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Abstract

This paper examines the market-wide effects of front-running and information-sharing by
dealers in a quantitive microstructure model of Forex trading. Recent investigations by gov-
ernment regulators and court proceedings reveal that there has been widespread sharing of
information among Forex dealers working at major banks, as well as the regular front-running
of large customer orders. I use the model to study the effects of unilateral front-running, where
individual dealers trade ahead of their own customer orders; and collusive front-running where
individual dealers trade ahead of another dealer’s customer order based on information that was
shared among a group of dealers. I find that both forms of front-running create an information
externality that significantly affects order flows and Forex prices by slowing down the process
through which inter-dealer trading aggregates information from across the market. Font-running
reduces dealers’ liquidity provision costs by raising the price customers pay to purchase Forex,
and lowering the price they receive when selling Forex. These cost reductions are substantial;
they lower costs by more than 90 percent. Front-running also affects other market participants
that are not directly involved in front-running trades. The information externality makes these
participants less willing to speculate on their private information when trading with dealers.
This indirect effect of front-running can reduce participants’ expected returns by as much as 10
percent. My analysis also shows that collusive front-running has larger effects on order flows
than unilateral front-running because information-sharing reduces the risks dealers face when
trading ahead of customer orders. However, in other respects, the effects of collusive and uni-
lateral front-running are quite similar. Greater collusion lowers the costs of providing liquidity
and it reduces other participants’ expected returns, but the effects are small.

Keywords: Forex Trading, Order Flows, Forex Price Fixes, Microstructure Trading Models.
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Introduction

Foreign currency (Forex) trading appears to take place in a highly competitive environment. Since
the mid-1990s, major currencies have traded almost continuously between large numbers of counter-
parties on multiple electronic platforms in high volumes and with very tight bid-ask spreads. How-
ever, in recent years, government regulators and enforcement authorities across the globe undertook
investigations into whether many of the world’s largest dealer-banks were acting anti-competitively
in the Forex market. Between 2014 and 2015 reports issued by the U.S. Department of Justice, the
Commodity Futures Trading Commission, New York Department of Financial Services, the U.K.
Financial Conduct Authority, and the Swiss Financial Market Supervisory Authority all concluded
that dealer-banks engaged in a range of collusive conduct aimed at manipulating the Forex bench-
marks, specifically the ECB and WMR Fixes.! The investigators also found that the dealer-banks
had engaged in other forms of anticompetitive conduct, including the collusive sharing of informa-
tion and front-running. Following these reports, the U.S Department of Justice and the Federal
Reserve Board indicted and placed lifetime bans on more than a dozen individual FX dealers and
in 2017 a dealer was convicted of wire fraud for his part in a scheme to front-run a $3.5 billion
trade.? In addition, multiple law-suites have been brought before the courts in the United States
and Canada alleging that dealer-banks engaged in anti-competitive behavior that harmed investors.
By the end of 2018, these investigations and law-suites produced fines and settlements totaling over
$11 billion.

This paper examines how the anti-competitive behavior identified by government regulators
and enforcement authorities affects the spot Forex market. In particular, I use a quantitative
microstructure model to analyze how the collusive sharing of information and front-running by
dealer-banks impacts the behavior of Forex prices, trading flows and the welfare of all market
participants. According to the investigations and court proceedings, there has been wide-spread
information-sharing among dealer-banks concerning their inventory positions and pending customer

Forex orders (i.e., orders from non-dealers). I use the model to examine how such information-

nformation on these investigations can be found at: DOJ Press Release, Five Major Banks Agree
to Parent Level Guilty Pleas (May 20, 2015), https://www.justice.gov/opa/pr/five-major-banks-agree-parent-
level-guilty-pleas. CFTC Press Release No. 7056-14, CFTC Orders Five Banks to Pay over $1.4 Bil-
lion in Penalties for Attempted Manipulation of Foreign Exchange Benchmark Rates (Nov. 12, 2014),
http://www.cftc.gov/PressRoom/PressReleases/pr7056-14. DFS Press Release, NYDFS Announces Barclays to
Pay $2.4 Billion, Terminate Employees for Conspiring to Manipulate Spot FX Trading Market (May 20, 2015),
http://www.dfs.ny.gov/about/press/pr1505201.htm. FCA Press Release, FCA fines five banks 1.1 billion for FX fail-
ings and announces industry-wide remediation program (Nov. 12, 2014), http://www.fca.org.uk /news/fca-fines-five-
banks-for-fx-failings. FINMA Press Release, FINMA sanctions foreign exchange manipulation at UBS (Nov. 12,
2014), http://www.finma.ch/e/aktuell /pages/mm-ubs-devisenhandel-20141112.aspx.

2See, U.S. v. Johnson, No. 16-cr-457-NCG-1 (E.D.N.Y.).



sharing affects trading across the market. The investigations also revealed that the dealer-banks
regularly front-run large customer orders. In this practice, a dealer establishes a speculative position
before executing the customer’s order so as to profit from its effect on prices. For example, a dealer
will buy Forex before executing a large Forex purchase on behalf of a customer with the aim of
making a capital gain from the rise in prices produced by the execution of the large purchase. I use
the model to study the effects of unilateral front-running, where individual dealers “trade ahead”
of their own customer orders; and collusive front-running where individual dealers trade ahead of
another dealer’s pending customer order based on information that was shared among a group of
dealers.

The model T develop extends earlier multiple-dealer models of Forex trading in Lyons (1997),
Evans and Lyons (2002) and Evans (2011). The model describes trading between a large num-
ber of dealer-banks (hereafter dealers), and two groups of customers called investors and hedgers.
Trading takes place between dealers in the wholesale tier of the market, and between dealers and
their customers in the retail tier. Dealers are risk-averse and choose their trades and price-quotes
optimally in both tiers of the market. Investors are also risk averse and optimally determine the
orders they place with dealers in the retail tier. In contrast, dealers receive orders from hedgers that
are determined by an exogenous liquidity factor. The model provides a rich environment to study
the market-wide effects of information-sharing and front-running. In particular, I analyze how the
equilibrium behavior of prices and trading flows change when dealers share information about their
customer orders, and when they front-run hedgers’ orders, both unilaterally and collusively.

My analysis produces several noteworthy findings:

1. In the absence of front-running, the sharing of customer-order information among dealers
increases the volatility of aggregate inter-dealer order flows but has little impact on equilibrium

prices or the welfare of dealers and investors.

2. Risk-averse dealers have a strong incentive to unilaterally front-run their own customer orders,

even when the execution of those orders has no impact on prices.

3. In an equilibrium where dealers have the opportunity to front-run their own customer orders,
trading ahead of those orders creates an information externality that has significant effects on
trading flows and prices. The externality slows down the process by which inter-dealer trading
aggregates the information that is ultimately embedded into the prices, which in turn affects

the trading decisions of both dealers and investors.

4. Front-running reduces the costs dealers incur from providing liquidity to hedgers. It raises the

price hedgers pay when they are net purchasers of Forex, and reduces the price they receive



they are net sellers of Forex. These effects are substantial. They reduce dealers’ costs of

providing liquidity by more than 90 percent.

5. Front-running also affects the welfare of dealers and investors. The information externality
makes risk-averse investors less willing to speculate on their private information when trading
with dealers, so they make smaller trading profits when that information becomes embedded
in future prices. This indirect effect of front-running can reduce investors’ expected returns
by as much as 10 percent. The reduction in investors’ trading profits also benefits dealers,
accounting for approximately half of the reduction in the total costs of providing liquidity

across the market.

6. Collusive front-running has larger effects on aggregate inter-dealer order flows than unilateral
front-running because information-sharing reduces the risks dealers face when trading ahead
of customer orders. In other respects, the effects of collusive and unilateral front-running are
quite similar. Greater collusion lowers the costs of providing liquidity to customers, and it

reduces investors trading profits, but the effects are small.

It is worth emphasizing that these results address the impact of information-sharing and front-
running across the entire market. In particular, my analysis looks beyond the direct impact of shared
information or front-running by individual dealers to consider their equilibrium effects on the trading
decisions of other dealers and investors. This perspective counters the widespread assumption that
the effects of front-running are not market-wide (Kyle and Viswanathan, 2008). It is also empirically
important because even though dealer information-sharing and front-running appear to have been
widespread, it is unlikely to have directly involved more than a small fraction of all trades in the
market. In my analysis, dealers do not front-run investors’ trades or share information about those
trades, so the impact of information-sharing and front-running on investors occurs indirectly via
changes in the behavior of equilibrium prices. In this sense, the fall in investors’ returns represents
collateral damage from dealer front-running.

The model shows that front-running by individual dealers has a market-wide impact because it
creates an externality that affects how the information contained in external Forex orders becomes
embedded in the prices dealers quote. In the absence of front-running, dealers trade in the wholesale
tier to replenish their inventories after filling investor orders from earlier in the day. As in other
models (e.g., Lyons, 1997, and Evans, 2011), the aggregate order flow produced by this inter-dealer
trading contains information on the market-wide imbalance in investors’ orders, which dealers then
use to revise their price quotes. Front-running disrupts this process. When individual dealers learn
about their future orders from hedgers, the information becomes an additional factor determining

the trades they initiate with other dealers. This means that the aggregate order flow produced by



inter-dealer trading now contains information on the imbalance in past external orders from investors
and future orders from hedgers. Because dealers draw inferences from order flow about the price
they should quote to share risk efficiently across the market, when the information conveyed by
order flow changes, so too do dealer’s inferences and the prices they quote based on a given order
flow. Thus, front-running affects the determinants of aggregate order flow and its price-impact.
These equilibrium effects feedback on dealers’ decisions to front-run in the wholesale tier, and they
affect how investors trade in the retail tier.

This paper contributes to the literature on the manipulation of securities prices; originating
with Hart (1977), Vila (1989), and Allen and Gale (1992). Its closest antecedents in that literature
appear in the work on dual and predatory trading.® Rochet and Vila (1994) examine a static dual
trader model in which a monopolist trades on his own account and processes all the liquidity trades
from retail customers. They show that the equilibrium does not depend on whether the monopolist
sees the liquidity trades because the price-impact of order flow endogenously adjusts to changes in
the monopolists’ information. This irrelevance result counters the widespread intuition that dual
trading must harm liquidity traders, as a monopolist will exploit information about liquidity trades
that drive prices away from true asset values. However, the irrelevance result breaks down in a
dynamic setting. Bernhardt and Taub (2008) show that a monopolist with knowledge of current
and future liquidity trades can gain by front-running future liquidity trades. Predatory trading
models examine situations where some traders become aware of another trader’s need to liquidate a
position. In Brunnermeier and Pedersen (2005), so-called predator traders sell ahead of or alongside
the liquidating trader, before reversing their positions. Bessembinder et al. (2016) examine how
this particular type of strategic trading depends on the price-impact of trades and on competition
between the predators (see, also: Admati and Pfleiderer, 1991, Carlin, Lobo, and Viswanathan,
2007, and Schied and Schéneborn, 2009). My analysis contains elements of both the dual and
predatory theories. Forex dealers act as dual traders insofar as they fill the external orders from
customers in the retail tier and initiate trades with other dealers in the wholesale tier of the market.
Dealers also could be viewed as engaging in predatory trading when they use the information on
the pending external orders they receive from hedgers to trade strategically in the wholesale tier.

This paper is also related to research on Forex benchmarks, such as the WMR and ECB Fixes.

Melvin and Prins (2015) drew attention to the fact that global portfolio managers have a strong

3Models of security price manipulation cover a wide range of topics; including manipulation in futures via corners
and squeezes (see, e.g., Kumar and Seppi, 1992) and the manipulation of closing equity prices (see, e.g., Cushing and
Madhavan, 2000, Hillion and Suominen, 2004, and Comerton-Forde and PutniGgnvs, 2011), but these models have
limited applicability to Forex market. Manipulation via corners and squeezes is impractical for major currencies,
while pump-and-dump schemes requiring the release of credible but false information that moves Forex prices are
implausible. Evans (2018) discusses the differences between the manipulation of closing equity prices and Forex
benchmarks.



hedging incentive to submit orders that execute at the Fix price, particularly at the end of each
month. According to the reports issued by government regulators, transcripts from electronic chat-
rooms show that a number of dealers collusively front-ran the Fix orders they received from portfolio
managers and others. In Evans (2018), I found that Forex prices were unusually volatile around
WMR 4:00 pm Fix, and that Forex returns were negatively correlated either side of 4:00 pm (see, also
Ito and Yamada, 2015). Furthermore, these empirical findings were inconsistent with a competitive
model of Fix trading. In that model, dealers do not front-run their Fix orders because the associated
gain is offset by an endogenous change in the composition of the orders. In this paper, dealers
can distinguish between customers who have price-insensitive reasons for trading (i.e., hedgers)
and price-sensitive reasons (i.e., investors), and can front-run the price-insensitive orders. The
front-running of selected customer orders is consistent with the evidence provided by government
regulators and trial testimony. Osler and Turnbull (2017) also study dealer trading around the
Fix in a model where trades are assumed to have a permanent price-impact that is proportional
to the size of order flow. They emphasize that dealers trade strategically; front-running their own
Fix orders and anticipating how the front-running by other dealers affects prices. Strategic trading
also plays an important role in my model because it determines how aggregate order flows convey
information that dealers use to quote prices. Unlike Osler and Turnbull (2017) and other strategic
trading models, the price-impact of trade is determined endogenously in my model from dealers’
optimal quotes.

The remainder of the paper is structured as follows: Section 1 presents the model. The next
section examines the equilibrium where dealers have no opportunity to share information about or
front-run their customer orders. This serves as a benchmark for the rest of the analysis. Section
3 introduces front-running. I first examine why dealers have an incentive to unilaterally front-
run their own customer orders in the benchmark equilibrium. Next, I analyze the equilibrium
effects of unilateral front-running by all dealers. Section 4 considers the effects of collusive front-
running where dealers share information about pending external orders. Section 5 examines how

information-sharing and front-running affect dealers’ and investors’ welfare. Section 6 concludes.

1 The Benchmark Model

I study the effects of dealer collusion and front-running in a standard microstructure model of OTC
Forex trading. The overall structure of the model extends Evans (2011) with an additional round
of trading and the inclusion of two types of Forex customers. This section presents the benchmark
version of the model in which collusion and front-running are absent. In the following sections, I

introduce dealer front-running and collusion and study how these activities affect the equilibrium.



Figure 1: Benchmark Model Timing

Round [ == Payoff shock realized: V,
—— Investors’ income realized: Y;*
—L Dealers quote prices: S%,

=+= Investors place orders: O},

1™ Dealers fill investors’ orders

Round II =1~ Dealers quote prices: S¢;;

—t Dealers initiate inter-dealer trades: T4,
—f Dealers fill inter-dealer orders: Z&;,
—+= Dealers observe aggregate order flow: X;.;,

Round III —4 Dealers quote prices: S&;,
—L Investors and hedgers place orders: Q%,;, and H”
— Inter-dealer trade: T, Z&,,
—+ Dealers fill investor and hedger orders
—4 Dealers observe aggregate order flow: X;.;;;

Round IV =+ Dealers quote prices: S&;,
== Investors place orders: O},

-+ Dealers fill investors’ orders

=1 Inter-dealer trade: Ty, Z&,,

1.1 Overview

The model describes trading between a large number of dealers, investors, and hedgers over a trading
day. There is one risky asset that represents Forex and one risk-free asset with a daily return of 1+7.
Market participants comprise a continuum of investors, a continuum of hedgers, and a finite number
of Forex dealers. Both investors and dealers are risk-averse and choose their trades optimally, while
hedgers trade for exogenous reasons. There are four rounds of trading each day; denoted as 1, 11, I1I
and Iv. When necessary, I use the notation X;.; to identify variable X in round j = {1, 11, 111 1V}
on day t. Figure 1 shows the sequence of events.



At the start of round I on day ¢, public information arrives in the form of a payoff, P, paid
to the current holders of Forex. Each investor n also receives foreign income, Y;*. This is private
information to each investor and provides their motive for trading Forex. Next, each dealer d
simultaneously and independently quotes a scalar price, S¢,, at which they will fill investors’ orders
to buy or sell Forex. Prices are observed by all dealers and investors and are good for orders of
any size. Each investor n then places their optimally chosen order, OF,, where positive (negative)
values denote purchases (sales) of Forex. Orders may be placed with more than one dealer. If two
or more dealers quote the same price, the order is randomly assigned among them. Dealers then fill
the investors’ orders they receive.

