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Abstract

The Portfolio Theory has been extensively used as a planning tool for
power generation diversification. However, no one of the existing papers
provide a detailed explanation on how the efficient frontier of the Power
Generation Portfolio (PGP) is costructed. We provide a parametric for-
mulation of the efficient frontier of PGP of up to 5 technologies. The
analysys takes advantages of the fact that the risk of the PGP is a convex
function of the shares of the different technologies. The parametric for-
mulation of the efficient frontier of the PGP constitutes a powerfull policy
tool for power generation policy-makers.
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1 Introduction

The Portfolio Theory, developed by Markowitz (1952), has been extensively
used to design plans of power generation diversification (See DeLlano-Paz et
al. (2017) for a review). However, no one of the existing papers provide a
detailed explanation on how the efficient frontier of the Power Generation Port-
folio (PGP) is constructed. Without any exception, all of them only present a
graph depicting the efficient frontier of the corresponding PGP (e.g., Costa et
al. (2017), Pinheiro Neto et al. (2017), Adams and Jamasb (2016), Jain et al.
(2014), Cunha and Ferreira (2014), Roques et al. (2010), Vithayasrichareon et
al. (2010a), Vithayasrichareon et al.(2010b), Roques et al. (2008), and Awer-
buch and Berger (2003)).

In the present paper we aim to fill this gap in the literature by providing a
parametric formulation of the efficient frontier of PGP of up to 5 technologies.
Following the existing literature, in present analysis the efficient frontier refers
to the set of the PGPs that maximize their Expected Net Present Value (ENPV)
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for a given level of risk. This is, the ENPV of an efficient PGP can be increased
only by increasing its risk (Awerbuch and Berger (2003)). Note that the present
analysis could be directly applied to PGP using Levelized Cost of Electricity
(LCOE). In such a case, the efficient frontier would be a set of PGPs which can
yield the lowest expected energy costs at given, acceptable levels of expected
risk (Jansen et al. (2006)).

The analysis takes advantages of the fact that the risk of the PGP, given
by the Standard Deviation (SD) or the Variance of the NPV, is a convex func-
tion of the shares of the different technologies. First, we obtain the shares of
the technologies that guarantee the minimum risk of the NPV of the PGP. We
then obtain the maximum ENPV of the PGP. Finally, we construct the efficient
frontier that corresponds to the parametric equation of the shares of the tech-
nologies that link the minimum risk of the NPV of the PGP to its maximum
ENPV.

The parametric formulation of the efficient frontier of the PGP allows to
tackle the problem of energy generation diversification in an economy. Then,
it constitutes a powerful policy tool for power generation policy-makers. Actu-
ally, it could be applied to portfolios of assets different than power generation
technologies.

The paper also shows that the "portfolio effect" results from the fact that the
risk of the PGP is a convex function of the shares of the different technologies.

As this is a methodological paper, instead of focusing the analysis on PGP
of a particular economy, we use hypothetical data. This fact allows to show the
scope of the methodology and, at the same time, improves exposition simplicity.

The whole analysis relies on the assumption that the covariances of the NPVs
of the different technologies is zero. Although this is a strong assumption, it
leads to gains in tractability and in the scope of the methodology formulated.

To the best of our knowledge, this is the first effort to provide a detailed
methodology to construct, parametrically, the efficient frontier of PGPs.

The paper is organized as follows: In Section 2, we present the preliminaries.
Section 3 presents PGP of 2 technologies. Section 4 presents PGP of 3 technolo-
gies. PGP of 4 technologies are presented in section 5. PGP of 5 technologies
are presented in section 6. Section 7 contains the final remarks and conclusions.
The appendix contains the formal proofs.

