (iv) § is
chosen to yield the population R? = 0.5 for the regression in (22).1° For each configuration,

1000 simulations are performed.

The results are presented in Tables 1-4. We first consider the behaviour of the break fraction
estimator calculated under the assumption that there is only one break. Table 1 reports the
proportion of the simulations in which |5\1 -\ < ¢ for ¢ =0.01,0.02,0.03,0.05,0.1. It can be
seen that in the smallest sample size (T' = 60) there is some dispersion but the proportions clearly
increase with 7" and exhibit behaviour in line with the consistency result in Theorem 1. Table 2
reports the relative rejection frequencies of Sup — Fr(k;1) (for k = 1,2), UDmaxFr(5;1) and

Fr(l+ 1)) (for I = 1,2) statistics where, in both cases the nominal size is 0.05. Notice that the

10For this model, § = \/R2/(q — q x R?); see Hahn and Inoue (2002).
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alternative hypothesis is true for the Sup — Fr(k; 1) and UDmax Fr(5; 1) statistics and so these
relative frequencies are empirical powers for this statistic. Whereas, for [ = 1, the null hypothesis
is correct for Frp(l + 1|1) and so the relative frequencies are the empirical size, and for | = 2, the
null assumes more breaks than there actually are. Both Sup — Fr(k;1) and UDmaxFr(5;1)
reject 100% of the time. The Fp(2|1) statistic is close to its nominal size; Fr(3]2) tends to
reject less frequently than the nominal size. Table 3 reports the results from using the sequential
strategy based on these statistics that is described in Section 5 with a maximum number of breaks
set equal to five. The results indicate that the strategy works well in each case. Table 4 reports
the empirical coverage of the large sample confidence intervals based on the limiting distribution
in Theorem 5, with all limiting covariances replaced by their empirical counterparts.'’ As can
be seen, the empirical coverage is very close to the nominal level in all cases, and is within 3
simulation standard deviations of the nominal level for all confidence levels in all but the smallest

sample size.

6.2 Two break model

The data generation process for the structural equation is:

ye = |1, :ct]/ﬂg + uy, fort = 1,...,[T/3]
= [1, 2B + uy, fort = [T/3]+1,...,[2T/3]
= [1,z]8) + u, fort = [2T/3]+1,...,T

Two choices for 3% are considered: (37,09,039) = ([1,0.1)",[-1, —0.1}’, [1, 0.1)"). All other
aspects of the design are the same as the one break model.

The results are reported in Tables 5-9. Again, we begin by considering the performance of
the estimated break fractions. Table 5 reveals that, as in the one break model, there is some
dispersion in the estimates of the break fractions in the smallest sample size but nevertheless the

empirical distribution of the break fraction estimator is evidently collapsing on the true fraction

11\Within this model, it can be shown that S; ; = (A2=A?_)) {Vl’l F 420, =20 [(BY @ I)Va2(80 ® Iy) + 2V1 2(8° ® I,) ]}

and S = —(A = AL A0 = X0 [VA2(89 ® Ip) + (BY @ Ig)Va,1 + (B ® Ig) x Va2(B9 ® Iy)] where
Vl,l V1,2 . . —1/2 T AV ; i

V= is the long-run covariance of 71/ D1 (ut,v)) ®zt, Vi1 is ¢ x g and Va2 is gp1 X gp1.
Vie Vao

Consistent estimators of S; ; are constructed using these formulae in the obvious fashion.
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as T increases. Table 6 reports the relative rejection frequencies of Sup — Frr(k; 1) (for k = 1,2),
UDmaxFr(5;1) and Fp(l + 1]I) (for I = 1,2) statistics where, in both cases the nominal size
is 0.05. As in the one break model, the statistics are applied with &k, = 1,2. Notice that the
alternative hypothesis is true for the Sup — Fr(k; 1), UDmazFr(5;1) and Fr(2|1) statistics and
so these relative frequencies are empirical powers for this statistic. Whereas, the null hypothesis
is correct for Fr(3|2) and so the relative frequencies are the empirical size. From Table 6 it
can be seen that, unlike the one break model, there is a difference in the power properties of
the tests. While Sup — Fr(k;2) and UDmaxzFr(5;1) reject 100% of the time, Sup — Fr(k; 1)
only rejects 74% power in the smallest sample size although it does reject 100% of the time
in larger sample sizes. The test of one break against two (Fr(2|1)) also rejects 100% in every
case. The test of two breaks against three (Fr(3|2)) is slightly undersized; this contrasts with
the results for Frr(2|1) in the one break model and likely reflects the smaller sub-sample sizes
in the two break model. Table 7 reports the results using the sequential strategy for estimating
the number of breaks. As would be expected given the power results, the sequential strategy
starting with Sup — Fr(k;1) has a marked tendency to under estimate the number of breaks
in the smallest sample size. In contrast, the sequential strategy starting with UDmaxFrp(5;1)
works well at all sample sizes as it never underfits and picks the true order never less than 94% of
the time. Tables 8-9 report the empirical coverage of the large sample confidence intervals based
on the limiting distribution in Theorem 5. In the smallest sample size (T' = 60), the coverage
is lower than the nominal level and more than three simulation standard errors away from the
nominal level; this can be explained by small sizes of the sub-samples in this case. However,
the empirical coverage is within three simulation standard errors for all intervals at the other

samples (T = 120, 240, 480) and very close to the nominal level in the larger samples.

6.3 No break model

The previous two designs involve cases where there is a change in the regression parameters of
the structural equation. It is also of interest to explore how the test statistics perform in the
case where there is no break and so the model is structurally constant. To this end, data are
generated from (21) with 37 = 39 = [1,1]. All other aspects of the design are the same as

the one break model. Table 10 contains the empirical rejection frequencies for Sup — Fr(k; 1)
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(k=1,2), Fr(I14+1Jl) (I = 1,2) and UDmaxFr(5;1) statistics. Note that within this design, the
null hypothesis is correct for the Sup — Fr(1;1), Sup — Fr(2;1), and UDmaxFr(5, 1) statistics,
and so the rejection frequency equals the empirical size. For Fr(2|1) and Fr(3]2) statistics, the
null hypothesis involves more breaks than are present in the data. From Table 11, it can be
seen that Sup — Fr(1;1), Sup — Fr(2;1), and UDmaz Fr (5, 1) exhibit empirical size close to the
nominal level of 0.05; both Fr(2]|1) and Fr(3|2) reject less frequently than the size. Table 10
presents the empirical distribution of kr based on the sequential strategies using Sup — Fp(1;1)

and UDmaxFr(5,1). Both strategies indicate that no breaks are present in nearly every case.

7 Application

In this section we use our methods to explore the stability of the New Keynesian Phillips curve
(NKPC). Zhang, Osborn, and Kim (2007) report that the stylized version of the NKPC in (5)
does not have serially uncorrelated errors as required by our Assumption 3, and so we follow their
practice and include lagged values of Ainf; = inf; —inf;—1 to remove this dynamic structure

from the errors. Accordingly, our analysis is based on

3

infy = co + afinfer”t + apinfi—1 + og09: + ZaiAinft,i + uy (23)
i=1

The data is for the US and is quarterly spanning 1968.3-2001.4. The span of the data is slightly
longer than Zhang, Osborn, and Kim (2007) but the definitions of the variables are the same
and as follows: inf; is the annualized quarterly growth rate of the GDP deflator, og; is obtained
from the estimates of potential GDP published by the Congressional Budget Office, in flet is
the Greenbook one quarter ahead forecast of inflation prepared within the Fed.!?

Both expected inflation and the output gap are taken to be endogenous and we model their

reduced forms as

infiay = 2301 + vit (24)

09 = 202 + vay (25)

where z; contains all other explanatory variables on the righthand side of (23) along with the

20ne interesting aspect of Zhang, Osborn, and Kim’s (2007) study is that they employ various different

inflation forecasts in their estimation. We focus here on just one of their choices for brevity.
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first lagged value of each of the short term interest rate, the unemployment rate, and the growth
rate of the money aggregate M2.

We first consider the stability of the reduced forms in (24)-(25) using Bai and Perron’s (1998)
methodology. '3 We assume that the maximum number of breaks is 5 and set ¢ = 0.1. The
results are reported in Table 11. First consider the reduced form for in fle ;- There is clear
evidence of parameter variation with all the sup-F statistics being significant at the 1% level.
Using the sequential testing strategy, we identify two breaks: one at 1975.2 and the other at
1981.1. As a robustness check, we also use BIC to choose the break points and obtain the
same estimates.'* Now consider the reduced form for og;. Again, there is evidence of parameter
variation. The sequential strategy suggests a break at 1975.2. In contrast, BIC favours the model
with no breaks. Given our purposes, it seems better to impose this break in our estimation of
the reduced form.

We now consider the results for the NKPC. Given the evidence above, the predicted values
of expected inflation are constructed allowing for breaks at 1975.2 and 1981.1, and the predicted
value for the output gap is constructed allowing for a break at 1975.2. As with the reduced
forms, we assume that the maximum number of breaks is 5 and set ¢ = 0.1. The results from
the 2SLS estimations of the NKPC are given in Table 12. As with the reduced forms, there is
evidence of instability from the sup-F tests. Using the sequential strategy, we estimate there to
be only one break located at 1975.1.1% Parenthetically, we note that if the number of breaks is

chosen by minimizing the BIC,
BIC(m) = In[ min St (T, ... Tn; BUTYL))/T] + mlp +)in(T)/T

then the estimated number is also one and the location is again 1975.1.
The estimated NKPC is as follows (omitting the error and with estimates to 2dp; standard

errors in parentheses):

I3 These calculations are made using the code available from http://people.bu.edu/perron/code.html. All hy-
potheses are tested with F-statistics which are the OLS analogs of those discussed in the text; further details can

be found in Bai and Perron (1998).
MFor ease of presentation, we define the BIC criterion below for 2SLS; the appropriate modification for OLS

is then obvious.

15We note that it was not possible to calculate the test of the four break model against the five break model
because the location of the breaks in the four break model meant certain sub-samples in the five break model

were too small.
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for 1969.1-1975.1:

] = —4.45 + 0.52inf’ 1.48inf;_ 0.39 — 1.39Ainfi_1 — 1.05Anfi_o— 0.37Ainfi_
infi (0,09)+(0.16)mft+1|t+(0.15)mft 1+(0.03)Ogt (0.10) nfi-r (0.08) infi-a (0.03) infi-s
for 1975.2-2001.4:

] = —0.27 + 0.69in f’ 0.33infi— 0.11 — 0.16 Ainfi_1 — 0.13Ainfi_o — 0.28 Ainfi_
infi (o.17)+(o,24)mft“|t+(o,21)mft 1+(o.19)09t (0.12) nfir (0.09) infi-z (0.29) infi-s

Of particular interest are the coeflicients on expected and lagged inflation as they reflect the
degree to which policy is forward or backward looking respectively. One most striking difference
between the two periods is in the coefficient on lagged inflation. Our results suggest that this
variable plays a far weaker role in the post-1975.1 sample. However, one important caveat is the
small size of the pre-1975.1 subsample.