Round II is a round of inter-dealer trading. As above, each dealer d simultaneously and inde-
pendently quotes a scalar price S at which they will trade Forex with other dealers. Quoted prices
are observed by all and are good for inter-dealer trades of any size. Each dealer then simultane-
ously and independently trades on the quotes. I denote the Forex orders made by dealer d as T,
and orders received by dealer d as Z{,. When dealer d initiates a purchases (sale) of Forex, T, is
positive (negative). Positive (negative) values of Z¢ denote purchases (sales) of Forex initiated by
another dealer. Once again, trading with multiple dealers is feasible. If multiple dealers quote the
same price, trades are allocated equally between them. At the end of round-1I trading all dealers
observe aggregate inter-dealer order flow, Xp, = Y 5, T

At the start of round 111, dealers quote prices S¢,, at which they will fill Forex orders from

1
investors, hedgers and other dealers. Each investor n and hedger h then place their orders, O},
and H? ,,, with dealers following the protocol in round 1. Dealers then engage in another round of
inter-dealer trading (as in round 11) and fill their orders from investors and hedgers. At the end of
the round, all dealers observe aggregate inter-dealer order flow, X;.; = 23:1 Ttﬁlm.

Finally, to begin round 1v, all dealers quote prices S¢ . for investor and inter-dealer trades.
Investors then place their orders OF,, with dealers. After dealers have filled these orders, they
engage in inter-dealer trade as in rounds II and III.

Before describing the details of the model, a few comments concerning its structure are in
order. In this benchmark configuration, the model describes the process through which inter-dealer
trading aggregates the information contained in investor and hedgers’ orders, and dealers use their
observations on aggregate order flow to embed that information into their price quotes. Investors’
orders in rounds I, I1I and IV convey information about foreign income, while hedgers’ orders convey
information about exogenous shocks to aggregate hedging demand. Inter-dealer trading in rounds
11 and 111 aggregates the information from earlier customer orders. In Section 3, I make one small
modification to accommodate front-running: hedgers must now place their orders with dealers

immediately after they observe round-11 prices. This means that dealers have advanced information



on the hedgers’ orders they must fill in round 111 when they trade with other dealers in round 11.
One focal point of my analysis is on how dealers use this information. Notice, also, that dealers
use their observations on aggregate orders flows from inter-dealer trading in rounds I and III to
determine the prices they quote at the start of the next trading round. Thus, the price-impact of

order flow is determined endogenously as part of the model’s equilibrium.
1.2 Market Participants

1.2.1 Investors

There are a continuum of investors indexed by n € [0,1]. Each investor chooses Forex orders on

day ¢ to maximize expected utility defined over wealth on day t + 1:
uﬁ] = E[_w eXP(_WWtﬁLI)‘QZj] ) (1)

with w > 0, where W/, is the wealth of investor n at the start of round 1 on day ¢ + 1, and Q;
is the information available to the investor when making their round j trading decision. Investors
receive two pieces of information in round 1: public information on the Forex payoff and private

information on their foreign income. The payoff follows a random walk with daily increments,
Pe=Pi1+Vi, Vi~iid.N(0,07), (2)
while foreign income comprises an aggregate component Y; and an idiosyncratic component 7,
V'=Y 4+l e} ~iid.N(0,02). (3)

Investors do not initially observe either income component but the value of Y; is inferred from
their observation of dealers’ price quotes over the trading day. I denote the set of d = 1, 2..D price
quotes in round j by {St‘fj}. Investors’ information evolves as QO = {{S{}, V", P, Q! 1., } and
Q= {{St‘fj},QZj_l} for rounds j = {11, 111, IV }.

Investors place Forex orders with dealers at the start of rounds I, 11l and 1V that maximize

expected utility subject to the following sequence of budget constraints:

WtT:LIv = ?;IIIAStZIV + A;L:IASKIII + WtT:LI + Stilnnv (4&)
Wtﬂl:l = "4351:1\/Rt-i-1 + (1 + T)Wtrzllvv (4b)

where ASy.; = St.; — Si.j—1 is the change in price between rounds j—1 and j, Ri41 = Siq1:0+Pig1 —



(1 +7)Skv is the overnight excess return on Forex, and Af; is investor n’s holding of Forex after
trading in round j. In round I, investor n chooses an order of O, = A}, — A} ., =Y, where A} is

their desired round-1 position that maximizes U}, subject to (4) with information 7. In round 111,

n fe—
ti111

A?,, where their choice for A}, maximizes U}, subject to (4)

the investor’s order is O}, = A
with information QF ;. Similarly, their round 1v order is OF,, = A}, — A}, where the choice for
ATL

tiv

maximizes Uy, subject to (4b) with information Qf,,. Thus, positive (negative) values for OF;

represent investors’ purchase (sale) orders of Forex because they facilitate an increase (decrease) in
their desired Forex position. Notice, also, that the Forex orders placed in any round will generally
differ across investors because they are determined by different information and existing positions.
Despite this heterogeneity in investors’ orders, it turns out that in equilibrium investors hold the

entire stock of Forex overnight. I denote this stock by A; = fol A} dn.

1.2.2 Hedgers

Hedgers provide a source of external Forex orders that do not depend on Forex prices or other
market conditions. There is a continuum of hedgers indexed by h € [0, 1] who place Forex orders
Hf} at the start of round 11I. Individual hedger’s orders comprise a common component H; and
an idiosyncratic component ¢'. The common component depends on the stock of Forex held by

investors overnight, and a random shock:
Hy = (1—9)Ay 1+ Hy  Hy ~ii.d.N(0,02), (5)

with 0 < ¢ < 1. This specification implies that hedgers Forex orders on day t are exogenous with
respect to Forex trading on day t. I assume that H; depends on A;_; for analytical convenience -

it ensures that A; follows a stationary AR(1) process in equilibrium which simplifies the analysis.

1.2.3 Dealers

Dealers play a central role in the model. Unlike investors and hedgers, there are D dealers in the
market (indexed by d) that act strategically when choosing their price quotes and engaging in inter-
dealer trade. These quote and trading decisions take the form of a multi-stage simultaneous move
game. One stage of the game occurs at the start of each round when dealers must simultaneously
quote prices, {ng}. The other stage occurs in rounds 11, 111 and 1V when each dealer simultaneously
initiates trades against other dealers’ quotes. At each decision point on day ¢, dealer d chooses a
quote or trade that maximizes expected utility defined over wealth on day t+1, given the equilibrium
decisions of other dealers. The resulting quotes and trades identify a Bayesian-Nash Equilibrium
(BNE).



Dealers receive three types of information during the trading day: (i) public information on the
Forex payoff in round 1, (ii) market-wide information on prices and aggregate inter-dealer order
flows, and (iii) private information on the Forex orders they receive from investors, hedgers, and
other dealers. It proves useful to distinguish between the information available to dealer d at the
start of each round j, Igj,

During day ¢, these information sets evolve according to

and the information available when trading decisions are made, ]-"gj.

o= {Pu AL}, = {SELTAY (6a)

i ={ot. 7}, L= {{sh) T (6b)

T = { X Zho Fiu by Fiw = { O B (S8 T D (60)
Ty = { Xeww, Zuo Fia o Filne = { Ot {501 Tik - (6d)

Each dealer d enters day ¢ with information F ; ., and observes the new Forex payoff P;, so they
begin with information I}, = {P, F .., } when quoting round-I prices. After round-I prices have
been quoted, dealer d’s information is Fg, = {{S¢},Z¢,}. By the start of round 11, the dealer has
additional information on the investors’ orders received in round I, which are denoted by Q% , so
7¢, = {0f,, 7 }. This information is supplemented by dealers’ round-11 quotes {Sg,,} before the
dealer trades in round 11 using F¢,, = {{Std:n},IﬁH}. By the start of round 111, the dealer knows the
orders he received from other dealers during round 11, Z{, and aggregate order flow, Xy.;;, so these
variables appear in Z¢, ;. Next, dealers quote round IIT prices and receive orders from investors and
hedgers, Of ,, and H{, so these variables add to the information used in making round-111 trading
decisions F¢,,. By the start of round 1v, each dealer knows the orders they received from other

dealers and aggregate order flow from round I1I, so these variables appear in Z¢ . Finally, by the

d

time dealers trade in round 1v, they know prices {S¢,} and investors’ orders, QY ...

Each dealer d quotes prices and makes trading decisions to maximize expected utility
UtC:lj = E[—W exp(_thﬁl:I)’QZj} ) (7)

where W, ., is the wealth of dealer d at the start of round I on day t+1, and Q¢ ; is the information
available to the dealer when making the decision (i.e., Qf:j = It‘fj when the dealer quotes prices and
QZ ;= f,f:lj when the dealer initiates inter-dealer trades). Because all price quotes are observable to
market participants and are good for any amount, the BNE strategy for each dealer is to quote a
common price at the start of each trading round (i.e., ng = S ford =1,2,..0). Below I show how

this price depends on dealers’ common information, Z;.; = ﬂdIt‘{j . The BNE strategy for dealers’

10



inter-dealer trades in rounds II, III and IV take the form:

thzln = @tdzn + E|:Ztcgn|ft0:ln} - Ag:l? (83‘)
thzlm = pg:m +E [Zlf,i:m’}—t(?m} + Hg + ©f:111 - Agl:m and (8b)
Tgw = plcfl:w +E {Zgw’fglv] + (O)ZIV - Ag:m? <8C)

where ptd:j, denotes the dealer’s desired position in round j, and Agl:j is the dealer’s actual Forex
holding at the end of round j. In words, the dealer’s BNE strategy is to initiate trades that achieve
their desired position net the orders from investors, hedgers and other dealers they expect to fill. In
rounds 11T and 1v dealers condition their trades on the orders from investors Of ; and hedgers HY. In
contrast, dealers cannot condition their trades on the orders from other dealers, th:j, because inter-
dealer trading decisions are made simultaneously. Instead, their BNE strategy is based on expected
orders, EIZfJLEdJ] As a consequence, dealers actual end-of-round positions are Ag ;= p‘ti i ftd i
where &4 ;= zd ;= HZt‘fj\}"gj} is the error in forecasting the incoming orders from other dealers.
Dealers choose their desire positions pf ; to maximize expected utility subject to the sequence

of the budget constraints:

Wik, = Wi, + AL ASp, (9a)
Wik = Wik + (9% — §h) ASin, (9b)
Wiy = Wik + (ol =€) ASpy,  and (9¢)
Wiy = (L+ )Wy + (9 — &) Rera, (9d)

where AL = A¢ | —O% . In round 11, dealer d chooses ¢, to maximize UZ, subject to (9) with
information F¢,,. To implement this choice, they initiate inter-dealer trades T, identified in (8a).
Similarly, dealer d chooses g, to maximize Uy, with information F¢, , and pf ., to maximize UZ,,
with information Fg,, both subject to (9), and these choices are implemented by trades T}, and
T¢., identified in (8b) and (8c). Notice that all of these decisions take account of the fact that the
orders from other dealers are in general unpredictable, so the associated forecast errors §td: ; represent

an additional source of risk.

1.3 Market Clearing Conditions

There are three sets of market clearing conditions to consider: those for investors’ orders, hedgers’

orders, and inter-dealer trading. In round 1, the aggregate imbalance in investors’ orders, Oy, defined

11



by the integral on the left, must equal the sum of the orders received by the D dealers, on the right.

1 D
/0 (A?I - ?—1:1\/ - Y;Enl>dn = @til = d=1 (O)gl (10)

Furthermore, in the BNE where all dealers quote the same prices, investors’ orders are randomly
assigned across dealers. I therefore assume that the order received by dealer d is QOf, = %@m + ¢
with ¢¢, ~i.d.N(0, Ug). The allocation shocks ({, are negatively correlated across the dealers, with
correlation p = —(D — 1)71, so that _5_, (£ = 0, as required by market clearing.

In rounds 111 and 1v, market clearing similarly requires that

1 D
/0 ( ?:111 - ?I)dn = Op = d=1 ©td:1117 (113‘)

1 D
/O ( ZIV - ?:m)dn = Oy = Zd:l (O)zf,lzlv (11b)

The orders received by individual dealers in rounds 111 and IV are subject to mean-zero normally
distributed allocation shocks, ¢f,, and (f.,, respectively. The market clearing condition for round-I11

hedge orders is given by
1
/ Htdh = H, = Zz_l e (12)
0

As above, the hedge orders received by dealer d are H¢ = H; + n{ with nf ~ i.d.N(0, 0727), where 7!
is an allocation shock which is negatively correlated across dealers so that Y. 5_;n¢ = 0.

The market clearing condition for inter-dealer trades is given by

D D .
Zd:l Zi; = Zd:l T =Xy for j={muLv}. (13)

Here, the sum of orders received by dealers on the left equals the total imbalance in orders initiated
by dealers, which in turn defines aggregate inter-dealer order flow. Under the trading protocol,
orders are equally split between dealers quoting the same price, so in the BNE each dealer receives
a equal fraction of aggregate order flow: Zgj = %Xt;j.

In all the equilibria I study, investors hold the entire stock of Forex overnight. Daily changes
in this stock, A;, must therefore reflect differences between aggregate foreign income received by
investors and the aggregate imbalance in Forex orders by hedgers: Ay = A;_1 +Y; — H;. Combining

this expression with equation (5) gives
Ay =vA 1+ Y, — Hy. (14)
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Since both Y; and H; are mean-zero random variables, the Forex stock follows a stationary AR(1)
process. Forex prices are ultimately driven by this process and the random walk for the Forex payoff
in (2).

2 The Benchmark Equilibrium

An equilibrium in the benchmark model comprises: (i) the BNE strategies that identify the prices
dealers quote at the start of each trading round, (ii) the inter-dealer trades initiate by dealers in
rounds 11, 111 and 1v, and (iii) the set of investors’ orders in rounds 1, 111 and 1v. All of these trading
decisions must be optimal in the sense that they maximize the expected utility of the respective
agent based on the available information and they must be consistent with market clearing given the
exogenously determined orders of hedgers. I further restrict my attention to efficient risk-sharing
equilibria in which investors and hedgers hold the entire stock of Forex overnight. The focus on
such equilibria is standard (see, e.g., Lyons, 1997, Evans and Lyons, 2002, and Evans, 2011), and is
consistent with the empirical fact that dealers generally do not hold open positions overnight and
the half-lives of the intraday positions are measured in minutes (see, e.g., Lyons, 1995, and Bjgnnes
and Rime, 2005).

The following theorem describes the benchmark equilibrium.*

Theorem 1. In an efficient risk-sharing equilibrium, overnight returns and intraday price changes
follow

Ry =Spi +Pr — (1 +7)Si—10v = MA 1 + %Vta
ASp = Spn — S = 0,
ASpn = St — St = A1 — ﬁAY;f - iAIVY;fy and

ASiv = Stv — St = A A1 + iAIV}/;f + ?&,HAHta

where A = A, + A + A for some coefficients A;. Investors’ orders in rounds 1 and 111 are given
by

o= Y+ B A, and (16a)

?:111 = /81\;11/;5 + BIAHAt—la (lﬁb)

4Mathematical derivations and proofs are in the Appendix.
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for some coefficients B;. Unexpected order flows from inter-dealer trading in rounds 11 and 111 are

Xt:II_E[Xt:II‘ItZII] = FYY;fv and (173‘)
Xt:m_E[Xt:m|It:m] = FHHb (17b)

for some coefficients I'Y and T, where Iy.; = ﬁdIﬁj denote dealers’ common information at the

start of round j.

2.1 Qualitative Analysis

To explain the economic intuition behind this equilibrium, it is useful to start with the determination
of round 1V prices. Efficient risk-sharing requires that the outstanding stock of Forex is held by
the continuum of investors rather than any of the D dealers at the end of the day. In equilibrium,
dealers have sufficient information to find this price by inverting investors’ aggregate demand for

Forex to give

St:IV - Z (17_}_,,)2 E[Pt-i-i - AAt+i—1|It:Iv]7

=1
= P — e A (18)

r

where A = A; + Ay + Av. The second line in this expression follows from the processes for Py
and A; in (2) and (14). The A; coefficients identify equilibrium expected returns and price changes:
E[R|Zi—1.v] = MAi—1, E[ASewm|Zia] = AmAi—1, and E[ASyv|Zia] = AwAi—1. Equation (18)
shows that dealers quote a round-1v price equal to the present value of future payoffs adjusted for
the risk premia necessary to ensure efficient current and future risk-sharing.

