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Abstract
This paper develops economic theory tools and framework free from general equilibrium
assumptions. We describe macroeconomics as system of economic agents under action risks.
Economic and financial variables of agents, their expectations and transactions between
agents define macroeconomic variables. Agents variables depend on transactions between
agents and transactions are performed under agents expectations. Agents expectations are
formed by economic variables, transactions, expectations of other agents, other factors that
impact macroeconomic evolution. We use risk ratings of agents as their coordinates on
economic space and approximate description of economic and financial variables,
transactions and expectations of numerous separate agents by description of variables,
transactions and expectations of aggregated agents as density functions on economic space.
Motion of separate agents on economic space due to change of agents risk rating induce
economic flows of variables, transactions and expectations and we describe their impact on
economic evolution. We apply our model equations to description of business cycles, model
wave propagation for disturbances of economic variables and transactions, model asset price

fluctuations and argue hidden complexities of classical Black-Scholes-Merton option pricing.
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1. Introduction

Economic policy and regulation rely heavily on general equilibrium theory (GE) (Arrow and
Debreu, 1954; Tobin, 1969; Arrow, 1974; Smale, 1976; Kydland and Prescott, 1990; Starr,
2011) and DSGE (Fernandez-Villaverde, 2010; Komunjer and Ng, 2011; Negro, et al, 2013;
Farmer, 2017). Existing flaws and weaknesses of GE and DSGE may bring economic
authorities to unjustified decisions and add excess shocks to unsteady global economic and
financial processes. Numerous papers study for pro and contra of GE (Hazlitt, 1959;
Morgenstern, 1972; Ackerman, 1999; Stiglitz, 2017). A special issue of Oxford Review of
Economic Policy on “Rebuilding macroeconomic theory” (Vines and Wills, Eds. 2018a)
presents 14 papers of 18 authors those discuss: “What new ideas are needed? What needs to
be thrown away? What might a new benchmark model look like? Will there be a ‘paradigm
shift’?” (Vines and Wills, 2018b).

In this paper we develop economic theory tools, models and equations that entirely differ
from mainstream GE. We avoid argue here pro and contra of our approach before we explain
main economic assumptions, tools, methods and equations of the model and thus move
forward to introduce the model.

The sketch of our approach is based on well-known economic terms and relations. We treat
macroeconomics as system of numerous economic agents. Agents have different economic
and financial variables and are engaged into various economic and financial transactions with
other agents. Agents perform transactions under different expectations. Agents form
expectations on base of macroeconomic variables, transactions, expectations of other agents,
policy, technology or regulatory changes and so on. We describe economic relations between
three core economic notions - variables, transactions and expectations.

This paper has three Parts. In Part I we argue main economic assumptions, introduce
economic space notion and describe economic variables and their flows on economic space.
In Part IT we study economic transactions and expectations on economic space and develop
asset pricing model as result of equations on transactions and expectations. In Part 1II we
apply our model equations to description of business cycles, model wave propagation for
disturbances of economic variables and transactions, describe asset pricing model and price
fluctuations and argue hidden complexities of classical Black-Scholes-Merton option pricing
model.

We number equations independently in each Part of the paper and refer (I1.4) as equation (4)

in Part II. Appendixes A-D present derivation of transactions and expectations as two



component functions, derive wave equations for economic variables and transaction and

derive business cycle equations. We use bold italic to denote vectors and italic — scalars.

Part I. Economic Assumptions, Space and Variables

2. Economic Assumptions

Let’s regard macroeconomics as a system of numerous economic agents. Under different
expectations agents perform economic and financial transactions with other agents. Let’s
mention that our approach has almost nothing common with agent-based models (ABM)
(Tesfatsion and Judd, 2005; Gaffard and Napoletano, 2012).

Agents expectations may reflect forecasts of economic growth, demand, expectations of other
agents, assumptions on possible economic impact of policy, regulatory or technology changes
and etc. Certain macroeconomic variables are determined as sum (without doubling) of
corresponding variables of economic agents. For example, macroeconomic demand, supply,
investment, credits are determined as sum of demand, supply, investment and credits of
economic agents. Let’s call such variables as additive. Other macroeconomic variables are
determined as ratio of two additive variables and are non-additive. For example prices are
determined as ratio of transactions trading values and trading volumes. Inflation, indexes are
determined as ratio of prices in different moments of time and are non-additive also. We
present these obvious considerations to make simple statement: agents additive variables
those define additive macro variables describe all macroeconomic and financial variables.
Now let's argue variables those involved into transactions between agents. Any transaction
imply that seller transfer certain volume of commodities, assets, service, investment and etc.,
to buyer. Let’s call agents variables involved into transactions between agents as additive
variables of type 1. Let’s call other additive variables that are defined by additive variables
type 1 as additive variables type 2. For example sum of agents value-added define
macroeconomic additive variable — GDP (Fox, et al, 2014). As well agents value-added
variables are not subject of any transaction and are determined as difference between agents
aggregate sales and expenditures. Thus we call agents value-added as additive variables type
2. Sales and expenditures are result of transactions between agents and their linear functions
define agents value-added. These easy examples result second simple statement: all agents
variables are determined by additive variables of type 1 those involved into transactions
between agents. Hence description of transactions between agents permit model all agents

variables and hence model all macroeconomic variables. This statement is well-known at



least since Leontief’s models (Leontief, 1941; 1955; Horowitz and Planting, 2006). Now let’s
present three issues that distinguish our approach from common economic treatment:
L We use risk ratings of economic agents as their coordinates on economic space.
IL. We approximate description of economic and financial variables, transactions
and expectations of numerous separate agents by aggregate description of
variables, transactions and expectations as density functions on economic space.
111. Motion of separate agents on economic space due to change of agents risk ratings
induce economic flows of variables, transactions and expectations and we
describe macroeconomic impact of such flows.
Let’s discuss these issues in details.
L. Risk ratings of economic agents play role of their coordinates on economic space
Our main issue concern assessments of agents risk ratings. International rating agencies as
S&P, Moody’s, Fitch (Metz and Cantor, 2007; S&P, 2014; Fitch, 2018) for decades provide
risk assessments for major banks, corporations, securities and etc., and deliver distributions
of biggest banks by their risk ratings (Moody’s, 2018; South and Gurwitz, 2018). These
assessments are basis for investment expectations of biggest hedge funds, investors, traders
etc. According to current risk assessment methodologies (Altman, 2010; Moody’s, 2010;
S&P&, 2016; Fitch, 2018) risk ratings take values of risk grades like AAA, AA, BB, C etc.
Different rating agencies use different risk assessment methodologies and risk grades notions
differs slightly.
Let’s outline that risk grades AAA, AA, BB, C can be treated as points x;,...xy of space that we
call further as economic space. Risk assessment methodology use available economic
statistics and determine number N of risk points. Let’s propose that economic statistics and
econometrics can provide sufficient data to assess risk ratings for all economic agents and for
all risks that may hit macroeconomic evolution and growth. Let’s assume that rating agencies
may be able to estimate risk ratings for all economic agents: for large corporations and banks
and for small companies, firms and even households. Now let’s assume that risk assessment
methodologies can define continuous spectrum of risk grades on space R. Risk methodology
always can take continuous risk grades as [0,/] with point 0 as most secure and / as most
risky grades. A lot of different risks can disturb macroeconomic processes (McNeil, Frey and
Embrechts, 2005;). Assessments of single risk, like credit risk, distributes agents over range
[0,1] of 1-dimensional economic space R. Assessments of two or three risks, like credit,

exchange rate and liquidity for example, distribute economic agents over unit square or cube.



For given configuration of n macroeconomic risks, assessments of agents risk rating
distribute agents by their risk coordinates x=(x, ...x,) over economic domain
0<x;<1,i=1,..n (1.1)
of n-dimensional economic space R". Distribution of economic agents by their risk
coordinates x=(xy,...x,) over economic domain (1.1) mean that all economic and financial
variables of agents are also distributed on economic domain (1.1). Aggregation of similar
variables for agents with coordinates near point x=(xj,...x,) of (1.1) define economic
variables as functions of x. Aggregations of similar transactions between agents with
coordinates x and y determine transactions as functions of x and y on economic space. As we
show below this helps describe dynamics of macroeconomic variables, transactions and
expectations by partial differential equations on economic space.
Let’s repeat our main assumptions:

1. We assume that economic statistics may provide sufficient data for risk assessment of
almost all economic agents for wide range of macroeconomic risks. That permits
distribute economic agents by their risk ratings as coordinates on economic space.

2. We propose that risk assessment methodologies may define continuous risk grades
[0,1] on R for all macroeconomic risks. Ratings of n risks define risk coordinates
xX=(xy,...X,) on economic domain (1.1) of n-dimensional economic space R".

1. Aggregate description of economic and financial variables, transactions and
expectations as density functions

Transition from description of economic properties, like variables, transactions and
expectations, of separate agents to same economic properties as density functions on
economic space has clear economic meaning. Risk assessment distributes agents by their
ratings as coordinates on economic domain (1.1). Description of variables and transactions of
numerous separate agents requires a lot of econometric data. We propose approximation that
gives more rough description but requires significantly less economic data. To establish such
approximation let’s aggregate variables, transactions or expectations of agents with risk
coordinates inside small volume dV on economic domain (1.1) and then average them. To do
that let’s chose economic space scale d and time scale 4. For n-dimensional economic space
R" let’s take unit volume dV=d" near point x of (1.1) and assume that space scales d< <1 are
small to compare with scales of economic domain (1.1) but many economic agents have risk
coordinates inside this unit volume dV near point x. The similar requirements concern time

scale: 4 should be small to compare with time scale of the problem under consideration but



many transactions should be performed during 4. For example, the number of agents in
economics with population around 70°-10° can be estimated as 10°-10°. Thus space scale
d~107 on 2-dimensional economic space defines unit volume dV~ 1 0 with estimate 10°-10°
agents inside it. Time scale 4=/ week is small with time term one quarter or year.
Assumption - 1 transaction between agents per second gives assessment of 6*10° transactions
per A=1 week. Thus scales d~107 and A=1 week may help approximate economic processes
for time term one quarter or year. As example let’s consider Credits provided by agents with
coordinates inside dV near point x and average it during 4=1 week. Let’s take that C(t,x)
equals sum of credits over volume dV and averaged during time 4. Function C(z,x) has
meaning of density of credits provided by agents from point x at moment ¢. Indeed, integral
of C(t,x) by dx over economic domain equals total credits provided by all economic agents in
economics at moment ¢. Averaging over time 4 reduce high frequency fluctuations of the sum
of credits and makes this variable smooth. Introduction of space scale d and time scale 4
reduce accuracy of the model approximation. If one chose space scale d=1/ then volume dV
will be equal economic domain and aggregation of credits provided by agents inside
economic domain equals all credits provided in macroeconomics. Thus introduction of scales
d< <1 establishes economic approximation that is intermediate between precise description of
variables of numerous separate economic agents and rough macroeconomic approximation
based on aggregation of variables of all economic agents. Below we define density functions
for economic and financial variables, transactions and expectations. Nevertheless
expectations are not additive variables, we show in Part Il how apply aggregation procedure
to obtain correct form for density functions of expectations. Description of density functions
of economic variables, transactions and expectations require significantly less economic data
then same description with accuracy of each agent and hence simplifies the models. The same
time descriptions of mutual relations between density functions of economic variables,
transactions and expectations are much more informative then modeling relations between
macroeconomic variables as functions of time only.

It is obvious that one may aggregate agents and their variables, transactions and expectations
on economic domain (1.1) by various economic groups with section by different industry
sectors, wealth, gender, age or other economic or financial conditions. Macroeconomic
models based on aggregation of agents by various groups on economic domain may model
relations between economic variables, transactions and expectations of different industry
sectors or describe influence of any specifications those define grouping agents. For such

models one may use different sets of risks and different risk measures for different groups of



agents. For example risk assessment may differ for different industry sectors, for different
wealthy level and etc. It is clear that any specific grouping and usage of different set of risks
and risk measures induce additional complexity to the model. In current study we describe
simplest framework that use aggregation of all economic agents without any additional
specification and use one risk assessment measure for all agents.

The most important factor that impact evolution of density functions of variables,
transactions and expectations is determined by aggregative flows of variables, transactions
and expectations induced by motion of agents on economic space. Such economic flows are
results of motion of agents on economic space due to change of their risk rating.

III. Motion of agents on economic space due to change of their risk ratings induce
economic flows of variables, transactions and expectations

Change of agents risk ratings due to their economic activity, variation of economic
environment, action of risk factors and other reasons cause change of agents risk coordinates
on economic space. Such change means that agents move on economic space with certain
speed v. Motion of agent with speed v indicates that agents carry their economic and financial
variables, expectations and transactions. For example if agent provides credits C and moves
with speed v then it carries flow P of credits as Pc=Cv. Flows of variables, expectations and
transactions carried by agents due to change of their risk ratings have important impact on
macroeconomic evolution. To describe action of these flows on macroeconomics let’s
develop approximation similar to one we use to describe densities functions of variables,
expectations and transactions. As we show below, aggregations of flows of separate agents
define densities of economic flows of variables, transactions and expectations. Motion of
different flows of variables, expectations and transactions have certain parallels to flows of
fluids but all properties of economic flows are completely different from hydrodynamics.
Numerous flows of economic and financial variables, expectations and transactions induce on
economic domain (1.1) a great variety of mutual interactions and economic effects.

Now let’s argue derivation of equations that should govern density functions of variables,
transactions and expectations and their flows. These equations have similar form and we
explain their derivation for credit density function C(z,x) as example. Credit density function
C(t,x) aggregates credits of agents with coordinates inside small volume dV at point x. Each
agent moves on economic space with some velocity » due to change of its risk ratings. This
motion of agents induces aggregate credit flows Pc(t,.x)=C(t,x)v(t,x). Function o(tx)

describes velocity of flow of credit density C(zx). To describe change of credit density



function C(t,x) during time dt in a small volume dV on economic space let’s take into account
two factors of such change. The first factor describes change of C(#x) due to change of

agents credits in time df in a small volume dV. That can be presented as

d
de aC(t,x)

The second factor that impact change of credit density C(#x) is determined by credit flows
Pc=Cv of agents that during time df may flow in or flow out of small volume dV. Agents that
flow in the volume dV with credit flow Pc=Cv increase credit density function C(t,x) and
agents that flow out of the volume dV with credit flow Pc=Cv decrease credit density
function C(t,x). Balance of aggregated Pc(t,x)=C(t,x)v(t,x) credit flows in and credit flows
out takes form of integral of credit flows Pc(t,x)=C(t,x)v(t,x) over the surface of small

volume dV:

jg dsPc(t,x) = jg ds C(t,x) v(t,x)

Due to well-known divergence theorem (Gauss' Theorem) (Strauss 2008, p.179), surface
integral of the flows equals volume integral of the flows divergence. Thus balance of credit
flows equals integral of the divergence of flow over small volume dV:

$ds C(t,x) v(t,x) = [dV V- ( C(t,x) v(¢t, x)) (1.2)

Hence total change of credit density function during time df in a small volume dV equals:

f av [%C(t, 0+ 7+ (060 v(6,2))|
As small volume dV is arbitrary one can take equations on density functions as:
20t x) + V- (C(t,2) v(t, %)) = Fe(t,x) (1.3)
Function F(t,x) in the right side (1.3) describes action of any factors defined by variables,
transactions and expectations and their flows on credit density function C(z,x). Equation (1.3)

depends on flow Pc(t,x)=C(tx)v(t,x) and hence one should derive equation on this flow.
Completely same considerations as above cause equations on flows Pq(t,x)=C(t,x)v(t,x) as:
2 Pc(t,x) + V- (Pe(t, 1) v(t, 1) = Ge(t,x) (1.4)
Function G¢(t,x) describes action of any factors defined by variables, transactions and
expectations and their flows on credit flows P¢(t,x). Let’s underline that equations (1.3; 1.4)
define “simple” relations for macroeconomic variables as functions of time only. Indeed,
integral by dx of credit density C(z,x) over economic domain (1.1) equals macroeconomic
credits C(t) issued by all agents:
C(t) = [dx C(t,x) (1.5)



Integral by dx for equations (1.3) over economic domain (1.1) equals
200 + [dx V- (Ct,x) v(t,x)) = [ dx Fe(t,x) = Fe(t) (1.6)
Due to (1.2) integral in left side (1.6) equals zero as no in- or out- flows exist outside of

economic domain (1.1) and no economic agents exist outside economic domain (1.1). Thus
(1.6) takes simple form of ordinary differential equation:
2C() = Fe(t) (17)

The problems of (1.7) are hidden by function F¢(?) determined by integral in the right side of
(1.6). Function F¢(t,x) may depend on other variables, transactions, expectations and their
flows and integral in (1.6) may define Fc(t) as very complicated function. Thus time
evolution of macroeconomic variables like macro credits C(¢) may depend on properties of
hidden dynamics of variables, transactions and expectations and their flows on economic
space. Integral by dx for equations (1.4) over economic domain (1.1) define ordinary
differential equation on new macroeconomic variables P¢(1):

P.(t) = [dx P(t,x) = C()v(t) (1.8)

S Pc(t) = [dx Ge(t,x) = Ge(t) (1.9)
Integral (1.8) define macroeconomic flows P(t) of credits C(¢) (1.5) with velocity o(z) and
equation (1.9) describes evolution of macroeconomic credit flows Pc(?) determined by
function G¢(?) in the right side of (1.9). Similar equations are valid to macroeconomic flows
of other additive variables as demand and supply, investment and GDP and etc. Economic
meaning of equations (1.9) is following. Velocity o(z) of macroeconomic flow P¢(t) of credits
C(t) describes motion on economic domain (1.1) that is bounded along each risk axes by
most secure and most risky grades [0,1]. Thus for each axis motion from secure to risky
direction with velocity o(z) should change by opposite motion from risky to secure area of
(1.1). Thus velocity o(¢) and macroeconomic flow Pc(¢) of credits C(¢) should fluctuate in
time and such fluctuations describe credit cycles of macroeconomics. Similar fluctuations of
flows model business cycles of GDP, investment and etc. Description of correlations between
cycles of different macro variables and particular models that define forms of functions F(?)
and G(t) should be studied for each economic case. In Part III we present one simple model
of business cycles caused by interactions between transactions.
In Part II we show that equations on transactions have form similar to (1.3; 1.4) taking into
account that transactions density functions depend on two coordinates x and y. In Part IT we
argue that expectations of agents can’t be treated as additive variables and derivation of

equations on aggregated expectations requires further considerations. We propose that
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economic value or economic importance of agents expectations should be taken proportional
to value of transactions approved by this particular expectation. In Part I we introduce
additive factors that we call — expected transactions — that are proportional to product of
transactions and expectations. Our approach permits define density functions of expected
transactions and flows of expected transactions. Further we derive equations on expected
transactions and their flows that have form similar to (1.3; 1.4). That permits derive
definitions and equations for density functions of expectations and their flows. Further in Part
IT we show that considerations similar to those we use for description of expectations can be
applied for description of prices as densities functions on economic space and we derive
definitions and equations for price density functions and their flows. That allows model
dynamics of asset pricing determined by corresponding transactions. It is well-known that
asset pricing is one of the most important problems of economics and finance and papers by
(Cochrane and Hansen, 1992; Cochrane and Culp, 2003; Hansen, 2013; Campbell, 2014;
Fama, 2014; Cochrane, 2017) refer only few but important studies on asset pricing. These
studies argue models that determine ‘“‘correct” price of assets. In our paper we don’t argue
“correct” price and don’t study why asset price should take certain value. We describe prices
as results of transactions performed by agents in economy. In Part II we study different
definitions of prices caused by different aggregations of transactions and show how economic
equations on transactions, expectations and their flows determine equations on prices caused
by transactions.

Let’s argue some consequences of our macroeconomic approximations. As we mention
above equations similar to (1.3; 1.4) describe density functions and flows of numerous
economic and financial variables, transactions and expectations. Thus equations (1.3; 1.4)
define macroeconomic approximations for each selected set of variables, transactions and
expectations. Let’s take a model that describes macroeconomics by set of k different
transactions. As such transactions one can study for example credit transactions, investment,
buy-sell transactions and etc. Each type k of transactions defines change of variables of
sellers and buyers. For example credit transaction change value of credits provided by
Creditor (seller) and amount of loans received by Borrowers (buyers). Hence each type of
transactions can change only two additive variables of type 1 — one for seller and one for
buyer and their prices. Thus k types of transactions can change 2k additive variables of type 1
and their prices. Transactions of each type can be performed under different expectations.
Let’s assume that k types of selected transactions are performed under W expectations. To

develop self-consistent macroeconomic model that describe 2k additive variables of type 1
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determined by k types of selected transactions one should assume that all W expectations are
formed by endogenous 2k additive variables, k selected transactions and their flows. If part of
W expectations can depend on exogenous variables, transactions, expectations and their flows
or exogenous shocks and etc., then one describes macroeconomic model in presence of
exogenous factors. Expectations approve transactions and thus impact change of economic
and financial variables. Hence expectations may transfer impact of exogenous variables,
transactions or shocks on macroeconomic evolution, transactions and variables.