It is interesting to note that our results closely match Zhang, Osborn, and Kim’s (2007)
findings with regard to both the number of breaks and the location of the break.!® However,
we cannot directly compare our estimates as Zhang, Osborn, and Kim (2007) do not report the

specific estimates associated with this sample break.

8 Concluding Remarks

In this paper, we extend Bai and Perron’s (1998) framework for multiple break testing to linear
models estimated via Two Stage Least Squares (2SLS). Within our framework, the break points
are estimated simultaneously with the regression parameters via minimization of the residual
sum of squares on the second step of the 2SLS estimation. We establish the consistency of
the resulting estimated break point fractions. We show that various F-statistics for structural
instability based on the 2SLS estimator have the same limiting distribution as the analogous
statistics for OLS considered by Bai and Perron (1998). This allows us to extend Bai and Perron’s
(1998) sequential procedure for selecting the number of break points to the 2SLS setting.

Our focus is on the stability of the parameters in the structural equation of interest. However
to implement 2SLS, it is necessary in the first stage regression to estimate the reduced form for
the endogenous regressors in the structural equation of interest and this, of course, requires an

assumption about the constancy or lack thereof of these reduced form parameters. In this

16We note that with other choices of inflation forecast series, Zhang, Osborn, and Kim (2007) find evidence of

breaks at other points in the sample.
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paper, we establish the aforementioned results under two scenarios of interest, namely: (i)
the parameters in the first stage regression are constant; (ii) the parameters in the first stage
regression are subject to discrete shifts within the sample period and the locations of these shifts
are estimated a prior: via a data-based method that satisfies certain conditions. The latter
conditions allow the case in which the location of the instability is estimated via an application
of Bai and Perron’s (1998) methods to the appropriate reduced form equations on an equation by
equation basis. We have illustrated the empirical relevance of our framework via an application
to the New Keynesian Phillips curve. Most empirical investigations of the NKPC assume the
parameters are constant. However, our results indicate that if estimated over 1968-2001 then
this relationship is not stable.

In practice, a researcher may also be interested in performing inference about the timing of
the structural changes. Hall, Han, and Boldea (2007) provide a distribution theory for the break
fraction estimators in the case where the reduced form regression parameters are structurally
stable. The extension of this theory to the case in which the reduced form exhibits parameter
variation is complicated by the potential dependence on the limiting distribution of the estimated
break fractions in the structural equations on that of the estimated break fractions from the
reduced form. This extension is work in progress.

In two recent papers, Perron and Qu extend Bai and Perron’s (1998) framework in a num-
ber of interesting ways. Qu and Perron (2007) consider estimation and inference of multiple
structural changes in systems of regression equations, and show that there are efficiency gains
from estimation of the system rather than on an equation by equation basis. Perron and Qu
(2006) show that there are also efficiency gains from imposing cross-regime restrictions, such
as the equality of parameters in two non-adjacent regimes. It would be interesting to explore
the potential for such efficiency gains within the context of our 2SLS framework; however, these

extensions are beyond the scope of the current paper and are left to future research.
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Mathematical Appendix

We begin with an item of terminology. We say that a matrix A, say, is a diagonal partition

at (T, T»,...Ty) of the T x k matrix W whose t'" row is &} if A = diagWr,, ..., Wr,,,,) and

Wr, = (jTi—1+1) oo :AETi)/'l’Y

We write (6) for the true partition (so that 3f = 3Y) as
Y = W3° + U (26)

where Y = (y1, ..., yr)’, W? is a diagonal partition of W at (T?, ..., 7%, ), U = (i, ..., ur)’, and
B0 = BOUTYY) = (B, B8, o Bugs ) with B = (801, 805, .. B7,). We also define: W* to

be a diagonal partition of W at (Tl, v Tn); Z = (21, e 20)3 V = (01, .., 07)

We also need certain properties of matrix norms and so state these here for convenience. Cor-
responding to the vector (Euclidean) norm ||z| = (3-7_, #2)'/2 we define the matrix (Euclidean)

norm as

[ All = sup || Az|| /||| (27)
z#0
for matrix A. Below we use the following properties of this norm:

e ||A] is equal to the square root of the maximum eigenvalue of A’A and thus,

1Al < (¢rA"A)'/? (28)

e For a projection matrix P, we have
[PA]l < [IA] (29)

o Let A: Ry — Ry and B : Ry — Rj be linear operators. Then we have!'®

IBA| < [IBI[[|All (30)

7Note that diag(.) stands for block diagonal here.
18See Ortega (1987)[p. 93-4].
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Finally, for a sequence of matrices, we write Ar = op(1) if each of its element is 0,(1), and

likewise for Op(1).

To simplify the presentation, we prove all the desired results for the special case in

which (2 ; =0,, and z;; is omitted from the structural equation during estimation.

It is easily verified that all the desired results extend to the model presented in the

main text.

Proof of Lemma 1

Part (i):

Using the definition of d;, it follows that, for t € [Tj,l + 1, Tj],
ndy = w3 — B)) = wdif; — Wi} By
and hence that

ﬂt:&tﬁo (ta T)

[M]=

ﬁt:&;ﬁ(ta T) -

[M]=

T
§ ﬁtdt =
t=1

1 t=1
/W*B_ 0/W060 (31)

~
Il

h

where B(t,T) = Y78 BT {¢/T € (o1, Al | and 306, T) = S B0 T{t/T € (\j-1,A5] 1.
From (31), it follows that Lemma 1(i) is established if it can be shown that
T-HU'W*B—UW'3) = o0,(1) (32)

~ ~ — =

Since the 2SLS estimator based on the partition (Tl, vy Tip) 18 B = (W W*)AW*/Y, it follows
that

;=

U/W*B _ 0/W060 _ U/W*(W* W*)flﬁ/*/y _ U/WOBO

= UPy. (W3 +0)-U'W3°

where Py = W*(W* W*) =1+
We now analyze the terms on the right hand side of (33). It is most convenient to begin by

analyzing || Py.U||. To this end, it is convenient to define 3, to denote the summation over
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observations t = Tj + 1,1} 4+ 2,...,Ti41. We first note || Pyy-U||*> = U’ Py U is the sum of the

m + 1 terms , o
TLLT = (Z jtfbt> (Z jt.f;> (Z itﬁt> (34)
for i = 0,1,...,m. and so we can deduce the order of || Py U||? by considering the behaviour of

> &y and Y, #4@;. From (2) and (10), it follows that
i, = A4Mo+ 2/ (221 2'V (35)
From (1), it follows that

Ut ye — 2,6°(t,T)

= (@Bt T) +w) —&,8°(t, T)

w+ o' B4 T) — %' (2 2) 2V, T) (36)
It follows from (35)-(36) that

Sodin = Y Az A+ V'Z(Z'Z) wlu + o/ B, T) - 2(Z2'2) Z'VE(, T))]

= Y [Adzu + V'Z(Z'Z)  uy + Aozl B, T) + V' Z(Z'Z) 2o B4, T)

K3

A2z (Z'Z2) P2V T) - V' Z(Z' Z2) 2z (2 Z2) 2V B0 (t,T))

= AO/Zztut + V/Z(Z/Z)71 Zztut +A0/Zztvt/50(t,T)

K2 K2 K2

V' Z(Z'Z)7Y an B T) = A Yz (2'2)7 2V T)

K2 K2

—V'Z(Z'Z2)7Y  aa(22)7 Z'VE (L T) (37)

%

From (37) and Assumptions 3 and 6, it follows that
> dviy = 0,(T?) (38)

Now consider ), #12,. To this end, define >, to denote the summation over observations

t=1,2,...,T. From (2) and (10), it follows that

’

jt'ft = A:IthZ;AT
= X'Z2(Z'2) ' u2/ (2 2)7 7' X

= (Z xtzé)(z thé)flztzé(z thé)fl(z 21Tt)

t t t
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and hence that

thf; = thzt Zztzt 1(2%4)(2%4)*1(2%@;)

t

= -1 Z x23)( Z z2,)” Z ze21)( Z z2y)” Z zry) (39)

t [ t t

From (39) and Assumptions 3 and 6, it follows that

ngtf; = 0,(T) (40)
From (34), (38) and (40), it follows that n, r = O,(1) and hence that

1Pw-Ul* = 0,(1) (41)

Therefore, the second term on the right hand side of (33) is Op(1). Now consider the first term

on the right hand side of (33). Using (30), it follows that

10" Py WOB | < ||U" Pyre| - [WO5°)| (42)

Since W = P, X, where X is the original design matrix and Pz = Z(Z'Z)~1Z' is a projection

matrix, it follows from (28)-(29), (2) and Assumptions 3, 4 and 6 that
WOl =Wl = IPzX]| < |X] < (trX'X)"? = Op(T"/?) (43)
and hence from (41)-(43) that
10" P WOB || = Op(T"/?) (44)

Finally, consider the third term on the right hand side of (33), U'W°3°. Notice that U’W°

consists of m + 1 terms, Z Z4ty. Using a similar argument to the derivation of (38), it

t=T7? ,+1

can be shown that Zt;TQ @4ty = Op(T*/?) and hence that

1
IO WO = Op(T"?) (45)
Combining (33), (41), (44) and (45), it follows that
UW*B—UW"3 = 0,(T"?)
and hence that 7= (0'W*3 — U'W°3°) = O,(T~'/2) = 0,(1) which is the desired result.

Part (ii):
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Suppose 5\j 7& )\9- for some j. In this case, there exists n > 0 such that no estimated breaks fall
into [T(X} — ), T(A) +n)] with some positive probability e. Suppose further that the interval
belongs to the k" estimated regime, then it follows that Tj_; < T(X} —n) and T(A) +1n) < T.

Thus it follows that: dy = &}(3x — 89) for t € [T(X) — 1), TAY, and d; = &}(B — 82,,) for

t € [TA) +1,T(\} +n)]. Using these identities, it follows that

T
dodi = Y odi+ ) di (46)
t=1 1 2

where
> odp = (Bk - 5?)/ (Z 55@@) (Bk - 5?) (47)
St = (- ) (o) (3 - 8) (1)

and )_, extends over the set {T(\} — ) <t <TA}} and )7, extends over the set {TA) +1 <

t <T(\} +n)}.

At this stage, it is necessary to define v, and 72 to be the smallest eigenvalue of ), z;2; and

S, 27, respectively. Then, since Y2, #4d} = AL (Y2, z20) Ar, it follows that!?