2 Preliminaries

We apply the Portfolio Theory developed by Markowitz (1952) to find the effi-
cient power generation mix: the ENPV of the generation mix can be increased



only by increasing its risk. As usual, risk is measured by the SD or, alterna-
tively, by the variance. Formally, let X; be the random variable that represents
the NPV of technology i. Let Y a random variable describing the NPV of the
PGP which is defined as follows:

Y = Z?:l OziXZ', with Z:.L:l a; = 1. (1)

Where «; € [0, 1] represent the share of technology i. Following result provides
the basic tools for the analysis.

Lemma 1 Let X; a random wvariable that represents the NPV of technology
i with mean p; and variance o2. Where o; € [0,1] is the the share of tech-

nology i = 1,2,...,n. Let the PGP be represented by the random wvariable
Y=%0",0;X; with)! ;a; =1. Then

E(Y)= Z?:l o B (X)),

n 2
Uy = Zi=1 Qb @)

and
9 V(:;?" (YZ) :2 E [Y B MYP ’ (3)
Oy =D i1 Q07+ D0 i QT
where the double summation extends to any values © and j , from 1 to n, such
that i < j. In addition, o, ; = E [(X; — p;) (X; — ,uj)] is the covariance of the
NPVs of technologies i and j.

Proof. See pp. 158, Freund et al. (2000). m

First result of Lemma 1 indicates that the ENPV of the PGP is a convex
sum of the ENPVs of the different technologies. Following corollary describes
such fact.

Corollary 2 Assume that the ENPV of technology 1 is the greatest while the
ENPYV of technology n is the lowest. Then, it holds that p; > py > p, for

Yo =1

Second result of Lemma 1 captures the role of the covariances of the NPVs
of the different technologies on the risk of the PGP. If the covariances of the
NPVs of the different technologies are negative, the risk of the PGP reduces.
On the other hand, the risk of the PGP increases when the covariances among
the NPVs of the technologies are positive. When some covariances are positive
while others are negative, it is difficult to determine the final effect on the risk
of the PGP. The existing literature reports that, regardless of the variable used
to construct the PGP (NPV, LCOE, capacity factor, or installed capacity),
the covariances amongst the different technologies have an absolute value less
than one (e.g., Pinheiro Neto et al. (2017), Adams and Jamasb (2016), Cunha
and Ferreira (2014), Roques et al. (2010), and Roques et al. (2008)). As the
NPVs of the technologies are reported in million of dollars (or pounds) and the



shares of the different technologies are less than one, we expect that the term
>0 i, @ijoyj to be significantly smaller than the term 37, afo?. Then,
for the following analysis we assume that the covariances among the different
technologies is zero. this is, o;; = 0, for any values ¢ and j , from 1 to n,
such that ¢ < j. This assumption leads to a lack of precision in calculating
the minimum risk of the PGP. However, such loss is compensated by a gain in
tractability and by the scope of the methodology formulated.

Worth noting that the assumption that the covariances of the different tech-
nologies is zero works well when the PGPs use NPVs or LCOSTs of the different
technologies. Nevertheless, such assumption does not seem feasible when the
PGPs use capacity factor or installed capacity. In those cases, we can not guar-
antee that the term » 3>, ;05 ; will be significantly smaller than the term
> a?o? (e.g., Cunha and Ferreira (2014) and Roques et al. (2010)). Then,
in such a context, assuming zero covariance amongst the different technologies
would lead to meaningful miscalculations of the risk of the NPV of the PGP.

Then, from now on, the risk of the PGP is described by its SD as follows:

Expression (4) and Corollary 2 provide the tools to construct a parametric
formulation of the efficient frontier of the PGPs.

As the main contribution of the paper is the parametric formulation of the ef-
ficient frontier, instead of focusing the analysis on PGP of a particular economy,
we use hypothetical data. This fact allows to show the scope of the method-
ology, and improves exposition simplicity. We consider five technologies: 1)
Hydro Power Plant (Hydro); 2) Wind Power Plant (Wind); 3) Combined Cy-
cle Gas Turbine (CCGT); 4) Advanced Gas-Cooled reactor (Nuclear), and; 5)
Integrated Gasification Combined Cycle (Coal). Following table present the
statistics of the NPV of the different technologies in USD million.