Importance of expectations is not reduced by their role as transfer of exogenous shocks on
macroeconomic dynamics. As we argue above expectations can depend on economic flows of
variables, transactions and other expectations. Dependence of expectations on economic
flows makes them key factors that determine impact of economic flows on macroeconomics.
Dynamics of economic flows like credit flows Pc(t,x)=C(tx)v(t,x), flows of variables,
transactions and expectations and their mutual interactions on economic domain (1.1)
establish very complex picture. For example economic flows on economic domain (1.1)
generate business cycles that describe slow oscillations of macroeconomic variables. On the
other hand perturbations of economic flows cause wave propagation of disturbances and
shocks of economic variables, transactions and expectations those induce fast oscillations of
economic parameters. Consistent macroeconomic model on base of economic equations (1.3;
1.4) that describe dynamics of 2k variables that depend on k transactions under action of W
expectations establish a really tough problem. Reductions of complete system of equations
permit study various approximations of macroeconomic evolution. In Part III we study
approximations of equations (1.3; 1.4) that describe “simplified” model interactions between
two variables, between two transactions, between transactions and expectations. Such
approximations help describe model examples of business cycles and different examples of
wave propagation of disturbances of economic variables and transactions inside economic
domain and on surface of economic domain (1.1). Similar approximations permit develop
model of price fluctuations induced by interactions between transactions and numerous

expectations.

3. Economic Space

Notion of economic agents is a basic economic term (Giovannini, 2008): “One of the
fundamental characteristics of activities defined as economic processes is that they involve
relations between various agents. The definition of economic agent is therefore absolutely

fundamental in determining the nature of the economic processes: economic agent refers to a
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person or legal entity that plays an active role in an economic process”. There are a lot of
studies of agent-based economic and financial models (Tesfatsion and Judd, 2005; Gaffard
and Napoletano, 2012). Our approach has nearly nothing with them. We regard agent as
economic unit that has a lot of economic or financial variables like asset and debts,
investment and credits, supply and demand and etc. Economic and financial variables can be
additive or non-additive. Additive variables are investment, credits, volume and cost of
commodities and etc. Non-additive variables are prices, bank rates, inflation, indexes and etc.
Non-additive variables can be presented as ratio of two additive variables or ratio of non-
additive variables. For example price of commodity equals ratio of cost and volume of
commodities purchased by particular transaction. Inflation index during time term [0,T]
equals ratio of prices at moment 7 and at moment 0. All additive macroeconomic or financial
variables like GDP, investment, credits, supply and demand and etc., are composed as sum of
agents variables. For example macroeconomic investment equals sum of investment (without
doubling) of all agents of the entire economics. Non-additive macroeconomic variables like
inflation, economic growth are determined as ratios of macroeconomic additive variables.
Thus description of agents additive economic and financial variables determine evolution of
all macroeconomic and financial variables. Let’s introduce economic space notion and
explain how macroeconomic additive variables can be described by additive variables of
economic agents.

To define economic space let’s use well-known economic tool — risk ratings. Risk
management and risk assessment (Horcher, 2005; Skoglund and Chen, 2015) during at least
50 years establish well-developed sector of economics. Risk assessment is a core tool for
banking and corporate management and is necessary issue for any investment and financial
markets operations. Top international rating agencies provide risk assessments for major
banks, financial securities and etc. Risk ratings of particular agent like bank or corporation or
ratings of their securities impact on decisions of financial markets traders. There are many
risks that affect macroeconomics and finance like credit, inflation, market risks and etc. We
don’t argue particular risks but treat any risks as factors that may affect economic and
financial properties of agents and hence entire economics.

Let’s treat assessments of risk ratings of agents as coordinates of agents alike to coordinates
of physical particles. Let’s note space that imbed agents by their risk coordinates as economic
space (Olkhov, 2016a-b; 2017a,b). Current risk methodologies measure risk ratings by risk
grades (Wilier, 1901; McNeil, Frey and Embrechts, 2005; Metz and Cantor, 2007; SEC,
2012; S&P, 2014) that have notations as AAA, AA, BB, C etc. Let’s take current risk grades as

13



points x;,...x, of economic space. Such economic space imbed economic agents by their risk
ratings x. Risk grades of single risk establish /-dimensional economic space. Grades of two
or three risks establish 2 or 3 dimensional economic space. Number of risk grades like AAA,
AA, BB, C etc. depends on risk assessment methodology. Let’s assume that one may extend
risk methodology so that it adopts continuous risk grades. Then n-dimensional economic
space that describe action of n risks can be treated as R". Let’s propose that economic
statistics provide sufficient data for risk assessments of all economic agents of the
macroeconomics. Let’s state that risk ratings take continuous values between most secure
grade equals 0 and most risky grade equals /. Partition of agents by their risk ratings for n
risks define economic domain (1.1) on economic space R". All agents have their risk
coordinates inside economic domain (1.1). Partition of agents on economic domain (1.1)
establishes distribution of agents economic and financial variables over economic domain.
Change of agents risk ratings due to their economic activity, market dynamics, other
endogenous or exogenous shocks induce evolution of agents variables and thus change
macroeconomic variables. In the next section we show how usage of risk ratings as

coordinates of economic agents describes evolution of macroeconomic variables.

4. Economic variables
Description of numerous separate agents and their economic and financial variables is too
complex problem. Uncertainty of agents risk coordinates and of their economic and financial
variables makes such description too ambiguity. To simplify macroeconomic model and
develop more sustainable and reasonable model let’s rougher our description. The main idea
is simple: let’s rougher description of separate agents and their variables and describe same
variables as aggregates of variables of agents with coordinates at point x of economic space.
Let’s regard macroeconomics as system of numerous agents on n-dimensional economic
domain (1.1). Let’s state that agents at moment ¢ have risk ratings coordinates x=(x,, ...x,) and
velocities v=(v,,...v,). Velocities v=(v;,...v,) describe change of agents risk coordinates.
Let’s assume that a unit volume dV(x) at point x on economic space contains many agents but
scales d (2) of a unit volume dV(x) are small to compare with scales of domain (1.1)

d<1 ; dV=d4d" (2)
Let’s regard only additive variables of agents and assume that economic statistics able select
“independent” agents. Let’s call agents as “independent” if sum of their additive variables
equals same variable of the entire group. For example sum of Credits of k agents equals

Credits of the group of these k agents. Additive variables are Credits, Investment, Asset and
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etc. There are a lot of non-additive variables as bank rates, inflation, prices and etc. Non-
additive variables are defined as ratio of additive variables or ratio of non-additive variables.
For example non-additive variable - price of transaction equals the ratio of cost and volume
of this deal. Hence all economic variables are determined by additive variables only. Let’s
show how description of additive variables models evolution of macroeconomic variables.

Let’s define additive economic variable A(z,x) at point x as sum of variables A;(t,x) of agents i

with coordinates in a unit volume dV(x) (2) and then average it during term 4 as:
A(t, x) = Yicav(x); s Ai (£, X) 3)

Sieaveo;aAi(t, 1) =1 [T Ticar (o Ai(T, %) @)
We use i € dV(x) to denote that risk coordinates x of agent i belong to unit volume dV(x).
For brevity we use left hand sum (4) to denote averaging during time 4 in a unit volume
dV(x). We repeat meaning of space scales d and time scale 4 given in Sec.2. Scales d<<1 of
volume dV(x) are small to compare with scales of economic domain (1.1) but volume dV(x)
contains a lot of economic agents. Scale 4 is small to compare with time scales of the
problem under consideration but a lot of economic and financial transactions between agents
are performed during time 4. Time averaging smooth changes of variables under numerous
transactions during time 4. We aggregate values of variables of numerous agents with risk
coordinates inside volume dV(x), smooth their changes during time 4 and denote result as
density function of variable at point x. Density function A(z,x) describes economic variable at
point x on economic domain (1.1). For example let’s take A,(z,x) as Credits of agent i. Then
density of Credits A(t,x) describe sum of Credits issued by all agents with coordinates x
inside unit volume dV(x) and averaged during time A. Total value of macroeconomic variable
A(t) 1s determined by integral (5) over economic domain (1.1):
A(t) = [dx A(t, x) (5
Function A(?) equals sum (without doubling) of variables A;(z,x) of all agents i of entire
economics averaged during time 4. For example Credits A(?) issued in macroeconomics equal
integral of Credits A(t,x) by dx over economic domain (1.1). Thus function A(t,x) (3) can be
treated as economic density of variable A(z) (5) on economic space. Now let’s describe
evolution of economic densities A(z,x) defined by relations (3). Economic density A(z,x) (3)
is composed by variables A,(z,x) of agents i . Risk ratings of each agent can change during
time A. Such time 4 can be equal a day, a week, a quarter etc. Let’s describe change of
agent’s i risk coordinates on economic space during time 4 by velocity v;=(vy,...v,). Thus

each agent i with economic variable A, tx) carries flow of this economic variable with
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velocity v;=(vy,...v,). Flow pia(t,x) of economic variable A,(z,x) of agent i with velocity
v;=(vy,...v,) equals:

Pia(t, x) = A;(t, X)v;(¢, x) (6)
Different agents induce different flows of economic variable A in different directions with
different velocities. Let’s aggregate flows of variable A,(z,x) in the direction of velocity v; of
agents i with coordinates in a unit volume dV(x) (2) and then average this flow during time 4
similar to relations (3, 4). Let’s define flow Pa(z,x) of variable A(t,x) as:

P,(t,x) = Yicav(x); a4 (L, X)U; (¢, x) @)

Similar to (5) integral of (7) by dx over economic domain (1.1) define macro flow P4(t) of
variable A(?) as:

P4(t) = [dx P(t,x) ®)
Flow Py4(tx) (7) of variable A(t,x) (3) defines aggregated velocity va(f,x) of economic
variable A(z,x) that adjust the flow (7) as:

P,(t,x) = A(t, x)v4(t, x) ©)
Thus (9) describes flow P4(t,x) of economic variable A(z,x) with velocity va(t,x). Relations
(5) and (8) define macro velocity v4(z) on domain (1.1) of macro variable A(?) as:

P,(t) = A(Dv,(t) (10)

Let’s mention that due to (3; 5; 7-9 and 10) velocity va(?) 1s not equal to integral of velocity
va(t,x) over economic domain (1.1). Aggregation of agents economic variables defines
corresponding economic densities and velocities. Due to relations (3-10) different economic
variables A define different economic flows P4(t,x) and different velocities v4(t,x). In other
words — motion of different economic variables A(z,x) on economic space has different
velocities v4(t,x). For example flow Pc(t,x) of Credits C(t,x) has velocity vc(t,x) different
from velocity vr(t,x) that describe flow Py(t,x) of Loans L(t,x) or velocity v;(t,x) that describe
flow Py(t,x) of Investment /(z,x) on economic space. Macroeconomic models should describe
dynamics and mutual interactions between numerous economic and financial variables and
their flows. Properties of economic flows are completely different from properties of any
physical flows.
To model dynamics of economic variables A(z,x) and flows P4(t,x) let’s describe their change
in small unit volume dV. There are two factors that change A(z,x) in a unit volume dV. The
first factor describes change of A(z,x) on a unit volume dV in time and can be presented by

time derivative as:

)
[ dx - At %) (11)
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The second factor describes change of variable A(z,x) due to flows P4(t,x). Indeed, amount of
economic density A(z,x) in a unit volume dV during time df can grow up or decrease due to
in- or out- flows Pu(t,x). If there are more in-flows P4(z,x) then out-flows then amount of
A(t,x) will increase in a volume dV. To calculate balance of in- and out-flows let’s take
integral of flow P4(t,x) over the surface of a unit volume dV:
$ds P,(t,x) = Pds A(t,x) v,(t,x) (12)
Due to divergence theorem (Strauss 2008, p.179) surface integral of flux A(z,x)va(t,x) through
surface equals volume integral of divergence of flow A(t,x)va(t,x)
$ds A(t,x) v,(t,x) = [dx V- (A(t, x) v4(t, X)) (13)

Relations (11,13) give total change of variable A(z,x) in a unit volume dV :

fdx [%A(t,x) +V- (At %) vA(t,x))]
As unit volume dV is arbitrary one can take equations on economic density A(z,x) as
DyA(L %) = = A(t, %) + V- (At %) v4(t,0)) = Fa(6,) (14)
Function Fy4(t,x) in right side (14) describe factors that impact change of economic density
A(t,x) as: other variables, transactions, expectations and etc. Equations like (14) are
reproduced in any treatise on physics of fluids (Batchelor, 1967; Resibois and De Leener,
1977; Landau and Lifshitz, 1987) and are valid for any additive economic or financial

variables defined as aggregates of agents variables on economic space similar to (3). Due to
(13) integral of divergence of flow V - (A (t,x) vu(t, x)) over economic domain (1.1) equals
integral over surface of economic domain (1.1) and hence equals zero as no economic or

financial flows exist outside of (1.1):

jdx V- (At x) vu(t, %)) = 3€ ds A(t, x) v,(t,x) =0
Hence integral over economic domain (1.1) for (14) due to (5) equals:
d
[ dx [EA(t, x) + V- (AL, %) va (2, x))] =2 dx ALx) =S A®M) (15

Thus operator D4 (14) on economic space for economic or financial variable A(z,x) (3) plays
the same role as usual ordinary derivation by time d/dt for macro variable A(z) (5). Let’s
underline that different variables A(z,x) and B(t,x) follow different operators (14) due to

different velocities vs(z,x) and vp(t,x). So, economic variable B(t,x) follows equations:
DpB(t,x) = +-B(t,x) + V- (B(t,2) v(t,x)) = Fy(t,x) (16)

Equations (14; 16) are valid for additive variables. Flow P4(t,x) follows the same operator Dy

(14) as variable A(t,x) and
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D PA(t, x) = %PA(t, X) + V- (Pa(t, ) 0u(t, %)) = Gu(t, x) (17)

0
V- (Pat ) va6) = ) =—(Patx) (6 ))
]

j=1.n
Function Gy(t,x) in right side (17) describe factors that impact change of economic flow
P,(t,x) as: other variables, transactions, expectations and etc.
Equations (14, 17) describe evolution of A(t,x) (3) and P4(t,x) (9) under action of factors
F4(t,x) and Gy(t,x). Integrals of (14; 17) by dx over domain (1.1) give ordinary differential

equations as no economic or financial flows exist outside of (1.1) (Strauss 2008, p.179):
9 d
fdx[EA(t, x) + V- (A(t,x) vA(t,x))] = S A(t) = Fa(t) (18.1)

[dx| 5 Pa(t,x) + V- (Pa(t,2) va(6,%))| = 5 Pa(t) = Ga(t) (18.2)
Ordinary differential equations (18.1, 18.2) describe time evolution of macroeconomic and
financial variables of entire economics. It is clear that all complexity of economic dynamics
is described by right hand side factors F4(t,x) and Ga(t,x) in (14, 17). Equations (14, 17)
permit model self-consistent interactions between two macro variables. The simplest case of

mutual dependence between two macro variables can be presented as

2 At %) + V- (At %) v4(6,20) = Fy (¢, %) (19.1)
2 B(t,2) + V- (B(t,2) up(t,x)) = Fy(t, %) (19.2)
2 Pa(t, %) + V- (Pa(t, %) v4(t, X)) = Ga(t, %) (19.3)
2 Pp(t,x) + V- (Pg(t,x) up(t, 1) = Gp(t, %) (19.4)
Fu(t, %) = Fa(t,x; B, Pp) ; Fp(t,x) = Fp(t,x; A, Py) (19.5)
Gu(t, X) = Go(t,x; B, Pg) ; Gy(t,x) = Fy(t,x; A, Ppy) (19.6)

Relations (19.5, 19.6) may describe dependence of F4(f,x) and G4(t,x) on variable B(t,x) and
flow Ppg(t,x) and Fp(t,x) and Gp(t,x) on variable A(t,x) and flow Ps(t,x). Fa(t,x) and Ga(t,x)
may depend on operators like divergence, gradient, rotor and etc. on functions B(z,x) and
Pg(tx). It is obvious that in real economics macro variables depend on numerous economic
and financial factors but (19.1-19.4) permit study simple approximations of mutual relations
between two — three or four macroeconomic variables and their flows.

In Part II we describe economic transactions and expectations as density functions on
economic space. We derive equations on transactions, expectations and their flows. We show

how our approach helps describe asset pricing on economic space and derive equations on

18



price evolution. In Part III of our paper we apply our model equations to description of

particular economic problems.

Part II. Economic Transactions, Expectations and Asset Pricing
5. Economic Transactions on Economic Space
In this Section we model economic and financial transactions between agents. In Part I. we
show that risk assessments of economic agents permit distribute them by their risk rating as
coordinates on economic space. Now let’s model economic transactions in a similar way.
Let’s study additive economic and financial variables that are subject of transactions between
agents. For example let’s propose that agent i sell some amount of variable E to agent j. As E
one may regard any goods, capital, service or commodities as Oil, Steel, Energy and etc. For
example let’s assume that agent i provide credits C to agent j. Such transactions between
agents [ and j change amount of credits C provided by i and change amount of loans L
received by j. Each transactions take certain time df and we consider transactions as rate or
speed of change of corresponding variable E of agents involved into transaction. For example
all transactions of agent i at moment ¢ during time [0, 7] define change of variable E (Steel,
Energy, Shares, Credits, Assets and etc.) owned by agent i during period [0, 7].
To avoid excess specification of transactions between numerous separate agents let’s replace
description of transactions between separate agents by rougher description of transactions
between points of economic space and average it during time 4 alike to (I.3; 4). Let’s neglect
granularity of separate agents and transactions between them and replace it by density
functions of transactions on economic space. Let’s take that agents on economic space R" at
moment ¢ have coordinates x=(x,,...x,) and risk velocities v=(vy,...v,). Risk velocities
describe change of agents risk coordinates during time df. Let’s remind that all agents have
coordinates inside n-dimensional economic domain (I.1.1). Transactions between agents with
risk coordinates x and agents with risk coordinates y are determined on 2n-dimensional
economic domain, z=(x,y):

z=xy); x=(x1 %) ;Y= V1Y) (1.1)

0<x,<1;0<5y;<1, i=1,..n (1.2)
Relations (1.1; 1.2) define economic domain that is filled by pairs of agents with coordinates
z=(x,y) on 2n-dimensional economic space R”. Let’s rougher description of transactions
between agents and replace it by description of transactions between all agents at points x and
y. Let’s take a unit volume dV(z)

dV(z) =dV(x)dV(y) ; z=(x,y) (1.3)
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and assume that dV(x) and dV(y) follow relations (I.2) and their scales are small to compare
with scales of economic domain (I.1.1) for x and y. Let’s propose:

dV; K 1,i=1,..n; dV(x) = [li=1 nadV; (1.4)

AV, < 1,j=1,.n; dV(y) = [lj=1,ndV; (1.5)
Let’s assume that each unit volume dV(x) and dV(y) contain a lot of agents with risk
coordinates inside dV(x) and dV(y). Let’s take time 4 small to compare with time scales of
macroeconomic problem under consideration but assume that during time 4 agents inside
dV(x) and dV(y) perform a lot of transactions. Let’s rougher space description of transactions
on (1.1; 1.2) by scales dV; and rougher time description by scale 4. As we keep space scales
dV; small to compare with scales of economic domain (1.1; 1.2) and time scale 4 small to
compare with time scales of the macroeconomic problem hence we still use continuous
approximation, but with rougher scales.
Let’s denote bs; »(t,x,y) as buy-sell transactions by variable E from agent / at point x to agent
2 at point y. Economic variable E may be Oil, Steel, Shares, Credits, Assets and etc. that are
supplied from agent / as seller at point x to agent 2 as buyer at point y at moment ¢. Let’s
aggregate all transactions by variable E performed by all agents inside dV(x) and agents
inside dV(y). Similar to (I. 3;4) let’s define transaction BS(t,z) at point z=(x,y) as sum of
transactions bs;(t,x,y) between all agents i in a unit volume dV(x) at point x and agents j in a

unit volume dV(y) at point y and average this sum during time 4:

BS(t,x,y) = Yieav(x);jeav(y); a bSi j(t, X, ¥) (2.1)

Yicav(x); absij(6,x,y) = %fttﬂ dt Yicav(x);jeav(y) bsij(t, x,y) (2.2)
Integral of BS(t,z) by variable dy over economic domain (I.1.1) defines all sells BS(t,x) of
variable E performed by agents inside a unit volume dV(x) at point x
BS(t,x) = [dy BS(t,x,y) 3)
and integral of BS(t,x) by variable dx over economic domain define all sells BS(t) of variable
E performed by all agents of macroeconomics at moment .
BS(t) = [ dx BS(t,x) = [ dxdy BS(t,x,y) 4.1)
For example, if CI(t) (4.2) defines cumulative investment made in economy during term [0,t]

and BS(t,x,y) — investment transactions made from x to y during time term df then
%01(1:) = BS(t) = [ dxdy BS(t,x,y) (4.2)
Hence transactions define time derivative of cumulative macroeconomic and financial

variables like investment, credits and etc., made during time term. Macros transactions

BS(t,z) on economic domain (1.1; 1.2) describe evolution of macroeconomic and financial
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variables. Relations (4.1-4.2) define macroeconomic variables as integrals of transactions
BS(t,z) over economic domain. Let’s call BS(t,z) as transactions density functions on 2n-
dimensional economic domain similar to economic density function A(z,x) (1.3).