Zdt2 + Zdt2 = (Bk - 6?)/A/T (Z thé) AT(Bk B 6?)
1 2

1

= (AT(Bk - 5?))/ (Z Wﬁ) (AT(B’C - 5?))
+ (AT(Bk — 6?“))/ (Z thQ> (AT(Bk - 5?+1))

> llAr(Ge — B + llAr(G — )1
> min{y, ) (IArG = BIP + IAr (G — 821

> (1/2) - min{y1,52} - [Ar(8) = B)0)11? (49)

9The last inequality exploits: (n — a)’A(n —a) + (n — b)’A(n — b) > (1/2)(a — b)’ A(a — b) for an arbitrary

e — RyAL (z ) Aclh — 7°,)

positive definite matrix A and for all n; see Bai and Perron (1998)[p.69].
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Now consider the right hand side of (49). We have

TA9
doaz = T)A/Tn) Y az = (TnAr (50)
L t=T(\}—n)

0
where Ar = (1/Tn) ZtT:%( A0 z1z,. From Assumption 5, the smallest eigenvalue of Arp is

bounded away from zero. Thus, the smallest eigenvalue of (T'n)Ar is of order Tn. Similarly,
the smallest eigenvalue of ), 22 is of order T. Using these two order statements in (49), it

follows that
T
ZdtQ > ZdtQ + Zdt2 >TC- HAT(@) - J+1)H2
t=1 1 2
for some C' > 0 and hence that
T
Ty df 2 CllArE] — Bl (51)
t=1
Under Assumptions 3, 4 and 6 A % Ay and hence it follows from (51) that

T
TN > O Ao(B) - B )I? + €r (52)

t=1

where
er = C{IAR(R - B - 120(8) - B}
Given the consistency of Ap, we have & = 0p(1). The desired result then follows from (52)

upon recalling that the analysis is premised on an event that occurs with probability e.

Proof of Theorem 1:
Suppose that 5\j EN )\9- for some j in probability. In this case, it follows from (12) and Lemma 1

that

S

(1/T) Z = 1/TZ +C - [180(8] = B70)IIP + 0p(1) (53)

with probability at least as large as € > 0. Assumptions 4 states that Ay is full rank and so
[80(8) = B741)lI> > 0. Therefore, (53) conflicts with (11) which must hold for all T' with

probability one. Therefore, it must follow 5\j 2 )\9- for all j.

Proof of Theorem 2:

The general proof strategy is the same as the one employed in Bai and Perron’s (1998) proof
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of their Proposition 2 although the specific details are naturally different. Following Bai and
Perron (1998), we assume (without loss of generality) that there are only 3 break points, that
is m = 3. Here we present the proof for the middle break fraction, X2. The proof for the end

break fractions, \; and As, follows along similar lines and is omitted for brevity.2

For each € > 0 define V, = {(T31,T2,T3) : |T; — T?| < €T,i = 1,2,3}. Note that Theorem 1
implies P({T},T5, T3} € V.) — 1 as T — oo. Therefore, it suffices to consider the behaviour
of St (T4, T%,T3) over V, for which |T; — T?| < €T for all i. Without loss of genarality, we can

restrict attention to the case in which Ty < T9.2! For C' > 0, we define
Vo(C) = {(T1, To, T3) : |T; = T?| < €T, i = 1,2,3 but Tp — Ty < —C} (54)

Note that by definition V. (C) C V.. Notice that the desired result would be established if it can
be shown that for large C, (T}, T, T3) ¢ V.(C) - and hence [T —T9| < C - with high probability
for large T'. Since St (Tl, Ty, Tg) < Sr (Tl, T9, Tg) with probability one as T' — 0o, the desired
result can be established if it can be shown that for each n > 0, there exists C' > 0 and € > 0

such that for large T,
P(min{[S7(Ty, Ty, T3) — Sr(T1, T3, T3)]/(T9 — T»)} < 0) <7 (55)

where the minimum is taken over the set V. (C). Therefore, we now prove (55).
Define SSRl = ST(Tl,TQ,Tg), SSRQ = ST(Tl,TQO,Tg) and SSRg = ST(Tl,TQ,TQO,TB). Using

these definition, we have

Sr(Ty, Ty, Ts) — Sp(Th,T5,T3) = SSR; — SSR»

= (SSRy — SSR3) — (SSR2 — SSRs3) (56)

Note that: SSR; — SSRj3 is the difference in the residual sum of squares between breaks at
(T1,T», T5) and when there is a fourth break at time 7% between Ty and T3 in addition to those
at (Th,Ts,Ts); SSRy — SSRj is the difference in the residual sum of squares between breaks at
(T1,TY, T3) and when there is a fourth break at time Ts between T} and 7% in addition to those

at (Tl, TQO, Tg)

20The proof is presented in Han (2006).
21Bai and Perron (1998) note that the proof for this case is easily modified to cover the case of Th > T20 using

an argument of symmetry.
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To analyze the terms on the right hand side of (56), it is useful to define the 2SLS estimators
in the four break model and emphasize the sub-samples upon which certain of these estimators
are based. Let (Bf , B;, BA, Bg, Bj{ ) denote the 2SLS estimators of the regression coefficients in
the five regimes of the four break model associated with the the partition (77, Ty, 7%, T3). Note
that B;‘ is based on observations T + 1, ..., T5; BA is based on observations Ts + 1,...,T%; 5}:

is based on observations T3 + 1,...,T5.

Now define W to be the diagonal partition of W at (T, Ty, T3), W is the diagonal partition of

W at (Tla T2Oa T3)a Wa = (O;DXTzasznLla ey '%Tga OpX(Tszo))/ and MW =Ir— W(W/W)ilw/'

Now consider the right hand side of (56). It can be shown that??

SSR, — SSRs (Bx — Ba) Wh My Wa (5 — Ba) (57)

SSRy — SSRs = (5 — Ba) WAMzWa (85 — Ba) (58)
From (57)-(58), it follows that (56) can be written as
SSRi — SSRy = (05 = Ba) WAMwWa (05 = Ba) = (85 — Ba) WA Mz Wa (55 - Ba) (59)
Using WA My Wa < Wi Wa, it follows from (59) that
SSRy — SSRy = (05 — Ba) WAMyWa(B5 = Ba) — (05 — Ba) WAWA (G5 — Ba)  (60)

Substituting for My, in (60) and dividing both sides by T§ — T, we obtain

SSRy — SSR>

T 2 N - N (61)

2

where
Ni = (85— Bna) (T — To)*WAWA(B; — Bn) (62)
Ny = (85— Bn)[(T9 — o) "WAWT*W'W] T 'W Wa)(G5 — Ba) (63)
N3 = (85— Bn) (T — To) *WAWA)(Bs — Ba) (64)

We now consider the behaviour of N1, No and N3 in turn.

22See Amemiya (1985) equation (1.5.31) or Han (2006).
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Consider Nj. First, note that by controlling € to be small enough, we can control the
distance between T; and T? to be small over V.(C). Thus, §; should be close to 3 over
V.(C). Second, note that B is estimated using observations from (7% + 1,...,7¥), and that
if C is large then this estimation is based a large number of observations and hence BA is
close to (39 with high probability. Therefore, for large C, large T, and small €, we have N; >
(1/2)(8 — B3 [WAWa /(TS — T)](83 — 32) with large probability.

Now consider Ns. From the property of LS estimation, 5}: and (B are Op(1) uniformly on V¢ (C).
We also have that, on V.(C), (W'W/T)~! = O,(1) and WAW /(T —T») = O,(1). Furthermore,
(IWWa /TI| = [ Wa /(T —T5)]- (TS —T3)/T)l| = W' Wa /(T —Ty)||- (T9—T2)/T < Op(1)e
over V¢ (C). therefore, we have that No < Op(1) - Op(1) - Op(1) - Op(1)e- Op(1) = Op(1)e.
Finally, consider N3. Since both 55‘ and (3 are estimating 39, it follows that || 55‘ —Ball < p
with large probability for every p > 0, for large T, large C, and small e. Furthermore, we have
[|[WAWA /(T —T5)|| = Op(1) uniformly on V¢(C). Therefore, it follows that N3 < pO,(1).

Combining (61) with our analyses of Ni, Ny and N3, it follows that

SSRy; — SSRy _
S = B = ) WAWA /(TS — To)) - (3 — ) — €0, (1) - pO,(1)  (69)
2
with large probability. We now show that the first term on the right hand side of (65) dominates.
Noting that
T3
(T = To) " WaWa = Ap(T9 = To) ™" Y zz{Ag (66)
t=To+1

and A 5 Ay, a matrix of full column rank (from Assumption 4), it follows from Assumption
5 that, with large probability, the minimum eigenvalue of WA Wa /(T3S — T%) is bounded away
from zero on V¢ (C). Therefore, the first term on the right hand side of (65) dominates. This
term is also positive by Assumption 5. Therefore, [(SSR1 — SSR2)/(T¥ — T3)] > 0 over V.(C)

with large probability which proves (55).

Proof of Theorem 3:
Before proving this result, it is useful to present the following lemma regarding the behaviour of

the 2SLS based on an arbitrary partition of the data. Accordingly, define B(s, r) to be the 2SLS
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based on the observations ¢ = [T's]+1,---,[Tr], that is

. [Tr] [Tr]
Blsr) = £ > @@}t Y. &
t=[Ts]+1 t=[Ts]+1

Lemma A.1: Under the conditions of Theorem 3, we have

SUP(s,r)e(0,1)2,r5+es B, 7)]| = Op(1)

where € is defined in Assumption 10.

Proof of Lemma A.1:

(67)

Based on an arbitrary partition of the data, 2SLS coefficient estimator can be written as

[Tr] [Tr]

Bls,r) = { D @@®a@E) T Y @@
t=[Ts]+1 t=[Ts]+1
[Tr] [Tr]

= { ) @@®u@E)} Y @(@)Eq) 0 T) +

t=[Ts]+1 t=[Ts]+1
(4] (4]

= { Z B (7) 2 (1)} Z ()& (7) 8% (1, T) + { Z Ly ()24 (

(7))

(Tr]

t=[Ts]+1

t=[Ts]+1 t=[Ts]+1
[T7]
XY (R (F)
t=[Ts]+1
where
T T
q(E) = Y wa@E) D a®EF) ) E(F)
() = ye— (%) 0, T)
T T
= u(n”) + [gt(ﬂo)/{z 2 (n?)z(n%)} ! Z Z(n0)ay — Z(
. t= t=
x Y 5 (F)2) 80, T)
and
T T
#2(n%) = D @A) AE"EE) Y E(x0)
W(r) = g —a(x) 81, T)
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From (69) and (70), it follows that

[Tr] T T [Tr] T
Yo amar) = D mEED a@a@E) Tt Y a@aE) D a@)aE)
t=[Ts]+1 t=1 t=1 t=[Ts]+1 t=1
T
x Y 5 (#)a) (73)
and
(Tr] T T [Tr] [Tr]
Yoo amu(r) = D mA@E) D A@EGE T Y. A@a) + D &)
t=[Ts]+1 t=1 =1 t=[Ts]+1 t=[Ts]+1
T T [Tr]
<D aEZE) Y AGE)HOET) - Y Alw)alr)
t=1 t=1 t=[Ts]+1
) ; [T's]
RO G ETC B A EACH (A 4] (74)