The evolution of prices, investors orders and aggregate order flow shown in Theorem 1 represent
the process through which dealers acquire the information needed to quote St.;v. Dealers observe the
value of P; directly, and the information is immediately incorporated into their round 1 quote, as is
reflected in (15a). In contrast, dealers become informed about the value of A; (= ¢ A;—1+Y;—H}) via
trading. In particular, dealers learn about foreign income Y; through a two-stage process. In the first
stage dealers receive information via investors’ round-1 orders because they (optimally) depend on
each investors’ income, Y = Y;+¢}', as shown in (16a). Because dealers use the orders they received
in round I as the basis for their inter-dealer trades in round 11, in the second stage the information
originally contained in investors’ orders is revealed to dealers by their observation on aggregate
order flow X;.,;. Equation (17a) shows that unexpected order flow is proportional to foreign income

Y;. Dealers incorporate this information into their round 111 quotes, so Y; contributes to ASgy,
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as shown by (15¢). Dealers learn about the hedging shock H; through an analogous process. The
inter-dealer trades initiated in round 111 depend, in part, on the hedgers’ orders each dealer receives
at the start of the round and so carry information about H;. This information is aggregated and
revealed to all dealers by order flow Xy, as is shown by (17b). In sum, inter-dealer trading in
rounds II and III aggregates the information about foreign income and the hedging shock that is
initially conveyed to dealers in dispersed form by investors’ round-I orders, and hedgers’ round-111
orders. Dealers then embed this information into the prices they quote in rounds 111 and IV, so as
to achieve an efficient risk-sharing allocation by the end of the day.

In anticipation of the analysis below, it proves useful to examine two features of this process
in greater detail. The first concerns the dependency of investors’ round-I orders on their foreign
income, Y;". Investors choose these orders optimally, so it is worthwhile examining how and why
these choices depend on Y,*. The second feature concerns the link between dealers’ trading decisions
in rounds 11 and 11T and aggregate order flows, X, and Xt.q;. Again, inter-dealer trades are chosen
optimally (as part of each dealer’s BNE strategy), so it is useful to understand why the values of
X and Xy induced by these trades convey information on Y; and H;.

To begin, consider the equations that describe investor n’s optimal Forex holdings:

?;I = 1|sIII [St IT St¢I|Q ] + @1|s [ASt IV|Qt I] + @I|R [Rt-f-l ’Q?:IL (19&)
A?m = ﬁ]\s [Ast IV|Qt III] + ®III|R [Rt+1‘92111]7 and (19b)
A?IV = @Iv\ E[Rt+1‘Qt IV] (19C>

where the coefficients, O 1 er,. and OF,

ASp.v and Ryy1. Here we see that the investor’s optimal Forex holdings depend linearly on expected

1l i depend on the conditional second moments of AS. i,
future intraday changes in prices and overnight returns. As in standard mean-variance portfolio
problems, the round-1v choice is proportional to the expected overnight return E[R;11|Q},]. In this

instance the coefficient ©”  equals 1/(wV[Ri4+1|Q%,,]), were V].|.] denotes the conditional variance.

IVIR
In the earlier rounds, the 1n|Vestor faces a more complex problem of exploiting expected price changes
in the near term while hedging against future risks. These hedging motives make A}, and A},
dependent on the expected overnight return E[R;1|Q}], and A}, dependent on E[AS.v|Q},].

By definition, the round-1 order of investor n is O} = A}, — A} ., — Y. Combing this

expression with (19a) and the equilibrium price dynamics in (15) gives

?:I - {iAIV( :‘LSIV B @ITI[SIII) 1— ﬂ)‘H’A@I‘Sm + @I‘RA }E[EIQ?I]

+ {0l A + Ol A+ BOU A — 1} Ay = Y7 (20)
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The first term on the right-hand-side identifies the impact of private information on A},. Because
each investors’ income comprises an aggregate and idiosyncratic component, their estimate of of Y;

is given by

0.2

E[Y;|QF,] = GLY)", with G = m.

Thus, foreign income Y;” has both an indirect speculated effect on the investor’s order via the first
term in (20), and a direct effect via the last term. The strength of the speculative effect depends
on the precision of the information as measured by the gain coefficient G7. It also depends on
the investor’s risk aversion and the “riskiness” of future returns via the @ﬁj coefficients. So, taken
together, the size of the speculative effect depends on the precision of the information in Y;" and the
willingness of the investor to speculate on the information. This endogenous link between foreign
income and investors’ orders plays an important role in the analysis below.

Next, I consider the link between aggregate order flow and inter-dealer trades in round 1I. In
equilibrium dealers do not hold overnight Forex positions, so their round 11 trades from (8a) become
T, = o, + E [an|(2t H] + 0¢,, where O, denotes the investors’ orders received by dealer d in
round 1. Furthermore, because dealers quote the same round-I1 price, they expect to receive an equal
fraction of aggregate order flow from other dealers: E [Z{|Qd, | = %E [ X, ]. Combining these

expressions with the definition of aggregate order flow, gives

D
Xt = Zd:l ptdzn 2 Z Xt II|Qt II] + O, (21)

where Oy, = Y.5_, O, is the aggregate imbalance in the investors’ round-1 orders. This imbal-
ance contains information concerning Y; because it aggregates investors’ orders in (16a): Oy, =
fo {BYYE + BrA—1}dn = BYY: + B Ai—1. Thus, order flow aggregates information on foreign in-
come because each dealer follows a BNE trading strategy that conditions on a subset of investors’
round-1 orders that individually contain dispersed information on Y;.

Equation (21) identifies two further channels of information aggregation. The first operates

through the aggregation of dealers’ positions, Y ,_; ol . Bach dealer’s desired position can be

written as
pt a1 (I)Il|s [Ast III|Qt 11] + ©II‘S [AStIIV|Qz€,l:H]7 and (223‘)
pt:m - 111|5 [ASt IV|Qt 111] (22b)
where the coefficients ® II ~and ®¢ | . are determined by the conditional second moments of ASy.y,

1ilj

AS;.v and unexpected inter-dealer orders. Notice that each dealers’ round-II position, pﬁn depends

on their private forecasts for ASy;; and AS;.,. In equilibrium, these forecasts depend on the
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dealer’s estimate of Y;:

E[AS,:;IH’QZH] - AIIIAt—l - (ﬁA + iAIV)E[YHQgII]? and
E[ASt;W]QZH] = AIVAt—l =+ iAIVE[YHQgH]

Because dealers quote the same round-1 price, they receive a random fraction of investors orders,
0¢, = %@m + ¢, which represent a noisy signal on Y;. Each dealer can therefore estimate Y; based
on these orders as

1oy,.2

BBI oy

E[Y}|Qf,] = 64(Of, — BOL|Z1]) = GLLBYY: + L), with Gl = W'

Consequently, round-11 order flow aggregates the private information dealers use to determine their
desired position via the Y, _; o, term in (21). The remaining channel of information aggregate op-
erates through dealers’ expectations of incoming orders, Y-y ; E [Z¢,|Qd ] = 2 30 | E[X¢, Q4.
In this case dealers use their private estimates of income to compute E [X4.,|Qf | = TYE[Y;|Qf, ],
which forms part of the BNE trading strategy.

Round-111 order flow aggregates information in an analogous manner. In this case the counterpart

to equation (21) is
D D
Xt:m - Zd:l @ﬁm + % Zd:l E[Xt:III‘Qtd;IH] + Ht + (O)t:m + @tll- (23)

The last three terms equal the difference between the aggregate imbalance in round-1i1 orders by
investors and hedgers H; + Oy = >_0_ (H¢ + 0% ), and existing dealer holdings >-5_; A%, which
equal —Qy; by market clearing. The aggregate imbalance in hedge orders aggregates information
on the H; shock directly, because H; = (1 —1))A¢—1 + H;. By contrast, the aggregate imbalance in
investors’ orders, QOy.;;, carries no new information because Y; was revealed to dealers by Xi;. As
in round 11, order flow also aggregates the private information dealers use to forecast returns and
incoming orders. In this case, hedge orders are the source of dealers’ private information, producing
estimates of Hy:
1.2
B[] = Ga (] - BE|ZL,) = G He+nf),  wih G = 2ot —,
EPot + 3

These estimates provide dealers’ forecasts of E[ASt;Imezm] used to determine desired positions pgm,
and their forecasts E [ X |04, ].

toarr s “einn

One further feature of the benchmark equilibrium deserves comment: the origin of the A; 1
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terms in (15). Under efficient risk sharing, investors hold the available stock of Forex overnight,
so Ay = fol Aldn = fol ﬁ,mE[Rthﬁw]dn- In equilibrium, investors have common forecasts of
returns (i.e., E[Ri41|Q%,] = E[R¢41|Zs.1v] for all n), so this condition pins down the overnight risk

premium as
1 -1
E[R,H_l\ZtW] = AIAt, with AI = {/ @RRd’)’L} . (24)
0

The intraday risk premia are similarly determined by market clearing. In particular, (21) and (23)

imply that >, ; E[pf|Zv.] = —E[O|Ze.] and Y-y E [pf,|Ze1] = —E[H; + Oy + O |Zi]. The

left-hand-side of these equations identify the expected dealer demand to hold Forex in rounds 11 and

111, while the right-hand-side identifies the available supply from the external orders from investors
and hedgers. When combined with (19) and (22), these expressions imply that
1- w@ﬂRAI (I)II|SIV + ®I|sw

E[AStm|Zea]) = AAi—1, A= oo+ Or, — Do, T @IlsmAIV, (25a)

1/J(1 - ®III|RAI)
q)m\sw + G)IIIlSIV ’

E[Ast:1v|It:I] — AIVAtfla AI\/ - (25b)
where ®;; = >4, <I>;.l|i and ©;; = fol ij;dn. Notice that the intraday premia depend on both
dealers’ and investors’ preferences via the ®;; and 0;;

investors’ preferences alone. In general, the intraday risk premia are smaller when there are a larger

terms, whereas the overnight premia reflect

number of dealers available to share the (ex ante) risks of open intraday positions.

2.2 Quantitative Analysis

The equations describing the benchmark equilibrium in Theorem 1 contain coefficients that are
themselves defined by a set of highly non-linear equations. It is therefore necessary to consider
numerical solutions to these equations if we are to examine the benchmark equilibrium in any
greater detail. I will also use these numerical solutions to study the effects of front-running and
information-sharing below.

Table 1 shows the parameter values used in the numerical analysis of the benchmark equilibrium.
I set the number of dealers in the market to 20. This choice is consistent with the fact that most
Forex dealing activity is concentrated in ten or so global banks. The daily interest rate r is set equal
to 0.0001, which implies an annualized rate of approximately two percent. Investors and dealers
are assumed to have the same preferences, with a coefficient of absolute risk aversion w equal to 2.
The v coefficient governing the equilibrium A; process is 0.999. This choice makes daily changes in

Forex prices extremely hard to forecast.
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Table 1: Parameter Values

Parameter Value
Number of dealers D 20
Risk free rate T 0.0001
Risk aversion w 2
AR(1) coeft. (0 0.999
Payoff Shocks oy 0.00001
Income Shocks Oy 0.007
Hedge Shocks Oy 0.0035
Investor Gain Ggv [0.0001,....... 0.01]
Dealer Gain gd [0.02,.......0.04]

Notes: The table shows the parameter values used in the numerical
analysis of the benchmark equilibrium.

Three shocks drive Forex prices in the model: the payoff shocks V;, the shocks to foreign income
Y;, and the shocks to hedgers’ Forex orders, H;. I calibrate the standard deviations of these shocks
so that payoff shocks account for approximately ten percent of the daily change in Forex prices. In
equilibrium V; shocks are directly incorporated into dealers’ quotes whereas Y; and H; shocks affect
quotes via their impact on order flows. So this calibration ensures that order flows are the proximate
cause of approximately 90 percent of the variance in equilibrium Forex prices. My calibration also
implies that the H; shocks contribute 20 percent of the variance in A;. This means that shocks to
foreign income are the primary driver of external Forex orders.

The two remaining parameters have important quantitative implications for the benchmark
equilibrium. The inferences investors draw about aggregate income Y; depend on the relative
variance of idiosyncratic income shocks o2 and aggregate income o2: E[Y;|Q%] = G2V, where
G" = 02/(02 + 02%). To examine how the precision of these inferences affect the equilibrium, I
consider different values for 02 than imply gain coefficients G” ranging from 0.0001 to 0.01. Larger
values for G7 imply that individual investors’ income Y;" conveys more precise information about
aggregate income, which they take into account when determining their Forex orders.

The second parameter affects dealers’ inferences concerning the H; shock based on hedgers’

orders: E[H|Q¢, ] = G4(LH, + nd), where G% = (202)/((1)%02 + 7). Here I consider different

t:I11 D H
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values for the variance of the distribution shock 0727 that imply gain coefficients ranging from 0.02 to
0.04. Again, larger values for the gain coefficient imply that dealers have more precise information
about H; based on the hedgers’ orders they receive.® I also assume that the distribution shocks

affecting hedgers’ orders have the same variance as the distribution shocks affecting the investors’
2
g
Figure 2 plots six key coefficients from the benchmark equilibrium. Panels A and B plot the

orders dealers receive in rounds I and III: i.e., ag =0

coefficients governing the intraday risk premia, A;; and An,, against the investor gain coefficient
GY for the case where the dealers’ gain gﬁ equals 0.02 and 0.04. In this calibration of the model
A; = 0.02, so the intraday risk premia implied by the values of A;;; and Ay, are an order of magnitude
smaller than the overnight risk premia. These plots show that the intraday risk premia are smaller
(in absolute value) in equilibria where investors have more precise information about aggregate
income; i.e., where G¥ is larger. Intuitively, investors require less compensation for holding risky
intraday Forex positions when they have more precise information about the shock to aggregate
income that affects intraday changes in Forex prices. Panels A and B also show that A;; and Ay
are smaller in equilibria where hedgers’ orders contain more precise information on the H; shocks.
Again, this feature arises because dealers face less risk from intraday price changes.

Panels C and D show how the sensitivity of dealers’ desired positions (in rounds 11 and I1I)

to expected price changes varies across the equilibria. As one would expect, dealers take more

d
S{E

are bigger in equilibria where the dealers’ gain gﬁ is larger), because the risk associated with

aggressive positions in equilibria where they have more precise information (i.e., the ® and

s
H,; shocks is smaller. Notice, also, that dealers take on more aggressive positions in equilibria where
investors have more precise information. This feature arises because dealers learn more about Y;
based on the investors’ orders they receive in round 1. When individual investors have more precise
information about aggregate income, their round-lorders contain a larger speculative component, so
the orders received by each dealer are more informative about Y;. In other words, dealers become
more aggressive in their position-taking when they obtain more precise price-relevant information
from external orders.