Let’s remind that transactions densities BS(#,z), z=(x,y) are determined as aggregates of
transactions between agents at points x and y. As we argue in Part I each agent i on economic
domain is described by its risk coordinates x; and its velocity v;. Thus similar to (1.6) let’s

define flows p;i(t,z) (5.1;5.2) of transactions bs;j(7,z) between agents:
pij(tz) = (Pxij(t, Z),Pyj(t, Z)) (5.1
Pxij(t,2) = bs; j(t,2)v;(t,x) ;  Dyij(t,2) = bs; j(t, 2)v(t,y) (5.2)

Flows p;i(t,x,y) describe amounts of transactions bs;(t,x,y) carried by agents i as sellers and
carried by agents j as buyers of variable E. Flows p,;(t,x,y) describe motion of sellers along
axis X and flows p,;(t,x,y) describe motion of buyers along axis Y. Aggregates of flows
pii(t.x,y) over all agents i at point x with coordinates inside dV(x) and all agents j at point y
with coordinates inside dV(y) define transactions flows P(z,x,y) between points x and y
similar to (1.7) and (2.1; 2.2) as:
P(t,z) = (Px(t,z),Py(t,z)) D 2= (%) (5.3)
P.(t,2) = Yieav(osjeav(y) aPxij(t, 2) = ieav(jeav(y) a bsij(6, 2)vi(t,x)  (5.4)
P,(t,2) = Xieav(x);jeav(y) s Pyij(t, 2) = Xieavw);jeavy) a bsij(t, 2)v;(t,y)  (5.5)
Transactions flows P(t,z) (5.3-5.5) between points x and y describe amounts of transactions
BS(t,z) carried by transactions velocities o(t,z) through 2n-dimensional economic domain
(1.1;1.2). Similar to (1.9) let’s define transactions velocities v(z,z) as:
P(t,z) = BS(t,2)v(t,z) ; v(t,2) = (V,.(t,2); v, (¢, 2)) (5.6)
P,(t,z) = BS(t,z) v,(t, z) ; P,(t,z) = BS(t,2)v,(t, z) (5.7
Similar to (I.8;9) integrals over economic domain (1.1;1.2) by dx and dy define
macroeconomic flows of transactions BS(f) (4.1) with velocity o(?) as:
P(t) = [dxdy P(t,x,y) = BS(®)v(t) ; v(t) = (0x(); v, (1)) (5.8)
For example let’s take BS(?) as investments made in macroeconomics during time dt. Then
relations (5.8) describe flow of investment transactions with velocity »(z) on economic space.
Components v.(t) and v,(?) describe motion of aggregated investors and aggregated recipients
of investments. Positive or negative values of components of velocity v,;() along axis x; of
economic space describe motion of investors in risky of safer directions. Positive values of

components of velocity v,(t) along axis y; of economic space describe risk growth of
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recipients of investments and negative o,;(t) describes decline of risks of recipients of
investments along axis y; Aggregated investors and recipients of investments have
coordinates inside economic domain (1.1;1.2). Thus velocities (5.8) can’t be constant and
must change signature and fluctuate as borders of economic domain (1.1; 1.2) reduce motion
along each risk axes. Fluctuations of macroeconomic velocities (5.8) of investment
transactions describe motion of investors and recipients of investments from safer to risky
areas of economic domain (1.1; 1.2) and back from risky to safer areas. Such fluctuations of
investors and recipients of investments due to oscillations of velocity o(?) (5.8) describe
Investment business cycles. Credit transactions, buy-sell transactions and etc., induce similar
macroeconomic transactions flows (5.8) and describe corresponding credit cycles, buy-sell
cycles and etc., (Olkhov, 2017d; 2018).
Relations (2.1-2.2; 5.3-5.5) allow derive equations on transactions density BS(t,z) and
transactions flows P(t,z), z=(x,y) on 2n-dimensional economic domain similar to equations
(I.14; 17). To derive equations on transactions density BS(z,z) (2.1; 2.2) and flows P(t,z) (5.6)
let’s describe their change in a small unit volume dV(z) (1.4; 1.5). Two factors change BS(1,z)
in a unit volume dV(z). The first change BS(z,z) in time as:
[ dz 2 BS(t,2) (5.9)
The second factor describes change of BS(#,z) due to flows P(t,z): amount of BS(#,z) in a unit
volume dV(z) (1.4; 1.5) can grow up or decrease due to in- or out- flows P(#,z) during time dr.
If in-flows P(t,z) are exceed out-flows then BS(t,z) will increase in a volume dV(z). To
calculate balance of in- and out-flows let’s take integral of flow P(t,z) over the surface of
dV(z):
$ds P(t,z) = ds BS(t,z)v(t,z) (5.10)
Due to divergence theorem (Strauss 2008, p.179) surface integral (5.10) of the flow
P(t,z)=BS(t,z)v(t,z) equals its volume integral by divergence of the flow:
¢ ds BS(t,z)v(t,z) = [dz V- (BS(t,2)v(t, 2)) (5.11)

Relations (5.9; 5.11) give total change of variable BS(#,z) in a unit volume dV(z):

f dz [% BS(t,2) + V- (BS(t,2) v(t, )|
As a unit volume dV(z) is arbitrary one can take equations on economic density BS(z,z) as
2 BS(t,2) + V- (BS(t,2) v(t, 2)) = F(t,2) (5.12)
Same considerations are valid for the flow P(t,z):

2 P(t,2) + V- (P(t,2) v(t,2)) = G(t,2) (5.13)
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Similar to (I.18.1; 18.2) integrals of (5.12; 5.13) by dz=(dx,dy) over economic domain (1.1;

1.2) give for (4.1) ordinary time derivation equations:

[ dz [% BS(t,z) + V- (BS(t,2) v(t, z))] =2BS(t) =F(t) = [dzF(t,z)  (6.1)

fdz [%P(t, z)+ V- (P(t, z) v(t, z))] = %P(t) =G(t) = fdz G(t, z) (6.2)

Relations (6.1; 6.2) illustrate that operators in the left hand of (5.12; 5.13) for BS(t,z) and
flows P(t,z), z=(x,y) on 2n-dimensional economic space play role alike to ordinary time
derivative for macro transactions BS(f) (4.1) and flows P(t) (5.8). Different transactions have
different densities, flows and velocities and thus are described by different operators (5.12;
5.13) with different functions F(#,z) and G(t,z). It is assumed that agents are engaged into
transactions BS(z,z) with other agents under various expectations. Thus we propose that
functions F(tz) in (5.12) may describe action of expectations of agents involved into
transactions BS(t,z) between points x and y. In the next section we introduce definitions of
expectations between points x and y. Functions G(t,z) in (5.13) describe action of factors that
impact evolution of transactions flows P(t,z). Thus functions F(t,z) and G(t,z) in (5.12; 5.13)
define particular evolution model of transactions BS(t,z) and flows P(t,z). Various economic
reasons those define dependence of functions F(#z) and G(tz) on other transactions,
economic variables or expectations permit study different economic models of evolution of
transactions BS(t,z) and flows P(1,z).

The simplest case describes mutual dependence between two transactions BSg(f,z) and
BSop(t,z). Let’s study exchange by economic variables £ and Q in the assumption that
functions Fg(t,z) and Gg(tz) depend on transactions BSp(t,z) and its flows Py(t,z) and
functions Fy(t,z) and Gy(t,z) depend on transactions BSg(t,z) and flows Pg(t,z). This
approximation models self-consistent dynamics of two transactions and their flows and
describes evolution of corresponding variables E and Q. One can study equations (5.12; 5.13)
with functions F(z,z) and G(t,z) that depend on several transactions, expectations or economic
variables. Such models describe approximations of economic evolution of transactions and
macro variables for different functions F(z,z) and G(1,z).

To describe possible impact of expectations on functions F(t,z) and G(t,z) for equations (5.12;
5.13) let’s introduce definitions of expectations densities similar to above models of

economic variables and economic transactions.

6. Expectations on Economic Space

Expectations are the most “etheric” economic substance. In this Section we consider
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expectation as economic substance that determine performance of transactions and thus have
substantial impact on evolution of macroeconomic variables.

Expectations are treated as factors that govern economic and financial transactions, price and
return at least by Keynes (1936) and actively studied since Muth (1961) and Lucas (1972)
and in numerous further publications (Sargent and Wallace, 1976; Hansen and Sargent, 1979;
Kydland and Prescott, 1980; Blume and Easley, 1984; Brock and Hommes, 1998; Manski,
2004; Brunnermeier and Parker, 2005; Dominitz and Manski, 2005; Klaauw et al, 2008;
Janzek and Ziherl, 2013; Greenwood and Shleifer, 2014; Lof, 2014; Manski, 2017; Thaler,
2018).

Expectations concern all economic and financial variables as inflation and demand, exchange
rates, bank rates, price trends and etc. There are a lot of studies on expectations
measurements (Manski, 2004; Dominitz and Manski, 2005; Klaauw et al, 2008; Stangl, 2009;
Janzek and Ziherl, 2013; Manski, 2017; Tanaka et al, 2018). Manski (2004) indicates that “It
would be better to measure expectations as - subjective probabilities”. Dominitz and Manski
(2005 ““analyze probabilistic expectations of equity returns”. Stangl (2009) suggests that
“Visual Analog Scale (VAS) enables scores between categories, and the respondent can
express not only the direction of his attitude but also its magnitude on a 1-to-100 point scale,
which comes close to an interval scale measurement”. Measurement of such “etheric”
economic substance as expectations is a really tough problem. Our approach to expectations
modeling as important factor that impact macroeconomic evolution requires that all
expectations under consideration should have similar measure. Let’s omit here discussion on
expectations measure and assume that all expectations are measured as index. It is clear, that
scale of index is not important. Expectations may take any values between 0 and 100 or 0 and
1. The only requirement — all expectations are measured by same measure with same scale.
For certainty let’s take that measure of expectations is an interval [0,1].

Each economic agent can have a lot of different expectations and different expectations force
agents accomplish transactions. Let’s assume that in economy there are j=1,..K expectations
those may impact transactions between agents. Let’s transfer description of expectations that
define transactions between separate agents to aggregate expectations that describe
transactions between points on economic space. To aggregate value and economic
importance of agents expectations let’s state that economic value of particular expectation of
agent should be proportional to value of transactions made under this particular expectation.
Indeed, if particular transactions amount 90% of all deals and are made under expectation 1

then this particular expectation 1 is ninety times more important then expectation 2 that is
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responsible for only 1% of same deals. Thus aggregation of expectations and description of
most valuable expectations should be done for expectations weighted by value of transactions
made under these expectations.
Let’s take buy-sell transactions bs;(t,x,y) that describe transfer of economic variable E -
assets, shares, commodities, service, credits and etc., from agent i as seller at point x to agent
J as buyer at point y. Let’s denote ex;(k;#,x) as expectations of type k=1,..K of agent i as seller
at point x. Let’s assume that expectations ex;(k;t,x) approve bs;j(k;t,x,y) - part of transactions
bsjj(t,x,y) with economic variable E made under sellers expectations of type k from agent i as
seller at point x to agent j as buyer at point y. Further let’s denote expectations of buyer
exj(t,y;l) of type [=1,..K that approve part bs;(t,x,y;[) of transactions bs;(t,x,y) made under
buyers expectations of type / by the agent j as buyer at point y.
Economic value of sellers expectations ex;(k;tx) is proportional to amount of transactions
bsii(k;t,x,y) with variable £ made under this type of expectations. For k, [=1,..K let’s
introduce expected transactions et;i(k;t,x,y;[) as follows:
et;;(k;t,z; 1) = (etij(k; t,z); etj(t, z l)) ; z2=(xy) (7.1)
et;j(k;t,z) = ex;(k; t,x)bs;j(k; t,z) ; et;;(t,z;1) = ex;(t,y; Dbs;j(t, z; 1)

Expected transactions etj(k;t,z) (7.1) describe sellers expectations ex;(k;t,x) at point x
weighted by transactions bs;j(k;2,z) performed between agents i as sellers at x and agents j as
buyers at y under expectations of type k. Expected transactions et;i(t,z,1) (7.1) describe buyers
expectations exj(t,y;[) at y weighted by transactions bs;(t,z;/) performed under buyers
expectations ex;(t,y,;l) between agents i as sellers at x and agents j as buyers at y. Transactions
bsij(k;t,z) between agents i and j are made with variable E under sellers expectations k and
transactions bs;j(t,z;[) are made under buyers expectations [/ and are additive functions.
Let’s rougher description of transactions bs;(k;t,z) and bs;(t,z;l) and define transactions
BS(k;t,z) and transactions BS(t,z;l) with variable E performed by sellers at x under
expectations of type k and by buyers at y under expectations of type [ as:

BS(k; t,z) = Xieav(x);jeavy); absij(k; t,2) 5 z = (x,y) (7.2)

BS(t,z;1) = Yicav(x);jeavy); a bsij(k; t, 2) (7.3)
Functions BS(k;t,x,y) (7.2) describe part of transactions BS(t,x,y) (4.2) performed by sellers at
x under expectations of type k of with agents at y and all types of buyers expectations.
Functions BS(t,x,y,1) (7.3) describe part of transactions BS(z,x,y) (4.2) performed by buyers at
y under expectations of type [ with agents at x and all types of sellers expectations.

BS(t,z) = Y BS(k;t,z) = Y, BS(t, z; 1) (7.4)
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Sum by £ of transactions BS(k;t,z) (7.2) equals sum by [ of transactions BS(z,z;1) (7.3) and that
equals transactions BS(t,z) (2.1;2.2) performed under all expectations a z=(x, y).

Now let’s define expected transactions Et(k;tx,y;l) between points x and y made under
sellers expectations of type k and buyers expectations of type /. Let’s aggregate (7.1) in unit

volumes (1.3) and average alike to (2.1;2.2) as:

Et(k;t,z; ) = (Et(k;t,2) 5 Et(t,z1) 5 z=(x,y) (7.5)
Et(k;t,2) = Yicav(x);jeav(y)a €Xi(k; t, x)bs;j(k; t, z) (7.6)
Et(t,z; 1) = Yieavx)jeav i €% (6, y; Dbsij(t, z; 1) (7.7)

Definitions of BS(k;t,z) (7.2) and BS(t,z;1) (7.3) permit use expected transactions Et(k;t,z) and
Et(t,z;1) (7.5-7.7) and introduce expectations densities Ex(k;t,z), z=(x, y) of type k of sellers at
x and expectations densities Ex(z,z;/) of type [ of buyers at y as:

Et(k;t,z) = Ex(k;t,z)BS(k;t,z) (7.8)

Et(t,z;1) = Ex(t,z;1)BS(t,z; 1) (7.9)
Let’s underline that expected transactions Et(k;t,z) and expectations Ex(t,z;l) (7.8; 7.9) are
determined with respect to transactions with selected economic variable E. Transactions with
different variables £ — commodities, service, assets and etc., - define different expected
transactions and expectations densities. Functions Ex(k;tx,y) (7.8) z=(x, y), describe sellers
expectations of type k at point x for transactions BS(k;t,x,y) (7.2) with economic variable E
under sellers expectations of type k and for all expectations of buyers at y. Functions
Ex(tx,y;1) (7.9) describe buyers expectations of type [/ at point y for transactions BS(z,x,y;[)
(7.3) made under all expectations of Sellers at x. To define expectations of sellers Ex(k;¢) and

expectations of buyers Ex(t;1) let’s take integrals over economic domain (1.1; 1.2):

BS(k;t,x) = [ dyBS(k;t,x;¥); BS(t,y;1) = [ dx BS(t,x; y;1) (8.1)
Et(k;t,x) = [ dyEt(k;t,x,y) = Ex(k; t,x)BS(k; t, x) (8.2)
Et(t,y;1) = [ dxEt(t,x,y;1) = Ex(t,y; )BS(t,y; 1) (8.3)
BS(k;t) = [ dxdyBS(k;t,x;¥); BS(t; 1) = [ dxdy BS(t,x;y; 1) (8.4)
Et(k;t) = [ dxdyEt(k;t,x,y) = Ex(k; t)BS(k; t) (8.5)
Et(t;1) = [ dxdy Et(t,x,y; 1) = Ex(k; t)BS(t; 1) (8.6)

Relations (8.1) define transactions BS(k;t,x) with economic variable E performed by sellers
at x under their expectations of type k with all buyers of entire economics. Buyers at y under
their expectations of type [ perform transactions BS(t,y,;l) (8.1) with all sellers of the entire
economics. Relations (8.2) define expected transactions Ef(k;t,x) made by sellers at x under

sellers expectations Ex(k;t,x) of type k with all buyers of entire economics. Relations (8.3)
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define expected transactions Et(,y;l) made by buyers at y under buyers expectations Ex(z,y;[)
of type [ with all sellers. Relations (8.4) define all transactions BS(k;t) with economic
variable £ made in economics under sellers expectations of type k. Functions BS(z;1) (8.4)
define all transactions with economic variable E made in economics under buyers
expectations of type /. Relations (8.5) define macroeconomic sellers expectations Ex(k;t) of
type k for the transactions BS(k;t) with economic variable E. Relations (8.6) define
macroeconomic buyers expectations Ex(z;/) of type [ for the transactions BS(#;l) with
economic variable E. Thus starting with definitions of expected transactions (7.1) and
definitions of partial transactions BS(k;t,x,y) (7.2) and BS(t,x,y;l) (7.3) we derive reasonable
definitions of macroeconomic expectations of sellers (8.5) and buyers (8.6) for transactions
with economic variable E. Let’s outline that expectations of type k play different role for
transactions with different economic variables E and that makes observations and
measurements of expectations a really complex problem.

Now let’s describe how expected transactions and expectations can flow on economic space
alike to flows of economic variables (I.6-10) and transactions flows (5.1-5.5). Motion of
agents 7 and j at points x and y with velocities v;(t,x) and vj(t,y) on e-space due to change of
their risk ratings induce flows p;i(k;t,z) and pj(t,z;) of expected transactions et;(k;t,z) and

etii(t,z;1) (7.1) similar to flows p,;i(t,z) of transactions bs;j(1,z) , z=(x,y), as:

pij(k;t,z; 1) = (pij(k; t,z),pij(t, z; l)) ; z=(xy) 9.1)
pij(k;t,z) = et;j(k; t,2)v;(x) = ex;(k; t,x)bs; j(k; t, Z)v;(x) (9.2)
pij(t, z; 1) = et;;(t,z; Dv;(y) = ex;(t,y; Dbs; j(t, z; Dv;(y) (9.3)

Flows pj(k;t,z) describe amounts of expected transactions et;(k;t,z) of type k carried by agent
i in the direction of velocity »; . To define aggregate flows of expected transactions at points
x and y let’s collect flows p;i(k;t,z) of expected transactions ef;j(k;2,z) (9.2) of agents i in a
unit dV(t,x) (1.3-1.5) and flows pjj(t,z;1) of expected transactions et;(z,z;[) (9.3) of agents j in

a unit volume dV/(t,y) and then average the sum during time 4 similar to (2.1;2.2; 5.4; 5.5) as:

P(;t,z;1) = (P t,2), Py (t,z:D) 5 z=(x,Y) 9.4)
P, (k;t,z) = Yicav(x);jeavy) a €tij(k; t, 2)v;(x) 9.5)
P, (t,z;1) = Yicav()jeav(y) a €tij (£, 2, DU (¥) (9.6)
P,(k;t,z) = Etg(k; t,z) v, (k; t,z) = Ex(k;t,2z)BS(k; t, 2)v,(k; t, 2) 9.7)
P,(t,z; 1) = Etg(t,z; Dv,(t,z; 1) = Ex(t,2; )BS(t, z; Dv,, (¢, z; 1) (9.8)
v(k; t, ;1) = (vy(k; £, 2);0, (8,2 1)) 99)
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For transactions BS(t,x,y) that describe deals with variable E (shares, commodities, service
and etc.) from sellers at point x to buyers at point y relations (9.5) define aggregated flows
P.(k;1,z) of expected transactions of type k of sellers at point x. Relations (9.6) define
aggregated flows P(t,z;]) of expected transactions of type / of buyers at point y. Relations
(9.7-9.9) and expected transactions Et(k;t,z) and Et(t,z;1) (7.5-7.9) define velocities v.(k;1,z)
(9.7) of sellers at point x of expected transaction of type k and velocities v,(%,z;1) (9.8) of
buyers at point y of expected transaction of type [ as function of z=(x,y). Similar to
definitions of macroeconomic flows of variables (I. 6-9) and macro flows of transactions
(5.3-5.8) integrals by dz=dxdy over economic domain (1.1; 1.2) of relations (9.4-9.9) define
macroeconomic flows P(k;t), Py(t;]) and macroeconomic velocities v,(k;¢) and v,(t;) of

expected transactions Et.(k;t), Et,(t;]) and macroeconomic expectations Ex,(k;t), Ex,(t;]) as:

P, (k;t) = [dzEt,(k;t, 2)v,(k;t,2) (10.1)
P, (k;t) = Ety(k; t) vy (k; t) = Ex,(k; )BS(k; )vy (k; t) (10.2)
P,(t;1) = [dzEt,(t,z; Dv,(t, z; 1) (10.3)
P,(t;1) = Et,(t; D) v, (t; ) = Ex, (£; DBS(t; Dv, (t; 1) (10.4)

Relations (10.1-2) define macroeconomic flows of P,(k;f) and macroeconomic velocities
v.(k;1) of expected transaction Et.(k;t) of type k for sellers of variable E. As well flows P,(k;t)
(10.2) describe motion of macroeconomic expectations Ex,(k;¢) of type k for sellers of
variable E. Relations (10.3-4) define macroeconomic flows Py(t;1) and velocities v,(t;l) of
buyers expected transaction Et,(z;[) of type [ and motion of buyers macroeconomic
expectations Ex,(t;1) of type /. In other words, sellers expectations Ex,(k;t) of type k change in
time due to motion on economic domain with velocity v,(k;f). Borders of economic domain
(1.1;1.2) reduce motion along risk axes and hence values and direction of sellers flows P,(k;t)
and velocities o,(k;f) should fluctuate. That induce time oscillations of macroeconomic
expectations EXx,(k;t) and transactions BS(k;t) and should correlate with the business cycles
induced by oscillations of flows P(t) and velocities o(f) (5.8).