Notice that Z e TS 41 2t(7)1(7) depends on Z[Tﬂ o1 2t (7t)i; (7). Using a similar argument

to the derivation of (36), we have

T
ar(m°) = ug + 00, T) — Z(n°) (D 2wz (=)} A °t,T) (75)

t=1 t=1
and hence
[Tr] [Tr] [Tr] [Tr]
Yo a@u(®) = > Aa@uw+ Y, HEVET) - Y E(F)E(0)
t=[Ts]+1 t=[Ts]+1 t=[Ts]+1 t=[Ts]+1

T T
< {3 2"z Z )l B0(t, T) (76)
t=1 t=1
We now consider the limiting behaviour of the sums in (73)-(76). From Assumptions 6 and 8, it

follows that

T T
T3 s(@aE) = T8 4@ ")za(") + o,(1)

t=1 t=1

2 Q (77)

where @ is the block diagonal matrix diag(Q1,Q2,...Qn+1) and Q; = Qzz(7?) — Qzz(7Y )

and we set ) = 0, mj,; = 1. From Assumptions 3, 6 and 8, and (3) it follows that

T T
T3 z(F)zp = T 4"z + 0,(1) 5 Q6 (78)
t=1 t=1
From Assumptions 6 and 8, it follows that
(Tr] R
7! Z % (7)Z(7°) & Q(s,r) uniformly in 7,5, (r > s+ ¢) (79)
t=[Ts]+1

34



where - assuming 7§ < s <70, and 7y, , <r < 7, .., without loss of generality -
Q(s,r) = [0(h+1)gxigr A(S:7), O(ht1)gx (h—i—t—1)q and A(s, 7) is the block diagonal matrix diag(Qz z (¥, ,)—
Qz2(5),Q(i+2),...,Q>i +£),Qz2(r) — Qzz(m},,)-
Finally, it follows from Assumption 3, 6 and 8 that 7—1/2 Z?:Tl] Z(7) @ {(ug,v')'} and
T-1/2 ZET:TE Zi(m%) @ {(ug,v4’)'} satisfy a functional central limit theorem. The latter distri-

butional result combined with (68)-(79) yields the desired result.

Proof of Theorem 3:
The proof follows similar lines to Theorem 1. We first establish the analogs to Lemma 1 (a)-(b)

and then use them to deduce the desired result.

Lemma A.2 Under the conditions of Theorem 3, we have
(a) T71 iy idy = 0p(1).

(b1) If 5\j N A for some j, and \§ € (7,70, ,), then

T
limsup P (ledt2 > CHASH)(@? - B341) + §/T|2> > €

T—o0 —1

for some C > 0 and € > 0, where & = op(1).

(b2) If 5\j 5 )\2 for some j, and )\2 = 7Y for some i, then

T
lim sup P (ledtz’ > CYIAY Be = BNIZ + (AT (B = B + §T”}> >

T—o0 —1

for some C > 0 and € > 0, where 7" = 0p(1).

Proof of Lemma A.2:
Part (a):

We first consider the case in which 70 is known and so @ is calculated via
T T
#(7%) = Z(E) D AE)AE) T A (80)
t=1 t=1
and define d;(7%) = 34(7°)’ {B(t, T) - 3°(t, T)} In this case, we have from (75)

Uy = ﬁt(ﬂo) = U — ft(ﬂo)/ﬂo(taT)

= w4 V) T) — 5@ {Z2(°) Z(x0)} 1 Z(=x%)'V)°(t, T)
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and from (71),

2(7°) = 2(7°) O + 5 (n°) (Z(WO)/Z(wO))flz(WO)/V (81)

where Z(7) is the T x q(n + 1) matrix with the t** row z(7°)’.

Note that Assumptions 3 and 6 imply

1/22 N @ {(ue, vp)'} = Op(1) (82)
and Assumption 6 implies
Ty Az E) = 0p(1) (83)
t=1

Using (82)-(83) and similar arguments to the proof of Lemma 1(a), it is straightforward to show
that 71 S50, i (70)di (7°) = 0,(1),
Now consider the case where Z} is calculated via (14), which we now denote by Z(7)" for
emphasis, and d;(7) = &(7)’ {B(t, T) - 3¢, T)} In this case, we have from (69)-(70),
(7)) =y — ()8, T)
= ay(n) = Z(x){[Z(7) Z(®)| T Z(7)V ~ [Z(z°) Z(x%)] " Z(a°) V}E (L, T)

20 = 2(®)[Z(#7) Z(7)) T Z(7)' V(L T) + 2(m°){I — [Z(7)' Z(7)]

It follows from Assumptions 3, 6 and 8 that: T-'Z(7)'Z(x°) = T—'Z(7) Z(7) + 0,(1)

T1Z(7%) Z(7%) + 0,(1), T-Y2Z(#)V = T-1V2Z(x°)V + 0,(1) = O,(1) and T-Y/2Z(#)'U =

T=Y2Z(z%)U+0,(1) = O,(1). Hence, it follows that T~ "] @ (7)dy (&) = T 32 G (7°)dy (7°

0p(1) = 0p(1) which gives the desired result.

Part (bl):
Again we begin by considering the case in which 70 is known and so #;(7") - defined in (80) - is

used to predict x;.
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Since A € (7}, 77y ,), we can choose 77 > 0 such that there is no estimated break in [T(A) —
1), T(AJ + n)] with some positive probability € and m) < A\J — 7 < A} + 5 <), ;. As in the

proof of Lemma 1(ii) assume Ty_; < T(X} —n) and T(A) + 1) < T.

Define
di(r®) = @(x") (B — B8))  fort € [T(\] =), TAJ]
= @(n°) (B — BYyy)  forte [TA)+1, T(A) +1)] (84)
We have
i{dt )} = Z{dt )} + sz{dt(wo)}2 (85)
where

D AdTY = (B = )Y @ (m)a () (B — B)
DAY = (B = B10) D #m)E(x") (Be — B)i1)

2

and (as before) Y, extends over {T'(\) —n) <t < TA}} and ), extends over {TA +1 <t <

T(X) +n)}.

Now, since 79 < XY —n < A} + 7 <7,

!/
E .It AT»L+1E ZtZtAT'L+1

We can therefore follow the same argument as in the proof of Lemma 1(ii) to deduce that, for

some C' >0
1Z{dt )+ T 1Z{dt 2> oA B - g7 + &

where & = C{||Ar, i1(8) — B )l — ||A(()i+1)(6? — (711)II}. From Assumptions 3 and 6, and
(3) it follows that Az, 1 2 A{™ and hence that & = o,(1).

Now consider the case in which 70 is unknown and estimated via #. Define

dy(7) B(7) (B — BY)  for te [T\ —n), TAY] (86)

= @(F)(Be — BYy)  for te[TA)+1, T\ +n)] (87)

Since (%) = zA(t, T) where A(t,T) = Y17 AVT{t/T € (#;_1, 7]}, we have
1Z{dt NE>T 1Z{dt W+ T 1Z{dt (88)
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where

T3 {di(®)} = (B — BT AT 2z AT B — BY) (89)
T {d(®)} = (B — B ) {T Y A-TY 2z A, T)}
< (B — BY41) (90)

From Assumptions 3, 6 and 8, and (3) Ap,; % A(()i) and # 2 70 and so using 70 < A —n <

A) 1 <)y, we have

(1/T)Z{dt(f7 =T IZ{dt W+ & (91)
1
where
fi,T = (5k - 50 Z tht (t,T)— (()Hl)/T*lZztzé
1 1
x AT} (B - )
and
TSR = T Y + & (92)
2
where
fé,T = (Bk - J+1 Z ztzt )_A(()iJrl)/T*lzthé
2 2

x ATV — 8940)

Under our assumptions, §; 7 = 0,(1) - note that using Lemma A.1 we have 6]l < SUP(s,r) 18(s,r)|| =

Op(1) . Combining (88), (91) and (92), we have

T
(1/T) Z{dt > (Y)Y {d(®)} + (1/T) > {du(#)}?
= (/1)) {de(=")}* + (T) D {de(z")}* + &1 + &r

Y

ClATB — B DIP + & + Ep + Ebr

Recalling that this analysis is premised on an event that occurs with probability €, it follows

that

T—o0

T
lim sup P (TlZ{dtﬁr)}Q > CIAFT@BY — B2 )I1P + 5T> > €
t=1
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where & = & + & 0 + &0 = 0p(1).

Part (b2):
As for part (bl), we assume that )\9- lies in the k' estimated regime, and we choose 7 so that
there is no estimated break in [T(A} =), T(A +n)] with some positive probability €. This time
A9 = 72 but we can choose 7 such that 70 ; <A —n, A)+n <7l ;.

Again we begin by considering the case in which 7° is known and so the predicted value of

t is Z4(7°) in (71). Define dy(7°) as in (84). By definition, (85) holds but this time as A} = 77

Z{dt(ﬂo)}2 = (B — B Ar,; Z 22 A (B — B9) (93)
1 1

> {di(=")) = (Br — BY1) Az, > 22i At i1 (B — Y1) (94)
2 2

By repeating the steps in the proof of Lemma 1(ii), we have

Z{dt(ﬂo)}Q + Z{dt(ﬂo)}Q > min{y, e HIIA7:(Be — B)I* + [Az,ir1(Br — Y1) )17
1 2
By similar arguments to Lemma 1(ii), we can then deduce that
T2 {d(m)P + T {de(@)} = {IA7i(Be — BII + 1Az (B — B 41)II°}
1 2
LA (B — B + 1A Bk — A2%0)1%
+ & (95)
where
o= ClAzB — BOI7 - 15 (B — BO)II?
+lI AL (B — BNI? - 1AS (B — 2 )I1%)

Note that under our assumptions &7 = o0,(1).
Now consider the case in which 70 is unknown and estimated via #. Define d;(#) as in
(86)-(87). Following similar steps to the proof of part (bl), we have that (88)-(90) hold. From

Assumptions 3, 6 and 8, and (3) Ap(i) 2 Ag), Vi and # 2 70 and so
Ty {di (@)} = T (")} + & p (96)
1 1

where 71 37, {d,(7°)}? is defined in (93) and & 7 = (B — B {T~1 3, A(t, T) 22| A(t, T) —
. / . A "
A(()Hl) ! PN théA(()Hl)}(ﬁk - 6?) and fl,T = 0p(1).
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Similarly,
T {d(®)Y = T7 ) {d(m")Y + &r (97)

where 771 Y2, {dy(n°)}? is defined in (94) and &, = (Bu—B%, ) {T 1 3, A, T) 2e2fA(t, T) —
A(()Hl)/T*l > ztng(()Hl)}(Bk — (9,,) and under our assumptions §;T = 0p(1).

Combining (85), (93), (94), (95), (96) and (97), we have
T ()} > C{IAT™V (B = BDI2 + 1A (B — 820112 + €7}

where {r” = &+ §;:T + §;T which because the analysis is premised on an event with probability

€ yields the desired result.