Statistics Hydro | Wind | CCGT | Nuclear | Coal
ENEV 500 400 100 -50 -100
St. Dev. NPV | 350 450 | 550 300 400

Table 1: Single technology NPV distribution statistics

Now we have all the building blocks to provide a parametric formulation of
the efficient frontier of PGPs. We start with portfolios of two technologies.
3 Portfolios of two technologies

Following result exploits the fact that the SD of the PGP is a convex function
of the shares of technologies 1 and 2, (a1,a2).



Proposition 3 From expression (4) the SD of the NPV of the PGP of two
technologies is given by oy = \/aio? + a303. Assume that the NPV of tech-
nology 2 is the less risky. For 012 =0, a; € [0,1] fori=1,2, and a1 +az =1
it holds that

a) The risk of the NPV of the PGP, given by oy, reaches its global minimum

at )
%

Q) _ 1 03

ol oitos \ o2

b) The minimum risk of the NPV of the PGP is

Proof. See appendix. m

3.1 Efficient frontier

Following result provides the parametric formulation of the efficient frontier for
PGP of two technologies.

Proposition 4 Let oy = \/ajo3 + a30% be the SD of the NPV of the PGP.
Assume that py > o, then the following holds:

a) The efficient frontier corresponds to the following parametric equation of
the shares of technologies 1 and 2,

aq - «
ar ) \Nl1—a )’
where the parameter o is such that af < a < o < 1. o refers to the

value of a that guarantees certain amount of the ENPV of the PGP.

b) The SD in the efficient frontier is given by oy < o, < o (adf). Note that
o (adf) <o;.

c) The maximum ENPYV for every corresponding level of risk is given by p (af) <
Hy S p (a¥). Note that p (a¥) < p,.

Proof. See appendix. m

3.2 Illustrative Portfolios: CCGT-Coal

From Table 1, the corresponding ENPV and variance of the CCGT (cc) and
Coal (co) are: p,. = 100, u,., = —100, 02, = 302500, and o2, = 160000.



1. Following Proposition 3, CCGT corresponds to technology 1 and Coal
to technology 2. Then, the shares of the technologies that ensure the
minimum risk are

(af,,ak,) = (0.34595,0.65405) .
The minimum risk reached by this PGP is 03 = 323.49. And the maxi-
mum ENPYV for such level of risk is py = —30.81.

2. From Proposition 4, the efficient frontier corresponds to the following para-
metric equation of the shares of the two technologies

Oce \ «a
(o)-(:%)

for 0.34595 < o < 0.6919. Note that the PGP of CCGT-Coal reaches the
maximum ENPV when o.. =1, and py = p., = 100. However, devoting
a share of 100% to CCGT would be very risky in economic and social terms
as the SD of the NPV of CCGT is the greatest, .. = 550. In this case
the desicion-maker should take a criteria to define the efficient frontier.
We propose the upper limit of the efficient frontier to be a¥ = 0.6919.
This fact guarantees that the PGP reaches a risk equal to 0., = 400, the
minimum risk of the two technologies.

Note that in this case we might say that CCGT "weakly dominates"
the PGP as it has the greatest ENPV which is also relatively risky.! On
the other hand, a technology "strongly dominates" a PGP if it has the
greatest ENPV and the lowest risk. Roques et al. (2010), Table 4, 2nd
scenario, provides a good example where CCGT "strongly dominates" the
PGP. However, an economy would face a potential social risk by placing
its Power Generation in one single technology. Even in such case, the
decision-maker should support Power Generation diversification.

3. The SD in the efficient frontier is given by 323.49 < o, < 400.

4. The maximum ENPYV for every corresponding level of risk is given by
—30.81 < p1,, < 38.38.

!See Pinheiro Neto et al. (2017) for clear example where Hydro "weakly dominates" the
PGP.