Let’s underline that velocities of v.(?) of sellers and velocities v,(t) of buyers (5.8) differs
from velocities v.(k; 1) of sellers expectations Ex,(k;?) of type k and velocities vy(t;]) of buyers
expectations Ex(t;1) of type . Flows of different variables E, transactions and expectations
have different velocities and their mutual interaction on economic domain reflect high
complexity of real economic processes.

Definitions (7.5-7.7) of expected transactions Et(k;t,z) and Et(t,z;l) and definitions (9.4-9.6)
of their flows P.(k;t,z) and P,(t,z;I) and definitions (9.7; 9.8) of their velocities v.(k;t,z) and
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vy(t,z;1) allow take equations on expected transactions and their flows similar to equations on

transactions and their flows (5.12; 5.13) as:

2 Et(k;it,2) + V- (Et(k: t,2) v, (ks t,2)) = We(k; £, 2) (10.5)
ZEt(t,zD) + V- (Et(tzD) vyt 1)) = Wy (t,2; 1) (10.6)
2Pkt 2) + V- (Pelkit,2) (ks 1, 2)) = Ry(k;t, 2) (10.7)
ZPy(t,zD + V- (Py(tz;D v, (t,Z:1)) = Ry (t, 2 1) (10.8)

Functions W,, W, and R,, R, in equations (10.5-10.8) describe action of economic and
financial variables, transactions and different expectations, technology, political and other
factors that may impact change of expected transactions Et(k;t,z) and Et(t,z;/) and their flows
P.(k;t,z) and Py(t,z;/) and hence impact change of expectations Ex(k;t,z) and Ex(t,z;l). That
makes economic modeling a really exciting problem.

Equations (I.14; 17) on macroeconomic and financial variables A(z,x) and their flows P4(t,x),
equations (5.12; 5.13) on transactions BS(#,z) and transactions flows P(t,z) and equations
(10.5-10.8) on expected transaction Et(k;t,z) and Et(t,z;1) and their flows P,(k;%,z) and Py(t,z;1)
complete our approximation of macroeconomic evolution based on description of relations
between macroeconomic and financial variables, transactions and expectations on economic
space. It is obvious that description of any particular macroeconomic problem requires
definition of right hand side of equations (I.14; 17), (5.12; 5.13), (10.5-10.8). All specifics
and details of macroeconomic processes are hidden in and are determined by function Fa(z,x)
and Gu(tx), F(tz) and G(tz), W, and W,, W, and R,, R,. We describe some particular

economic problems in Part III.

7. Asset Pricing

Asset pricing is one of the most important problems of economics and finance. We refer
(Cochrane and Hansen, 1992; Cochrane and Culp, 2003; Hansen, 2013; Campbell, 2014;
Fama, 2014; Cochrane, 2017) as only small part of asset pricing studies.

Let’s mention that in this paper we don’t argue why asset prices should take certain values,
but study how economic equations on variables, transactions expectations and their flows
determine equations on asset prices. Below we show that expectations and economic flows
induce equations on asset pricing and argue different definitions of transactions prices.

Above in Sec.5 and 6 we derive equations (5.12; 5.13) and (10.5-10.8) on transactions BS(,z)
with economic variable E and expected transactions Et(k;t,z) and Et(t,z;1). As variable E one

can take assets, investment, credits, commodities and etc. Meanwhile any economic
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transactions from agent i to agent j with particular asset or commodities implies payments for
assets or commodities from agent j to agent i. Thus transactions with variable E between
agents i and j should describe trading volume Q;; from i to j and trading value or cost C;; from
J to i. For example let’s assume that agent i sell Q;; =100 bbl. of Brent crude oil to agent j for
C;=6000 $. Thus Brent oil price p;; of this particular transaction equals p;= C;/Q;; =60 $/bbl.
Let’s treat transactions as two component functions and describe prices of separate deals
between two agents. That helps describe prices of aggregate transactions between points x
and y and prices aggregated over entire economics.
In Appendix A we give notion (A.1) of transaction as two component function. Transactions
BS with variable E as two components function define trading volume Q and cost C of
variable E:
BS(k;t,2) = (Q(ky;t,2); Cky; t,2)) 5 k= (ky, k) (11.1)
Relations (11.1) double the number of equations that describe transactions and expectations.
Each transaction should be approved by sellers expectations. Sellers expectations of type k;
approve trading volume Q(k;;t,z) and expectations of type k, approve trading value or cost
C(kt,z) of transactions. Thus sellers expectations k=(k;,kz) approve price p(k;t,z) (A.12.7)
or (11.2) of variable E for the transaction BS
C(kyt,z) =p(k;t,2)Q(ky;t,2) 5 k= (ky, k) (11.2)
All transactions transaction BS with variable E performed in economics at moment ¢ define
(A.12.14) price p(t) as:
() =p®)Q) (11.3)
In Appendix we derive equations that describe sellers transactions BS(k;1,z) (A.12.1) of type
k=(k;;k2) made under sellers expectations Exg(k;;t,z) of type k; (A.13.7) on trading volume
O(k;;stz) (A.12.2) and sellers expectations Exc(ky,t,z) of type k; (A.13.8) on cost C(ky,t,z) of
transaction (A.12.3). In other words — sellers expectations Exo(k;t,z) of type k; approve
trading volumes Q(k;;t,z) (A.12.2) of variable E for transactions BS(k;t,z) (A.12.1). Sellers
expectations Exc(kz;t,z) of type k, approve trading values or costs C(kzt,z) (A.12.3) of
transactions with variable E. We derive similar equations on buyers transactions of type
I=(1;;1;) BS(t,z;1) (A.12.4) made under buyers expectations Exy(1,z;1;) (A.13.9) of type [; on
trading volumes Q(t,z;1;) (A.12.5) of variable E and buyers expectations Exc(t,z;12) (A.13.10)
on costs C(t,z;15) (A.12.6) of type k.
Let’s state that notion of price should always be treated in regard to definite transactions

only. For example, sellers price p(k;t,z) (A.12.7) or (11.2) correspond to all transactions made
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under sellers expectations of type k=(k;k;) at moment ¢ between points x and y; z=(x,y).
Definition of price p(t,z) (A.12.9) corresponds to all transactions performed between points x
and y; z=(x,y) under all expectations of sellers and buyers. Price p(t) (A.12.14) or (11.3)
corresponds to all transactions in economy made at moment ¢ with variable E. Different
definitions of price describe different states of prices due to different aggregations of
transactions and cause different equations.

Economic equations on transactions BS(k;t,z) (A.18.1-4) made under sellers expectations and
equations on transactions made under buyers expectations (A.19.1-4) describe evolution of
transactions as two component functions and their flows. Further we derive equations on
sellers expected transactions and their flows (A.20.1-4) and buyers expected transactions and
their flows (A.21.1-4). Equations (A.18.1-21.4) complete system of equations on transactions
and expected transactions and their flows under expectations of type k=(k;;k;) and I=(1;;1>).
Equations on transactions and their flows define equations on prices (A.12.7-16). For
example, (A.22.3-4) define equations on sellers price p(kjkzt) (A.12.7) for transactions
(A.12.15) follows equations made in economics under expectations of type k=(k;k:).
Relations (A.23.1-6) define equations on price p(t) (A.12.14) of all transactions made in

economy at moment ¢ with variable E.
d d
- Q) =F(t) 5 Q) p(t) +p()F,(t) = Fe(t) (11.4)

Q) 2 V(1) + Fo(t)vg(8) = Go(t) 5 QOP() 2 vc(t) + ve(DF(8) = Ge(t) (11.5)
It 1s clear that representations (11.4, 11.5) allow model some cases and arise a lot of new
problems. Asset pricing is too complex problem to be described by (11.4, 11.5) or by any
definite equations only. In Appendix A we argue hidden complexity of (11.4; 11.5) and
problems of equations on economic variables (Part I, 18.1, 18.2), on transactions (5.12; 5.13),
on expected transactions (10.5-10.8). As well in Part III we apply equations (11.4, 11.5) to

model some simple cases of price fluctuations.

Part III. Economic Waves, Business Cycles, Asset and Option Pricing

8. Economic waves

Wave propagation of small disturbances is one of most general properties of any complex
systems. In this Sec. we describe wave propagation of small disturbances of density functions

of economic variables and transactions on economic domain (1.1) of economic space

(Olkhov, 2016a-2017c¢).
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8.1. Waves of economic variables

Any model of economic phenomena implies definite approximation. In this Sec we assume
that equations (I.14; 17) on density functions of economic variables and their flows depend
on other economic variables only. To simplify the problem we study mutual interactions
between two economic variables and their flows. Such approximation permits describe self-
consistent model of mutual dependence between two variables and describe wave
propagation of small disturbances of economic variables. Let’s study wave propagation of
disturbances of economic variables on economic space (Olkhov, 2016a-2017a). As example
let’s take familiar demand-price relations that propose price growth with rise of demand and
demand decline as price increases. Let’s derive equations that describe wave propagation of
perturbations of price and demand. Demand A(7,x) is additive variable and price p(#,x) is non-
additive. Supply S(z,x) of assets, commodities, service can be measured in physical units as
cars, shares, tons et., and in currency units. For simplicity let’s assume that supply S(z,x)
measured in physical units is constant S(z,x)=S - const., and supply B(f,x) measured in

currency units equals product of S(¢,x) and price p(t,x)

B(t,x) =Sp(t,x) ; S—const (1.2)
For such simplified assumptions demand A(z,x) and supply B(t,x) are additive variables and
follow equations (I.14;17). We define flows of variables A(t,x) and B(t,x) in (1.6-10). Let’s
take equations (I.14; 17) on economic variables A(t,x) and B(t,x) and their flows P4(t,x) and

Pp(t,x):

2 At %) + V- (At %) v(t, %)) = Fa(t, %) 2.1)
0

~BExX)+V- (B(t,x) u(t, x)) = Fz(t, x) (2.2)
2 P4t %) + V- (Pa(t,x) v(t, %)) = G4(t, %) (2.3)
2 Pp(t,x) + V- (Pg(t,x) u(t,x)) = Gg(t,x) 2.4)
P,(t,x) = A(t,x) v(t,x) ; Pg(t,x) = B(t,x) u(t,x) (2.5)

To describe Demand-Price model (2.1-2.5) let’s define functions F4(t,x) and Fp(t,x). Let’s
remind that V - indicates gradient and V - - indicates divergence. Let’s assume that function
Fa(t,x) 1s proportional to time derivative of supply B(%,x):

Fu(t, %) = ay = B(6,%) 5 Fa(t,X) = ay=A(t,x) ; a3 <0; a;>0 3.1)
and function Fp(t,x) is proportional to time derivative of demand A(z,x). These assumptions

for a; <0 give simple model of demand decline with price growth and price growth with
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demand increase for a, >0. Indeed, due to assumption (1.2) supply B(t,x) measured in
currency units is proportional to price p(z,x) and hence time derivative of supply B(t,x) equals
time derivative of price p(t,x). To define functions G(t,x) and Gp(t,x) in equations (2.3; 2.4)
let’s take
GA(t,x) = p1VB(t,x) 5 Gp(t,x) =B, VA(t,x) ; B <0; B,>0 (3.2)
Relations (3.2) propose that demand velocity o(z,x) decrease in the direction of economic
domain with high supply prices (3.3) with
VB(t,x) >0 (3.3)
and (3.2) represents that supply velocity u(z,x) grows up in the direction of economic domain

with high demand (3.4):

VA(t,x) >0 (3.4)
Thus equations (2.1-2.4) take form:
2 At %) + V- (A6, x) v(t,0) = ¢, = B(t, %) @.1)
2 B(t,x) + V- (B(t, ) u(t, 1) = a; = A(t, x) (4.2)
2 Pa(t, ) + V- (Pa(t, %) v(t, 1)) = BLVB(t, x) 4.3)
2 Pp(t,x) + V- (Pg(t,x) u(t,x)) = f,VA(t, x) (4.4)
a;<0; a, >0; p1<0; B,>0 4.5)

To derive equations that describe wave propagation of disturbances of demand and price let’s
take linear approximation for equations (4.1-4.4) for disturbances of demand A(z,x) and price
p(t.x). Let’s take disturbances as follows:

A(t,x) = Ao(1+ ¢(t,%)); B(t,x) =Spo(1+ n(t,x)) (5.1)
Relations (5.1) define dimensionless disturbances of demand ¢(z,x) and price z(t,x). Let’s

take that velocities v(z,x) and u(z,x) are small and in linear approximation equations (4.1-4.4)

take form:
2 p(t,x) + V- v(t,x) = ,C=m(t,x) ; C= % (5.2)
c (%n(t, ) +V-ut, x)) = a0, 2 (t,%) (5.3)
Zo(t,x) = fCVA(t, %) 5 Cu(t,x) = fVo(t, %) (5.4)

In Appendix B we show that equations (5.2-5.4) can take form of equations (5.5) on

disturbances of demand ¢(z,x) and price z(z,x):

(1 - @) 2 + (@us + Bran)A s — 102 (8, %) = 0 (5.5)
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As we show in Appendix B for o;><0 for any negative £;<0 there exist domain with
positive (>0 for which equations on disturbances of demand ¢(#x) and price 7(z,x) take

form of bi-wave equation (5.6):

2 e2n)( — 2M)p(t,x) = 0 (5.6)

ot? ot?

with different values of wave speed c; and ¢, determined by «;, o, [, > (B.5; 6). Bi-wave
equations (5.6) describe more complex wave propagation than common second order wave
equations. In Appendix B we show that equations (5.6) allow wave propagation of price
disturbances 7(z,x) (B.8) with exponential growth of amplitude as exp(y?). Thus exponential
growth of small price disturbances 7(z,x ) may disturb sustainable economic evolution.
8.2 Waves of transactions
Transactions and their flows are determined on economic domain (II.1.1; 1.2):

z=xy); x=01..%) 5 ¥y = 1Y) (6.1)

0<x;<1,i=1..n; 0<y;<1,j=1,..n (6.2)
and are described by (IL.5.9; 5.10). Let’s take transactions S(#,z) at z=(x,y) that describe
supply of goods, commodities or assets from point x to y and may depend on macroeconomic
variables, other transactions and expectations (Olkhov, 2017b). Self-consistent description of
transactions, expectation, variables and other transaction is a too complex problem. Let’s
study simple self-consistent model of mutual interaction between two transactions and their
flows. Let’s assume that transaction S(%,z), z=(x,y) supply goods or commodities from point x
to point y as respond to demand D(t,z), z=(x,y) for these commodities from point y to point x.
Let’s assume that interactions between transactions S(z,z) and D(t,z) and their flows P(t,z) and
Q(t,z) are described by functions F(1,z), F»(t,z) and G,(t,z), G2(t,z) and depend only on each
other and their flows. Both transactions follow equations alike to (I.5.9; 5.10). Let’s define
functions F;(1,z), F2(t,z) and G(1,z), G2(t,z) for equations on S(z,z) and D(t,z) and flows P(1,z)

and Q(1,z) respectively as (see 2.5):

Fi(t,z) =a, V- Q(t,z) ; F,(t,z) =a, V- P(t,z) (6.3)
G.(t,z) =B, VD(t,z) ; G,(t,z) =B, VS(t,z) (6.4)
Economic meaning of (6.3; 6.4) is follows. Due to (I11.5.6) flows P(t,z) and Q(t,z) looks as:
P(t,z) = S(t,2)v(t,z) ; v(t,2) = (V,(t,2);v,(¢, 2)) (6.5)
Q(t,z) = D(t,2)u(t,z) ; u(t,z) = (uy(t,2); u,(t,2)) (6.6)

Velocity v, of supply flow P(t,z) describes motion of suppliers at and velocity v, describe
motion of consumers on economic domain. Divergence in (6.3) describes sources and run-off

of flows in a unit volume
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dv = dV,dV,
Volume dV, describes a unit volume of variable x and dV, describes a unit volume near
variable y. Transactions S(1,z), z=(x,y) supply goods from a unit volume dV, near point x to a
unit volume dV, near y. Transactions D(t,z) describe demand of goods from a unit volume
dVy near y to a unit volume dV, near x. Divergence in (6.3) equals:
V-Q(t,2) =V, Qt,x,y)+V, Q(txy) (6.7)
Here x-divergence V, - Q(t, x,y) describes sources and sinks of demand flow Q(zz) of
suppliers at point x in a unit volume dV, . Divergence V,, - Q(t, x,y) — describes sources and
sinks of demand flow Q(%,z) of consumers of goods, those who generate demand at point y in
a unit volume dV,. Let’s treat
Ve Q(t,x,y) <0 (6.8)
as sinks of demand flow into point x that is met by supply S(z,z) from point x. Let’s present
divergence of supply flow P(%,z) (6.9) similar to (6.7):
V- P(t,z) =V, P(t,x,y) +V, P(t,x,y) (6.9)
Here x-divergence V, - P(t, x,y) describes sources and sinks of supply flow P(z,z) of from x
in a unit volume dV,. Relations (6.10)
Ve P(t,x,y)>0 (6.10)
describe sources of supply flow P(zz) from point x to y. Due to (6.3; 6.4) equations on

transactions S(z,z) and D(t,z) take form similar to (I1.5.9):

25+V-(Sv)=ay V- Q(t,2) (7.1)
2D+V-(Dw) =a,V- P(t,2) (7.2)
and equations on flows P(t,z) and Q(%,z)
P(t,z) =S5(t,z)v(t,z) ; Q(t,z) = D(t,z)u(t,z) (7.3)
on 2n-dimensional economic domain z=(x,y) take form similar to (I1.5.10):
2 P(t,2) + V- (P(t,2) v(t,2)) = B, VD(t,2) (7.4)
20(t,2) + V- (Q(t,2) u(t, 2)) = B, VS(t, 2) (7.5)

Equations (7.1; 7.2; 7.3; 7.4) cause equations on macroeconomic supply S(7) and demand D(?)
(IL.4.1). Functions S(z) and D(t) (7.6) describe macroeconomic supply and demand of selected
goods, commodities etc.

S(t) = [dxdy S(t,x,y) ; D(t) = [dxdyD(t,x,y) (7.6)

d da d da
L5 =0; DO =0;%PO=0; %0 =0 a7
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Relations (7.7) valid as integral of divergence over economic space equals zero due to
divergence theorem (Gauss' Theorem) (Strauss, 2008, p.179) because no flows exist outside
of economic domain and because transactions are equal zero outside of economic domain.
Thus model interactions (6.3; 6.4) and equations (7.1-7.5) describe constant or slow-changing
macroeconomic supply and demand, but allow model wave propagation of small disturbances
of supply and demand. To derive wave equations let’s study small perturbations of
transactions S(t,z) and D(t,z) and assume that velocities o(t,z) and u(t,z) of supply and
demand flows are small. Let’s take:

S(t,z) =So(1+s(t,2)); D(t,z) = Dy(1 + d(t,2)) (7.8)

P(t,z) = Syv(t,z) ; Q(t,z) = Dyu(t, z) (7.9)
and let’s assume that velocities v(z,z) and u(z,z) in (7.9) are small. Relations (7.7) model Sy
and Dy that are constant or slow-changing to compare with small disturbances s(#,z) and
d(t,z). Let’s take equations (7.1; 7.2; 7.4; 7.5) in linear approximation by perturbations s(z,z),
d(tz) (7.8) and v(t,z) and u(t,z).

SO%S(t’Z)-I_SOVIv:alDOV'u ; DO%d(t’Z)_i_DOV.u:aZSOV_v (81)
SO %U(t, Z) = BlDOV d(t, Z) ; DO %u(t’, Z) = ﬁZSOV S(t, Z) (8.2)
Equations (8.1; 8.2) cause (see Appendix C, C.5) equations on s(1,z), d(1,z) (8.3):
0% 92 2 _
[57—ad 5z +bA%]s(t,z) =0 (8.3)

Equations (8.3) may take form of bi-wave equation (C.7):

2? 2 0? 2
52 G A) (ﬁ —c5A)s(t,z) =0 (8.4)
Wave propagation of small disturbances of supply s(z,z) and demand d(z,z) transactions
induces wave propagation of disturbances of economic variables (C.14.1-C.16.5) determined
by transactions S(zx,y) and D(tx,y). Bi-wave equations describe wave propagation of
disturbances of economic variables induced by transactions and take form (C.17.3) similar to
(8.4). Wave propagation of small disturbances of transactions induces fluctuations (C.18.1;
18.2) of macroeconomic variables S(¢) and D(t) (7.6). As we show in Appendix B
disturbances s(¢) of macroeconomic supply S(z) at moment ¢t may grow up as exp(yt) for y>0
or dissipate to constant rate Sy for y<( and fluctuate with frequency o.
8.3 Economic surface-like waves
In Sections 8.1 and 8.2 we study wave propagation of small disturbances of densities

functions of economic variables and transactions. These waves have parallels to sound waves

in continuous media. Now let’s show that disturbances of velocities of transactions flows
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may be origin of waves alike to surface waves in fluids (Olkhov, 2017c¢). Let’s study simple
model of economics under action of a single risk on /-dimensional economic space. Hence
economic transactions are determined on 2-dimensional economic domain (6.1; 6.2). Borders
of economic domain establish bound lines for economic transactions. Disturbances of
transactions near these bound lines may disturb bound lines and induce surface-like waves of
along borders of economic domain. On other hand disturbances of transactions at bound lines
may induce surface-like waves of perturbations that propagate inside economic domain and
cause disturbances of transactions and economic variables far from borders of economic
domain. Such surface-like waves may propagate along with growth of wave amplitude and
thus impact of such waves of small perturbations may grow up in time. Thus description of
economic surface-like waves may explain propagation and amplification of transactions
disturbances near borders of economic domain. Let’s remind that borders of economic
domain are areas with maximum or minimum risk ratings. Thus, for example, perturbations
of transactions near maximum risk ratings may propagate inside economic domain to areas
with low risk ratings and growth of amplitudes of such perturbation may hardly disturb
economic processes with low risk ratings.