Proof of Theorem 3:
Suppose that 5\j 2 A9 for some j. In this case it follows from (12) and Lemma A.2 that with

probability € > 0:
e Case 1: If for some i, m) < A} < 77,
T T
_ N _ _ i1
Ty At > T Y+ AT @) — B)IP + op(1)
t=1 t=1
e Case 2: If m = X} for some i
T T
_ N _ _ i) A i+1) A
TN a2 > TS A+ C{AS B — BOIP + [ASTV Bk — BN} + 0p(1)
t=1 t=1
Thus, we have
e Case 1: Assumption 9 and 39 # 39, implies HA(()HI)(B? = B%.1)|I> > 0, which gives the

J+1
result as in the proof of Theorem 1.

e Case 2: Now as 5? #+ 5? 1 and Agi), Ag”l) are rank p from Assumption 9, it must follow
that HAg)(Bk - BOI? + HA(()iH)(B;C — B71)|I> > 0 with probability one, which gives the
result via the same argument as in Theorem 1.

Proof of Theorem 4:
The general proof strategy is the same as that for Theorem 2. Again, we assume (without loss
of generality) that there are only 3 break points, that is m = 3, and present the proof for the

middle break fraction, Aa.
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Define V. and V,(C) as in the proof of theorem 2. Using the same logic as the proof of Theorem
2, it suffices to consider the behaviour of Sy (Ty, Ty, T5) over V. for which |T; — T?| < €T for
all i. As before, we restrict attention to the case in which To < T9. The desired result can be
established if it can be shown that for each n > 0, there exists C' > 0 and € > 0 such that for
large T,

P(min{[S7(Ty, Ts, Ts) — Sp(T1, T3, T3)] /(T3 — T»)} < 0) <n (98)

where the minimum is taken over the set V. (C).

It is possible to follow the same steps as in the proof of Theorem 2 to show that

SSR; — SSR _

S 2 20— R WAWA/(T —To)] (5 — B8) — €0p(1) —p0p(1)  (99)
2

with large probability. We now show that the first term on the right hand side of (65) dominates.

Using A(t,T) = Y7 ADT{t/T € (71, 7]}, we have

Ty
(T9 = To) "WAWA = (T9 —To)™" > A, T) 22 A T) (100)
t=To+1

To facilitate the proof, we assume that 770 € (T, T3) but T ¢ (T», Ty) for all k # i.?* From

Assumptions 3, 6, 8 and 9, it follows that

Ty
(19 -T)" > AWTY2zART) = (19 -T) AT S A
t=To+1

1
+ (Tzo - T2)71Ag+1)/ Z ZtZQAgH)

2
+o,(1) (101)
where Y, extends over {Tb +1 < t < T7} and ), extends over {T +1 < ¢ < T9}.

Now, it follows from Assumptions 9 and 11 that the first and second terms on the right hand

side of (101) are bounded away from zero as follows:

(19— To) AT S 2Al > amlal)? > 0 (102)
1
AT STz ATTY > age ATV > 0 (103)
2

where 71 and 7, are the smallest eigenvalues of (T} — To) "' >, 22, and (19 — T7) "t >, 22,

respectively, and oy = (T — To) /(T3 — Tz), az = (T9 — T¥) /(T — Tz). Therefore, combining

23The proof is easily modified to handle other scenarios regarding the location of the break points.
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(101)-(103), we obtain

T
(19— T)70 Y ATV 2z AWT) > oA + axnllAY™)2 + 0,(1)
t=To+1
> minfar, aor} (J1A57 12 + 1A5Y))

+0p(1)

(104)

From Assumptions 9 and 11, it follows that the first term on the right hand side of (104) is

bounded away from zero on V.(C) with large probability. Therefore, the first term on the right

hand side of (99) dominates and is positive for large C, small € and large T which in turn proves

(98).

Proof of Theorem 5:

For notational brevity, set 3 = B({Tz}ﬁl) By definition, the 2SLS estimator is
~ - = -1 _ ’
3= (W* W*) W'y
From (26), it follows that
Y = W'+ U*

where U* = (W° — W*)3° + U. Substituting in (105) for Y from (106), we obtain

B =B+ W W WU

and hence that

~ -/

p-p = (W

’ —

W)W (WO = W)3° + U]
From (107) it follows that

~ = -1 -~ - -
T1/2(6 _50) _ (Tflw* W*) T71/2W* [U—|— (WO _ W*)ﬂo]

(105)

(106)

(107)

(108)

Theorem 2 implies that T; — T? = O, (1) for all i. Therefore, the summation W* W0 — W* 1*

involves a bounded number of terms with probability one, and so

Hence, it follows that

T R2|WWO =W W = 0,(1)
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and taken together (108)-(110) imply that
~ — = -1 _ o~
TV2(3 - 30) — (T*lw* W*) T2 T + 0,(1) (111)

- -1 o~
The addition and subtraction of (T*1W0 WO) T~12WOU to the right hand side of (111)

and some rearrangement yields

Tl/Q(B —50) _ (Tflwo/wo)*l T,l/QWO/U
—.n! .= -1 — A= Y Y -1 — A~
+ (W) (T WOW — T W W) (T W W) A D

— = -1 —_ ! —_ 0\
+ (T*lw* W*) T-12(W — WY + 0,(1) (112)
Using a similar argument to (109), it follows that

[T 'WOWO — T-'W W = o,(1) (113)

T2 — WT| = o0,(1) (114)

Using the Triangle inequality, equations (113)-(114), Assumptions 4 and 6, and the property of

the matrix norm given in (30), it follows from (112) that
o — = -1 o~
TV2(3 — %) = (T*WO WO) T12W0T + 0,(1) (115)

Given the block diagonal structure of WO/WO, the coefficient vector of the i — th regime can be

written as

~1
T'/? (Bz - 610) = <% Z jt«f;> T2 Z Tty + 0p(1) (116)

i
The result then follows directly from (116), 2; = X'Z(Z'Z)~'2, and Assumptions 3 and 6.

Proof of Theorem 6:

The F-statistic can then be written as
Fr(At, . Msp) = Fr/[kp(T — (k4 1)p) ' SSRy] (117)

where F7. = SSRy — SSRy,. We first consider the limiting behaviour of Fj.. To this end, we
define: D%(i, 7) to be the sum of the squared residuals from the restricted model using data from

segments i to j, that is the observations from T;_1 + 1 to T;; DY (i, j) to be the corresponding
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for the unrestricted model. Using this notation, we can write Ej. as follows:?*

k+1

Fy = DR k+1)-) DY(ii)
. =1
= Y [DP(,i+1) - DR(1,i) - DY(i+ 1,i+ 1)] + D*(1,1) - DY (1,1)
:1
= Y [DR(,i+1)-DR(1,i) - DY(i+1,i+1)] (118)
121
= ZFT>i’ say. (119)

To analyze the behaviour of the terms on the right hand side of (118), it is necessary to introduce
the following leasts squares estimators in addition to (what can now be termed) the unrestricted

estimator given in (105):
e The restricted estimator based on the full sample is

gt = W'w)"'w'y (120)

e The least squares estimator of the common regression parameter under Hy based on seg-

ments 1 through j of the partition,
Bl = (W ;W) W] Y (121)

where Y1 ;, Uy ;, Wi ; denote the matrices (vectors) consisting of the rows 1 through T of
Y, U, W, respectively.

e The least squares estimator based on the observations in the j** segment of the partition,

8 = wiwy) Wy, (122)

where Yj, U, W; be the matrices (vectors) containing rows Tj_; 4 1 through T of Y, U,

W, respectively.

Note that under the null hypothesis that 8) = 3y in (1) for i = 1,2,...,k + 1, we have

Y = Wh +U (123)
= Ww1®b) + U (124)
Y, = Wb+ Uj (125)

24Note that the unrestricted and restricted models are the same on segment (i,4) for any i.
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where t;4+1 is a (k+ 1) x 1 vector of ones. Using (120)-(125), it can be shown that
DR(L,j) = |I(I = Pw, )01yl (126)
DY(j.j) = (I - Pw,)U;l? (127)

where Py, ; = Wi ;(W; ;W1 ;)"'Wy ; and Py, = W;(W,;W;)~'W;. Now consider Fr in (119).
From (118), (126) and (127), it follows that

FT,i ||(I - PWl,i+l)017i+1||2 - ||(I_ PWl,i)017i||2 - ||(I - PWi+1)0i+1||2

= =S H NS+ SiHT S+ (S — S (Hin — H) 7N (S — Si) - (128)

where Sj = Wl/,jﬁlyj and Hj = Wl/,jWLj'

The limiting behaviour of Fr; is deduced from the limiting behaviour of S; and H;. To pro-

ceed further, it is useful to explore further the implications of (16). Let B(r) = [By(r), Ba(r) , ..., Bp1(r)

where B;(r) is ¢ x 1, and

02 = (129)
N2

where N{ isa 1 x (p+1) vector whose i'" element is Ny ;, and Né is px (p+1). Note that, since

Q'/2 is symmetric,
N;N; N;N. o2
S R (130)
N2N1 N2N2 Y by
where the second and third matrices are partitioned conformably. It follows from (16) and (129)

that

(]
T3 2w = (N, © QY5)B(r) (131)
t=1

p+1

= Z Nl,inz/Zsz' (r)
i=1

p+1
= le/gle,z‘Bz‘(T) (132)
i=1

= QYFD*(r), say (133)
and
[Tr] [Tr] )
Tfl/Qth Rz = Tfl/QZvec(ztvt)
t=1 t=1
= (N, ®QY;)B(r) (134)
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Note that (134) implies

T2 s, = QYp B (r)Ny (135)
=  QLID*(r), say (136)

where vec(B™ (r)) = B(r).

To deduce the limiting behaviour of S;, we note that (37) (with 8 = () implies:

[T'X;] [TX;] [TX;] ~
T8 = AJSTV2Y " 2w + V'Z(Z'2)7 T2 2wy + AT V2 20/ By
t=1 t=1 t=1
[T'X;] [T'X;]
+V'Z2(Z' Z)" T2 Z avBo— Do Y aa(ZZ2) T2V By
t=1
T)\]
TV Z2(Z'2) 7Y an(Z2)7 2V By (137)
t=1

Under Assumptions 3-6 and 12, it follows from (133), (136) and (137) that?®
TTVRS) = AdQyfz D" () + A0Q D (M) — A'NQD WAy (138)

Similarly, we have

T™'H; = T7'W{ ,Wy; =T [%] &2
t=1
o Z Ay (139)
Under Assumptions 3-6, it follows from (139) that
T H; 5 Ay’ (\Qzz)Ao (140)

We now use (138)-(140) to deduce the limiting behaviour of the terms on the right hand side

25See Han (2006).
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of (128). First consider S}, H;."Si41. From (138)-(140), we have

SiaH S = (AQY2D" (i) + AdQYZD* (M) Bo — A N1 Q2 D" (1))
(A’ A\i+1Qzz80) "
(A'QZ D" (Ni1) + A’ Q7 D* (A1) Bo — Ao’ Mis1QY7D*(1)fo)
= (ACQYZID" (Ni1) + D" (Nix1)Bo — A1 D* (1)Fo]) (A0 i1 Qzz00)
X(8o'QYFID* (Nit1) + D*(Ai1)fo — A1 D*(1)o))
= AZAD (i) + D (Nis1)Bo — Aiga D (1)) (D0’ QY5) (A Qz20)
(8 QY)D* (Nis1) + D*(Nis1)Bo — M1 D*(1)5o] (141)