The lower panels of Figure 2 show how aggregate order flow in rounds II and III relate to the
Y; and H; shocks across the equilibria. Recall that unexpected order flow in round II is given by

Xin — E[Xn|Zin] = TYY;. The plots in Panel E show that I' is more negative in equilibria where

5For more perspective on the size of the gain coefficients, it is useful to compare the conditional and unconditional
variances of the underlying variables. The variance of foreign income conditioned on an investor’s round-I information

is V[Y3|Q] = (1 — G2)o2, so values for G between 0.0001 to 0.01 mean that an observation on Y;* reduces the
conditional variance for Y; by between 0.01 and 1 percent. The conditional variance of H; based on dealers’ hedge
orders is V[H Q%] = (1 — %gﬁ)aﬁ, so the values for G¢ imply that the conditional variance is reduced by between

0.1 and 0.2 percent.
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Figure 2: Benchmark Equilibrium
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Notes: The figure plots coefficients from the benchmark equilibrium against the
investors gain, G” x100, for the case where the dealers’ gain G% equals 0.02 (solid
plots) and 0.04 (dashed plots).

investors and dealers have more precise information. As was noted above, investors’ round-I orders
contain a larger speculative component when they have more precise information, so that dealers’
round-II trading strategies are more sensitive to aggregate income. In addition, dealers learn more

about Y; from the investors’ orders they receive and so aim to take more aggressive round-11 positions.
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The net effect is that positive income shocks induced individual dealers to initiate greater sales of
Forex in inter-dealer trading, which in aggregate produces a larger unexpected negative order flow.
The incentives for dealers to take aggressive round-1I positions are magnified when they have more
precise information about Hy shocks, so income shocks have larger order flow effects under these
circumstances. In round 111, unexpected order flow is given by Xy, — E[Xpn|Zm] = T"H;. As
panel F shows, the size of the I'" coefficient does not vary across equilibria with different investor
gain coefficients. By round 111 the value of Y; is common knowledge to dealers and investors, so
the precision of investors’ round-I information is no longer relevant. In contrast, the precision of
dealers’ information concerning H; has a sizable impact on I'". When dealers receive more precise
information concerning a positive H; shock from the hedgers’ orders they receive, they aim to
take more aggressive long positions and so initiate larger purchases in inter-dealer trading which in
aggregate produce a larger positive order flow.

To summarize, in the benchmark equilibrium dispersed information about the Y; and H; shocks
is transmitted to dealers via the external orders they receive from investors and hedgers, aggregated

via inter-dealer trading, and then embedded into Forex prices.

3 Front-Running

I make one small modification to the model in order to accommodate front-running. I now assume
that hedgers place their Forex orders immediately after dealers quote prices at the start of round
II rather than at the start of round 111. This means that dealers know the hedgers’ orders they
will need to fill at the end of round 111 before they begin inter-dealer trading in round 11. The new
timing of events in rounds 11 and I1I are shown in Figure 3.

In this section, I analyze how dealers trade on hedger-order information in round 11 and how
the trades affect round 111 prices and other aspects of the equilibrium. To facilitate this analysis, I
proceed in two steps. First, I consider how an individual dealer would act if he alone had access to
hedgers’ orders at the start of round 11. Then, I analyze the equilibrium in which all dealers receive

their hedgers’ orders in round I1I.

3.1 Unilateral Front-Running

To examine the incentives for front-running, consider how a single dealer (d = 1) would use the
information contained in hedgers’ orders received in round 11 if prices still followed the benchmark
equilibrium process in (15). Because hedgers’ orders are exogenous, the orders received by the
dealer at the start of round I are still given by H} = H; + n}. The dealer can therefore estimate
H, before the start of round-11 inter-dealer trading as E[H;|Q},,,] = gﬁ(%Ht + ). Recall that in
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Figure 3: Front-Running Model Timing

Round II == Dealers quote prices: S&,,
— Hedgers place orders: H/
Dealers initiate inter-dealer trades: T,

Dealers fill inter-dealer orders: Z;,
= Dealers observe aggregate order flow: X,.;;

Round III —— Dealers quote prices: S&;;;
— Investors place orders: O},

—— Inter-dealer Trade: T%,;, Z&,;
— Dealers fill investors’ and hedgers’ orders
—— Dealers observe aggregate order flow: X;.;;;

Notes: Modified timing of trades in Front-Running Model. Changes shown in bold type.

the benchmark equilibrium H; shocks have no effect on AS;.;; because round-11 order flow only
reveals the value of Y;. So the advanced information on H; contained in the hedgers’ orders has no
forecasting power for the near-term change in prices, AS:. ;. In contrast, the advanced information
is useful in forecasting AS;..v because dealers incorporate the value of H; revealed by round-IiI order
flow when quoting prices at the start of round 1v. In particular, the dealer’s forecast is now given
by

E[AStIIV‘Qtl:H] = AAi1 + iAIVE[YHQ%:H] + ﬁAE{Ht‘Qt{H]'

As above, the dealer 1 initiates inter-dealer trades in round IT according to T}, = g}, +
%E [Xt;H|Qt1:H] + 0}, so advanced information can affect his trade by changing either the desired
position ;. and/or expected order flow E [Xt;H|Q%:H]. Under the assumption that the dealer ig-
nores the effects of his own trades on equilibrium order flow, the advanced information only affects
the desired position. In particular, from (22a) the change in the desired position due to advanced

AE[H;|Q},,]. In the benchmark equilibrium, dealers choose their round-11

d
11| Sy

. . . 1 d
information is —— e <1>H|sw

positions to hedge against future shocks with a positive value for the ® coefficient. Consequently,
the effect of advanced information that produces a positive value for E[H;|€}. ] is to increase their
orders to purchase Forex from other dealers in round 11. In other words, the dealer will infer from

hedgers’ orders to purchase Forex that they should to aim to take a larger round-II position as
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a hedge against the likelihood that dealers will quote higher round-1v prices to accommodate a
positive H; shock.

This analysis illuminates several important points. First, the dealer uses the advanced informa-
tion about the hedgers’ Forex orders to “trade ahead” of those orders. Ceteris paribus, the dealer
initiates Forex purchases (sales) in inter-dealer trading when he knows that he must fill hedgers
Forex purchase (sales) orders in the future. Second, the incentive for dealers to front-run hedgers’
orders only arises here because dealers use to the information in those orders to better hedge against
future shocks. If dealers chose their round-11 positions without regard to hedging future shocks (i.e.,

if @l

sy = 0), advanced information on hedgers’ orders would have no effect on their round-I1 trading

decisions. Actual Forex dealers often refer to the front-running of external orders as “pre-hedging”;
apparently to suggest that their trades are aimed at reducing their own risks. The analysis here
provides some support for this view insofar as front-running only appears because the dealer aims
to better hedge against the price-impact of future shocks.

Finally, it is important to recognize that this is a partial equilibrium analysis of front-running
because I assumed that the change in the dealer’s round-II trades had no effect on the benchmark
equilibrium. This may be approximately true when there are a large number of dealers in the
market and the unilateral front-running by one dealer occurs without the knowledge of the others.
Under these special circumstances, front-running has no impact on other market participants and
the benefit to the dealer comes solely from enhanced hedging. Note that there is no increase in
dealers’ expected trading profit because the difference in their round-11 position is uncorrelated with
ASt.1- So the increase in the dealer’s expected utility from using advanced information arises from

a reduction in the conditional variance of their future wealth.

3.2 Multilateral Front-Running

Since there is a clear incentive for any dealer to unilaterally front-run, it is unreasonable to assume
that prices and order flows will continue to follow the benchmark equilibrium process when many
dealers have advanced knowledge of their hedgers’ orders. Rather, in equilibrium, round-11 order flow
will reflect the decisions of these dealers to front-run, which will, in turn, affect the determination
of prices and order flows in subsequent trading rounds. I now examine the behavior of prices and
order flows in an equilibrium where all dealers receive advanced knowledge of their hedgers’ orders

in round II.
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Theorem 2. In an efficient risk-sharing equilibrium with multilateral front-running, overnight re-

turns and intraday price changes follow

Ry = MNA 1+ l%rTVt, (26a)
ASy; =0, (26b)
ASpm = AnAi—1 + A(Xen — E[Xen|Zen]), and (26¢)
AStrv = AvAr—1 + Ay (X — E[X | Zean]) + Aw, (X — E[Xen| Zen]), (26d)

for some coefficients A; and \;. Investors’ orders in rounds 1 and 111 are given by

= BY+ B A, and (27a)
?SIII = BKIY’tn + Bﬁl(Xt:H - E[XtZII‘It:II]) + ﬁIAHAt—h (27b)

for some coefficients 3;. Unexpected order flows from inter-dealer trading in rounds 11 and 111 are

Xt:n - E[Xt:II’It:II] - F;[IY% + FﬁHt, and (283‘)
Xt:III - E[Xt:III‘Zt:III] = I} th + F;{HHta (28b)

111

for some coefficients I} and I'}', where I;.; denotes dealers’ common information at the start of

round j.

Theorem 2 shows that multilateral front-running has far-reaching effects on the behavior of
equilibrium prices, order flows and investors’ Forex orders. In this equilibrium, unexpected aggregate
order flows in rounds 1I and 11I depend on both the Y; and H; shocks. As a consequence, while
dealers continue to use aggregate order flows to determine the prices to quote in rounds III and 1V,
these flows contain different information about the underlying Y; and H; shocks. So while (26c¢)
and (26d) link ASp;; and ASp to order flows, actual price changes are different functions of
the underlying shocks than in the benchmark equilibrium. Multilateral front-running also affects
investors’ orders. Equation (27a) shows that investors’ round-I orders take the same form as in
the benchmark equilibrium, but the coefficients are quantitatively different. In round 111, investors’
orders depend on individual income Y;" (rather than Y;) and on unexpected order flow from round
1.

To understand the economics behind these equilibrium effects, it is useful to again start with
the determination of round 1v prices. In the benchmark equilibrium, order flows in rounds 11 and
111 sequentially reveal the value of the Y; and H; shocks so that dealers can quote a round-1v price

that achieves efficient risk-sharing. This remains true in the front-running equilibrium, but dealers
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learn the value of the Y; and H; shocks using the order flows from rounds 11 and 111. Thus the price
dealers quote in round 1v still takes the form shown in equation (18).

Front-running has more far-reaching effects on dealers’ round-111 quotes because order flow in
round II no longer reveals the value of Y;. The reason is that dealers’ front-running trades create an
information externality. Each dealer finds it optimal to initiate trades using their private estimates
of Y; and Hy, but these actions make aggregate order flow dependent on both shocks, so it is
impossible for dealers to precisely estimate either Y; or H; from their observations on Xy.;;. Thus,
in comparison with the benchmark equilibrium, the information externality slows down the process
by which inter-dealer trading aggregates the information on Y; contained in investors’ orders.

The slowing down of information aggregation has several effects on the equilibrium. First, the
price dealers quote in round 111 depends on their common estimate of Y;, E[Y;|X}.,], rather than
its actual value. This means that uncertainty concerning Y;, and its impact on prices, is not fully
resolved until round 1v, which is a period later in the benchmark equilibrium. Second, dealers also
base their round-111 quotes on their estimate of Hy, E[H;| X}, because this ensures efficient risk-
sharing. As a result, H; shocks affect round-111 prices, via their impact on E[Y}| Xt ] and E[Hy| X.p,].
This represents a new source of risk that investors will factor into their round-1 orders. Third, the
impact of Hy shocks on round-III prices creates a stronger incentive for dealers to front-run their
hedgers’ orders. Recall that there was only a hedging incentive to front-run when prices follow the
benchmark equilibrium process. In this equilibrium dealers also have a speculative incentive to front-
run because they have private information concerning H; that will affect AS;.;;;. This dependency
is similar to the “free-riding” feature of dealer front-running in Osler and Turnbull (2017).

Figure 4 provides more perspective on the front-running equilibrium. The figure plots the values
for the risk premia coeflicients, A;; and Ay, and the order flow coefficients, I'), I'};, I'Y,, and I'}},
from the front-running and benchmark equilibria against investors’ gain coefficient G (as in Figure
2). I compare the equilibria in the case where Qﬁ = 0.02 so hedgers’ orders provide dealers with
relatively imprecise information about H;. All the other parameters are set to the values shown in
Table 1.

Panels A and B of Figure 4 compare the risk premia coefficients across the two equilibria. To
interpret these plots, recall that E [ASp|Z] = AmAi—1 and E[ASpv|Zi] = AwAi—1, so lower
values for the coefficients imply smaller positive premia when dealers and investors collectively hold
long Forex positions. The plots in panels A and B show that font-running reduces the risk premium
required to hold long positions during rounds 1T and I1I. Recall that these premia provide the
compensation necessary to share risk efficiently across investors and dealers. In the front-running
equilibrium, dealers have advanced information on their hedgers’ orders, which reduces the risk

they face in round 11. At the same time, the information externality created by front-running makes
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Figure 4: Front-Running Equilibrium I
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Notes: The figure plots coeflicients from the front-running equilibrium (solid) and
benchmark equilibrium (dot-dashed) against the investors gain, G x100. All other
parameters are equal to the values in Table 1 with dealers’ gain G set equal to
0.02.
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AS;.q; susceptible to Hy shocks, which increases the risk faced by investors. These forces push the
round II premium in opposite directions, but on balance the effects on dealers’ risk dominate. So,
as panel A shows, the premium is smaller than in the benchmark equilibrium. Panel B shows that
front-running significantly reduces the risk premium in round I11. In the benchmark equilibrium,
the risk premium primarily compensates investors for the risk associated with the impact of H;
shocks on AS;.y. This risk is diminished in the front-running equilibrium because the change in
prices ASy.,;, provides investors with (imprecise) information on Hj.

The remaining panels in Figure 4 compare the order flow coefficients in the front-running and
benchmark equilibria. The plots for I'), and I'}; in panels C and D show that Y; and H; shocks have
roughly opposite impacts on round-II order flow in the front-running equilibrium. Efficient risk-
sharing requires that prices in rounds 111 and IV incorporate information on Y; — H; that dealers learn
from order flows in rounds 11 and 111. So dealers initiate trades in round 11 based on E[Y; — Hy|Q¢ ]
using the information on Y; from their round-1 investors’ orders and information on H; from their
pending hedgers’ orders. As a result, dealers have both a speculative and hedging motive to trade
in the same direction as their investor and hedgers’ orders. Positive Y; shocks that induce investors
to sell Forex to dealers across the market in round I produce negative order flow in inter-dealer
trading, as shown by the plot for I'}, in panel C. Similarly, positive H; shocks that produce pending
hedgers’ orders to purchase Forex from dealers across the market, produce positive order flow as
dealers “trade ahead” of their pending orders, so the values for I']; are positive as shown in panel
D. Notice, also, that both shocks have smaller impacts on order flow in equilibria where investors
have more precise information about income (i.e., in equilibria where G7 is larger). In these cases,
investors’ round-I orders contain a larger speculate component so dealers are more likely to find
themselves with large unwanted inventory positions that mitigate the impact of pending hedgers’
orders on their round-II trades.

Finally, panels E and F show how front-running affects the composition of order flow in round
111. Because the information externality makes it impossible to precisely infer Y; or H; from Xy,
dealers still have an incentive to use their private estimates of Y; and Hy in their round-111 trading
strategies. As in round II, this private information is aggregated into order flow via inter-dealer
trading. We see in panel E that Y; shocks have a positive impact on unexpected order flow via
this aggregation process. The plots for I'l}, in panel F show that H; shocks have a much larger
positive impact on order flow in the front-running equilibrium than in the benchmark equilibrium.
The reason is that round-II order flow provides dealers with more precise information about H; in
the front-running equilibrium so that their round-111 trades use this information more aggressively.

Figure 5 shows how front-running affects the behavior of equilibrium prices. Recall that dealers

quote prices as part of their BNE strategies, so the price-impact of shocks varies with these strategies

28



Figure 5: Front-Running Equilibrium II
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parameters are equal to the values in Table 1 with dealers’ gain gi set equal to
0.02.

across different equilibria. Panel A plots the values for ﬁA in the front-running and benchmark

equilibria against the investors’ gain coefficient G. These coefficients identify the cumulative effects

5This feature differentiates my analysis from earlier research on dual and strategic trading (cited above) in which
the price-impact of trade is specified exogenously.
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of H; —Y; shocks on dealers’ quotes by round 1v. The cumulative price effects are approximately
two percent smaller in the front-running equilibrium because dealers and investors require smaller
risk premia to hold long intraday Forex positions, as discussed above.