For simplicity let’s consider same example as in Sec. 8.2 and Appendix C. Let’s take model
relations between supply transactions S(z,z) and Demand transactions D(#z) on economic
domain (6.1; 6.2), z=(x,y) and study small disturbances of transactions and flows similar to
(7.8; 7.9) and equations (8.1; 8.2). Velocities of transactions on 2-dimensinal economic

domain take form:

v(t,x,y) = (vt ) vy (620 ) ut 6 y) = (w6 xy)iuy(tny))  ©O.0)
Let’s take that transactions D(t,z), z=(x,y) transfer demand request from consumes at y to
suppliers at x. Hence velocities v, and u, along axis X describe motion of suppliers and
velocities vy, and u, along Y describe motion of consumers of goods and services provided by
suppliers. Let’s study possible waves that can be generated by disturbances (7.8; 7.9) near
border y=1 of economic domain (6.1; 6.2). Border y=1/ describes consumers with maximum
risks. Let’s define perturbations of the border as y={(z,x). Interactions between transactions
S(t,z) and D(tz) require that border y= &(t,x) should be common for both. Otherwise
interaction between them will be violated. Time derivations of function y=¢£(z,x) define y-

velocities vy and u, at y= {(1,x) as:

ZEED) =vy(6xy = §(60) =uy(Exy = £(6,X)) 9.2)

Time derivation (9.2) describes velocities v, of consumers with maximum risks and velocities
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u, of demanders of goods. Let’s modify equations (8.2) and assume that near border y=1
So3-v(t,2) = Do(B1V d(t,2) + g); Do=u(t,z) = So(B,V 5(t,2) + h) 9.3)
As g and h we introduce constant economic or financial “accelerations” h=(h,hy) and g=(g.,

gy) that act on economic agents, supply S(#,z) and demand D(t,z) transactions along axes X

and Y and prevent agents from taking excess risk. Let’s introduce functions G and H:

Gx,y) =gxx+gyy ; Hx,y) = hy x + hyy; gx, 3y, hy, hy — const (9.4)
Let’s assume that potentials ¢ and y determine velocities v and u as:
Thus equations (8.2) on velocities take form:
d d d d
Soavx =Do(,31ad_9x)i Soavy =Do(ﬁ15d_gy) 9.6)
d d d d
Dogux = So (ﬁzas—hx)i By 7t Ly =So(ﬁz£5_hy) 9.7)
Relations (9.5) allow present (9.6' 9.7) as
a9 a
Soaafﬂ Do(ﬁ1 d Ix) Soa@‘P =D0(ﬁ15d—gy) (9.8)
a a d
Dogeaeth = So(Boges —he) i Do ga-th =So(Bags s = hy) 9.9)
Then (9.4) supply s(t,x,y) and demand d(t,x,y) transactions can be written as:
d
ﬂzSOS(t:x;Y) = SO[h’x(x - 1) + hy(y - 1)] + DOE lp(t;x;y) (101)
d

For ¢=y=0 (10.1; 10.2) describe steady state of supply s(zx,y) and demand d(tx,y)
perturbations and on border y=1 s(t,x,y) and d(t,x,y) take form (10.3):

Bas(t,x,1) = h,(x —1); Bd(t,x,1) =g,(x—1) (10.3)
On surface y= £(t,x) disturbances s(t,x,y) and d(t,x,y) take form:

ﬁZSOS(tI X, }’)|y= Etx) = SO[hx(x - 1) + hy(f(tr X) - 1)] + DO% lll(t, X, f(t, x)) (104)

B1Dod(t, %, Y) |- (e = Do[gx(x — 1) + g, (€6, ) = D] + So = (8, ,£(,2)) (10.5)
Let’s propose that perturbations y= ¢(f,x) near y=1/ are small and assume that s(z,x,y) and
d(t,x,y) take values s(t,x,1) and d(t,x,1) in a steady state for p=yw=0 on y=1 (10.3). Hence
from (10.4; 10.5) obtain:

Sohy(£(t,x) = 1) = — Do == 1(t,x,(t, %)) (10.6)

Dogy(§(t, ) = 1) = =Sy 5 ¢(t,%,(£,x)) (10.7)

Hence obtain:
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Etx)—1= —; a (t,x, &t x)) =— o(t,x,&(t,x)) (10.8)

Doy 6t
Equations (10.8) determine relations between A, and g,

Sozhy = Dozgy

9% (1, x,y = E(t, %)) (10.9)

Dogy at2

d d d
Equation (10.9) describes constraints on potentials ¢ and y at y=£(t,x). To derive equations

on potentials ¢ and y let’s substitute (10.1; 10.2) into (8.1) and neglect all non-linear terms

with potentials and financial “accelerations”. Equations on ¢ and y take form:
a2 a2 a2 | 02
So (57 = @2B18) @ = =B1Dodip ; Do (355 = @1By8) ¥ = =B,Sohg 5 A= 35470 (1L1)

From (11.1) obtain:

[(ﬁ azp1 )(ﬁ a1 ) B1B28% 1 =0 (11.2)
Let’s take functions ¢ and y as:
p=¢p=costkx—wt) f(y—1) ; f(0)=1 (11.3)

Let’s take into account that perturbations £(#,x) near steady boundary y=X are small and

hence relations (10.9) for (11.3) at y:I give:
f (0) = > 0 (11.4)

and substitute (11.3) into (11.2). Then (C.17.2) obtain equation on function f{y) as ordinary

differential equation of forth order :

a* 82
(4as+ @25+ 00) FO) = 0 (11.5)
as=b ; q,=aw?—2bk" ; q=w*—aw?k’+ bk* (11.6)
Characteristic equation (11.7) of equation (11.5)
Quy* +q2y*+qo =0 (11.7)
defines roots y°:
5 ~a2+/= |43 ~408s  _g, 1/ wa7=aDp
Viz = ™ = ™ (11.8)

For single positive root y>(0 obtain simplest potentials ¢ and y as:

Sow2

o=y =costkx —wt)exp(y(y —1)) ; v = " >0 (12.1)
09y
Function y=¢£(t,x) (10.8) takes form:
&(t, wt) =1-— /% sin(kx — wt) (12.2)
09y
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Border y=1 define position of consumers for supply transactions s(z,x,y) and consumers as
origin of demand for demand transactions d(t,x,y). Supply s(t,x,y) and demand d(t,x,y) waves
at stationary border y=/ take form:

B2Sos(t,x,1) = Sphy(x — 1) + Dyw sin(kx — wt) (12.3)

B1Dod(t, x,1) = Dyg,(x — 1) + Sqw sin(kx — wt) (12.4)
Surface-like waves of supply transactions s(z,x,/) (12.3) reflect change of supply for
consumers at y=/ from suppliers at x. Relations (12.4) describe change of demand from
consumers at y=/ to suppliers at x. Integral of supply transactions s(z,x,1) by dx (12.3) along

border y=1 over (0,1) define supply s(t,1) at risk border y=1 as function of time:

Ry . K\ . (k
B2Sos(t,1) = Sp[1 — 7] +2 D"Twsm (wt - 5) sin (5) (12.5)

Function s(t,1) (12.5) describes fluctuations of supply to consumers at y=1/ with frequency w
from all suppliers of the economy. Simplest solution (12.1) with y>0 describe exponential
dissipation of disturbances induced by surface-like waves inside macro domain y</.

Actually there might be surface-like waves that describe amplification of disturbances at y=1

inside economic domain along axis Y for y<</. For root y2>0 (11.8) let’s take two roots:

Y12 = +/—+7¥?
Then from (11.3; 11.4) obtain:

Sow?

Dygy

>0

0
fO=4+1=1; @f(0)=)/(/11—/12)=

1 Sow? 1 Syw?

1 §+ 2yDogy 272 2YDogy
@ =1 = cos(kx — wt) [A; exp(y(y — 1)) + 4, exp(—=y(y — 1)]
B.Sos(t, x,y) =S, [hx(x -1+ hy(y - 1)] + wD, sin(kx — wt) [A; exp(y(y — 1))
+ Az exp(—y(y — )]
B1Dyd(t,x,y) = D, [gx(x -1+ gy(y - 1)] + wS, sin(kx — wt) [A; exp(y(y — 1))

+ 2z exp(=y(y = )]
and supply s(¢,x,y) and demand d(t,x,y) transactions grow up as exponent for (y-1)<0

S(t, x,}’)“’d(t, x,}’)“’ AZ exp(_)/(y - 1)) (126)

This example shows that small disturbances of supply to consumers at y=/ may induce

exponentially growing (12.6) disturbances of supply and demand at y</ far from risk border.
Suppliers at x may stop provide goods to consumers at y with high risks at border y=17 and

redirect their supply to more secure consumers with y</.

40



9 Business cycles

In Sec 8 we show that waves of small disturbances of economic variables or transactions on
economic domain (6.1; 6.2) induce time fluctuations of small perturbations of
macroeconomic variables. Velocities of these waves define time scales of such fluctuations.
Let’s call these economic fluctuations as “fast” contrary to “slow” fluctuations of economic
variables noted as business cycles. In this section we show that “slow” fluctuations of flows
of variables and transactions can cause oscillations of credits, investment, demand and
economic growth noted as business cycles. Business cycles as slow fluctuations of
macroeconomic and financial variables as GDP, investment, demand and etc., for decades are
under permanent research (Tinbergen, 1935, Schumpeter, 1939, Lucas, 1980, Kydland &
Prescott, 1991, Zarnowitz, 1992, Diebold & Rudebusch, 1999; Kiyotaki, 2011; Jorda,
Schularick & Taylor, 2016). Below we present approximation of the business cycles induced
by flows of economic transactions (Olkhov, 2017b; 2019a). For simplicity let’s take same
supply S(t,z) and demand D(t,z) transactions as in Sec.8 and let’s describe business cycles of

supply and demand. Let’s take equations on S(z,z) and D(t,z) similar to (II. 5.9; 5.10) as:
2S5+V-(Sv) = Fs(t,2); =D +V-(Du) = Fp(t,2) (13.1)

2P +V-(Psv) =Gs(t,2) ; =Pp+V:(Ppu)=Gp(t,z) (13.2)
For simplicity let’s study economic evolution under action of a single risk similar to Sec.8.3
and study business cycles on 2-dimensional economic domain (6.1; 6.2). Thus coordinates x
describe evolution of suppliers with economic variable E and y evolution of consumers of
variable E, z=(x,y). As variable E one may study any goods, commodities, credits, service,
shares, assets and etc. To simplify model calculations let’s assume that supply transactions
S(t,z) and their flows Ps(t,z) depend on demand D(t,z) transactions and their flows Pp(t,z)
only. We propose that demand transactions D(t,z) describe demand from consumers of
variable E at y to suppliers at x. Let’s take Fs and Fp for (13.1) as (a and b — const):

Fs(t,z) =az-Pp(t,z) = a(x - Ppy(t,z) +y- Ppy(t,2)) (13.3)

Fp(t,z) =bz-Pg(t,z) = b(x - Psy(t,2) +y - P, (t,2)) (13.4)
Relations (13.3-13.4) describe model with supply S(z,z) growth up if Fgs is positive and hence

(13.3) for a>0 is positive if at least one component of demand velocities

u(t,z) = (uy(t, 2); uy(t,2)) (13.5)
direct from safer to risky direction. In other words: if demand transactions D(t,z) flew into

risky direction that can increase supply S(z,z). As well negative value of (13.3) models
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demand flows from risky to secure domain and cause decrease supply S(#,z) as suppliers may
prefer more secure consumers. Such assumptions simplify relations between suppliers and
consumers and neglect time gaps between providing supply from x to consumers at y and
receiving demand from consumers at y to suppliers at x and neglect other factors that impact
supply. Actually we neglect direct dependence of economic variables and transactions on risk
coordinates of economic domain. This assumption simplifies the model and allows outline
impact of mutual interactions between transactions S(z,z) and D(t,z) and their flows on the
business cycle fluctuations of variable E. Let’s take Gg(t,z) and Gp(t,z) for (13.2) as:
Gsx(t,2) = ¢, Ppy(t,2) ; Gsy,(t,2) = c,Ppy(t,2) (13.6)
Gpx(t,2) = dyPs,(t,2) ; Gpy(t,z) =d,Ps,(t,2) (13.7)
Equations (13.2; 13.6; 13.7) describe simple linear dependence between transaction flows
Ps(t,z) and Pp(t,z). Integrals by dz over economic domain (6.1; 6.2) for components of flows
due to (II. 4.1; 5.6; 5.7; 5.8) equal:
Ps(t) = [dz Ps(t,z) = [dxdy S(t,2)v(t,z) = S(v(t) ; v = (vy;vy) (13.8)
Py(t) = [dz Pp(t,z) = [ dxdy D(t,2)u(t,z) = D(Ou(t) ; u = (uy;u,) (13.9)
S(t) = [dxdy S(t,x,y) ; D(t) = [dxdy D(t,x,y) (13.10)
As we show in Appendix D, distributions of economic agents by their risk ratings as
coordinates on economic domain permit derive mean risk coordinates for each economic
variable of transactions (Olkhov, 2017d; 2019a). Relations (D.2.3) define mean risk Xs(7) of
suppliers S(¢) with economic variable £ and mean risk Y(¢#) of consumers of variable E:
S®)Xs(t) = [dxdy x S(t,x,y) ; S@)Y:(t) = [dxdy y S(t,x,y) (14.1)
We argue the business cycles of economic variables E (credit, investment, assets,
commodities and etc.,) as processes induced and correlated with fluctuations of mean risks
Xs(t) of suppliers and mean risk Y¢(#) of consumers of variable E. Flows of economic
transactions of supply Ps(t) and action (13.3, 13.4) of demand flows Pp(t) cause fluctuations
of mean risks Xs(t) of suppliers and consumers Y(¢) as well as mean risks of demanders Y ()

and Xp(t) (14.2, 13.10):

D(t)Xp(t) = [dxdy x D(t,x,y) ; D()Yp(t) = [dxdy y D(t,x,y) (14.2)

We show in Appendix D (D.2.5-2.7) mean risk Xs(¢) (14.1) moves as
= Xs(8) = v () + wy(£) (14.3)
W (t) = [Xge (t) — Xs(6)] 5 InS(t) (14.4)

Fs(t) = [dxdy Fs(t,x,y) ; Xsp(®)Fs(t) = [dxdy x Fs(t,x,y) (14.5)
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Borders of economic domain (6.1, 6.2) reduce motion of mean risks (14.1,14.3) and thus
velocities v.(7) (13.8) and w,(z) (14.4) should fluctuate and cause oscillations of mean risks.
Frequencies of v,(t) describe impact of flow fluctuations and frequencies of w,(z) describe
oscillations induced by interactions between supply and demand transactions. In Appendix D
we study model equations (D.2.1-2.2) that describe fluctuations of macro supply S(z) (D.1.4)
with variable E determined by flows Pg(t), Pp(t) (C.3.4-3.5) and derive relations for S(z)
(D.5.6) in simple form as:

S(t) =500) + a[Sx(l) sinwt + S, (1) sinvt] +aS,(3)expyt (14.6)
Relations (14.6) model the business cycles with frequencies @ and v of macro supply S(¢)
with variable E accompanied by exponential growth as exp(yt) due to economic growth of
S(t). Hence (14.6) may model credit cycles determined by fluctuations of creditors with
frequencies w and borrowers with frequencies v with exponential growth as exp(y?) of credits
provided in economy due to economic growth. The same approach may model investment

cycles, consumption cycles and etc.

10. Expectations, Assets Price and Return

Assets pricing is the key issue of modern finance. Assets pricing research account thousands
studies and we chose (Campbell, 1985; Campbell and Cochrane, 1995; Heaton and Lucas,
2000; Cochrane, 2001; Cochrane and Culp, 2003; Cochrane, 2017) for clear, precise and
general treatment of the problem. Expectations as factors that impact assets pricing are
studied at least since Muth (1961) and (Fama, 1965; Lucas, 1972; Sargent and Wallace, 1976;
Hansen and Sargent, 1979; Blume and Easley, 1984; Brunnermeier and Parker, 2005;
Dominitz and Manski, 2005; Greenwood and Shleifer, 2014; Lof, 2014; Manski, 2017).
Assets pricing and return are studied by (Keim and Stambaugh, 1986; Mandelbrot, Fisher and
Calvet, 1997; Brock and Hommes, 1998; Fama, 1998; Plerou et.al., 1999; Andersen et.al.,
2001; Gabaix et.al., 2003; Stanley et.al., 2008; Hansen, 2013; Greenwald, Lettau and
Ludvigson, 2014) and present only small part of publications. Below we study a simple case
and describe possible impact of expectations on transactions, assets pricing and return
(Olkhov, 2018; 2019b).

Let’s study transactions with particular assets E at Exchange. Let’s assume that agents
perform different parts of transactions with assets E at Exchange under different expectations.
Each transaction defines quantity Q of assets E (for example number of shares) and cost or

value C of the deal. Obvious relations define assets price p of this transaction:

C=pQ
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Transactions performed under different expectations may have different quantity, cost and
asset price. Let’s assume that agent i at point x have k/=1,..K different expectations
exi(k,l;t,x) that approve transactions bs;(k,[;t,x) of asset E with Exchange:

bs;(k,; t,x) = (Q;(k; t,x); C;(I; ¢, x)) (15.1)
Here Qi(k;tx) and C(l;t,x)- quantity and cost of transaction performed by agent i under
expectation k,/. We propose that decision on quantity Q;(k;z,x) of transaction is taken under
expectation of type k and decision on cost Ci(l;t,x) of transaction is taken under expectation

of type [. Let’s define expectations ex;(k,/;1,x) as:
ex;(k,l;t,x) = (erik(k; t,x),exc;(L; t,x)); kl=1,..K (15.2)

Expectations expi(k;t,x) and exci(l;t,x) approve quantity O and cost C of the transaction
bsi(k,l;tx). Relations (II, 2.1, 2.2, 7.2) for define macro transaction BS(k,[;t,x) under

expectation of type k,/=1,...K as
BS(k,1; t,%) = (Q(k: t,%); C(1; £,2)) = Yieav oy, a bsi(k, i £, %) (15.3)

Q(k;t,x)zz 0,(kit,x) C(t,x)zz C(l;t, %)
iEdV (x);A iedv(x);A

Similar to (II, 7.5-7.7) let’s introduce expected transactions Et(k,[;t,x )at point x as

Et(k,1;t,x) = (Eto(k; t,x); Etc(l;t, x)) (15.4)

Eto(t,x) = Z exgi(k; t, X)Qi(k; t, %)
iedv(x);A

Eto(I; £, x) = Z exci (s £, ) Cy(I; t, %)
iedv (x);A

Let’s study relations between transactions BS(k,/;t) (15.3) and expected transactions Et(k,[;t)
(15.4) of entire economics as functions of time 7 only:

BS(k,l;t) = [dx BS(k,l;t,x) ; Et(k,l;t) = [dx Et(kL;t,x);k,1l=1,..K (15.5)
Integrals in (15.5) define BS(k,[;t) all transactions with asset £ made by all agents of entire
economics at Exchange under expected transactions Et(k,l;t). Due to equations (5.1-5.3),

(8.1, 8.2) and (9.1, 9.2) equations on (15.5) take form:
d d
QU ) =Fo(k;t); —C(Lt) = Fe(l;t) (15.6)
F(k;t) = (Fg; Fe); Fo(kst) = [dx Fa(k;t,x) ; Fe(Lt) = [dxFe(l;t,x)  (15.7)
d d
EEtQ(k; t) = Feq(k;t); EEtc(l; t) = Fec(l;t) (15.8)
Fe(k,l;t) = (Feg; Fec) ; Feq(k; t) = [ dx Fey(k;t,x); Fec(l;t) = [ dx Fec(L; t,x)(15.9)
Relations (15.1-15.3) define expectations Exy(t) of entire economics as:

Ex(k,1;t) = (Exg; Exc)
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Eto(k;t) = Exq(k;)Q(k;t) 5 Etc(Lt) = Exc(Lt)C(; t) (15.10)
Equations (15.6-9) describe transactions BS(k,/;t) (15.5) with assets E of the entire economics
under expectations Ex(k,l;t) (15.10). Let’s describe a model of mutual action between small
disturbances of transactions and expectations in a linear approximation. Let’s consider (15.6-
9) and assume that mean transactions BSy(k,[;t) and Ety(k,[;t) are slow to compare with small
dimensionless disturbances bs(k,[;t) and et(k,l;t) and let’s take BSy(k,l) and Ety(k,[) as const.
Due to (15.3-5):

BS(k,;t) = (Q;C); QU t) = Qu(1+ qlk; 0)); C(Lt) = Cu(1+c(b D) (16.1)

Et(k,1;t) = (Eto(k; t); Ete (L 1)) (16.2)

Eto(k; t) = Etgo (1 + ety (k; t)); Etc(;t) = Eteoi(1 + et (1)) (16.3)
Equations on small disturbances bs(k,[;t) and et(k,/;t) take form:

Qok = qUkst) = fo(k; ) 5 Coramc(li 6) = £(1; ) (16.2)

Etgok %etq(k; t) = feq(k; t) ; Etco %etc(l; t) = fec(L;t) (16.3)

Fegr = Fegor + feq(k; t) ; Feqy = Feco + fec(L t) (16.4)

Let’s assume that factors f,(k;t) and f.(I;t) in (16.2) depend on disturbances of expected
transactions et,(k;t) and et.(l;t) and fe,(k;t) and fe.(l;t) in (16.3) depend on disturbances of

q(k;t) and c(l;t). For linear approximation by disturbances let’s take (16.2-3) as:

d d

Qok Eq(k; t) = agrEtgorety (k; t) ; Cotac(li t) = a,Etco; et (1 t) (16.5)
d d

Etgor  etq(k;t) = beqrQorq(k; t) ; Etcor—etc(l;t) = beCo c(l;t) (16.6)
Wiy = —agrbeq >0 ; wZ = —agbeg >0 (16.7)

If relations (16.7) are valid, then (16.5-6) are equations for harmonic oscillators:
dz d2
(55 +0k )alet) =0; (S5+ 0% )ct) =0 (16.8)
2 2
(£ 403 et =0; (S +w et () =0k 1=1,.K (169)

Simple solutions of (16.8) for dimensionless disturbances gx(t) and c;(t):

q(k; t) = ggrSinwgyt + dgrcoswgyt (17.1)
c(l;t) = gaSinwt + dycosw gt (17.2)
9aio Ak » Gev et K 1 (17.3)

Relations (17.1-3) describe simple harmonic fluctuations of disturbances of volume Q(k;?)
and cost C(l;t) of transactions BS(k,l;t) performed under different expectations Ex(k,lt)
(16.10).
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Price fluctuations. Let’s note price of transaction made by all agents of entire economics
under expectations of type k, [ as p(k,/;t)
Clk,;t) =plk,;t)Q(k,I;t) (18.1)

Now for convenience let’s call C(k,l;t) as cost of transaction made under expectation of type [
for volume Q(k,;t) of transaction made under expectation of type k. Thus transaction
BS(k,l;t) has cost C(k,l;t) made under expectation of type / and volume Q(k,/;t) of transaction
made under expectation of type k. Double indexes (k,/) determine transaction with cost under
expectation / and volume under expectation k. Sum of transactions BS(k,/;t) (16.1) by all
expectations k,/=1,...K define transactions BS(?) in the entire economics:

BS(t) = (Q(®);C(8) 5 Q) = L@k, ); C(8) = Xy, C(k.L;t) (18.2)
Price p(t) of transactions BS(t) (18.2) equals:

C) =p®Q[®) (18.3)

Let’s study disturbances of cost C(z), volume Q(¢) and price p(t) for (18.3) as:
Q) = i1 Qor(1+ q(k, D) = Qo Ty A (1 + gk, ;1) (18.4)
C) = YiiCo(1+ ek, D) = Co Ty ttra(1 + c(k, ;D)) (18.5)

Relations (18.4) describe impact of dimensionless disturbances ¢(k,/;¢) on volume Q(t) and

(18.5) describe impact of dimensionless disturbances c(k,l;t) on cost C(t) of transactions.