To simplify (141) note that (Ag’ Q1/2) (AO’QZZAO)*l(AO’le/g) is a projection matrix which,

from Assumptions 4 and 6 is of rank p. It follows

(A0’ QY2) (A’ Qzz00) (A QYZ) = C'AC=C'ANAC (142)
= (ACYAC (143)
where C is an orthogonal matrix and A is a diagonal matrix, p of whose diagonal elements are

one with the remaining ¢ — p equal to zero. Substituting (142) in (141) and using (143), we

obtain

S Hh S = AL (D" (Vi) + [D*(Nig) = higa D7 (1)]30) C'AC
*(D*(Aix1) + [D* (Nig1) = Ais1 D" (1)] o)
= A i) +[D*(Aig1) = A1 D*(1)]Bo) (AC)'AC
X(D* (A1) + [D* (Ais1) = Ay D (1)]o)
= AZLACD" (A1) + AC[D* (Nig) = Aipa D™ (1)] o)’

X (ACD*(Ni+1) + AC[D*(Niy1) — Xig1 D*(1)]Bo) (144)
Similar logic yields

SIHT'S;, = A YACD*(\) + AC[D* () — A:D*(1)]3o)

X (ACD*(\i) + ACID*(A:) =AD" (1)]50) (145)
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Now consider A; = (S;11 — S;) (Hiy1 — H;)71(Si11 — S;). Using (138)-(140), it follows that

A = [A/QYZ(D* (A1) = D*(\)) + A’ Q7 (D* (Nis1) = D™ (M) o
—Ay (i1 = M)QFZD (1)) [Ag (i1 — A)Qz2A0] A QYZ(D* (Nis1) — D™ (M)
+A0'Q/(D*(Aiy1) = D*(A))Bo — Ao/ (i1 — M) Q7 D* (1))
= (A)QLZID*(Nig1) = D* (M) + (D*(is1) = D*(Aa))Bo — (i — ) D™ (1) o))’
X[A¢ (i1 = A)Qz280] (A QYFID* (\ig1) = D*(N) + (D*(Nig1) — D*(\:))o
~(Niz1 = \)D* (1))
= [D"(g1) = D*(0) + (D" (Aig1) = D (M) — (ivr — M) D" ()] (A’ QY7
X (A1 = M) T A Qz2A0 T A QY)D* (Nig1) = D* (M) + (D*(Aisr) — D* (M) o
— (N1 = ) D" (1))
= i = 2) 7D ign) = D) + (D" (i) = D*(A)fo — (Nixt — M) D* (1))’
xC'ACID*(Ni1) = D* (M) + (D* (Aig1) = D*(A))Bo — (i1 — i) D* (1))
= (i1 = 2)THACD* (i) = D (M) + AC(D*(Aira) = D*(M))o
~(Nit1 = M)ACD* (1)) [AC(D* (Aij1) = D*(\:)) + AC(D*(Ais1) = D* (M) o
~(Ait1 = M)ACD* (1))
= (i1 = 2)TTACD (A1) = D*(W) + AC(D* (A1) = D*(M) = A1 D*(1)
+2:D*(1))Bo] [AC(D* (Aiy1) = D*(\i)) + AC(D* (\iy1) = D*(As) = Aiga D*(1)
+XiD* (1)) o] (146)
We now use (144)-(146) to deduce the limiting behaviour of Fr ;. To this end, we now write
D; = ACD*(\;), D; = ACD*()\;) and Dy = ACD*(1).

From (144)-(146) it follows that
Fri = X\ '[Di+ (Di—\iD1)Bo)'[Di + (Di — \iD1)o]
—)\;Lll [Di+1 + (Dis1 — Ait1D1)Bo) [Dig1 + (Dig1 — Aiv1D1)5o]
+(Nig1 — X)) H(Dis1 — Di) + (Diz1 — Aiza D1 — D; + X\ Dy) o)’

x[(Dit1 — D) + (Dig1 — Aig1 D1 — D; + AiD1)Bo] (147)
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Multiplying out (147) and rearranging terms, we obtain?®

Fri = {Mdis1(Nitn — M)} H[is1Di — MiDisa] + [Nix1Di — MiDig1] 5ol 2 (148)

It follows from (148) that the limiting behaviour of the numerator of Fp(Ay, ..., Ak; p) is given

by:
k ~ ~ —
Fro= Y {Adipa (i = M)} e1Di — AiDiga] + i1 Ds — \iDisa]Bol (149)

=1

Now, consider the denominator of Fp(Aq, ..., Ak; p). Using (124)-(127), it can be shown that

k
SSR, = Y _ DY(ii)
1=1

= > U= Pw)Uil?
=1
koo ko )
= Y U0 =Y UPwU (150)
i=1 1=1
From (150) it follows that
koo ko )
(T = (k+1)p) "SSRy = (T — (k+1)p)™" Y _U/U; — (T = (k+1)p)~* > _U/Pw,U; (151)
i=1 i=1

We now consider the limiting behaviour of the terms on the right hand side of (151) in turn.
Since

{PWiUi = (Si = Si—1) (Hi — Hi—1)"*(S; — Si—1) (152)
it follows from (146) that

U/PwU;, = (A —Xi1) YDy — D1+ (D — Di_y — \iDy + \i—1D1)fo)

X[Di — D1 + (Di — Di—1 — \iDy + \i_1D1)fo] (153)

and hence that (T'— (k + 1)p)~! Zle U!Pw,U; = 0,(1).
Now consider (T'—(k+1)p)~! Zle U!/U;. From (36), it follows that under the null hypothesis

of no breaks,
[T'Aq]

U = Z a;
t:[TAi71]+1
> M(ue+vi'Bo) = 2(2' 2) 1 Z'V o)

D {(ur+ve'Bo)? + (4(Z2'2) 72V Bo)? — 2(ws + v Bo) 2 (Z'Z) T Z'V Bo} (154)

%

26See Han (2006).
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Since

A2 2)7ZVE)? = BTV Z(TTZ'2)T TNy as (T2 2) T T 22V By
t 0 i
= 0,(1) (155)
and
D (w+v'Bo)=(2'2) 2V By = I/QZutz T12'2)"\ T2 7'V B,

%

+T1/? Z v Bozi (T~ 12/ 2) T2 Z'V 3,

- 0,) (156)

it follows that

k
(T —(k+1)p Z

(T — (k+1)p Z Z (ue +vi'Bo)* + op(1)

=1 [TA;j_1]+1

= 242960+ BySho + 0,(1) (157)
From (151)-(153) and (157), it follows that
(T — (k+1)p)"'SSRr & 0% +2v By + Byho (158)

Combining (117), (149) and (158), we obtain

. i ) _
1 Z [[Ai+1Di — AiDis1] + [Miv1Di — AiDit1]Bo ° (159)

Fr(Ai, ..., g p) = — T
(h ki) kp Aidir1(Nip1 — Ai)[o? + 29 Bo + By X 6o]

i=1
We now show that this limiting distribution has the alternative representation given in Theorem
6. First notice that the limit distribution on the right hand side of (159), a; say, can be written

as
k
a; = i ||)\'L+1b()\1) _ )\'Lb( 'L+1)||2 _ (160)
P = Aidit1 (Nt — Ai)[o? + 2 Bo + By X0o]

where b(\;) = [D; + D; o).

Therefore the desired result will be established if it can be shown that

= —r - WfL
b(A) £ (0% +24' Bo + BoSh0] (161)
O(g—p)x1

where W; is a p x 1 vector of standard Brownian motion process and 0¢4_p)x1 is a (¢ —p) x 1

null vector and < denotes “distributed as”. We now show that (161) holds. Without loss of
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generality, we assume the rows of (AO’le/ ZQ)’(AO’QZZAO)*(AO’QZ/ 2) are arranged such that

A = diag(u), 0(,_, 1) in (142) where ¢, is p x 1 vector of ones. It therefore follows that

_ p+1 p+1
D; = ACD*( ACZNU = > N1 ;ACB;(\)
Jj=1
ptl
4 ZNLJ-ABJ-(A

Z NlJ le()\)
0(g—p)x1
N; @ I,)B1.p(\i
_ ( 1 ;D) 110( ) (162)

0(g—p)x1

where Bj1.5(.) is a p X 1 vector containing the first p rows of B;(.) and

Biy(.) = [Bl,l:p(-)/; Ble:p(.)/, ceey Bp+171:p(.)/]/. It also follows using similar arguments that

Dify = ACB™(\)N2fSo
= (BN, ® AC)B(N) ]
By 1:p(Ai)
O(g—p)x1
Bs1:p(Ai)
(B(/)Né ® 1y) O(g—p)x1

1S

Berl,l:p ()\1>

0(g—p)x1
| (BoN2 @ I)Biy(Ni) 163
0(g—p)x1

It follows from (162) and (163) that

b = {(N1+50N2)®Ip}31:p()\i) (164)

O(zszo)xl
by (s
- 1) , say, (165)

I 0(g—p)x1
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Equation (164) proves (161) for the lower ¢ — p elements. For the remining elements, note that

it follows from (164)-(165) that:
L4 bl(o):: Opxl;
e For any dates 0 < A\p < Ao < ... , < An < 1, the Changes bl()\Q)—bl()\l), bl()\3>—b1()\2),. .
b1(An) — b1 (An—1) are independent multivariate Gaussian with

bi(Ni) —b1(Nic1) ~ N (Opxl, (02 + 296y + B(/)ZBO) (Ai — )\ifl)Ip)

e For any given realization, b1(\) is continuous in A with probability one.

It follows from these three properties that?”
bi(A) < [02 + 29/ Bo + BB 2Wi (166)
which completes the proof.

Proof of Theorem 7:

Consider first

. SSR/(Ty,...,T;) —infren, . SSRip1 (Thy s Ty1, 7, Ty, ., T
FT(i;l) _ l( 1 l) Mlrenp; , i l+1( 1 1, T l)} (167)

g;

for a given i. Defining St (i, j) to be the minimized sum of squared residuals for the segment

containing observations from ¢ to j, we can write

Frlic]) = 1
r(is1) Sup 57 (168)
By similar arguments to (158), it follows that
67 £ 0%+ 2980 + B 567 (169)

Furthermore, from Theorem 2, we have that T; = TP + Op(1), and so using (169) it follows that

B Sr(Ty + LTP) = Sr(TY 4 +1,7) — Sr(r+1,T7)
Fr(i;l) = sup { 1 PN }1-50’260 } + o0p(1)  (170)

TEAY

where A?,n ={7 T+ (T =T )n<7<T) = (T} = T 1 )n}.