The remaining panels in Figure 5 plot the price-impact coefficients that measure how dealers’
revise their price quotes in response to unexpected order flow. The coefficients A;;; and Ay, identify
how dealers revise their quotes at the start of rounds 111 and 1V in response to the unexpected
aggregate order flows they observe at the end of the previous rounds. These coefficients are uniformly
positive, indicating the dealers revise their quotes upwards (downwards) in response to unexpected
positive (negative) flows. Panel B shows that the coefficient A,y is much less sensitive to differences in
the precision of investors information (measured by G7) than in the benchmark equilibrium. Because
Y; and H; shocks have approximately symmetric impacts on round-11 order flows, dealers draw
similar inferences from their observations on these flows across different values for G. By contrast,
the impact of Y; shocks on round-11 order flows varies with G7 in the benchmark equilibrium, so
dealers adjust their inferences. Panel C shows that the price-impact of round-1i1 order flow is
much smaller in the front-running than the benchmark equilibrium. In general, the price-impact
coeflicients depend on the incremental information carried by the flow. The price-impact coefficient
is large in the benchmark equilibrium because the round-111 flow fully reveals the value of Hy, which
is important in determining the round-1v price level that shares risk efficiently. By contrast, in
the front-running equilibrium, the round-111 flow provides incremental information on Y; and H;
that have opposite risk-sharing implications for round-1v prices. The plots in panel D show that
dealers also use the information in round-11 flows when quoting round-1v prices. These flows contain
information about the intraday risk premia embedded in round-III prices that must be adjusted so
that round-1v prices share risk efficiently. These adjustments are very small in both the front-
running and benchmark equilibria.

To summarize, multilateral front-running has far-reaching effects on the behavior of equilib-
rium prices and order flows. These effects originate with the information externality induced by
front-running that alters the composition and price-impact of order flows, and the optimal trading
decisions of dealers and investors. I next examine how these effects depend on the degree of collusion

among dealers

4 Front-Running with Collusion

To this point, I have considered the effects of front-running in equilibria where the hedgers’ orders
received by each dealer contained relatively imprecise information about aggregate shocks. I now

analyze how the effects of front-running change when dealers can make more precise inferences about
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aggregate shocks through the collusive sharing of information on hedgers’ orders. This analysis is
motivated by the many regulator reports (cited in the Introduction) that document how dealers at
major banks collusively shared information about their pending external orders.

To study the effects of collusion, I assume that the D dealers in the market are split into equal
groups of size G. Dealers within each group share information on the hedgers’ orders they receive in
round 11 before making their own trading decisions. To keep things simple, I assume that there is
no netting of hedgers’ orders among the dealers in each group, so collusion only involves the sharing
of information.

Recall that the hedgers’ orders received by dealer d are H = %Hﬁ—nf , where H; is the aggregate
imbalance in hedgers’ orders and n! ~ N(0, O‘%) is a distribution shock that allocates orders across
dealers. These shocks are negatively correlated across dealers with correlation p = —ﬁ to ensure
that >, 4 nf = 0. In the absence of collusion, each dealer’s estimate of H; is based on their own
hedgers’ orders. But if a dealer is part of a collusive group with G members, they can obtain
a more precise estimate of H; based on the net imbalance in the orders received by the group:
Hf =3 4 GH?. Aggregating across dealers gives Hf = SH; + 0, where nf = >, ni is the group
distribution shock which has a mean of zero and variance equal to %GU%. The estimate of H; for
dealers in a group of size G is therefore

G G2
B[ |05, = Gu (WY — B[HF [Zea]) = Gu(SHe +0F),  where Gy = e

(3202 + 5562

Dealers put more weight on the unexpected imbalance in the groups’ hedge orders Hf as the size
of the group rises because the gain coefficient G is increasing in G. Since the distribution shocks
nf are negatively correlated across dealers, aggregating orders across dealers in the group produces
a more precise signal on Hy, so the unexpected values for Hf are given greater weight in dealers’
estimates.

Figure 6 illustrates how different values for the group gain coefficient G affect the front-running
equilibria. The figure plots the values for the risk premia coefficients, A;; and A, and the order
flow coefficients, I'Y, I'l, T}, and I'}]}, in equilibria where G;; = {0.02,0.03,0.04}. If we assumed that
the gain for an individual dealer is gﬁ = 0.02, these values correspond to groups ranging between
one and 10 dealers. Since there are only a total of 20 dealers in model, these plots provide a good
indication of how large differences in the degree of collusion affects the equilibria.

Figure 6 shows that collusion among dealers has a much larger impact on the composition of order
flows than on the intraday risk premia. In panels A and B, there are only small differences between
the risk premia coefficients, A;;; and Ay, across the three sets of equilibria. Collusion among dealers

reduces the risk they face in holding intraday positions, but it generally increases the risks investors
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Figure 6: Front-Running Equilibrium ITI
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Notes: The figure plots coefficients from the front-running equilibrium against the
investors gain, G x100. Solid, dashed and dot-dashed lines plot coefficients from
equilibria with the dealers’ group gain G;; equal to 0.02, 0.03 and 0.04, respectively.
All other parameters are equal to the values in Table 1
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face as front-running makes round-I1I prices susceptible to H; shocks. The plots in panels A and
B show how these different factors are reflected in the risk premia across equilibria with different
degrees of dealer collusion and varying precision in investors’ information. Notice that greater
collusion either increases or reduces A;; and A;, depending on precision of investors’ information.
This non-monotonicity appears in other features of the front-running equilibria examined below.

The effects of collusion on round-11 order flow are shown in panels C and D. When information
on hedgers’ orders is shared among a larger group of dealers, individual dealers face less risk from H;
shocks. As a consequence, the dealers aim for round-11 positions pglzu that make more aggressive use
of their forecasts for AS;.; and AS;.,. Since these forecasts depend on the shared information in
hedgers orders and information contained in round-I investors’ orders, the trades initiated by each
colluding dealer in round II become more dependent on external trades. In aggregate, this greater
dependency means that Y; shocks have a larger (negative) impact on (unexpected) order flow, as
shown in panel C. Similarly, the plots in panel D show that H; shocks have a larger positive impact
on order flow when there is more collusion among dealers. Collusion also affects the composition of
order flow in round 111. As in round 11, greater collusion leads dealers to make more aggressive use of
their forecasts for AS;.;v. In this case, dealers use their shared information on hedgers orders, and
the information in the investor orders they individually received in rounds I and 111. In aggregate,
this makes round-I111 order flow more susceptible to Y; and H; shocks, as can be seen in panels E
and F.

In this model, hedgers’ orders are strictly exogenous so the orders received by each dealer do
not depend on whether they engage in unilateral or collusive front-running. In contrast, investors
choose their orders in rounds I and III optimally, so the investor orders received by each dealer are
potentially impacted by the equilibrium price effects of collusive front-running even though there is
no opportunity for a dealer to front-run their investor orders. Figure 7 provides information on this
market-wide effect.

Theorems 1 and 2 showed that each investor’s round-1 order follows O}, = YY" + B} Ai—1.
Panels A and B of Figure 7 show how the 3 coefficient varies with the investor’s gain coefficient G7
in the benchmark and front-running equilibria. Individual investors use the information in their own
foreign income Y, to establish speculative round-I positions. When this information is imprecise,
the speculative positions are very small, so their orders simply hedge foreign income which makes
By close to —1. In equilibria where investors have more precise information, they use their round-
I orders to take larger speculative positions, which makes the 3 coefficient more negative. The
plots in panel A and B show that investors’ orders have a smaller speculative component in the
front-running equilibria. In other words, investors establish smaller speculative positions in round I

when they recognize that dealers are front-running hedgers’ orders. Panel B also shows that there
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Figure 7: Investors’ Orders
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Notes: Panels A and B plot the income coefficient for investors’ round-1 orders. Panel C plots
the income coefficient for investors’ round-111 orders in the benchmark and front-running equilibria.
Panel D plots the order flow coefficient on investors’ round-III orders in the front-running equilibria.
Solid, dashed and dot-dashed lines plot coefficients from the front-running equilibria with the dealers’
gain gg equal to 0.02, 0.03 and 0.04, respectively. Dotted lines plot coefficients from the benchmark
equilibria with gg = (0.02. All other parameters are equal to the values in Table 1

are negligible differences between the 3 coefficients across front-running equilibria with different
degrees of collusion. It appears that the presence of front-running rather than the degree of collusive
front-running has the greatest impact on investors’ willingness to take speculative round-I positions.

The lower panels of Figure 7 show how front-running and collusion affect the determinants of

investors’ round-III orders. In the benchmark equilibrium investors learn the value of Y; by the start
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of round 111, so Y; supplants Y;” as the determinant of their individual orders: O}, = B}, Y:+6,Ai—1.
Panel C shows that 3, increases with the precision of investor’s information because under efficient
risk sharing the intraday risk premium induces investors to hold longer Forex positions in round II1.
In the front-running equilibrium the information externality prevents investors from learning the
value of Y; by the start of round 111, so their orders depend on Y;* and round-11 order flow (which
they infer from AS;.; and A;_1):

1?:111 = 51\;11/15“ + /Bl)il(XtﬂI - E[Xt¢II|It2HD + ﬁﬁIAtfl'

The plots in Panel C show that the 8%, coeflicients are larger in the presence of front-running which
indicates that investors are more willing to take speculative positions in round 111 based on the
private information in Y;*. This arises because Y; shocks contribute to unexpected order flow in
round-11I that dealers use to quote prices in round 1v. Consequently, investors’ income Y;” has
forecasting power for ASy.,. In a sense, the information externality created by front-running shifts
investors’ speculative activity from round I to round 111. Panel D shows how the degree of collusion
affects the dependency of investors’ orders on prior unexpected order flow, X, — E[X¢un|Zen].
Investors use Xy — E[X¢n|Zeu] to update their estimates of Y; and Hy, which in turn affect their
forecasts for AS;;y and Ry+1. The plots show that the net effect of the information conveyed by
positive order flow is that investors increase their purchases of Forex in order to establish larger long
speculative positions. This effect is larger when investors have more precise private information on
Y; and when the degree of collusion is lower because in both instances the incremental information
conveyed by order flow is diminished.

These results show that the degree of collusive front-running primarily affects the composition
of equilibrium order flows and the determinants of investors’ orders. However, all in all, it appears
that equilibrium trading patterns are affected more by the presence of front-running than by the

degree to which dealers engage in collusive front-running.

5 Front-Running, Collusion and Trading Profits

To this point my analysis has focused on how front-running and collusion affect the behavior of
equilibrium prices, orders flows, and external orders. In this section, I examine how front-running
impacts dealers’ and investors’ welfare. Clearly, as part of a BNE strategy, individual dealers must
benefit from front-running given the trading decisions of other dealers. However, since front-running
creates an information externality, it is much less clear how dealers’ welfare compares between the

benchmark and the front-running equilibria. Furthermore, if dealers are better off in the front-
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running equilibrium, is this because they make more profitable trades with hedgers, investors, or
both? In other words, do dealers benefit from front-running at the expense of just hedgers (i.e. the
counter-parties in the front-run orders), or at the expense of both hedgers and investors?

To address these questions, it is useful to examine the equilibrium dynamics of investors’ and

dealers’ wealth. In the case of investors, the budget constraints in (4) can be rewritten as

WtTfH:I = A?;IVRt‘f'l + (1 + 7') {Wtrzll + StZIY;tn} + (1 + T) {A?flzlv(StZIV - Stil)} + H?? (29&)

where I = (14 r) {(OF,, + OF,)ASpv + OF, ASyy } (29b)

Equation (29a) decomposes next day’s wealth into four components: the excess return on the
overnight Forex position, Af,,Ry1; the return on prior wealth and foreign income (1 + r) X
{W 4 S, Y/"}; the intraday capital gain on prior Forex holdings, (1 + r) {A?_MV(St;W - Sm)};
and intraday trading profits, II?'. Because investors hold identical overnight positions in the bench-
mark and front-running equilibria, in aggregate these positions equal the entire stock of Forex so
A = fol rvdn = A7, for all n. The overnight return and intraday capital gain components are
therefore identical across investors. Equation (29b) shows how trading profits are determined by
the intraday capital gains on positions the investor establishes through their orders in rounds 1 and
I11.

In the case of dealers, the budget constraints in (9) can be rewritten as

Wtcfi-l:l = (1 + T)thzll + H?u (30&)

where Hg = (1 + 7") {(p?:m - ggIII)AStIIV + (plcflzn - ’sgn)AStIIII - @ZIAStIII} : (30b)

Since dealers do not hold Forex overnight in any equilibria, next day’s wealth depends on just prior
wealth and the dealer’s trading profits, Hf. Equation (30b) shows how these profits depend on the
intraday capital gains dealers obtain on their end-of-round Forex positions. For example, dealers
have a position of —Q¢, at the end of round I after filling the investors’ orders they receive of QY .
Each dealer’s position at the end of rounds 11 and 111 depends on their desired position and the
unexpected orders they must fill from other dealers, pf: ;= 55{ ;- Notice that the hedgers’ orders and
investors’ round-I1I orders received by dealer d affect profits via their impact on desired positions
pf: ;j» whereas the external orders received by all dealers affect positions via unexpected inter-dealer
orders ‘fgj, and price changes AS.;.

The trading profits of investors and dealers are linked by the market clearing conditions. In

36



particular, combining (29b), (30b) with (10) - (13), we find that the trading profits of all dealers

are

H? = Z Hf - _(1 + T) {((O)t:m + @t:I)ASt:IV + (O)t:IAStZIII} - (1 + 7’)(IHLSASt:IV)a (31)
d=1

where Oy.; and H; are the aggregate imbalances in orders from investors and hedgers. The first
term on the right-hand-side is equal to minus one times the aggregate trading profits of investors:
— fol IT7dn, while the second term identifies the cost of filling hedgers’ orders: C; = (147)(H;ASy1y).
These costs are equal to the capital gain the dealers would have captured if they had filled hedgers’
orders at the round-1v price rather than the round-111 price. Equation (31) shows that any increase
in the aggregate trading profits of dealers caused by front-running must either come from a fall in
investors’ trading profits fol I1}dn, and /or a reduction in the hedge order costs Cy.

Figure 8 shows how trading profits and costs are distributed across investors and dealers in the
benchmark equilibrium. Panel A plots the return investors expect on their overnight and intraday
positions E[A}  Riv1 + (1 +7) {A?_l:IV(St;IV — Sm)}] against the investor gain coefficient G7 for
two values of the dealers’ gain: gﬁ = {0.02,0.04}. Expected overnight returns are unaffected by
the precision of either investors’ or dealers’ information because under complete risk sharing the
overnight risk premia only reflects investors’ preferences. Thus the plots in Panel A show that the
precision of investors’ and dealers’ information have some impact on the expected capital gains on
intraday positions (i.e., E[(1 + ) {A? 1., (Seiv — St1)}), but the effects are very small. Panel B
shows that investors’ information has a much larger impact on their expected trading profits, E[II}].
Expected trading profits increase proportionately with the gain coefficient G because investors
willingness to take speculative positions with their round-1 orders critically depends on the precision
of their information concerning Y;. When investors have more precise information, they are willing
to take larger speculative positions which, in expectation, produce greater trading profits. Notice,
also, that investors’ expected trading profits are not materially affected by the precision of dealers’
information. Panel B plots E[TI}] against G? for G = {0.02,0.04}, but the two plotted lines are
indistinguishable. The lower panels of Figure 8 show how the precision of information affects dealer
welfare. Panel C plots expected trading losses across all dealers, —E[II?] , which mirror investors’
expected profits in panel B. Panel D shows the expected hedge cost E[C;] as a fraction of expected
trading losses, —E[IIP]. Providing liquidity to hedgers adds approximately 23 percent to dealers’
overall expected losses. The plots in panel D are similar in shape to those in panel A because E[C;]
depends on the size of the intraday round-IiI risk premia.

Figure 8 shows that dealers’ expected losses are minimally affected by the gain coefficient Qg.
One might have anticipated that dealers’ losses would be smaller when they have more precise

information on the aggregate imbalance in hedgers orders because they would have been willing to
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Figure 8: Benchmark Profits and Costs
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Notes: Panel A plots the return investors expect on their overnight and intraday positions
E[A} Riy1+(1+71) {A?_ 1. (Sev — Sia) }]. Panel B plots investors’ expected trading profits, E[IT}].
Panels C and D plot the expected dealer loss —E[II?] and the ratio of the expected hedge order costs
to the expect loss, —E[C,]/E[II}], respectively. All variables multiplied by 1000 and plotted against
the investor gain coefficient, G x 100. Each panel contains solid and dashed lines from the bench-
mark equilibria with the dealers’ gain gﬁ equal to 0.02 and 0.04, respectively (but the lines are only
distinguishable in panels A and D). All other parameters are equal to the values in Table 1

take more aggressive speculative positions. However, in the benchmark equilibrium greater precision

only directly impacts inter-dealer trading in round 111. Consequently, it affects the distribution of

trading profits across dealers, but not the expected aggregate profit. One important implication

of this result is that the collusive sharing of information about hedgers’ orders does not materially
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Figure 9: Front-Running Profits and Costs
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Panel A plots the return investors expect on their overnight and intraday positions

E[A} Riy1+(1+71) {A?_ 1. (Sev — Sia) }]. Panel B plots investors’ expected trading profits, E[IT7].
Panels C and D plot the expected dealer loss —E[II7] and the expect cost of filling hedgers’ orders
E[C,]. All variables are plotted as fractions of the corresponding value in the benchmark equilibrium
(with G% = 0.02) against the investor gain coefficient, G% x 100. Solid, dashed and dot-dashed lines
plot coefficients from the front-running equilibria with G;; equal to 0.02, 0.03 and 0.04, respectively.

improve aggregate dealer profits when dealers are unable to front-run the orders.