Q C
Qo=Yk1Qoks ; =" Co=XkiCots ; Hu="2 ; L= X =1 (18.6)

Qo
Relations (18.3) define price p(t) for Q(t) (18.4) and C(¢) (18.5):
(t) = Ct) _ TpaCleLit) ) _ Co _ XkiCoki (18.7)

Q) TkieklLt) Po = Q  Xk1Qoki
In linear approximation by disturbances ¢g(k,/;t) and c(k,/;t) price p(t) (18.7) take form:
Ct) CoZiitm(l+clk ;D)
(t) = 2 = 202k - 1+Z c(k,l;t)—z Aq(k, L )
P Q(t) QO Zk,l Akl(l + CI(k, l, t)) Po k,l‘ukl k|l ki
p(t) = poll + ()] = po[1 + Tp 1 (i, ;1) — Ayq(k, 15 £))] (18.8)
Dimensionless fluctuations of price z(¢) (18.8) equals weighted sum of disturbances g(k,/;t)

and c(,lk,t) as (18.9):

() = Yt €k, ;1) — Aaq(k, 1 1) (18.9)
Now let’s take (18.1) and present 7z(?) in other form:
Clk,;t) = Copa[1 + c(k, ; )] = pora[1 + 7k, ; )]Qora[1 + q(k, L; 1)] (19.1)
From (18.6-7) and (19.1) in linear approximation by c(k,/;t), n(k,/;¢) and q(k,L;t) obtain:
Cokt = PoriQort 5 ¢k, ;t) =n(k,;t) +q(k,[;t) (19.2)

Let’s substitute (19.2) into (18.9):
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m(t) = Zia Mk, 1) + Xt — A) q(k, L E) (19.3)
Relations (19.3) describe price perturbations =z(z) as weighted sum of partial price
disturbances 7(k,/;¢) and volume disturbances g(k,l;t). Thus statistics of price disturbances
7(t) is defined by statistics of partial price disturbances 7z(k,/;¢) and statistics of volume
disturbances g(k,/;t).

Return perturbations. Price disturbances (19.3) cause perturbations of return r(t,d):

r(t,d) = % 1 (20.1)

Let’s introduce partial returns r(k,l;t,d) for price p(k,lt) (18.1) and “returns” w(k,l;t,d) for
volumes Q(k,l;t) (18.2):

kLt kLt
rlk Gt d) =001 5wkl d) = o0 —1 (20.2)

Let’s assume for simplicity that mean price pgy and trade volumes Qg are constant during
time term d and (18.7; 19.3) present (20.1, 20.2) as

n(t)-n(t—-d) q(k,L;t)—q(k,L;t—d)

r(t,d) = ) w(k,l;t,d) = T aGels) (20.3)

r(t,d) =X %r(r, Lt d) + Xt — Ai) %W(K l;t,d) (20.4)
Let’s define

Ea(t —d) = %;:g) s M (t—d) = (M — Ai) % (20.5)

Zkileat—d) + it —d)] =1 (20.6)

r(t,d) =Ykt —Drk, Lt d) + Xi i t — dDw(k, L t,d) (20.7)

Relations (20.6-7) describe return (20.1) as sum of partial returns and volume “returns”
w(k,l;t,d) (20.2, 20.3). Sum for coefficients wy; and uy-Ax for price p(t) (18.7; 19.3) and e(t)
and 7(t) for return r(t,d) (20.1) equals unit but (19.3) and (20.7) can’t be treated as averaging
procedure as some coefficients uy-Ay and #g(t) should be negative. If mean price (19.2)

Po=po for all pairs of expectations (k,/) then from (18.6, 18.7) obtain
Dokl = Po = const — Ay = Uy 3 Mi(t) = 0forall k, (20.8)

and relations (19.3; 20.7) take simple form

n(t) = Xkt (k, 1 t) (20.9)
r(td) = Zk,lﬂklwr(k' Lit,d) =Xkt

1+n(t—d)
Thus assumption (20.8) on prices (19.2) for all pairs of expectations (k,/) cause representation

n(k,L;t)—-n(k,l;t—d)
1+m(t—d)

(20.10)

(20.9, 20.10) of price disturbances 7(?) as weighted sum of partial price disturbances z(k,/t)
for different pairs of expectations (k,/). Otherwise price disturbances 7(¢) should take (19.3)

and depend on volume perturbations g(k,l;t). Assumption (20.8) cause returns as (20.10),
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otherwise returns take (20.7). Actually expectations are key factors for market competition
and different expectations (k,/) should cause different mean partial prices pgw. That should
cause complex representation of price (19.3) and return (20.7) disturbances as well as impact

volatility and statistic distributions of price and return disturbances.

11. Option Pricing
Option pricing accounts thousands articles published since classical Black, Scholes (1973)
and Merton (1973) (BSM) studies (Hull and White, 1987; Hansen, Heaton, and Luttmer,
1995; Hull, 2009). Current observations of market data show that option pricing don’t follow
Brownian motion and classical BSM model (Fortune, 1996). Stochastic volatility is only one
of factors that cause BSM model violation (Heston, 1993, Bates, 1995). Studies of economic
origin of price stochasticity are important for correct modeling asset and option pricing. We
propose that economic space modeling may give new look on description of asset
stochasticity and option pricing. Indeed, economic space establishes ground for description of
density functions of economic variables and transactions. On other hand economic space
allows describe price evolution of assets for selected agent in a random economic
environment. Random evolution of risk coordinates of selected assets impact assets and
option pricing. Nevertheless it is clear that Brownian motion models don’t fit real market
option pricing, simple Brownian considerations allow argue some hidden complexities of
option pricing problem. Below we discuss classical BSM treatment of option pricing based
on assumption of price Brownian motion (Hull, 2009). We start with classical BSM
approximation and describe model for option price caused by Brownian motion of economic
agent on economic space that gives generalization of the classical BSM equations (Olkhov,
2016a-2016¢). Further we argue BSM assumptions and restrictions that arise from previous
Section and may impact assets and option pricing models.
Let’s start with classical derivation of the BSM (Hull, 2009) based on assumption that price p
of selected agent’s assets obeys Brownian motion dW(t) with volatility ¢ and linear trend v:
dp(t) =puvdt+podW(t) ; <dW(t) >=0; <dW(t)dW(t) >=dt (21.1)
Assumptions (21.1) give the classical BSM equation for the option price V(p;t) for risk-free
rate r (Hull, 2009):

av
at

W L2209,
+rpap+20 p asz =71V (21.2)
In Sec.10 we use coordinates x to define positions of agents those involved in transactions at
Exchange with assets of selected agent A. Let’s note y as coordinates of selected agent A(z,y).

Let’s assume that price p of assets of selected agent A(z,y) depends on time ¢ and on risk
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coordinates y as p(t,y). Let’s propose that disturbances of risk coordinates y of selected agent
A(t,y) follow Brownian motion dY(t) on n-dimensional economic space:
dy = vdt + dY(t) ; dY(t) = (dYy,..dY,) ; <aYi(t) >=0 (21.3)
<dYy(©)dy;(t) >=mn;jdt ; <dW(t)dY;(t) >=b;

Factors #;; describe volatility of Brownian motion dY; along axis i and #; for i#j describe
correlations between Brownian motions dY; along axes i and dY; along axes j. Factors b; —
describe correlations between Brownian motion dW and dY; along axes i. Now let’s extend
assumption (21.1) and let’s propose (21.4) that price p(t,y) depend on time ¢t and on Brownian
motion dY(t) (21.3) of selected agent A(t,y) on economic space:

dp(t,y) =pvdt+podW(t) +pk-dY ; k= (kq,..k,)— const (21.4)
Similar to (Hall, 2009) for risk-free rate r from (21.4) obtain extension of the classical BSM
equation (21.2) for the option price V(p;t,y) on n-dimensional economic space (Olkhov,
2016b,c) :

v 2,20%V ) 0%V my 9%V
+rpa +rylay +2 op*a% 5 — +p(ob; +k T’”)apayi-l_ > 3325,

2=(0'2+kikjr]ij+20'kibi); i,j=1,...n

=71V (21.5)

Additional parameters k;, b, n;;, i,j=1,...n, define volatility q2 and coefficients for additional
terms of equation (21.5) and impact option price V(p;ty). Extension (21.5) of the classical
BSM equations (21.2) may uncover hidden complexities of option pricing that have origin in
the random motion of agents A(t,y) on economic space. As special case for (21.5) one can
study equation on option price V(p;ty) on /-dimensional economic space for c=0 without

classical BSM assumptions (21.1):

Z—Z+rpg—z+ryz—z+%p2k2n%+pkn;;—;;+%%‘:=rV (21.6)
Equations (21.6) describe option price V(p;t,y) of assets which price p(t,y) depends only on
Brownian motion dY(t) (21.3) of agents coordinates y on /-dimensional economic space.
Let’s mention that assumptions (21.3, 21.4) simplify assets pricing model that we argue in
Sec.4. Indeed, in Sec.4 we discuss that asset price and its disturbances should depend on
relations between transactions and expectations. Thus assumptions on Brownian motion
(21.3) of coordinates of selected agent A(z,y) on economic space should impact transactions
with assets of particular agent A(z,y) and corresponding expectations. Let’s take relations
(19.3) for price disturbances 7(t,y) of assets of selected agent A(z,y) with coordinates y

m(t,y) = 2t Tk, Gt y) + X1 — A) gk, L t,y) (22.1)

Let’s remind that z(k,/;t,y) describe partial price disturbances of assets of agent A(zy) for
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transactions of all economic agents with Exchange made under expectations of type k for
decisions on trading volume Q(k,/l;t,y) and expectations of type [ for decisions on cost
C(k,l;t,y) of transaction. As we mention in Sec.10, if partial price pgy; (19.2) is constant for all
type of expectations k,/ then price disturbances 7z(z,y) take form (20.9) and equal weighted
sum of partial prices n(k,/ty). Otherwise price disturbances z(zy) should depend on
disturbances of partial prices n(k,/;t,y) and on perturbations of trading volumes q(k[1y).
Let’s mention that statistic distribution of price disturbances z(z,y) (22.1) may depend also on
coefficients 4y and py (18.6) that can fluctuate due to random change of coordinates of
selected agent A(t,y). Possible impact of these numerous factors on option pricing should be

studied further.

12. Conclusions

Economic theory is an endless problem. We present only beginnings, essentials of economic
theory framework, tools and approximations and argue some outcomes. We model economy
by three elements — economic variables, transactions and expectations of economic agents.
Starting with these properties of economic agents we model macroeconomic variables,
transactions and expectations. We show that change of risk ratings of agents due to their
economic activity or any factors induce economic flows of variables, transactions and
expectations and these flows make significant contribution to macroeconomic evolution.
Flows of variables, transactions and expectations double number of properties that define
state and evolution of economy. We regard risks as main drivers of macroeconomic evolution
and development. Any economic activity is related with risks. No risk-free financial success
is possible and risk-free models have nothing common with economic reality.

Our economic model has no assumptions on market equilibrium, utility functions, rational
expectations and etc., those ground general equilibrium (Arrow and Debreu, 1954; Tobin,
1969; Arrow, 1974; Smale, 1976; Kydland and Prescott, 1990; Starr, 2011). We show that
these assumptions are not necessary for economic modelling. Economic statistics as source
for agents risk assessments, alike to measurements of coordinates in physics can provide
sufficient data for economic theory. Hence excessive assumptions can be put aside of
economic modeling or may be applied for description of few specific cases only.

Our approach uncovers a lot of economic problems that should be studied further to clarify
elements of the economic model. Let’s argue some those concern economic space.
Dimension of economic space is determined by choice of n risks those impact

macroeconomic evolution. To develop reasonable economic model one should reduce
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number of risks and chose major two-three risks to define economic space of 2 or 3
dimensions. Hence one should develop methods to compare and forecast impact of risks on
macroeconomic dynamics and procedure for selection most important risks. Choice of
definite risks defines distribution of agents, form of density functions and economic
dynamics on selected economic space. Different sets of risks cause different economic
dynamics. Random nature of economic risks means that impact of some current risks may
decline in time and influence of some new risk may unexpectedly grow up. Such collision
underlines internal random properties of macroeconomic evolution and modeling. We state
that economic development can occurs only under action of risks and different risks may set
different directions for economic dynamics. Thus change of major risks results in change of
dynamics determined by economic equations on density functions and flows of variables,
transactions and expectations. In this paper we study economic evolution in the assumption
that major risks and economic space don’t change. The problems of random change of major
risks should be studied further.

Risk assessments play central role for our model. It is impossible to provide exact risks
assessments of all agents in the entire economics. We propose the roughening procedure that
transfers description of numerous separate particles to description of aggregated agents and
density functions on economic space. Such roughening procedure has some parallels to
transition from description of separate physical particles to description of continuous media
or physics of fluids in hydrodynamic approximation. Such transition in physics significantly
reduce amount of data required for model description. We seek the same effect in economic
modeling. Roughening of risk ratings of separate agents and transition to description of
density functions and flows of economic variables, transactions and expectations reduce
amount of econometric statistics required for such approximation. Our approximation
becomes intermediate between extra precise description based on modeling macroeconomics
as system of numerous separate agents and description based on modeling macroeconomics
as aggregated functions of time only. We propose that achievements of econometrics (Fox,
et.al, 2014) and efforts in developing risks assessments methodologies should solve that
complex problem for sure.

Any economic flows are accompanied by generation of small perturbations of economic
variables, transactions and expectations. Description of propagation of small economic and
financial disturbances on economic space reflect most general problem of evolution of any
complex system. Wave propagation of small perturbations on economic space may explain

interactions between different markets, industries, countries and describe transfer of
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economic and financial influence over macroeconomics. Total distinction of economic
processes from physical problems cause room for amplification of small economic and
financial perturbations during wave propagation over economic domain. Growth of wave
amplitudes of economic disturbances during propagation on economic space may impact
huge perturbations and shocks of entire macroeconomics. Economic wave propagation has
analogy in hydrodynamics but nature and properties of economic waves are completely
different. Borders of economic domain reduce economic flows of variables and transactions
and cause business cycles. Fluctuations of credit mean risks reflect credit cycles, fluctuations
of investment mean risks reflect investment cycles and so on. Interactions between major
economic and financial variables cause correlations of corresponding cycles. Description of
these fluctuations requires relatively complex economic equations.

Many problems should be studied further. Econometric problems and observation of
economic and financial variables, transactions and expectations of agents and agents risk
assessment are among the central. Up now there are no sufficient econometric data required
to establish distribution of economic agents by their risk ratings as coordinates on economic
space. Nevertheless we hope that our model may be useful for better understanding and

description of economic and financial processes.
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Appendix A. Transactions and expectations as two component functions and

assets pricing equations

To describe trading volume Q;; and cost C;; of transaction bs; j(t,z) with economic variable E

let’s define transaction as two component function:

bs; (t,z) = (Qij(t»z);cij(t'z)) ; z2=(xy) (A.1)
Each component Q;; and Cj; (A.1) of transaction bs; j(t,z) should be approved by expectations
of agent i as seller and expectations of agent j as buyer. Let’s define transaction bs; j(k;1,z;1)

performed under sellers expectations of type k=(k;'k;) and buyers expectations of type

l=(l],'lz) . k],k2, l],lz :1,...K as:
bsi,j(kF t,z;1) = (Qij(k1F t,z;1,); Cij(kz; L,z lz)) (A.2)
k= (k1; kz) ; L= (11; lz)

Relation (A.2) define transactions bs; j(k;t,z;1) determined by trading volume Q;; and cost Cj;.
Relations (A.2) define price p;j(k;tz;1) of variable E for transaction bs;j(k;tz;l) between

agents i and j as:

Cij(ky; t,23 1) = pij(k; t, 2, D Qi (ky; t, 25 1) (A.2.1)
Sum over all buyers expectations of I=(1;;1,) define sellers price p;j(k;t,z)
Cl](kZI tl Z) = pl](kr tl Z)Ql](klr tl Z) (A22)

Qij(k;;tz) and Cjj(kz;t,z) are defined by (A.7). Sum over all sellers expectations of k=(k;k2)
define buyers price p; (t,z;1)

Cij(t,z; 1) = pij(t, 2, DQ;; (¢, z; 1) (A2.3)
Qi(t.z;l;) and Cj(t,z;1>) are defined by (A.11). And sum over sellers and buyers expectations

define price p;j(t,z) of transactions between agents i and j at x and y , z=(x,y) as:

Cij(t,z) = p;j(t,2)Q;(t, 2) (A2.4)

Qij(t,z) = Z ) Qij(ky;t,2;1y) ;5 Cij(t, 2) = Z

kq

z Cij(kyt, z; 1)
2

ka;
Trading volumes Q;; are approved by sellers expectations of type k; and buyers expectations
of type [;. The trading values or costs Cj; of transaction are approved by sellers expectations
of type k» and buyers expectations of type [». Let’s introduce seller’s expectations ex;(k;t,x) of
type k=(k;;k;) of agent i at x as

ex;(k; t, x) = (exiq(ky; £,%); exic(kzi t, %)) (A.3)

and buyer’s expectations ex;j(t,y; l) of type I=(l;;1,) of agent j at y as
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ex;(t,y; ) = (eij &ty l); exjc(t,y; lz)) (A4
that approve Q;; and Cj; (A.2) of transaction bs;(k;t,z;l) respectively. Similar to (IL.7.1) let’s

define sellers and buyers expected transactions of as:

et;;(k;t,z) = (eti jolki;t,2); etyjc(kyit, Z)) (A.4)

etijo(ky;t,z) = exjo(ky; t, x)Q;(ky; t, 2) (A.5)

etijc(kz; t,2) = exic(ky; t, x)Cij(ky; t, 2) (A.6)

Qij(ky;t,z) = Xy, Qijky;t,z; 1) 5 Cij(kyit,z) = %y, Cij(kyst, z; 1) (A7)
et;;(t,z;1) = (eti,-Q (t,z;1,) ; etyjc(t, z; lz)) (A.8)

etijo(t,z; 1) = exjo(t,y; 11)Qi(t, 2 11) (A.9)

etijc(t,z; ;) = exjc(t,y; 1) Cii(t, z; 1) (A.10)

Qij(t,z; 1) = X, Qij(ke; 6,2 11) 5 Cij(t,231,) = X, Cij(kas t, 23 1) (A.11)

Relations (A.4) define sellers expected transactions of type k=(k;,kz). Relations (A.5) define
sellers expected transactions for trading volume Q; and (A.6) define sellers expected
transactions for cost Cj; of the transaction. Relations (A.7-A.9) define expected transactions
for buyers of type I=(I;,l;). Relations (II.11.2) for transaction bs;j(k;#,z;1) and (A.4-A.11) for
expected transactions et;j(k;t,z) and et; j(t,z;1) derive sellers aggregated transactions BS(k;t,z)
and buyers aggregated transactions BS(#,z;1) and expected transactions Et(k;tz) and Et(t,z;1)
similar to (II. 2.1; 2.2) as:

BS(k;t,z) = (Q(kl; t,z); C(ky;t, Z)) ;2= (x,y) (A.12.1)
Q(k1;t,2) = Yicav(jeavy); a L, Qij(ki; t,2; 1) (A.12.2)
C(ky;t,2) = Lieavn;jeavy); a 21, Cij(kas t, 25 13) (A.12.3)
BS(t,z;1) = (Q(t, 2, 1,); C(t, z; 1)) (A.12.4)
Q(t,2z; 1) = Yieavwyjeav(y); a Bk, Qij (ka3 t, 23 1y) (A.12.5)
C(t,z;1;) = Xieav(eyjeav(y); a 2k, Cij(k2; €, 2; 1) (A.12.6)

Relations (A.12.2; 12.3) define sellers aggregated price p(k;tz) of variable E for the
transaction BS(k;t,z) (A.12.1) under expectations of type k=(k;,k;) as:

C(kyt,z) = p(k; t,2)Q(ky; t, 2) (A.12.7)
Relations (A.12.5; 12.6) define buyers aggregated price p(t,z;I) for expectations of type
I1=(1;;15) as:

C(t,z;l,) =p(t,z;)Q(t,z;1,) (A.12.8)
Sum by all sellers expectations (A.12.10) or all buyers expectations (A.12.11) define
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aggregate price p(t,z) of transactions between agents at z=(x, y):

C(t,z) = p(t,2)Q(t, 2) (A.12.9)
Q(t,2) = X, Qij(ky; t,2) = Xy, Qi(t, 23 11) (A.12.10)
C(t,z) = Xy, Cij(kast,2) = Xy, Cij(t, z; 1) (A.12.11)

Integral of C(t,x,y) and Q(t,x,y) by dy over economic domain (II. 1.1; 1.2) defines mean price
ps(t,x) of sellers for transactions with variable E from point x:

Cs(t,x) = [dy C(t,x,y) = ps(t, X)Qs(t,x) ; Qs(t,x) = [dy Q(t,x,y) (A.12.12)
Relations (A.12.12) define sellers trading volume Qs(t,x) and cost Cs(t,x) of all transactions
from x and thus define sellers price ps(t,x) from point x. Integral of C(t,x,y) and Q(t,x,y) by
dx over economic domain (II. 1.1; 1.2) defines mean price pp(t,y) of buyers at y:

Cs(t,y) = [dxC(t,x,y) =ps(t,¥)Qs(t,y) ; Qp(t,y) = [dxQ(t,x,y) (A.12.13)
Relations (A.12.13) define buyers trading volume Qp(t,y) and cost Cp(t,y) of all transactions
to y and thus define buyers price pp(t,y) at point y.