27See, inter alia, Hamilton (1994)[p.544] for a definition of Brownian motion.
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Therefore, we investigate the limiting behaviour of the expression inside the curly bracket in
(170). Define
Gri=Sr(Ty +1,T7) = Sr(TLy + 1,7) = Sp(r + L, T7) (171)

Let Pw,_, , denote the projection matrix onto the column space of [Z70 4q,..., Zpo] and U;_1
denote [dgo 41, ., ﬂTio]/; let Py, , . denote the projection matrix onto the column space of
[Z70 410--s i, and U;_y , = [0 f1se-os i, Py, , denote the projection matrix onto the
column space of [Z41, ..., §:T_o]/ and 0771- = [trg1,- -, ﬂT_o]/. Using these definitions, (171) can

be rewritten as

Gri = |(I—Pw,_, )Ui—il* = II(I = Pw,_, )Ui-1+I> = |(I = Pw, Uy |?
= Ul_,(I-Pw,_, Vi1~ U1 .(I-Pw,_, Vi1, —U.L,(I - Pw, U,

7/ / T & 7! 7
= Ui Ui = Uiy ;Pw, . Ui = Ui ;Ui r + Uiy 2 Pw, Ui r

S ~, -
_U‘r,iU‘Fyi + UT,iPWT,iUTyi
a 7 g 7 g 7
= _U’L'*l,’L'PWifl,i U’L‘*l(i + U’L‘*l,TPWi—l,-rU'L.flvT + UT71:PWT,iUT71:
! —1 ! -1 !
= =SiH o Sici+ o H G Sicr + (Sic1i — Sica,r)

1—1,3

X (Hi—1;—H; 1) (Si15—Si—1.0) (172)

where S;_1, = W/_ Uz 1r Sic1i = W/_ Uz vis Hicip = Wiy Wiy, and Hi1; =
Wi’flini,M. The limiting behavior of G ; is deduced from the limiting behavior of S;_1 ;, Si—1,7, Hi—1,+
and H;_1 ;. To this end, let AT? = T? — T , and note that under our assumptions we have

T)  +AT u

ATV N su = (N ©QYHBY (i) (173)
t=T? ,+1
QY5GO (), say (174)

where BW () = B(A?_, 4+ u) — B(\)_;) and B(.) is defined in (131); and

T) +AT

ATHV2 ST b = QYEBT I ()N, (175)
t=T? | +1
QY2G* D (1) (176)

where B™(9) (1) = B™(\9_| 4 ) — B™t(\Y_,) and B™(.) is defined in (135).

93



i 1+AT#

First consider (AT?)~1/2S, ;.. Letting Zt 7o =Y",, we have
(Az_vio)il/%gifl,f = (AEO)71/2W{7177.01',177-
= (AT)TMEY dyi (177)

= (AT)) VA D au+V'Z(Z'Z2)7 s
1 1

+ A w R AV 22 Z) Y 2w B

1 1
— AN 2 (Z2) 2V -V Z(Z'2) Y ur
1 1

x (Z'2) 1 Z'v )]
= ASAT)) VY au +V'Z(Z'Z2) AT TV
1
+ANATITEY a4 V22 2) AT
X Zztvt B — Ay Zztz;(z/zrl(ATO)*/?z’vg?
- (ATO) VEVIZZ'Z)TNY uz (2 2) 2V (178)
1
Using Assumptions 3 and 6, (174) and (176), it follows that
(AT V28 0. = AJATY) V2D 2z + A (AT) T2 257
1 1
— AN azy(2'2) AT T2V A + 0p(1)
1

= AYQYZGD (1) + AYQYZG D ()3 — AY(A,, — AQ)V/2
+1

X 1Q 7 3Ny = X-1)FG O ()8
Jj=1
= ANQYFC D (1) + AYQY G D (1) B — p(Ny — A)V2AQY,

+1

X Z(Aj - )\jfl)lﬂG*(j)(l)ﬁ?
. (179)
Now, consider (AT?)"*H;_1 ,. Using Assumption 6 and the consistency of Ar, it follows that
(AT))'Hiar = (ATlo)AWLLTWFLT
= ATO Z TeX

= uAT(ATfu)* > uzAr

1
= uAyRzzA0 (180)
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It follows from (179) and (180) that?®

z{fl,iHiill,iSiflyi = (Aé)QlZ/gé*(i)(l) + Aéle/gG*(i)(l)ﬁo - ()‘?+1 - )\?)1/2

K2

x AGQY7 Y (A = A0 2G (1)) (AQzz00) ™!
j=1
x (Aa@;@]@*@m +AGQL G D (1)B) — (A0, — A2
x AYQ Y7 S (A — XNj—1)2G (1))
j=1
= (AQLIGTI1) + GOMF — (A, — A2

I+1
< 3T = A)Y2E D)) (MpQzz00) THAGQ G (1)
j=1

+1
+ GO = W =MV =) PG M)A)
Jj=1

= (ACG* (1) + AC[G*D(1) — (A0, — A))1/2
I+1
< STy = Ao ) 2GTO(1)]80) (ACGTD (1) + AC[GTO(1)
j=1
I+1

= (A =DV = A PE 0 (1))8))

Jj=1

(181)

Now, define D, = ACG*)(u), D, = ACG*D(u), D, = ACG*)(1),D; = ACG*(1) and
Di = (N, — ANY2AC Y (A — A-1)V2G*0)(1), we have

1 iH Y Sic1i = (D1 + [Dy = DiBY) (D1 + [Dy — D;]67) (182)
Similarly, using the results in (179) and (180) we have

ngl,THiill,‘rSiflﬂ' = lfl([)u + Dy — /LDi]@Q)/(D,u + Dy — /LDi]ﬁzO) (183)

28Note that we use the spectral decomposition of (Ag’le/Zz)’(Ag’QZZAO)’1(A0’Q1Z/Z2) as in the proof of

Theorem 6.
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Finally, using the results in (179) and (180), we have

(Sic1i—Sic12)(Hiyi—Hi 1) (Sic1i— Si—1.4)

= [A)QYHC D (1) — G D()) + AYQYHGD (1) — G D ()0 — AYQ Y,
I+1
x (1= )\, — H”ZA — X-)V2E D (1)) (A)Qzz Ao (1 — )"

x [AGQY (G (1) — G*“ (1)) + AGQYAHG D (1) — G*D(w)) Y — ALQY 7
I+1
X (L= )Ny = A)Y2Y (0 = A )2@ D (1))

= (1= (D1 = Du) + (D1 = DB = (1= w)Dif{) (D1 = Dyy) + (D1 = D) By
— (1 - pnDif] (184)
Thus, combining results in (182), (183) and (184), it follows that
Gri = =(Di+[Dy=DiB) (Dy + [Dy = D)) + = (Dy + [Dy = nDi 37
x (Dy + [Dy = pDi)B7) + (1 = ) "M [(D1 = D) + (Dy — D)5}
— (L= @) DB (D1 = D) + (D1 = D)8} = (1= p)Dif3y)
= (D1 +[D1 = Di]B) (D1 + [Dy = Di] ) + p~ (D + [Dyu — uDi] 37)
% (Dy + [Dyy = pDi]B)) + (1 = )" [(D1y = Dy) + (D1 = Dy,
— (L= @) D)3V [(D1 = Dy) + (D1 = Dy — (1 = 1) Dy) ] (185)

After some tedious algebra, it can be shown that

1
Gri = —=——|lb(p) — ub(1)* (186)
(1 = pa)
where b(u) = D,, 4+ D,,32 and b(1) = Dy + D, 3?. By similar arguments to the proof of Theorem

629, it can be shown that
, W)
d
b(n) = [0% + 296 + 87 £67)"/° (187)
O(g—p)x1

It follows from (170), (171), (186) and (187) that
5 W (1) — pW (D)2

Fr(i;]) = sup
(&) n<pu<l—n (1 —p)

(188)

Therefore, the limiting distribution of Frp(l 4 1|I) is that of the maximum of [ 4+ 1 independent

random variables of the form in (188) which is the desired result.

298ee (161) and subsequent argument.
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Table 1: Finite sample behavior of break fraction estimator

one break model with (89, 39) = ([1,0.1),[-1,-0.1]")

Deviation from the True Break Fraction
q T
1% 2 % 3% 5% 10 %
60 .66 .89 .89 .98 99
120 .88 .95 97 .99 1.00
2 240 .96 .99 1.00 1.00 1.00
480 .99 1.00 1.00 1.00 1.00
60 .67 .87 .87 97 99
120 .89 .96 .98 1.00 1.00
4 240 93 .98 1.00 1.00 1.00
480 .99 1.00 1.00 1.00 1.00
60 .66 .85 .85 .95 99
120 .87 .95 97 1.00 1.00
8 240 .95 99 1.00 1.00 1.00
480 .99 1.00 1.00 1.00 1.00

Notes: The column headed 100a% gives the proportion of the simulations in which |5\1 -\ <a;q

is the number of instruments; 7' is the sample size.
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Table 2: Relative rejection frequencies of F-statistics

one break model: (3?,39) = ([1,0.1),[-1,-0.1]")

supF (k) supF(1+1:1) UDmax
q T
1 2 2:1 3:2
60 1.00 1.00 .07 .01 1.00
120 1.00 1.00 .06 0 1.00
2 240 1.00 1.00 .06 0 1.00
480 1.00 1.00 .06 0 1.00
60 1.00 1.00 .08 .02 1.00
120 1.00 1.00 .08 0 1.00
4 240 1.00 1.00 .07 0 1.00
480 1.00 1.00 .05 0 1.00
60 1.00 1.00 .05 .01 1.00
120 1.00 1.00 .05 0 1.00
8 240 1.00 1.00 .05 .01 1.00
480 1.00 1.00 .06 0 1.00

Notes: supF(k) denotes the statistic Sup — Fr(k; 1) and the second tier column heading under
it denotes k; F(1+1:1) denotes the statistic Fr(l + 1|l) and the second tier column beneath it
denotes [ + 1 : I; UDmax denotes the statistic U Dmax Fr (5, 1); ¢ is the number of instruments;

T is the sample size.
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Table 3: Empirical distribution of the estimated number of breaks

one break model: (3?,59) = ([1,0.1),[-1,-0.1]")

supF(1) UDmax
q T
0 1 3,4,5 3,4,5
60 0 .96 .04 0 .96 .04 0
120 0 .97 .03 0 .97 .03 0
2 240 0 .97 .03 0 .97 .03 0
480 0 .96 .04 0 .96 .04 0
60 0 .95 .05 0 .95 .05 0
120 0 .96 .04 0 .96 .04 0
4 240 0 .97 .03 0 .97 .03 0
480 0 .97 .03 0 .97 .03 0
60 0 .95 .05 0 .95 .05 0
120 0 .97 .03 0 .97 .03 0
8 240 0 .97 .03 0 .97 .03 0
480 0 .98 .02 0 .98 .02 0

Notes: The figures in the block headed supF(1) give the empirical distribution of the estimated
number of breaks, k7, obtained via the sequential strategy using Sup — Fr(1; 1) on the first step
with the maximum number of breaks set equal to five. The figures in the block UDmax give
the empirical distribution of the estimated number of breaks, l%T, obtained via the sequential

strategy using U Dmax Fr(5,1) on the first step with the maximum number of breaks set equal

to five.
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Table 4: Empirical coverage of parameter confidence intervals

one break model with (89, 39) = ([1,0.1),[-1,-0.1]")