Information-

sharing does have some influence on the size of intraday risk premia and expected hedge costs,

but these effects are very small when compared to investors’ expected trading profits. So, in sum,

collusive information-sharing without front-running doesn’t appear to materially lower investors’

expected returns and trading profits.



The effects of front-running on returns, trading profits, and costs are illustrated in Figure 9.
Panel A shows investors’ expected returns in the front-running equilibria as a fraction of expected
returns in the benchmark equilibria (with G4 = 0.02) from collusive front-running equilibria where
Gg = {0.02,0.03,0.04}. The figure shows that front-running lowers expected returns by a little more
than two percent (depending on the value for the investors’ gain G) across equilibria with different
degrees of collusion. These effects primarily reflect the impact of front-running on the intraday risk
premia. Panel B plots investors’ expected trading profits in the front-running equilibria as a fraction
of profits in the benchmark equilibria. In this case, front-running reduces expected profits between
approximately two and ten percent. Investors are most adversely affected by front-running in cases
where they have more precise information about foreign income, measured by large values for GU.
By comparison, the impact of front-running on investors’ profits is only minimally affected by the
degree of collusion.

The lower panels of Figure 9 show how front-running impacts dealers’ expected losses. Panel C
plots expected losses for all dealers in the collusive font-running equilibria as a fraction of expected
losses in the benchmark equilibrium. The plot shows that front-running produces sizable reductions
in dealers’ losses ranging from approximately 20 to 12 percent. Front-running benefits dealers most
when investors have very imprecise information about foreign income. Under these circumstances,
investors’ round-I orders have a smaller speculative component, so dealers are less likely to find
themselves with a large unwanted position that inhibits their willingness to front-run their pending
hedgers’ orders in round II. Front-running also significantly lowers the expected cost of providing
liquidity to hedgers, E[C]. Panel D plots E[C] in the three front-running equilibria as a fraction of
the expected cost in the benchmark equilibria. The plots show that front-running almost eliminates
these costs unless investors have very imprecise information, and even then the costs fall by over 90
percent.

Two aspects of these findings are particularly noteworthy. First, front-running by dealers has
an adverse effect on all other market participants. As I noted in the introduction, the standard
view of regulators and legal plaintiffs is that dealer front-running primarily harms the entity that
submits the front-run order; i.e., the hedgers in this model. In contrast, the results above show that
front-running can have significant adverse effects on investors’ trading profits even through dealers
had no opportunity to front-run investors’ orders. Second, information-sharing among dealers has
rather minor welfare effects in the front-running equilibria. Figures 6 and 7 showed that aggregate
order flows and investors’ trades varied significantly across equilibria with different values for G§,
but the plots in Figure 9 are very similar. It appears that the presence or absence of front-running
has much larger welfare implications than the degree to which dealers collusively front-run external

orders.
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To understand why front-running adversely affects investors’ trading profits, it is useful to con-
sider the source of these profits in the benchmark equilibrium. Figure 7 showed that investors’
round-I trades had a larger speculative component when they had more precise private information
on Y;. On average these positions generate trading profits on investors’ round-1 trades as the infor-
mation on Y; is aggregated by inter-dealer trading and incorporated into round-11I prices, and these
profits are higher in expectation when investors take larger speculative positions (see Figure 8). By
round III, investors’ private information makes no contribution to their trading profits because the
value of Y; can be inferred from public information. So their round-I1I trades are simply used to
establish a position that benefits from the intraday risk premium. Front-running reduces investors’
expected trading profits through two channels. First, it makes investors less willing to take spec-
ulative positions based on their own private information in round 1. Second, the dependency of
investors’ round 111 orders on round-1I order flow creates a problem of “rational confusion” (see, e.g.,
Bacchetta and van Wincoop, 2008). Investors cannot differentiate between the effects of Y; and Hy
shocks on order flow, so inevitably their round-1I1 orders contain “mistakes” that were missing in
the benchmark equilibrium.

Front-running also effects the prices hedgers pay to fill their orders. In all equilibria, positive H;
shocks raise the price dealers quote in round 1V to ensure efficient risk-sharing, but in the presence
of front-running, positive H; shocks also raise prices in round III via their impact on order flow.
Consequently, positive H; shocks not only increase hedgers’ net orders to purchase Forex, but also
raise the price hedgers pay in aggregate to have those orders filled. Similarly, negative H; shocks
reduce round-III prices in the front-running equilibrium and increase the net sales of Forex by
hedgers, so front-running reduces the prices hedgers receive in aggregate for their net Forex sales.
Clearly, these effects of front-running benefit dealers. In particular, they contribute to dealers’
trading profits by reducing the capital gains that are missed when hedgers’ orders are filled at the
round-III price rather than the round-1v price.

Finally, let us turn to the effects of collusion. The plots in Figure 9 shows that collusive front-
running harms investors marginally more than unilateral front-running, but it is the existence of
front-running that does most of the harm. The reason is that front-running with or without collusion
creates the information externality that fundamentally changes the behavior of Forex prices and
order flows. In the absence of front-running, collusion between dealers doesn’t change the process
by which the information contained in order flow is embedded into prices, so its effects on investors

and hedgers are very small.
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6 Conclusion

The analysis in this paper shows that front-running affects the behavior of Forex prices and or-
der flows in ways that impact all market-participants. These market-wide effects appear because
front-running creates an externality that slows down the aggregation of information by inter-dealer
trading. Hitherto, regulators and plaintiffs have focused on how front-running directly affects the
counter-parties in front-run trades, but my analysis shows that this perspective is too narrow. Front-
running directly benefits dealers by shifting the cost of providing liquidity to their counter-parties
(i.e. hedgers), but it also harms investors that have no direct involvement in the front-running trades
because they are less willing to take speculative positions based on their own private price-relevant
information. This collateral harm to investors may be more empirically significant than the direct
harm suffered by dealers’ counter-parties because front-running trades likely represent a very small
fraction of all trades in the market.

Many regulator reports highlight the fact that Forex dealers at several major banks used elec-
tronic chat rooms to share information on their inventory positions and customer orders. My
analysis shows that while the sharing of information on customer orders has equilibrium effects
that impact all participants, in and of itself, such information-sharing has relatively minor effects
on welfare. As a result, the welfare implications of unilateral and collusive front-running are quite
similar. However, this finding comes with a caveat. My analysis focuses on equilibria in which
information-sharing occurs symmetrically across all dealers. Collusive front-running may have dif-
ferent equilibrium implications when some dealers share information on pending customer orders
while others keep their customer order information confidential. I leave this as a topic for future

research.
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Appendix

This appendix provides the derivations of key equations in the text and the proofs of the Theorems
1 and 2.

A.1 Derivations

The following lemma is used to derive the equations for investors’ and dealers’ optimal Forex holdings
in (19) and (22):

Lemma. Let Z = »(a) + Y'X + X'EX, where X is a k x 1 vector of normally distributed random
variables with zero means and covariance ¥. = is a symmetric k X k matriz, T is a k x 1 vector

function of the scalar a and s(a) is a function of a. Provided that © = I —2Z% is positive definite,
U=Eexp(2) =10 exp (6 + T+ iT07'5Y). (A.32)

Differentiating U with respect to a gives the following first order condition

G (b o) ) - o

or _ 10Xy 9Ys
where G = [t G2, -]

Derivation of Equation (19)

Consider investor n’s choice for A}, in round 1v. In both the benchmark and front-running equilib-
ria, overnight returns are Ry 11 = AjA: + %%4_1. Since V;41 is a normal random variable and Ay is

know to investors by round 1v, R, is normally distributed conditional on information, 2% ,,. Choos-

n
tiv

E[A7  Ru1|Q2,] — 3wV[AZ Ri11|Q%,]. The resulting first-order condition implies that

ing A}, to maximize expected utility U}, subject to (4b) is therefore equivalent to maximizing

. 1
v = O B[R |y ], with ik = NV Ry 1|0 (A.34)
n,
as shown in (19c).
In round 1 the investor chooses A7, to maximize E[—w exp(—wW/",)|Q] subject to (4). In
both the benchmark and front-running equilibria, intraday price changes and overnight returns are

linear functions of normally distributed random variables, so applying the Lemma, the investor’s



problem is equivalent to minimizing — in (A.32), with

Z = —wW/i,, =x+D'X+XEX,

n = _w(l + 7“) [(Wtill + StSIY;n) + A%,tE[StZIII - StZI|Q?:I] + E[AZIII’QZI]E[AStZIV’Q?:IH
- WE[A?:IV‘QQI]E[RHJ‘QZIL

[ —w(l+7)E[AS[Qf] U[A7,,194]
—wE[R1[Q7] U[AZ[9F]
T = —wE[A7 Q7] , A= U[Ry41|9%] )
—w(l+1r)A7, U[AS;14 Q7]
| —w(l+r)E[ALL Q8] | U[ASu| Q7] ]
(000 0 0 —wl+r) ]
00 —w 0 0
and E=100 0 0 0 , (A.35)
00 0 0 0
00 0 0 0 |

where U[x|Q};] = x—E[x|Q,] for any variable x. The first-order condition for Af, is

[ —w(1+7)E[ASpy Q] ]
—wE[Ry1|QF]

0= —w(l+)EL(Stn = Su)+ [ 0 0 0 ~w(i+7) 0] [v}] —WE[AL Q2] ,
—w(l+1r)A

| —w(l+r)E[AL, Q]

with [\PH =1 ((I —2E%) N4 (I - 252)*@]’) and T = V[X|Q}], where X and 5 are defined

in (A.35). It proves convenient to rewrite this equation as

E[St;n[ - St:l ’Q?I]

1 U w(l+7r
[ 14 ( ) i| E[ASt:IV’Q?:I]

AP E[Ri4+1]Q

w(t+7) | Wy Wy | S e e, ] Benl%] - g6)
E[At:111|Qt:1] E[At:IV‘Qt:I]

In round 111 the investor chooses A}, to minimizing — in (A.32), with Z = —wW/, =
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w+T'X+XEX,
n=—Ww [(1 + T)A?III [ASt:IV‘Q?;III] + E[AZIV’QEIII]E[Rt"Fl‘Q?;IIIH )
_wE[Rt-‘rl‘Q?m] [A?vazt 111] 0 —w

T= _WE[A?IV|Qt 111] ’ X = [Rt+1|Qt:m] ’ and
_w(l + r)A?III U[AStZIV’Q?:IH]

[1]
Il
o o
o
o

The first order condition for A7 i

_WE[RH-I ’Qt IIJ

0=-— ( ) [ASt IV‘Qt 111] |: 00 _w(l + T) } [\IIZI] _wE[A?IV|Qt 111] ’
_w( )A?m

with [\If;ﬂ - %((I— 25%)-1% + [(1—252)—12]’> and ¥ = V[X|Q2,,] where X and = are

defined in (A.37). Again, it is convenient to rewrite this equation as

[Rt+1 |Q?III]

(A.38)
[A?IV‘Qt m]

BIA Sy |] = w1+ WAL, + o [ w0 ]

To find investors round I position, we take expectations conditional on €2}, on both sides of this

equation and combine the result with (A.36) to give

1 —w(l+7r) E[St.n — Sea| Q7]
0 1 E[ASew| Q]
v, Wl A} vl, Wl E[R:1|Q}
R A o W o B A e
0 \1133 E[At:III’Qt:I] \1113 \1123 E[At:IV‘Qt:I]

Using the fact that E[A},|QF,] = O7 E[R:11|Qf,], from (A.34) we can rewrite this expression as

IV|R

Al _ 1 | Y Vs
[ tm’Q ] w(l+) 0 \Ijgé
% 1 —W(l + 7‘)\1’114 E[St:m - St:I|Q?;I] \Ij124 + V. 4@IV|R E[Rt+1|Qn ]
ti .
0 1 E[ASHV’Q?&] \Ilné + \I/III ﬁ/lR
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The first row of this matrix equation gives the equation for A}, shown in (19a).
To find investors round III position, we combine (A.38) with the fact that E[A},
O"  E[Ri+1|Q},,] from (A.34) to give

V|R

2] =

t:111

1 Va5 + V300 1k
AL = ———————E[ASu Q] — E[Ry4+1|92%
t:111 W(l +r)\II§§ [ tJV‘ t.III] (1 _i_r)\:[lgé [ t+1| t.III]’

as shown in equation (19b).

Derivation of Equation (22)

In round 111, dealers choose pf,, to maximize UZ,, with information Q¢ . In both the benchmark

and front-running equilibria, the dealers’ budget constraint becomes
Wa . =1+7r) |Wh, — ZLAS;. d —¢ed YAS,. d ¢l YAS;
t+1:1 ( +r d,t t:1 tan (f@t:n gtzn) tan 1 (pt:m §t:III tiav | -

By Lemma, choosing o, to maximize —E[exp(—0W ,)|Q¢,,] is equivalent to minimizing —/ in
(A.32), with Z = —wW¢, |, =%+ Y X + X'ZX, where

tia1n

= _w<1 =+ T’) [Wtczlm + @td:IIIE[AStIV‘Qd ]]

w(l+ T)E[ASt:IVIle:m]
—W(l + r)@zcti:m

d
gt:m

1= d
U[Ast5IV|Qt:III]

n

, and

0 0

_ [O w(l+r)

(A.39)
The first order condition for pf , is

111 111
\Ijll \1’21

d
—w(l + T)E[Ast:w‘gt:m] + [ 0 _w(l + T) } \IJIQIi 1111215

w(l =+ T‘)E[Ast:w|9g:m] -0
—w(l + r)pg:m ’

with [\11]} - %((I— 25%)-1% + [(1—252)—12]’) and © = V[X|Q¢, ] where X and = are
defined in (A.39). This expression simplifies to

14 w(l+r)vy
d d d d 21
=0 E[AS:. Q8 wh P = ,
1 1117y [ASav Q] ere 11|spy w(l+r)u

as shown in (22b).
In round 11, dealers choose pf to minimizing —f in (A.32), with Z = —wW¢ |, =+ T'X +
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X'EX, where

n= _w(l + T) [Wtc:lm + ptd:IIE[AStZUI’QZII] + E[@ZIII‘QgII]E[AStZIV’QZII]} )

[ w(1+ 7)E[AS| Q] &y
—w(1 d U[AS;.,|Q4
T — w(l+ r)pt.n ; 7 X = d[ t.111d| t.n]d ’ and
_w(l + T)E[Ast:IV|Qt:II] U[@t:m - 5t:111|Qt:11]
_w(l + T)E[plti:m|9g:11] U[AStZIV|le:H]
[0 w(l+7r) 0 0
0 0 0 0
= = . (A.40)
0 0 0 —w(l+r)
i 0 0 0 0

The first order condition for pf  is

w(l+ T)E[Ast:m|ﬂtdzu]
—w(l+7)p,
—w(1 4 7)E[AS |04 ]
—w(1+ 7)E[pf,,[Qf,]

)

0= —w(l+7E[ASuy|Q%, ] + [ 0 —w(l+7) 0 0 ] [w]

with [\Pﬂ =1 ((I —2E%)7'S+ [(I - 252)_12]/> and ¥ = V[X|Q¢,,] where X and = are defined

in (A.40). Simplifying this expression using the fact that E[pf, |04, ] = ®¢  E[AS.v|Q¢,] gives

111 Spv
1 Ju pu P
d 21 d 24 d 23 d
pt:ll = (W(l + T)\IJIQIQ + \1,12[2> E[AStZIII’Qt:II] + |:<1 - \1,1212> q)III|Sw - \1,1212:| E[ASt:IV‘Qt:IIL

as shown in (22a).