C(®) = [ dxdy C(t,%,%) = p(Q®) 5 Q) = [ dxdy Q(t,x,y) (A.12.14)
Relations (A.12.14) define trading volume Q(¢) and cost C(t) of all transactions with variable
E in economy thus define price p(t) of variable E in macroeconomics at time z. Relations
(A.12.15) define sellers price p(k;t)=p(k;, k1)

C(ky;t) = [dzC(kyt,z) = p(k;t)Q(ky; t) 5 Q(ky;t) = [dzQ(ky;t, 2) (A.12.15)
for transactions with trading volume Q(k;,;t) and cost C(k;t) of economic variable E under
sellers expectations of type k=(k; k).

C(t:1) = [dzC(t,z; 1) = p(t; DL 1) 5 Q1) = [dzQ(t, 2 1) (A.12.16)
Relations (A.12.16) define buyers price p(t;1)= p(t;1;,1>) of variable E for transactions with
trading volume Q(z;1;) and cost C(t;1;) under buyers expectations of type I=(l; ;). Definitions
(A.2.1-2.4) and (A.12.7-12.16) define different sellers and buyers states of price p of
economic variable E under transactions and different expectations. We show below that
relations (A.12.7-12.16) define equations on price evolution of economic variable E.
Relations (A.12.1-12.6) define transactions BS(k,t,z) made under sellers expectations of type

k=(k;;k;) and transactions BS(t,z;I) made under buyers expectations of type I=(1;;1,).

Et(k;t,z) = (EtQ(kl; t,z); Etc(kzt,2)) 5 2= (x,y) (A.13.1)
Eto(ki;t, 2) = Xieav(x);jeavy); a i, €Xio (k1; 6, x) Qij(kq; t, 25 1y) (A.13.2)
Etc(kast,2) = Yicav(x);jeav(y); a i, €Xic (K23 t, %) Cij(ky; t, Z; 1) (A.13.3)
Et(t, z;1) = (EtQ (t,z;1); Eto(t, z; 12)) (A.13.4)
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Ety(t,z; 1) = Yicav(o)sjeavy); a Bk, €Xio (6 Y5 1) Qi (ke t, 23 ) (A.13.5)

Etc(t,z; 1) = Yicavnjeav(y); a 2k, €Xjc (6, Y5 1) Cij(ka; 8,25 1) (A.13.6)
Eto(ky;t,z) = Exq(ky;t,2)Q(ky; t,2) (A.13.7)
Etc(k,;t,z) = Exc(k,; t,z)C(ky; t, Z) (A.13.8)
Ety(t,z; 1) = Exo(t,y;1)Q(t, z; Iy) (A.13.9)

Et:(t,z;1,) = Exc(t,y;1,)C(t, z; 1) (A.13.10)

Relations (A.13.1-13.6) define expected transactions Et(k;t,z) of sellers made under
expectations of type k=(k;;k2) and expected transactions Et(t,z;I) of buyers made under
buyers expectations of type I=(l;;l;). Relations (A.13.7) for variable E define sellers
aggregate expectations Exg(k;t,z) of type k; on trading volume Q(k;tz) (A.12.2) and
(A.13.8) sellers aggregate expectations Exc(k;t,z) of type k, on cost C(ky,t,z) of transaction
(A.12.3) with variable E. Relations (A.13.9) define buyers aggregate expectations Ex(1,z;(;)
of type [; on trading volume Q(#,z;1;) (A.12.5) and (A.13.10) define buyers expectations
Exc(t,z;1) of type k;on cost C(t,z;1;) of transaction (A.12.6) with variable E. Now similar to
(IL. 2.1; 2.2; 5.1; 5.2) and (7.1) let’s introduce flows p;(k;tz) and p(tz;l), z=(x,y) of
transactions (A.2; A.4; A.8):

pij(k;t, z) = (PQij(k1i t,z); Pcij(ky; ¢, Z)) s z=(xy) (A.14.1)
Poij(ki; t,z) = Qi(ky; t, 2)v;(t, x) (A.14.2)
Pcij(ka; t, z) = Cij(ky t, 2)v(t, %) (A.14.3)
Ptz D) = (pQU(t, z;11);pcij (6%, y; lz)) (A.14.4)
Poij(t z; 1) = Qi;(t, z; 1)v; (L, y) (A.14.5)
Pcij(t z; 1) = Cii(t, 2, 1L)v;(t, y) (A.14.6)

Flows pe;i(k;t,z) and pe;j(t,z;1) of expected transactions et;(k;t,z) (A.4-6) and et;;(t,z;l) (A.8-
10) take form:

pe;(k;t,z) = (peQij(kl; t,z); pecij(ky; t,z)) ;Z2=(x,y) (A.15.1)

pegij(ki;t,z) = ex;(kqy;t,x)Q;(ky; t, 2)v;(t, x) (A.15.2)
pecij(kyt, z) = ex;(ky; t, x)Cij (ko t, 2)vi(t, x) (A.15.3)
pe.;(t.z: 1) = (pegi(t,z; 1) pecy (.7 1)) (A.15.4)
peqi;i(t z;1y) = ex; (¢, ¥;11)Qi;(¢t, 2, 1) v;(t, y) (A.15.5)
pecij(t,z; 1) = ex;(t,y; 1) Ci(¢, 2 1) v;(t, y) (A.15.6)

Relations (A.14.1-6) are required to define flows P(k;t,z) and P(t,z;1) and velocities v(k,,z)
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and o(1,z;1) of transactions BS(k;t,z) and BS(t,z;l) (A.12.1-6). Relations (A.15.1-6) allow
define flows Pe(k;t,z) and Pe(t,z;1) and velocities v.(k;t,z) and v.(tz;l) of expected
transactions Et(k,t,z) and Et(t,z;1) (A.13.1-6). Let’s define flows P(k;t,z) and P(t,z;1), z=(x,y)
similar to (9.4-9.9) as:

P(k;t,z) = (Poky;t,2); Pclkyit,2)) 5 z=(x,3) (A.16.1)
Po(ki;t,2) = Yicavn)jeavy) a Qij (ks t, 2)v; (¢, x) (A.16.2)
Pc(kyit,2) = Yicav(x)jeav(y) a Cij (k2 t, 2)vi(t, x) (A.16.3)
P(t,z;1) = (Po(t, z; 1) Pc(t, 2,3 1) ) (A.16.4)
Py(t,z; 1) = Yicav(osjeaviy) a Qi (8 2; L) V(8 y) (A.16.5)
Pc(t,2;1;) = Yicav(x)jeaviy) a Cij(t, 2 1)v;(t, y) (A.16.6)

Py(ky;t,z) = Q(ky;t,2)vg(ky;t,2) 5 Pe(kyst,z) = Clky;t,2)ve(ky;t, z) (A16.7)
Po(t,z; 1) = Q(t,z; 1)ve(t, z; 1) 5 Ptz ly) = C(t,z 1)ve(t,z; 1) (A.16.8)

v(k;t,z) = (vQ(kl; t,2);vc(kyi t,2)) 5 ke = (ki k2) (A.16.9)

v(t, ;D) = (vo(t,z 1) ve(6z: 1)) 5 L= (Iy, 1) (A.16.10)
Relations (A.16.7-16.8) define velocities wo(k,;1,z) (11.16.9) and wv(t,z;l) (11.16.10). These
velocities determine equations on transactions BS(k;t,z) (A.12.1-12.3) made under sellers
expectations of type k=(k;;k;) and transactions BS(#,z;l) (A.12.4-12.6) made under buyers

expectations of type I=(1;;12). Flows Pe(k;t,z) and Pe(t,z;1), z=(x,y) of expected transactions
Et(k,tz) and Et(t,z;1) (A.13.1-10) take form:

Pe(k;t,z) = (PeQ(k; t,z); Pec(k,;t, z)) ; z=(x,y) (A.17.1)
Pegy(ky;t,2) = Yicav(x);jeav(y) a €Xig (kq; t, X)Q;j(ky; t, 2)v; (¢, x) (A.17.2)
Pec(ky;t,z) = Yicav(x;jeav(y) a €Xic (kz; t, ) Cij (ko ¢, 2) v (8, X) (A.17.3)
Pe(t,z; 1) = (PeQ(t, z;1); Pe.(t, z; zz)) (A.17.4)
Pey(t,z;11) = Yicav(v)jeav(y) a €% (6, ¥; 1) Qi (8, Z; L)v; (¢, y) (A.17.5)
Pec(t,z;13) = Yicavnjeav(y) a €Xic (8,5 12) Cij (¢, 2 1) v (L, y) (A.17.6)

PeQ (kll t! Z) = EtQ (kll t! Z)veQ (klr t! Z) = ExQ (kll t’ Z)Q(kll tl Z)veQ(kl; tr Z) (A177)
Pec(kz; t, Z) = Etc(kz, t, Z)vec(kz; t, Z) = ExC(kZ; t, Z)C(kz, t, Z)vec(kz; t, Z) (A178)

Pe,(t,z; 1) = Exq(t,2;11)Q(t, z; 1) veo (t, Z; 1) (A.17.9)
PeC(tr Z, l2) = ExC(ti Z, lZ)C(tl Z, lZ)veC(tl Z, l2) (A1710)
ve(k;t, z) = (veQ(kl; t,z); Vec(kas t, Z)) (A.17.11)
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v (t, 1) = (Veg(t, 2 11); Vec(t,231) ) (A.17.12)
Relations (A.17.1-17.3) and (A.17.7-17.8) for z=(x,y) define expectations Exg(k;;t,z) and
Exc(ks;t,z) of sellers that approve transactions with trading volume Q(k;;%,z) (A.12.2) and cost
C(kytz) (A.12.3) as well as velocities v.o(k;;t,z) and v.c(kzt,z) (A.17.11) that describe
motion of sellers expectations. Relations (A.17.4-17.6) and (A.17.9-17.10) define
expectations Exo(t,z;l;), z=(x,y) of buyers that approve transactions with trading volume
Q(t,z;1;) (A.12.5) and expectations Exc(t,z;1>) that approve transactions with trading cost
C(t,z;12) (A.12.6) as well as velocities v.o(1,z;1;) and v.c(1,2;1>) (A.17.12) that describe motion
of buyers expectations.

Equations (A.18.1-18.4) describe transactions BS(k;t,z) (A.12.1-12.3) and flows P(k;t,z)
(A.16.1-16.3) made under sellers expectations of type k=(k;;k>)

d
2 Qs t,2) + V- (QUess t, 2w (ki t, 2) ) = Fy (ks t,2) (A.18.1)
a
2 Po(ky;t,2) + V- (Polks; t,2)v (ki t, 2) ) = Go (ka3 t,2) (A.18.2)
2 Clkyit,2) + V- (Cllkys t, D)vc s t, 2)) = Fe(kzst, 2) (A.183)
2 Pe(kyit,z) + V- (Pl t, 2)vc (ki t,2)) = G(kyit, 2) (A.18.4)

Equations (A.19.1-19.4) describe transactions BS(t,z;1) (A.12.4-12.6) and flows P(t,z;1)
(A.16.4-16.7) made under Buyers expectations of type I=(/;;/;) are similar to (I1.6.1; 6.2):

0

d
2 Po(t,z:1) + V- (Po(t, 2 1)vo(6,7; 1)) = Go(t,z; 1) (A.19.2)
%C(t, z;1,) + V- (C(t, 2, 1L)ve(t, z; 1)) = Fe(t, 2 1) (A.19.3)
ZPc(t,z; 1) + V- (Pe(t,z 1L)ve(6,2; 1) = Ge(t, 73 ) (A.19.4)

Velocities wv.(k;t,z7) (A.17.11) and wv.(t,z;1) (A.17.12) define equations (A.20.1-20.4) on
expected transactions Et(k;t,z) (11.13.6-13.8) and their flows Pe(k;t,z) (A.17.1-17.3):

7]
2 Eto(ky;t,2) + V- (EtQ (ks t, 2)Veq (kys z)) = Foo(ky; t,2) (A.20.1)
7]
2 Peq(ki;t,2) + V- (Peq(ky;t, 2)veq kst z)) = G,o(kyi;t,2) (A.20.2)
%Etc(kz, t, Z) +V- (Etc(kz, t, Z)vec(kz; t, Z)) = Fec(kz; t, Z) (A203)
%Pec(kz; t, Z) + V- (Pec(kz; t, Z)vec(kz; t, Z)) = Gec(kz; t, Z) (A204)

Equations (A.21.1-21.4) on expected transactions Et(t,z;1) (A.13.1-6) and their flows
Pe(t,z;1) (A.17.4-17.6):
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d
2 Bto(t,2;10) + V- (Eto(t, 2, 1)veq(t,7:11) ) = Fag(t, 2 1) (A21.1)

d

2 Peq(t,z;11) + V- (Peq(t, 2 1)veg (6, z:11) ) = Gog(t, 23 1y) (A21.2)
2 Ete(t,z31,) + V- (Ete(t, 2 1)vec (6,23 1)) = Foc(t, 23 1) (A.21.3)
2 Pec(t,z; 1) + V- (Pec(t, 2 1) vec (6,2 1)) = Gec(t, 23 15) (A.21.4)

Equations (A.18.1 — 21.4) complete system of equations on transactions and expected
transactions and their flows made under expectations of type k=(k;’k;) and I=(l;;1>).
Equations (A.18.1 — 21.4) and definitions of price p (A.12.7-12.16) permit derive equations
on price of economic variable E due to transactions BS (A.12.1-6). To derive equations on
price p(kj,kat) (A.12.7) for transactions (A.12.15) made under sellers expectations k; and k;

let’s take integrals of (A.18.1-18.4) by dz=dxdy over economic domain:
Cky; ) = pky, ky; )Q(kys £)
d d
aQ(kﬁ t) = Fo(ky;t) ; ac(kz; t) = Fe(ky;t) (A.22.1)

Qky; t) %p(kl, ko t) + p(ky, kps t)Fo(kys t) = Fe(kos t) (A22.2)
Transactions made in economy at moment ¢ with variable E under all expectations of sellers
and buyers define equations on price p(?) (A.12.14):

C(t) =p®)Q(t) (A.23.1)

200 =Fo(t) 5 QO Sp(®) +p(D)Fy(t) = F (1) (A23.2)
Let’s underline two issues on equations (A.23.2). First: price p(t) (A.23.2) depends on
functions Fy(t) that determine evolution of quantity Q(t) (A.23.1) and F(t) that determine
evolution of cost C(7) (A.12.14) of transactions. Second - complexity of price p(?) equation
(A.23.2) 1s hidden by direct form of functions Fy(?), Fc(t) that define dependence of
transactions (A.18.1) and (A.18.3) on Fo(k;t,z), Fc(kzt,z) under sellers expectations of type
k=(k;;kz) or (A.19.1) and (A.19.3) on Fy(t,z;1;), Fc(tz;12) under buyers expectations of type
I=(l;;1). These functions describe dependence of transactions on expectations and their
flows. Expectations may depend on economic variables, transactions, other expectations and
their flows. Thus expectations that should define functions Fo(k;t,z), Fc(kz tz) for (A.18.1-
18.4) or Fy(t), Fc(t) for (A.23.2) in play core role for transmitting impact of different
economic variables, transactions and their flows on price p(t) (A.23.2) of variable E. That
makes description of price p(t) a really tough problem. Let’s repeat that dependence of
expectations on flows of variables, transactions and other expectations may cause

dependence of price p(t) on flows and velocities vp(t) and vc(?) or velocities of transactions

65



and etc. Analysis of price evolution and fluctuations requires development of econometrics
data that can verify model dependence of expectations on economic variables, transactions
and their flows.

Equations (A.22.1-4) describe sellers price p(k;,k2;t) (A.12.15) that model price of variable E
in entire economics due to sellers expectations of type k=(k;, k2). Let’s mention that sellers
price p(kj,kz;t) (A.12.15) can differs from buyers price p(t;[;,l2) (A.12.16) but nevertheless
they both define same price p(t) (A.12.14) determined by all transactions with variable E in
the entire economics. Fluctuations of sellers p(k;,k»;t) (A.12.15) can differs from statistics of
buyers price p(t;1;,1;) (A.12.16). This and many other problems concern modeling price
dynamics and fluctuations should be studied further.