Confidence Intervals
intercept slope
q T
0% | 9% | o0u 00% | 9% | 0w
60 15t regime .99 .93 .88 .98 .92 .88
274 regime .98 .93 .88 .98 .93 .88
120 15t regime .99 .95 .90 .99 .96 .90
274 regime .99 .95 .90 .99 .95 .90
2 240 15t regime .99 .93 .88 .99 .94 .88
274 regime .99 .94 .89 .99 .93 .88
480 15t regime .99 .94 .89 .99 .94 .88
274 regime .99 .95 .89 .99 .95 .90
60 15t regime .98 .94 .88 .99 .93 .88
274 regime .98 .93 .88 .99 .93 .88
120 15t regime .99 .96 .90 .99 .95 .89
274 regime .99 .94 .89 .99 .94 .89
4 240 15t regime .99 .94 .89 .99 .95 .90
274 regime .98 .94 .89 .99 .95 91
480 15t regime .98 .94 .89 .99 .96 .92
274 regime .99 .95 .88 .99 .95 .89
60 15t regime .98 .93 .87 .98 .92 .85
274 regime .98 .92 .86 .98 .92 .84
120 15t regime .99 .94 .90 .99 .94 .88
274 regime .99 .94 .89 .98 .93 .88
8 240 15t regime .99 .95 91 .99 .95 .89
274 regime .99 .96 91 .98 .93 .88
480 15t regime .99 .95 .90 .99 .94 .88
274 regime .99 .95 .89 .99 .95 .88

Notes: The column headed 100a% gives the percentage of times the confidence intervals contain

the corresponding true parameter values.
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Table 5: Finite sample behavior of break fraction estimator

two break model: (8,59, 69) = ([1, 0.1)',[-1, —0.1)’, [1, 0.1]")

i-th Deviation from the True Break Fraction
q T
Break 1% 2% 3% 5% 10 %
1st .65 .86 .86 .96 .99
60 2nd .66 .86 .86 .96 .98
1st .89 .94 .98 1.00 1.00
120 2nd .90 .96 .98 1.00 1.00
2 1st .96 .99 1.00 1.00 1.00
240 2nd .96 .99 1.00 1.00 1.00
1st .99 1.00 1.00 1.00 1.00
180 2nd .99 1.00 1.00 1.00 1.00
1st .65 .84 .84 .94 .99
60 2nd .65 .85 .85 .96 99
1st .86 94 97 1.00 1.00
120 2nd .88 .95 97 1.00 1.00
4 1st .95 .98 1.00 1.00 1.00
240 2nd .95 .99 1.00 1.00 1.00
1st .99 1.00 1.00 1.00 1.00
180 2nd .98 1.00 1.00 1.00 1.00
1st .62 .86 .86 .95 .99
60 2nd .64 .82 .82 .95 .98
1st .86 94 .98 1.00 1.00
120 2nd .87 .93 .96 .99 1.00
8 1st 94 .99 1.00 1.00 1.00
240 2nd .94 .99 1.00 1.00 1.00
1st .99 1.00 1.00 1.00 1.00
180 2nd .98 1.00 1.00 1.00 1.00

Notes: See Table 1 for definitions.
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Table 6: Relative rejection frequencies of F-statistics

two break model: (3?,59,69) = ([1, 0.1, [-1, —0.1], [1, 0.1]")

supF (k) supF(1+1:1) UDmax
q T
2:1 3:2
60 .74 1.00 1.00 .03 1.00
120 1.00 1.00 1.00 .03 1.00
2 240 1.00 1.00 1.00 .02 1.00
480 1.00 1.00 1.00 .02 1.00
60 71 1.00 1.00 .04 1.00
120 1.00 1.00 1.00 .02 1.00
4 240 1.00 1.00 1.00 .02 1.00
480 1.00 1.00 1.00 .01 1.00
60 .70 1.00 1.00 .05 1.00
120 1.00 1.00 1.00 .02 1.00
8 240 1.00 1.00 1.00 .02 1.00
480 1.00 1.00 1.00 .02 1.00

Notes: See Table 2 for definitions.
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Table 7: Empirical distribution of the estimated number of breaks

two break model: (37,59, 09) = ([1, 0.1, [-1, —0.1], [1, 0.1]")

supF(1) UDmax
q T
2 2
60 .26 0 1 .03 94 .06
120 0 0 .96 04 .96 .04
2 240 0 0 .98 .02 .98 .02
480 0 0 .98 .02 .98 .02
60 .29 0 67 04 .94 .06
120 0 0 .96 04 .96 .04
4 240 0 0 .98 .02 .98 .02
480 0 0 .98 .02 .98 .02
60 .30 0 .65 .05 94 .06
120 0 0 .96 04 .96 .04
8 240 0 0 .98 .02 .98 .02
480 0 0 .98 .02 .98 .02

Notes:

See Table 3 for definitions.
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Table 8: Empirical coverage of parameter confidence intervals

two break model: (37,59, 69) = ([1, 0.1, [-1, —0.1], [1, 0.1]")

Confidence Intervals
intercept slope
q T
0% | 9% | o0u 00% | 9% | 0w
60 15t regime .97 .92 .86 .98 91 .85
274 regime .98 .92 .86 .98 .93 .86
374 regime .97 .92 .85 .98 .93 .86
120 15t regime .98 .92 .87 .98 .93 .89
274 regime .98 .93 .87 .99 .95 .90
374 regime .98 .94 .89 .99 .94 .89
2 240 15t regime .99 .96 91 .99 .95 91
274 regime .99 .93 .88 .99 .95 .90
374 regime .99 .94 .90 .98 .94 .89
480 15t regime .99 .96 .90 1.00 .96 91
274 regime .99 .94 .89 .99 .95 .90
374 regime .99 .93 .88 .99 .95 91
60 15t regime .98 .93 .86 .98 .92 .87
274 regime 97 91 84 .98 .92 .86
37 regime .98 .92 .86 .98 .92 .86
120 15t regime .99 .92 .87 .98 .94 .88
274 regime .98 93 .86 .99 .95 .88
37 regime .99 94 .89 .99 .95 .88
4 240 15t regime .99 .94 .90 .99 .94 .88
274 regime .99 93 .88 .99 .95 .88
37 regime .98 93 .90 .98 94 87
480 15t regime .99 .94 .89 .99 .95 .90
274 regime .99 94 .88 .98 94 .89
37 regime .99 .95 .89 .99 .95 91

Notes: See Table 4 for definitions.
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Table 9: Empirical coverage of parameter confidence intervals ctd.

two break model: (37,59, 69) = ([1, 0.1, [-1, —0.1], [1, 0.1]")

Confidence Intervals
intercept slope
q T
0% | 9% | o0u 00% | o5 | o0u
60 15t regime .98 .93 .86 .98 .92 .85
274 regime .97 91 .85 .96 .90 .84
374 regime .98 .92 .86 .98 .92 .85
120 15t regime .99 .95 .88 .99 .94 .88
274 regime .98 .92 .87 .98 .92 .87
374 regime .99 .94 .89 .99 .94 .88
8 240 15t regime .99 .96 .90 .99 .94 .88
274 regime .99 .93 .89 .99 .93 .88
374 regime .98 .95 .90 .99 .95 .89
480 15t regime .99 .95 .90 .99 .94 .88
274 regime .99 .95 .90 .99 .95 .90
374 regime .99 .95 91 .99 .94 .89

Notes: See Table 4 for definitions.
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Table 10: Relative rejection frequencies of F-statistics

no break model: °=(1,1)

supF (k) supF(1+1:1) UDmax
q T
1 2:1 3:2
60 .05 .07 .03 .01 .06
120 .05 .06 .03 0 .05
2 240 .05 .05 .02 0 .05
480 .05 .05 .02 0 .05
60 .06 .07 .04 .01 .07
120 .05 .04 .02 0 .05
4 240 .05 .04 .02 0 .04
480 .05 .06 .03 0 .06
60 .06 .06 .03 0 .06
120 .04 .05 .02 0 .04
8 240 .05 .05 .02 0 .04
480 .05 .04 .02 0 .05

Notes: See Table 2 for definitions.
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Table 11: Empirical distribution of the estimated number of breaks

no break model: °=(1,1)

supF(1) UDmax
q T
0 1 2 3,4,5 0 1 2 3,4,5
60 .95 5 0 0 94 .06 0 0
120 .95 .05 0 0 .95 .05 0 0
2 240 .95 .05 0 0 .95 .05 0 0
480 .95 .05 0 0 .95 .05 0 0
60 94 .06 0 0 .93 06 | .01 0
120 .95 .05 0 0 .95 .05 0 0
4 240 .95 .05 0 0 .96 04 0 0
480 .95 .05 0 0 94 05| .01 0
60 94 .06 0 0 94 .06 0 0
120 .96 04 0 0 .96 03| .01 0
8 240 .95 .05 0 0 .96 04 0 0
480 .95 .05 0 0 .96 04 0 0

Notes: See Table 3 for definitions.
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Table 12: Application to NKPC - stability statistics for the reduced forms

Dep.var sup-F | F(k+1:k) BIC
0.615
43.6 41.7 0.623
67.0 10.4 -0.680
i 176.5 34.3 -0.649
80.5 46.8 -0.452
70.2 -0.369
-0.663
50.0 30.53 0.552
40.1 23.1 -0.497
o9t 40. 11.3 -0.276
34.91 11.3 -0.046
31.9 0.255

Notes: Dep. Var. denotes the dependent variable in the reduced form; sup-F denotes the statistic
for testing Ho : m = 0 vs. Hy : m = k; F(k+1:k) is the statistic for testing Hy : m = k vs.
H, : m = k+ 1; BIC is the BIC criterion. The percentiles for the statistics are for k = 1,2, ...
respectively: (i) sup-F: (10%, 1%) significance level = (25.29, 32.8), (23.33, 28.24), (21.89,
25.63), (20.71, 23.83), (19.63,22.32); (ii) F(k+1:k): (10%, 1%) significance level =(25.29, 32.8),
(27.59,34.81), (28.75, 36.32), (29.71,36.65).
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Table 13: Application to NKPC - stability statistics for structural equation

k sup-F | F(k+1:k) BIC
0 0.021
1 41.3 9.55 0.017
2 25.0 7.83 0.240
3 21.4 12.8 0.427
4 17.4 0.664
5 13.4 0.942

Notes: Sup-F denotes the statistic for testing Hog : m = 0 vs. Hy : m = k; F(k+1:k) is the
statistic for testing Hyg : m = k vs. Hy : m = k + 1; BIC is the BIC criterion. The percentiles
for the statistics are for k = 1,2, ... respectively: (i) sup-F: (10%, 1%) significance level = (19.7,
26.71), (17.67, 21.87), (16.04, 19.42), (14.55, 17.44), (12.59,15.02); (i) F(k+1:k): (10%, 1%)
significance level =(19.7, 26.71), (21.79, 28.36), (22.87, 29.30).
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