Dealer Price Quotes

Since dealers simultaneously quote prices at the start of each round, and prices are good for orders
of any size, all dealers must quote the same price to avoid the expected utility loss associated
with arbitrage. This means that equilibrium prices can only be a function of dealers common
information at the start of each trading round, Z; ; = (), Igj. This restriction allows us to derived

the following equations for prices from the market clearing and efficient risk-sharing that apply in
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both the benchmark and front-running equilibria:

St:l = St:n
(Dn S1v
St:u = E [St:111|zt:11] + mE [ASt:IV|It:II] + @”‘15“1 E [Ztll‘ It:ll}
S = E [St:IV ‘It:m] + (bml‘sw E [Ht + Opin + ©t:I’It:III]
St:lv = ﬁE[St+1:1 + ,Pt-i—l‘It:IV] - D) [At‘zt:l\/]

A4la
A.41b
Adlc
A.41d

~—~

—
_ T

—

1
(1+T)91v\R

where ®;; = > m and ©;; = fo ii;dn-
To derlve these equations, first note that in an efficient risk sharing equilibrium, investors hold

the entire stock of Forex in round 1v, so

1
At :/ Atlvdn_/ 61\/\ E[Rt+1|Qt IV]
0

Dealers’ common information 7. is a subset of investors information 2} ,,, so applying the Law of

Iterated expectations

At’It ] — </ @IV|R ) Rt—i—l’It IV] <A-42)

Combining this equation with the definition of overnight returns, gives (A.41d).

In round 111, market clearing implies
D D
Xt:III = Zd:l pg:m + % Zd:l E [Xt:mmf;m} + Ht + ©t:111 + (O)ttl' (A43)
Substituting for pf . from (22b), taking expectations conditioned on Zy.;y;, and simplifying gives
0= (I)111|51\,E [AStZIV ‘It:m] + E [Ht + ©t:111 + @t:1| It:III] ) (A-44)

where @5, = Zszl (I)Idn|sw' Rearranging this equation using the fact that AS;..v = Stiv — St
produces (A.41c).

In round 11, market clearing implies

D D
KX = Zd:l @:51:11 + % Zd:l E [Xt:II|fol;n} + Oy (A~45)

As above, we substitute for pf from (22a), take expectations conditioned on Zy.;; and simplify to
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obtain
O - (DH\SHIE[ASt:HI‘It:H] + ®II|SIVE[ASt:IV‘It:II] + E [Zt:1|It:II] ) <A46)

where @, =>4, @ﬁ‘sm and @y, = > 0, @)ﬁ'slv. Rearranging this equation produces (A.41b).

Finally, dealers quote the same price in rounds I and II to eliminate the risk of capital losses
from filling investors’ round-1 orders. These losses arise from the (A% .. — Q% )AS;.,, term in (9a).
This is feasible because there is no change in dealers’ common information between the start of

rounds Iand II.

Risk Premia

In both the benchmark and front-running equilibria, dealers’ observations on Xy, and Xy, are
sufficient to reveal the values of Y; and H; by the start of round Iv, so dealers’ estimates of A;
are E[A|Zi.v] = Z?’;O(Y}_j — H;_;) = A;. Combining this result with (A.42) gives the following

equation for the overnight risk premium

E[Rt—H ‘It:IV] = @_1

V|R

At = AIAt7

as shown in (24).
The first step in determining the intraday risk premia is to identify aggregate investors’ orders.
Combining the definitions O, = A}, —A} 1., —Y" and O}, = A}, — AP, with (19) and aggregating,

t:111

gives

1|81y IR

1
Ors = / {eﬁsIIIE[ASt:IH‘QZI] + Oj E[AStIIV’Q?:I] + Oy E[Rt+1|921]} dn—A;—1 = Y,
0
(A.47a)
1
Ot + Opy = / { o BIAS [, ] + @ﬁI‘RE[RtH]QZm]} dn—Ae_1 — Y;. (A.47D)
0
To find the round 111 premium, E [AS;.v|Z;4], we take expectations on both sides of (A.47Db)

E [@t:m + (O)t:I’It:I] = @HI‘SWE[ASt;W’It;I] + 6111|RE[Rt+1 |It:1] - At—l —E [YH It:l] R
= (@III|SWAIV + @III\RAI - 1) At—17 (A48)

where ©,5, = fol Oyjs, dn and Oy p = fol O}, rdn. Notice that E [Yi| Zi4] = 0 because Y; is an

i.i.d. mean-zero variable and dealers have no information about the realization of Y; at the start of
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round 1. Next, we take expectations of (A.44) conditioned Zy, to give
0= Qs E[ASty |Za] + E[Hy + Opanr + Ot | L] - (A.49)

Since dealers have no common information at the start of round 1 about the H; shock, E [Hy| Z,] =
(1 —v)A;—1. Combining this condition with (A.48), (A.49) and the definition, E [ASy.v|Zs] =
A A1, gives

0= [@rysn Av + (Ouifs Arv + OrpAiy — 1) + 1 — ] Ay

This condition must hold for all values of A;_1, so

d}(l - A19111|R)

AIV =
)
(I)111|sw + @III|SW

as shown in (25b).
To find the round 11 premium, E [ASy.;|Z;], we take expectations on both sides of (A.47a)

1) [@t:1| It:l] = @I\SmE[ASt:IH|It:I] + ®I|SIVE[AStiIV‘It:I] + ®I|RE[Rt+1|It:I] - Atfl -E [}/t| It:l] y
= @I‘SIHAIIIAtfl + @I|SIVAIVAt71 + @I|RAIAt*1 - Atflv

where 0, = [} on,,.dn, Oy, = I o, dn and Oy, = I 1. dn. We then combine this equation

with the expectation of (A.46)
0= <I>11|5“1E[A‘5(15:111|I1E:I] + (I)II\SIVE[ASt:Iv|It:I] +E [Zt:I’It:I] y

to give

0= [CI)IILSI“AIII + q)II|SIVAIV + (@I|smAIII =+ @I\SIVAIV + @I|RAI¢ — 1)] At—1~

As above, the term in [.] must equal zero, which implies that

Am =

1- @I\RAI¢ (Cbnsw + @I|sw>
- AIV7
(b11|5111 + 61|5111 (DU|5111 + @I|5m

as shown in (25a).
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Returns and Intraday Price Changes

In both the benchmark and front-running equilibria, intraday price changes and overnight returns

implied by dealers’ quotes are given by

Ry = MA_+ 7V, (A.50a)
ASt:m = AIIIAt—l - %A(E[Atu—t:m] - E[At‘zttll])a (A50b)
+(I)1_111|sw {E [Ht + ©t:111 + (O)ttl‘ It:m] —E [Ht + ©t:111 + (O)tll‘ It:n]} )

ASt:lv - AIVAt—l - %A(At - E[At‘zt:m])
= _q)_l {E [Ht + Ot:m + (O)tll‘ z'—t:m] —E [Ht + ©t:111 + ©t11‘ It:n]} . (A5OC)

11| Spv

To derive these equations, we first identify the prices dealers quote in round 1v. (25a) and
(A.41d) imply that E[Siy10v — Se+14/Zev] = (Awv + Am)E[A¢Zi.v]. Combining this expression

with (25a) and iterating forward gives

WE

St:lv

(t55) ElPet = Aigica|Tun, (A51)

i=1
where A = A, + Ay + Ay Substituting for the P, process from (2) and the A; process from (14),
(A.51) simplifies to

St = +F, — #At- (A.52)

By definition, Sy.; = E [Si.v |Za] — (A + Awr) A¢—1, so substituting for Sy, gives

1
St = ;,Pt - #A + A+ Ay | A

Leading this expression forward by one day, and substituting in the definition for overnight returns

produces
1+

r

,
Riv1 = Sty1a+ Pip1 — (L4 1)Seqy = Vigr + AAy,

as shown in (A.50a).

To find expressions for the intraday price changes, we first use (A.41c) to substitute for Sy, in
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the definition ASy.; = AinAi—1 + St — E[St:III|It!II]' This produces

ASpm = AnAi—1 + E[Sew | Zem) — E[Stav [ Zeu)
- @;}'SW {E [H; + Oty + Oty Ztan] — E [Hy + Opans + Ot Zenr] }
= AmAi1 — =5 AE[A ] — E[A| Zyn])
+ &1 {E[H; + Opy + O] Zins]) — B [Hy + Oty + O] T}

111 Spv

as shown in (A.50b ). Equation (A.41c) also implies that

ASt:lv = _q)_l

11| Spv

E[H; + O + Oy Ziau| + Strv — [Serv [ Zean]
= _(I)I_HI|SWE [Hy + Opin + O] Ziows) + Stev — [Starv [ L]
— @1, (B[H; + Ops + Ora| Zen] — E [He + Opins + O] Zen])
L AA — B[ A Ti))

= AIvAt—l -
- (I)il (E [Ht + @t:III + ©t:I|It:III] —-E [Ht + @t:m + ©t:1| It:n]) )

11| Spv

as shown in (A.50c).

A.2 Proof of Theorem 1

There are two steps in the Proof: In step 1, I show that intraday price changes and overnight returns

follow (15) under the conjectured equilibrium process for aggregate inter-dealer order flows in (17).

In step 2 I verify that the optimal trading decisions of dealers and investors produce these order

flows.

Step One

Since aggregate order flows augment dealers’ common information at the start of rounds 111 and 1v

under the conjectured process for order flows in (17), dealers have common knowledge concerning Y;

when quoting round I1I prices, and common knowledge concerning H; when quoting round IV prices.
ConsequentIYa Ay — E[At‘zt:m] = —H; and E [Ht + Opr + @t:l‘ It:m] —-E [Ht + O + @t:I‘ It:n] =

E[Opin + Opt| Zu] — E O + Oy| Zion] = —<Y3, for some unknown parameter ¢. Hence

ASpy = AvAi—1 + ﬁAHt + (I>_1 ¢Ys,

11| Spy
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and so
E[Ast:w’Qn } = AIvAtfl + ‘I)_l Y.

t:111 11|spy

Overnight returns are Ry = %Vt—&—l + A A, so
E[Rt-i-l’Q?:m] =\ (Y;f + 7v/)Alf—l) .

Substituting these equations into (A.47b) gives

N
@tzln + (O)ttl = / { ﬁl\slv <A1vAt—1 + Q)_l gY;) + eﬁI\RAI (Y;f + wAt—l)} dn—At_l — Y%,
0

11| Spv
= (9111|SW(I)1_111|5W§ + @111|RAI - 1) Y;f + (GIII\sIVAIV + GIII\RAIw - 1) At—l‘

1_QIII\RAI
e —— and hence

nilsrv | spy

S50 —¢ = Oy, P S + Oy gA; — 1. Solving for ¢ gives ¢ =

—1
11| s1v

A

q)m Siv
@t:m + @tzl = _%Yé + (GIII\SWAIV + GIII‘RAlw - 1) At—1~

Now from (A.50b)

ASt:m — AIIIAtfl - ﬁA(E[AAIt:HI] - E[At|It:II])
+ (1)71 {E [Ht + @t:m + @t:1| It:m] —-E [Ht + @t:m + ©t:I’It:II]} )

S

= Awdir— (hsA+ 3A0) Y

as shown in (15¢). Similarly, A; — E[A{|Z;.1u] = —Hy, so (A.50c) becomes
ASt:lv - AlvAt—l - T@A(At - E[At‘zt:m])
- CI)1_111|5W (E [Ht + (O)t:m + (O)tzl‘ It:m] -E [Ht + @t:m + ©t:I’It:II]) )

= AnAr1+ iAIV}/;f + ﬁAHt
as shown in (15d). This completes our verification of (15).

Step Two

Now we verify that equilibrium order flows follow (17). To begin, consider the implications of (15)
for investors’ individual forecasts. Recall that individual investors estimate aggregate foreign income

in round I based on their own income is Y;* =Y; 4 ¢}', where Y; and €} are i.i.d. mean zero random
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variables with variances, o2 and o2, respectively. By the Projection Theorem, E[Y;|Q%] = G"Y}",

2
with G = 2‘1 7. In the benchmark equilibrium, investors hold the entire stock of Forex overnight,

s0 Ar_1 = [At 11927, ]. Combining these results with (15¢) and (15d), gives

E[ASunlQ] = A — (b A+ SA ) G1¥7,
E[ASt:IV|Q?;I] = AIVAt—l + EAIVQ:/LY; s and
B[R 1|94 = A Ay 1 + A GUY

Substituting these forecasts in into (A.47a) gives the following expression for investors’ round-

Iorders:

I|5m

1
@t:] = /0 {_ ™ (1 w+TA+ 1AI\/) gn}/t +@1\s 1Awgn}/t +@I\R ggiftn}dn—}/t
1
b [l iy + €, Anios + O3 Ay — Ars i,
0

= [{%AIV(@IBW - @1|sm) i— w_HnA@I‘Sm + GI\RA }ge - 1} Y
+ {el\smAm + @I|SIVAIV + eI‘RAId] - 1} At—l,
= IY}/t + /B;\At—h

Next, consider the implications of (15) for dealers’ forecasts. In round 1, each dealer receives
a random allocation of investors orders (because dealers quote the same round-1 price), so Of, =

%@m + ¢, with >°0_, ¢4, = 0. Their best estimate of foreign income based on this order is

1
5/8;[03

E[Y{|Qf,] = G4(Of, — E[OL|Z1]) = G487V, + ¢, where Gl = W-

Dealers’ individual forecasts in round 11 are therefore

[ASt III’Qt H] = E[ASt:III‘It:II] - (Wl_H«A + iAIV> g\d{ <%/BIYY;€ + CtdI) and

E[A Sy |h]) = BIASu i) + AwGY (287Y: +¢E) -
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Combining equations (22) and (21)gives

D
UKo Ten = 3 @0 { [A Syl Q] = BIAS 0| Tear] |
+ Z 11|s { A‘St IV|Qt 11] - E[AStZIV|ItZII]}
* % > {BlXenl Q] — ElXulTea] } + Ot — E[Ow( T

So substituting in dealers’ forecasts

it~ (o )¢ (10742
30w {Aangd (Levi )
Y, TG (BAY )+ AV,
= { [ Buton b = Bu, (=hr A+ FAw) +T0] 2GY + 1} 7Y,
=T,

This verifies that round-11 order flow follows (17a) with

/BY
= g {1 [ 0 (it 200)] 261
DYYMI

Finally, to verify that round 111 order flow follows (17b), we note that (15) implies
[ASt IV|Qt III] = [Ast IV‘It III] + 1— ¢+TAE[Ht’Qt III]

Each dealer receives a hedging order of Hf = %Ht + nd, with >°5_; né = 0, so their estimate of the
H; shock is

1 2
=0
E[Ht‘Qg:m] = gﬁ(Hf - E[Hﬂzgm]) = gﬁ(%Ht + 777?) where gi = 71 2D2H 3"
(5)%0% + on
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We now combine this equation with ( 22) and (23) to give

D
U [Xt:111|It:m] = Zd (I)III|SIV ( [ASt IV|Qt 111] - E[AStZIV‘It:III])
+ % Zd:l ( [Xt III|Qt 111} -k [Xt:111|It:m])
+ (Ht + @t:m + @tzl) —E [Ht + @t'm + @t:1| It:m] )
D D
- Zd 1 (I);imslvl 11P+7“AE[Ht|Qf‘IH + Z 1Fi{II [Ht‘le:m] + Hta

D
= Zd l(I)?III|sIV1 ¢+TAgd( Ht+77t +Zd léfﬁlgd( Ht+77§l)+Ht,

= (I)HI\SIV 1— ¢+TA gdHt + Fmgﬁ%Ht + H;,
= {¢)1H|SW1 ¢+TAlgd Fﬁlégd + 1}Ht7
— FﬁIHt-

This verifies that round-111 order flow follows (23) with

A 1n-d
i _ 2 e Py

111 1 ~d
— BgH

A.3 Proof of Theorem 2

The Proof proceeds in four steps. In step one, I compute the conditional expectations and second
moments for individual investors given the conjectured behavior of equilibrium prices in (26) and
order flows in (28). Step two repeats these calculations for individual dealers. In step three, I verify
that the equilibrium order flows follow (28). In the last step, I verify that equilibrium prices follow
(26).