Moreover, equations on economic variables (I.18.1, 18.2), on transactions (II. 5.12; 5.13),
expected transactions (I1.10.5-10.8) and their flows should model direct dependence of
variables, transactions and expectations on risk coordinates of economic space. Indeed,
growth or decline of risk ratings should directly impact the value of economic variables,
transactions and expectations. Economic modeling should take into account evolution of
value of economic variables, transactions and expectations during motion on economic
domain. Such dependence can be modeled in two ways. First approximation may model
dependence of economic variables on transaction and dependence of transactions on
numerous expectations. That describes numerous kinds of mutual economic and financial
interactions between economic variables, transactions and expectations. The second
approximation should describe direct dependence of economic variables, transactions and
expectations on value of risk coordinates on economic domain. That requires introduction
into economic equations (I.18.1, 18.2), (I.5.12; 5.13), (II.10.5-10.8) economic “risk
potentials” that model direct impact of risk coordinates on variables, transactions,
expectations and their flows. In Part III we present simple model of such direct dependence
of risk coordinates to model economic surface-like waves on economic domain. The problem
of economic “risk potentials” that models dependence of density functions for economic
variables, transactions and expectations straightly relates to the problem of risk ratings
assessments. Actually risk assessments methodologies and assessment procedures directly
impact economic theory and vice versa. These problems are very interesting and we shall

study mutual impact of economic theory and risk assessment in our future research.
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Appendix B. Wave equations for economic variables

Let’s start with equations (IT1.5.2) and take time derivative. We obtain with help of (II1.5.4):

at2 <p(t x) = alc n(t x) — BCAn(t, x) (B.1)
We have the similar equatlon from (III.5.3; 5.4):
62
2 Zon(t,x) = a 5z 96, %) — BAg(t, x) (B.2)
Thus for (B.1) and (B.2) obtain:
32
(1-aa3) ﬁfp(t; x) = —a;fA¢(t,x) — p1CAn(t, x) (B.3)
Let’s take second time derivative from (B.3) and with (B.1; B.2) obtain for ¢(z,x) and 7(¢,x):
9t 92
[(1 —a,az) PYe + (a1, + ,31a2)A§ - ﬁlﬁzAz] p(t,x)=0 (B.4)

To derive wave equations let’s take Fourier transform by time and coordinates or let’s
substitute the wave type solution ¢(%,x) = ¢(x-ct). Than (A.4) takes form
(1 = araz)c* + (a1 B, + azfy)c? — B1ff, = 0 (B.5)
a=1—aqa,>1;b=a.f, +a,6; <0; d= £1,<0
For positive roots ¢’
2 _ —b+/—Vb*+4ad

12 = a (B.6)
equation (B.4) takes form of bi-wave equation (B.7) for ¢(t,x) and z(t,x):
2
2 = M) (o~ 3M)(t,x) = 0 (B.7)

ot?
Bi-wave equations (B.7) describe propagation of waves with two different speeds c; and c;. If

a; and a; equals zero, there are no wave equations and (B.4) take form

lﬁ— dAZl p(t,x)=0; d<O0
Due to (III.1) supply B(t,x) is proportional to price p(tx) and supply disturbances are
proportional to price disturbances z(zx) (II1.5.1). Let’s take n(z,x) as:
m(t,x) =mycos(k-x —wt)exp(yt+p-x) ; mp K1 (B.8)
Here kx is scalar product of vectors k and x. For price disturbances z(z,x) (B.8) equation
(B.4) becomes a system of two equations:
al(y? — w*)? —4y*w?] + b [(p* — k) (¥? — w?) + 4yw k- p] — d[(p* — k?)* —
4(k-p)* =0 (B.9)
4awy(¥? — w?) + b[ 20y (p? —k?) —2(y2 -0 k- pl+4dp*-k» ) k-p =0
Let’s study simple case. Let’s p=0. Then (B.9) takes form:
al(y? — w?)? — 4y%2w?] = bk*(y? —w?) —dk* =0
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2
yz—wzz% : dad + b2 <0 (B.10)
Thus due to (B.10) roots ¢ 1.2 (B.6) of equations (B.5) become complex numbers.

bk? k*(b? + 4ad) k?
4 2 =0 v2 =__ —/=
T6az =0; vy 12 = 15 (b+/ 4ad )

— +
vimoo v

Thus »* >0 for

% k2 —iad
y2=ﬁ(b+m)>0 ; w2=a(—b+ —4ad ) >0

For y > 0 wave amplitude (B.8) grows up as exp(yt). Thus waves of small price disturbances
7(t,x) can propagate on economic domain with exponential growth of amplitude in time and

that may disturb sustainable economic evolution.
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Appendix C. Wave equations for perturbations of economic transactions

Let’s start with equation on perturbations s(z,z) (IIL.8.1) and take time derivative 0/0t:

d
Soa ZS(t Z)+Sov _v ale()V'au
and substitute equations on velocity v(t,z) and u(t,z) (I111.8.2):

—S(t z) — a,f,S0A s(t,z) = —B1DyA d(t, z)

09¢2

The same obtain for equation for perturbations of demand d(,z):
6t2 d(t z) = a1 DA d(t,z) — B,SoA s(t, z)

Let’s take second derivative by time &%/ of (C.2):

4 2 2

0 6
So7ma 5¢4 s(t,z) — Soa1 5,4 S(t z) = —Dyp,A 32 d(t, z)

and substitute (C.3):

So [2z5(t,2) = o 255(t,2) — BuPo? 5(t, 2)| = —DoctzB1 1A%, 2)

Now take operator A of (C.2) and obtain:

62
SOﬁAS(t, z) — Soa1 BoA%s(t, z) = —Dy By A% d(t, 2)

(C.1)

(C.2)

(C.3)

(C4)

and substitute into (C.4) obtain equations for perturbations of supply s(#,z) and demand d(1,z):

[at4 (a1, + azﬁ1)A + B1B2(ara; — 1)A2] s(t,z) =0
Let’s define
a=(af; +aB1) ; b=pifr(aya, — 1)
Let’s take
s(t,z) = s(z — ct)
and (C.5) takes form of bi-wave equation:

(32

(-t (-t =01 5o
ci,—aci,+b =0

1. For a>0 ; b>0 there are two positive roots for squares of velocities ¢’
+/—Vaz=
cZ, =1 at/Na -t S
2. For a>0 ; b<0 or for a<0 ; b<0 there is one positive root for speed square
+Va2-4b
2= 5 0
2
3. For a<0; b>0 there are no positive roots and thus no wave regime.

For each positive square of speed ¢
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c?=ci+c;>0 (C.10)

Here ¢, ° — describes wave speed of suppliers along axes x and c, ? _ describes wave speed of

consumers of goods along axes y. Thus single positive value of ¢* means that there can be a

lot of different waves of supply perturbations with different wave speed ¢, along axes x and

speed ¢, along axes y. The same value ¢? (C.8) or (C.9) may induce waves of supply s(#,z) and

demand d(1,z) perturbations with different waves speed ¢; of supply and ¢; of demand that
fulfill the conditions (C.10):

s = (Coxs Csy) €2 =cE +c2, >0 (C.11)

€q = (Cax; Cay) Ca® = Cax+ ¢4y >0 (C.12)

cs = (Csxs €sy) # €q = (Cax; €ay) but cs> =c§ >0
Let show that equations (C.5) allow propagation of supply disturbances waves with

amplitudes growing as exponent. Let take s(7,z) as:

s(t,z) = cos(wt —k-z)exp(yt) ; k= (kyk,) (C.13)
Function (C.13) satisfies equations (C.5) if:
2 _ .2, ak? 2,2 _ 1,4 a? . 2
W=yt — dy*w” =k (b—7)>0,4b>a
]/2 — kz v4b+38a2—2a > 0 wz — k2 v4b+38a2+2a > 0

For y > 0 wave amplitude grows up as exp(yt). Let’s show that equations (IIL.8.1; 8.2) on
disturbances of supply transactions from x to y and demand transactions from y to x induce
equations on perturbations of economic variables — densities of supply S,.(%x) from point x,
supply Six(t,y) to point y, demand D,,(t,y) from point y and demand D;,(t,x) at point x and
their flows. To do that let’s take integral by dy over economic domain (II.1.1; 1.2). Due to

(I1.3) supply S,ut,x) from point x and supply Si,(2,y) to point y are defined as:

Sout(, %) = [dy S(t,%,¥) ; Sp(t,y) = [dx S(t,x,¥) (C.14.1)
and use (I11.7.3) to define their flows P,,(t,x) and P;,(ty) :

P,u.(t,x) = [dy P(t,x,y) ; Pi(t,y) = [dx P(t,x,y) (C.14.2)
The similar relations define demand D,,(t,y) from point y and demand D;,(#,x) at point x and
their flows:

Doye(t,y) = [dx D(t,x,y) ; Din(t,x) = [dy D(t,x,) (C.14.3)

Qouc(t,¥) = [dx Q(t,x,y) ; Qu(t,x) = [dy Q(t,x,¥) (C.14.4)

Economic meaning of supply S,.(%,x) - it is total supply of selected goods, commodities etc.,
from point x. Function S;,(z,y) describes total supply of selected goods to point y. Economic

density function D,,,(t,y) describes total demand from point y and D;,(t,x) — total demand at
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point x from entire economy. Equations on density functions S,.(t,x), Si(ty), Di(t,X),
D,.(ty) and their flows can be derived from (II1.7.1; 7.2; 7.4; 7.5). Let’s take integrals by dx

or dy over economic space:

2 Sout (&%) + V+ (Sout Vour) = &1 V- Qin(t,%) (C.15.1)

2 Din(t, ) + V- (Din i) = 2 V- Poye(t, %) (C.15.2)

= Pout(t,0) + V- (Poue Vou) = fr Vi (£, ) (C.15.3)

2 Qin(t,2) + V- (Qin Uin) = P2 VSoue (£,2) (C.15.4)

P oyt (8, %) = Soue (6, X) V00 (8, %) 5 Qin (£, X) = Din (&, X) Ui (¢, X) (C.15.5)

Similar equations are valid for S;,(2,y), D,u(ty) and their flows P;,(1,y), Qou(t,y). To derive
wave equations on disturbances of S,.(t,x), Di,(t,x) and their flows let’s take integrals by dy
of (II1.7.8; 7.9):
Sout (%) = Soout (1 + Sout (6,)) ; Din(t,X) = Doin(1 + din(t, ) (C.16.4)
Pyt (t, X) = SooutVour (8, X) 5 Qin(t, X) = DoinUin (L, X) (C.16.5)
Equations on disturbances s,.(t,x), din(t,x) and their flows are similar to (IIL.8.1; 8.2) but

perturbations depend on x only:

0
asout(t: x) + S0V Vour = a1 DoV - uip (8, X) (C.16.6)
0
adin(t, x) + Dov "Uip = azsov ) vout(t, x) (C167)
0 d
So avout(t, z) = p,Vd(t,x); D, auin(t, x) = B,V s(t,x) (C.16.8)

Equations on disturbances s,,(t,x) and d;,(t,x) as well on s;(tx) and d,,(tx) take form
similar to (C.5; C.6):

9% 02 )
2 — QA o+ bAZ| g (£, %) = 0 (C.17.1)

Let’s argue signs of a;, az, B, f». Positive divergence DyV - u;,, (t, x) > 0 for disturbances of
demand flow means that demand flows out of a unit volume dV at point x and thus reduce
amount of demand at x. Decline of demand may decline supply s,.(,x) and hence we take
a;<0. As well positive divergence S,V - v, (t, x) > 0 for disturbances of supply flow means
that supply flows out of a unit volume dV at point x and hence decline supply at x. Reduction
of supply at x may increase demand at this point and we take a,>0. Equations (C.16.8) model
relations between supply flows Sypo(z,x) and gradient of demand perturbations. We propose
that supply flows Spo(t,x) grow up in the direction of higher demand determined by gradient

of demand perturbations Vd(t, x) and thus take ;>0. As well demand flows Dou(z,x) decline
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in the direction of higher supply determined by gradient of supply perturbations Vs(t, x) and
thus take f,<0. Hence we obtain:
a;<0; az>0;p3,>0; [, <0 (C.17.2)
a=(af+azfy) >0; b=pf(aya; —1) >0
and due to (C.8) there are two positive roots for ¢? of (B.7). Same considerations are valid for
equations on s;,(t,x) and d,,(t,x). Thus disturbances of economic variables s,,(f,x) and

din(t,x) follow bi-wave equations

0% 0%
= i) (55 — cM)s(t,x) = 0 (C.17.3)

Wave equations (C.7) on transactions disturbances induce similar wave equations on
disturbances of —in and —out economic variables that are determined by transactions. Let’s
show that these waves induce small fluctuations of macroeconomic variables. Let’s study
economics under action of a single risk. Due to (II.1.1; 1.2) transactions are defined on 2-
dimensional economic domain. For (III.7.8) and (C.13) macroeconomic supply S(¢) at

moment ¢ (I1.4.1; 4.2)

S) =Se(1+s(0); s) = fol dxdy s(t,x,y) (C.18.1)
__ 4exp(yt) kxtky _ kx ﬁ
s(t) = ok, cos( > a)t) sin—" sin— (C.18.2)

Hence disturbances s(z) of macroeconomic supply S(¢) at moment ¢ may grow up as exp(yt)

for y>0 or dissipate to constant rate Sy for y<0 and fluctuate with frequency o.
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Appendix D. The business cycle equations

Let’s show that macroeconomic supply S(z) and demand D(¢) follow fluctuations that can be
treated as business cycles. To derive equations on S(¢) and D(¢) as (I1.4.1) let’s take integral
by dz=dxdy of (1I1.13.1; 13.3):

25ty == [dzS(tz) = [dz V- (v(t,2)S(t,2)) +a [dz z-Pp(t,z) ~ (D.1.1)
First integral in the right side (D.1.1) is integral of divergence over 2-dimensional economic
domain (III.6.1; 6.2) and due to divergence theorem (Strauss 2008, p.179) it equals integral of
flux through surface of economic domain and hence equals zero as no economic fluxes exist

outside of economic domain (I11.6.1; 6.2). Let’s define Pz(t) and Dz(t) as:

Psz(t) = [ dxdy xPsy(t,x,y) + yPsy (t,x,y) = Psx(t) + Psy(t) (D.1.2)

Ppz(t) = [ dxdy xPp,(t,x,y) + yPp, (t,x,y) = Ppx(t) + Ppy(t) (D.1.3)
Due to (D.1.1-1.3) equations on S(z) and D(t) take form:

GS® =alPpx(® +Poy(®©] ;DO =b[Pex() + Py(D]  (D.14)

To derive equations on Pz(t) and Dz(t) let’s use equations (II1.13.2; 13.4) on flows Pg(t), Ps(t)
and matrix operators as (II1.13.6; 13.7).

Psx(t) = [ dxdy Ps,(t,x,y) = S()v(t) (D.1.5)
Ps, () = [ dxdy Ps,(t,x,y) = S()vy(t) (D.1.6)
Ppx(t) = [ dxdy Ppy(t,x,¥) = D()u,(t) (D.1.7)
Ppy(t) = [ dxdy Ppy(t,x,y) = D(t)u,(t) (D.1.8)
Similar to (D.1.1) from (II1.13.2; 13.6; 13.7) for (D.1.5- D.1.8) obtain:
2 Po(t) = €1 Ppy(t) 5 < Ppe(t) = dy Py () (D2.1)
= Poy(t) = oPsy (£) 5 == Ppy(£) = dyPsy (£) (D2.2)

As we mentioned before, flows (D.1.5-1.8) can’t have constant sign of velocities (D.1.5-1.8).
Indeed, let’s define mean risk Xg(z) of suppliers with variable E and mean risk Y¢(?) of
consumers of variable E as:

S®)Xs(t) = [dxdyx S(t,x,y) ; S®Y:(t) = [dxdyy S(t,x,y) (D.2.3)
It is easy to show that for F(t,x,y)=0 one derive from (III.13.1; 13.8):

25(6) = 0; S(t) = So = const; == Xs(t) = v, (£) ; Ye(£) = v, () (D.2.4)
Thus in the absence of interaction Fy(z,x,y)=0 mean risk Xs(z) of suppliers of variable E
moves along axis X with velocity v,(¢) (D.2.4) and mean risk Y¢(t) of consumers of variable E

moves along axis Y with velocity v,(z) (D.2.4). Borders of economic domain reduce motion of
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mean risks. Hence velocities v.(¢) and v,(¢) must change sign and should fluctuate. Let’s
underline that relations (D.2.3, 2.4) simplify real economic processes as we neglect
interactions between transactions Fs(f,x,y) and neglect direct dependence of economic
variables and transactions on risk coordinates z=(x,y) on economic domain. Indeed, risks
impact on economic performance and activity of economic agents. Thus change of risk
coordinates should change value of density functions of economic variables and transactions.
Starting with (13.1) it is easy to show that in the presence of interactions between supply
S(t,x,y) and demand D(t,x,y) transactions mean risks Xs(z) of suppliers of variable E change

due to two factors as:

= Xs(t) = () + wy (1) (D2.5)
wy(£) = [Xsr(t) = Xs(8)] 3 InS(0) (D2.6)
Fs(t) = [ dxdy Fs(t,x,y) 5 Xsp(OFs(D) = [dxdy x Fs(t,x,y)  (D27)

Here v,(1) is determined by (II1.13.8) and velocity w,(?) (D.2.6, 2.7) describes motion (D.2.5)
of mean risk Xs(7) (D.2.3) of suppliers along axis X due to interaction Fs(t,x,y) (III.13.1) of
supply and demand transactions. Mean risk Xg(#) of suppliers and mean risk Y¢() of
consumers (D.2.3) of variable E on economic domain (IIL.6.1; 6.2) are reduced by borders of
economic domain (D.2.8):

0 <Xs(t)<1; 0<Y(t)<1 (D.2.8)
Hence velocities v,(7) (D.1.5-1.8) and w,(t) (D.2.6-7) should fluctuate as (D.2.8) reduce
motion of mean risks (D.2.3, 2.5). Thus (D.2.5) describes two sources of fluctuations caused
by velocities v,(z) (D.1.5-1.8) and w,(z) (D.2.6-7). Let’s model fluctuations of flows Pg(¢) and

Pp(t) by equations (D.2.1-2) that describe harmonique oscillations with frequencies o, v:

(1)2 = _Cldl >0 ; VZ = _Czdz >0 (D31)
d? d?
ot W [P =05 |5+ 0? | Pox(®) = 0 (D.3.2)
d? d?
[F+v2]Psy(t) =0 [F+VZ]PDy(t) =0 (D.3.3)

Frequencies o describe oscillations of mean risk Xs(7) (D.2.3-2.4) of suppliers along axis X
and v describe oscillations of consumers mean risk Y(¢) along axis Y. Solutions (D.3.1-3.3):
Psy(t) = Ps,(1) sin wt + P, (2) cos wt; Pgy, (t) = Pg, (1) sinvt + P, (2) cosvt  (D.3.4)
Ppyx(t) = Pp,(1) sinwt + Pp,(2) cos wt ; Pp,, (t) = Ppy (1) sinvt + Pp,,(2) cosvt (D.3.5)
To derive equations on Pz(t) and Dz(t) let’s derive equations on their components Pgx(?),
Psy(t), Ppx(t), Ppy(t) (D.1.2;1.3) and use equations (II1.13.2; 13.6). Let’s multiply equations
(II1.13.2) by z=(x,0) and take integral by dxdy
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d d d
P = f dxdy xPsy (£, %, ) = f dxdy [~ 5= (v, Poy) + 1Py (6,%,)]

d
- [ axdy s P = [ dxay vz n sy
For Pgx(t), Psy(t), Ppx(t), Ppy(t) (D.1.2;1.3) obtain equations:

d d
EPSx(t) = ESx(t) + ¢, Ppx(t) ; aPDx(t) = EDx(t) + d,Psx(t)

d d
—Psy(8) = ESy(8) + coPpx() 5 —Poy(e) = EDY(8) + doPsy (0

Let’s use (II1.13.10) and denote ESx(t.x,y), ESy(txy), EDx(tx,y) EDy(t,x,y) and ESx(t),
ESy(t), EDx(t) EDy(t) as:
ESx(t) = [ dxdy ESx(t,x,y) = [ dxdy v2(t,x,y)S(t,x,y) = S(t)vZ(t) (D.4.1)
ESy(t) = [ dxdy ESy(t,x,y) = [ dxdy v} (t,x,y)S(t,x,y) = S(t)vj(t) (D.4.2)
EDx(t) = [ dxdy EDx(t,x,y) = [ dxdyuZ(t,x,y)D(t,x,y) = D(t)u2(t) (D.4.3)
EDy(t) = [ dxdy EDy(t,x,y) = [ dxdyui(t,x,y)D(t,x,y) = D()uj(t)  (D.44)
Equations on Pgx(t), Psy(t), Ppx(t), Ppy(t) take form:

[% + wZ] Psx(t) = 4-ESx(t) + ¢, EDx(t) ; [% + aﬂ] Ppx(t) = 3-EDx(t) + d,ESx(t) (D.4.5)

|5 +v2| Pey(6) = LESy(8) + EDY(®); [ 455+ v2| Poy(6) = L EDY(6) + dyESy(t) (D.A.6)
Equations (D.4.5-4.6) describe fluctuations of Psx(t), Psy(t), Ppx(t), Ppy(t) with frequencies @
and v under action of ESx, ESy, EDx, EDy (D.4.1-4.4). To close system of ordinary
differential equations (D.4.5-4.6) let’s define equations on ESx, ESy, EDx, EDy. Let’s outline
that relations (D.4.1-4.4) are proportional to product of supply S(z) and velocity square v*(z)
and looks alike to energy of a particle with mass S(7) and velocity square velocity v’(1). We

underline that this is only similarity between (D.4.1-4.5) and energy of a particle and have no

further analogies. To define equations on (D.4.1-4.5) let’s propose that:

%ESx(t, x,y)+ :—x(vxESx) = w,EDx ; %EDx(t, x,y) + aa—x(uxEDx) =mESx (D.5.1)

B B B B
aESy(t, x,y)+ a(vyESy) = u,EDYy ; aEDy(t, x,y)+ a(uyEDy) =n,ESx (D.5.2)

Yi=wmn >0 ; yi=pm, >0 (D.5.3)
Equations (D.5.1-3) give equations on ESx(t), ESy(t), EDx(t), EDy(t)
d? d>?
[p —vi ] ESx(©)=0; |2z —7i ] EDx(t) =0 (D.5.4)
d? d>
—vE|Esy®) =0 |5 —vE|EDY(®) =0 (C5.5)
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Let’s explain economic meaning of (D.5.1-5.5): “energies” ESx(t), ESy(t), EDx(t), EDy(t)
grow up or decay in time by exponent exp(y;t) and exp(y,t) that can be different for each risk
axis. Here y; define exponential growth or decay in time of ESx(#) induced by motion of
suppliers along axis X and y, describe exponential growth or decrease in time of ESy(1),
induced by motion of consumers along axis Y. The same valid for EDx(t) and EDy(t)
respectively. Solutions of (D.5.4-5.5; D.4.5-4.6) with exponential growth have form:
ESx(t) = ESx(1) expy,t ; ESy(t) = ESy(1) expy,t
EDx(t) = EDx(1) expy it ; EDy(t) = EDy(1) expy,t
Psx(t) = Psx(1) sin wt + Psx(2) cos wt + Psx(3) exp y it
Psy(t) = Psy(1) sinv;t + Psy(2) cosv;t + Psy(3) exp y,t
Ppx(t) = Ppx(1) sin wt + Ppx(2) cos wt + Prx(3) expyqt
Ppy(t) = Ppy(1) sinv;t + Ppy(2) cosv;t + Ppy(3) exp y,t
Macroeconomic supply S(z) of variable E as solution of (D.1.4) takes form:
S(t) =5(0) + a[Sx(l) sin wt + S, (2) cos wt + S, (1) sinvt + S,,(2) cos vt] + a[Sx(B)exp yit +
Sy(3) expy,t] (D.5.6)
Initial values and equations (D.1.4-D.5.5) define simple but long relations on constants S,(j),

Sy(j), j=0,..3 and we omit them here. Similar relations valid for demand D(?).
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