Before getting into the details, it is useful to rewrite equilibrium equations for AS;.;; and ASs.

in terms of the exogenous shocks:
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ASt:m = AIIIAt—l + )\IIIF;{I}ft + )‘IIIFﬁHtﬂ
- AIHAt—l + B:;Y;f + Bl}th?

ASt:lv - AlvAt—l + )\Ivl (FEIY% + FﬂIHt) + )\IVQ (FEYZ + FﬁHt)a
= AnAr1 + ()\IV1F1YH + )‘IVQF;[I)Yt + (F?n + )\IVQF?I)Ht’
=AnAi g+ BLY: + B Hy.

111

Step One

Individual investors choose their round-I orders based on their conditional expectations for Y; and

H; and their associated variances. As above, the conditional moments for Y; are

0'2 0'4
B0 = 570 (ke =7, and VMIRRI=0? — 50y = (1),

and those for H; are E[H;|Q7] = 0 and E[H;|Q7,]=02. On the basis of these estimates, investor n’s

private forecasts are

E[ASt:III|QZ1] = BEQGY;” + AIIIAt—la
E[Ast:w‘g?;l] = Bﬁlgﬁy;gn + AIVAt—la
E[Ri1 Q%] = A (A1 + GTY/") .

In round 111, investors estimate Y; and H; based on Y;" and round-I1 order flow — which is derived
from their observation of prices and knowledge of A; 1 as: U[Xy|Zpu] = A\ H(ASem — AmAi_1).
Applying the Projection Theorem, we find that

Y +ef

E[Y}|Q},] = | 02 Vo2
[ t‘ t:1 ] |: o n0y ] U[Xt‘-z-t:u]

1
03 + 03 F};ag
N )2 o2

2
Yoty (T3 of + (T
= ICI{L'Y}/tn —+ ]C:,L|XU[Xt|It:II]7

VYO, =02 = [ 02 Tyo? |

—1
2 2 Y 2 2
oy + o FUUY Oy
Y 2 Y\2 2 H\2 2 Y 2 ’
FIIUY (FII) oy + (FII) Oy FIIUY
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and

-1
BIH Q) = [Tho?] (00 02 + (T 03] UIXiTia] = Ky VLK Zel,

-1
VIH Q) = of = [Thod] [T o2+ (T8)% 2] [Thod] = (1- Tk« ) o2

t:111

The investor’s private round-I11 forecasts are therefore

EASun |l = By (Ko V" + Ky ULX Ten] ) + Bl UK Te] + Anv v,

ER|Q0] = A (/C’JwYt” + K?\XU[Xt!It:u]) — MK x ULXe [ Zeon] + Ao Ay
These forecasts are used to compute investors’ round-111 orders in Step Three.

Step Two

Individual dealers initiate their inter-dealer trades in round 11 base on their private estimates of Y;
and H; that are conditioned on the orders they receive from investors in round I and the hedgers in

round II. These estimates are given by

1
B/BIYG\Q’
1 2
(58Y)%0% + O¢
1,2

I~
BIH] = 1725 (L) = Gi (LHe + ).
[H|Q1,] (%)2034_0% oAt T 1 |\ pHt T

E[VQf,] = (savi+ch) =gt (58Ye+¢h),  and

The dealer’s forecasts for AS;.;;; and AS;.., are therefore

E[ASt:III|Q?;H] - E[ASt:m’It:n] - Bﬁgi (%/Blyi/t + Ctdl> + ngg (%Ht + 77?) ’ and

B[A Sy |6h]) = B[ASpay L] = BLGY (R8s + G11) + Bga (SHo+ i)

In round 111, each dealer revises their estimates of Y; and H; to incorporate information in

round-1I order flow and the round-111 orders they receive from investors. The revised estimates are

5BV + Cf
E[Y;‘/|Qg:m] = ]C$|@I ’C§|@m Icil\X %651% + %Bl)ilU[Xt’ItZII] + Ctagm ’
U[Xt|It:II]
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where

d d d _ 1 oy 2 2 Y 2
[ ’CY\(OJI ICYl(O)m ICYlX } - [ pPr Oy pumoy  Thog ] x

1 av)2 1 1 -1
(BBIY) 0\2( + U? 551\,51110\2( E/BIYFEU\Q(
1 2 2 2 1 2 2 2 2,1 2 2
BIBIYIBIIIO-Y 51110-\( + (BBI);IFIHI) Ou + Ug BIIIFIYIO-Y + Bﬁl)il (F?I) Oy
1 2 2 1 2 92 2 92 2 9
BBIYF;{IUY BIIIFEJY + BBI)§I (Fﬁ) Oy (FE) Oy + (Fﬁ) Onu

with /BIII - (%/B;;I + %BI);IFE) and

1 d

=H;+n

d 1_ d d ¢

E[Ht’Qt:III] - |: ICH|H ICH|X } []}[Xt‘zt ] ’
I
where
) -1
[ cd  kd } _ [ 152 T2 ] (5) ot + 03 sThon :
ulH  Vu|x b9H 1tu%u irig? (TY)? 02 + (TH)? o2

The individual dealer’s forecast for ASt. is computed from these estimates as

E[ASe|Qf] = BYLEN Q] + BLEHQL, ] + A A1

t:111 tiann

We also require forecasts based on dealers’ common information. The order flow equations in
(28) imply that

| Ty Th
I A

111 111

Y,
H,

U[Xt’It:II]
U[Xt|It:III]

U[Xt|zt:11}
U[Xt|It:III]

B 1 . —ro
o Iyrn-rEry | -1y, I

11T 11T 111

(A.53)

Thus, values of Y; and H; are common knowledge among dealers by the start of round 1v: i.e.,
EYi|Zi.v] = Y: and E[H¢|Zy..v] = H;. In round 11, the estimates of ¥; and H; are conditioned on

order flow from round II:
E [YH It:m] = ICY|XU[Xt|It:II] and E [Ht‘ It:m] = ICH|XU[Xt‘It:II]
where

Y -2
1111(7\/

2 2
(T)7 0% + ()" o

H 2
FIIUH

([Y)? 02 + (I't)? 02

ICYIX = and ]CH\X:
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In round 11 the estimates of Y; and H; are equal to the unconditional expectations: i.e., E[Y;|Z;.,] =0
and E[H;|Z;.,] = 0. Below we use the differences between dealers’ individual and common estimates,

which are given by

[Y;f‘Qt 111] —E [}/t’ ItIIII] = y\(O) ( /8 Y: + Ct 1) + }Cy|@n (%/8;;1}/;5 + Cgm)
+ (’Cgp( + ’Cg\@m(gﬁﬁl) - KY\X) U[X¢|Z.ui], and
[Ht’Qt 111] - E [Ht’ It:m] = ICH\H( Ht + 77t) + (/Cgp( — ]CH |X) U[Xt’It;H].

From these results, we can compute the difference between dealers’ individual and common forecasts

as
[Ast IV|Qt 111] - E[Ast:wut:m] —
BIII <KY\(O) ( Y;f + Ct I) + ICY|@HI <%/3;;I)/;f + thgm>> + Bﬁllcg|H(%Ht + 77?)
+ [BEI (’Cd\x + K0, (355 — /Cy|X) + Bi (’Cﬁp( - Ky |X)} U[X¢|Zpu].  (A.54)
Step Three

In this step, we compute unexpected aggregate order flows in rounds I and 111. For round 1, we first

combine equations (22) and (21) to give

v [Xt:n‘ It:n] - ZZ:I (bflﬂsm { [ASt IH|Qt 11] - E[Ast:111|zt:11]}
+ Zd 1 (I)H|s { ASt‘ IV|Qt 11] - E[ASt:IV’It:II]}
+ D Zd:l {E[Xtill‘ggzu] - E[Xt:II|It:II]} + U[@t:1|zt;n]. (A.55)

The last term in this expression is the unexpected aggregate imbalance in investors’ round-I orders.

To find this term, we compute the round-1 order from investor n:

oy = @1|s E[ASqm|QF] + 61‘5 E[AS:v |, ] + ®I|R [Rp+1]|%,]— A1 — Y},
= {[e,, B+ 0, Br+ 05| g — by + {6l A+ O], A+ @I‘RA b=1} A,
= BV + B A,
as shown in (27a). Aggregating across investors gives
Oy = BYY: + Bl A1, (A.56)
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so the last term in (A.55), U[Oy,|Z¢.] = BYY;.

The other terms in (A.55) come from the dealers’ forecasts computed in Step Two:

U Xeal T = Y, H\smsxgd ((lﬂ:m FGh) + D0 W B (SH - o)
>0 el Bt (a0 )+ Y0 et Bk (LH + )
+ %Zdzl gy (Gavi+ ) +23 Fﬁgi (L +nf) + BV,
which simplifies to
U [Xpi| Ten] = [@ujan BIGHEBY) + upo BUGHLAY) + THGH (LAY + 87| Vi
@y BEEGE) + @uyo, B (201 + Th(RGD) | H

This is the form of the round-11 order flow equation (28a). Equating coefficients on Y; and H; gives

FE = @II‘SmBI\;gg(%/BIY) + (I)II|SWBEIQ$(%/BIY) + Fﬁgg(%ﬁly) + 51\,7 and (A'57a‘)
Fﬁ = ¢II‘SIIIBﬁ(%gg) + @Illslvgﬁl(%gg) + Fﬁ(%gg) (A~57b)

The equilibrium values of I'), and I'}} must satisfy these equations.

Next, we turn to the round-111 flow. As above, (22) and (23) imply that

U [Xt:III|It:III] - Zd: (I)m|5w (E[Ast:1v|Qg;m] - E[Ast:w‘zt:m])

t %Zdzl ( [Xt III’Qt 111] —E [XtZIII’It:III]>

+ U [Hy| Zg.u]) + U [Opin + O] Ziant] - (A.58)

The first term on the right-hand-side uses the difference between dealers’ private forecasts and their
common forecast for AS;.;, which was compute in (A.54). The next term is the analogous difference

in forecasts for order flow:

Bl Xl Q] = B Xl Tean] = T, (B ] — B[ViTean]) + Tt (BIH ] — B [T
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= DKl (BB +¢h) + Thklg, (L80Yi+ ()
+ 13, (K + K, (2635 = Kopx ) UKl Toa
+ Fﬁllcgm(%Ht + 77t) + F?n (ICZ\X - ICH \X) U[Xt‘It:uL
= [ (K + K, (283) = Ko ) + T (K = K ) | Uil Te)
TN Ko, (SAYe + G + T, (580 Y: + Gy ) + T (S He + ).
The aggregate imbalance in hedgers’ orders is given by H; = (1 —¢)A;—1 + Hy, so the third term in

(A.55) is
U [Ht| It:m] =U [Ht‘ It:m] = Ht - ICH|XU[Xt|Zt:H]-

To find the last term, we consider the round-I11 order from investor n:

ZIII = 111\5 [Ast IV|Qt 111] + 9111|R [Rt+1|9$111] - (O);LI — A1 — )/tna
- { [ III‘SIVBI\;I + @III|R } Y|Y - B = 1} Y

+ [ 111|sIVBI\;I Y| X + ®III|SIVBIIIK | X + GﬁqRAI <IC3|X - ICZ\X)} U[Xt|It¢II]

+ [@111|s A + @111|RA Y — BIA_I] Ag—1,
which is the same form as (27b). The last term in (A.58) is computed by aggregating investors
orders from rounds I and I1I:

1
Ot + Oy = / ((O)?m + (O)?:I)dnﬂ
= {[GIIILSWBEI + eIII|RAI] KZAY - 1} Y

+ |:@III|SIVBIIIIC | X + ®III\SIVBIIIK | X + 9111|RAI (IC;L|X - ’Cgp()] Ut:IIXt
+ [@111|31VA1V + @III‘RAIw_ ] At—la
= (ﬁIY + IBEI)Yt + IBI);UtZHXt + (/Bﬁ + 631)At—1‘

The unexpected portion of Qy.;; + Oy.;, based on dealer common round-I11 information is therefore

U [@t:m + (O)tll‘ It:m] = (BIY + BI\;I)U [YH It:m] - (6:( + BEI) (Y;S - ICYIXU[Xt’It:II]) .
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Substituting all of these results into the order flow equation gives

U [ Xl Tean] = Buaa, [B (K2 + K, (R63) = Kogx ) + Bl (K = Ko 1x ) | UIXi[ T
+ (I)III\SWBEI (KY\@) ( BIY) +K y\@m ( 5111)) Y + ¢III|SIVBﬁIKﬁ‘H%Ht
{ (’Cdp( + K0, (265 — ’CY\X> + 'y (’qux - ’qu)] U[X¢|Zs.)
T Ko (387) + T, (R61)] Vi + ThKl S
+ Hi — Ky x ULX¢|Zee] + (87 + B (Ve — ’CY\XU[Xt\It:u]) ~

So collecting terms

U [Xt:111| It:m] = WmU[Xt‘It:H] + 7Tth + 7"'Hflta
= (m I} +my)Ys + (m I}y + 7 ) Hy.

This is the form of equation (28b) with

I = w4y, (A.59a)
I, = mIf + 7w, (A.59b)

T = Dy [Bl (Kx + K, (R835) = Kupx ) + B (K = K x|

0 (K + K, (380 = Ko )+ T (K — Ko )]

=~ Kajrr = (B + B, (A.59)
Ty = HI‘SWBHIICHlHD + T8 L |H+ 1, and (A.59d)
o= P Bl (Ko (38)) + Ko, (261))

T (K20, (R8Y) + ThKd,, (R85 + (87 + BY). (A.59)

As above, the equilibrium values of I'Y{, and I'};, must satisfy these equations.

Step Four

The final step in the Proof is to verify that AS.,, and AS.., follow the processes in (26¢) and
(26d). Equation (A.50b) gives the general equation for ASy,;. To use this equation, we compute

E[At’It:m] - E[At|zt:11] = E[}/t - Ht|It:III] - E[Yt - Ht’It:II] = (]Cy|X - ]CH\X) U[Xt|zt:11}7 (A60)
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and

E [Ht + (D)t:m + @tn’z—t:m] —-E [Ht + (O)t:m + @t:1|It:11]
=E [Ht + (/BIY + 5;;1)}/%‘ It:m] + B%U[Xt’l.t:ll] —E [Ht + (BIY + BI\;I)YH It:n] 9
= (ICH|X + (IBIY + 5KI>ICY|X + /BIIII) U[Xt’z-tlll]' (A'Gl)

Substituting these terms into (A.50b) gives

AStn = A1 — WIH,A (’CY\X - ICHIX) Upn X + <D_1 (’CH\X + (BIY + IBI\;I)KY|X + Bl)il) U[Xt|ItZII}'

11| S1v

This is the form of equation (26¢) with

)\III = (P;Il\slv (’CH\X + (BIY + ﬁI\;I)KﬂX + ﬁi(u) - ﬁ/\ (ICy|X - K:H\X) .

Equation (A.50c) gives the general equation for ASy.,. To use this equation, I compute

UlY;|Zy.in
U[At’l.t:m] = [ 1 -1 :| [ t| t ] ,
U[Ht|It:III]
-1
_ [ 1 _1} LI U[X¢|Zu] U[X¢| Ty
FIYII F}{n U[Xt|It:111] 0 ’
FH+I‘Y
- _WU[‘X}‘I&HI]- (A.62)

11+~ 111 I+~ 111

Substituting (A.62) and (A.61) into (A.50c) produces

| R
[y —THDY,

111 111

ASt:w = AIVAt—1+ 1_3[,_,_7"1\ U[Xt’It:III]_(I)I_HLW (ICH\X + (/BIY + /BEI)ICYLX + ﬁﬁl) U[Xt|It:11}-

This is the form of equation (26d) with

e — 1 L+
M1 =94 PYDR _THTY

111 111

and )\IVQ = (I)_l (ICH|X + (/BIY + ﬁI\;I)Kle + /BIIII) .

T m|sy
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