5. The feasible PGPs of CCGT-Coal are shown in the following figure:
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Figure 1: Feasible PGPs of CCGT-Coal

6. The parameters of the efficient frontier are presented in the following fig-
ure:
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Figure 2: Efficient Frontier of PGP of CCGT-Coal

4 Portfolios of three technologies

Following result exploits the fact that the SD of the PGP is a convex function
of the shares of technologies 1, 2, and 3, (a1, ag, as).

Proposition 5 From expression (4) the SD of the NPV of the PGP of three
technologies is given by oy = \/a2o? + a3o% + a2o%. Assume that the NPV
of technology 2 is the less risky. For 012 = 013 = 023 = 0, a; € [0,1] for
1=1,2,3, and Z?zl o; = 1 it holds that

a) The risk of the NPV of the of the PGP, given by oy, reaches its global
minimum at

* 2 2
. [ %3%
* P ———

) = | o)
Qg 0103

where |Az| = 0303 + 0203 + 0303.

b) The minimum risk of the NPV of the PGP is

2 .2 2
* g1050
Oy = 4|A3| < 09.

Proof. See appendix. m



4.1 Efficient frontier

Following result provides the parametric formulation of the efficient frontier for
PGP of three technologies.

Proposition 6 Let oy = +/a?o? + a303 + aZo? the SD of the NPV of the
PGP. Assume that py > py > ps, then following holds:

a) The efficient frontier corresponds to the following parametric equation of
the shares of technologies 1, 2, and 3,

o alte
ay | = a—aott® |,
ag 11—«

where the parameter « is such that [of] T+ <a<a¥ <1. Let x be given

ln[aIJra;}

amount of the ENPV of the PGP.

by x = a¥ refers to the value of « that guarantees certain

b) The SD in the efficient frontier is given by oy < oy < o (adf). Note that
o (ozdf) <oq.

c) The maximum ENPV for every corresponding level of risk is given by p ([aﬂ 1#) <
py < p (o). Note that p (o) < pu,.

Proof. See appendix. m

4.2 TIllustrative Portfolios: CCGT-Nuclear-Coal

From Table 1, the corresponding ENPV and variance of the CCGT (cc), Nuclear
(nu) and Coal (co) are: g, = 100, u,, = —50, p., = —100, o2, = 302500,
o2, = 90000, and o2, = 160000.

1. Following Proposition 5, CCGT corresponds to technology 1 and Coal
to technology 3. Then, the shares of the technologies that ensure the
minimum risk are

*

(ar,, ab,, af,) = (0.15996,0.53763,0.30242) .

nu’ co

The minimum risk reached by this PGP is 0} = 219.97. The maximum
ENPYV for such level of risk is py = —41.128.

ips . ln[n 15€?Ejéi%923763] T
2. From Proposition 6, we obtain = = %5556 15 535763] = 4-0894 and [a3]™= =

1

[0.15996]5959% = (0.69759. Then, the efficient frontier corresponds to the
following parametric equation of the shares of the three technologies

Qe a5.0894

— 5.0894
Ay - a—w )
Qo 1l-«a



for 0.69759 < ar < 0.93645. The PGP of CCGT—Nuclear-Coal reaches the
maximum ENPV when a., =1, and puy = ., = 100. In this case, again,
CCGT "weakly dominates" the PGP as it has the greatest ENPV which
is also the most risky, o.. = 550. Then, we propose the upper limit of
the efficient frontier to be a¥ = 0.6919. This fact guarantees that the
PGP reaches a risk equal to o., = 400. Although the ENPV of nuclear is
the less risky, it is associated to a lower ENPV of the PGP, py = 16.17.
Then, choosing the upper limit of the efficient frontier as a¥ = 0.6919
allows the PGP to reach a greater ENPV, u, = 54.21, for a considerable
risk.

3. The SD in the efficient frontier is given by 219.97 < o, < 400.

4. The maximum ENPV for every corresponding level of risk is given by
—41.128 < p,, < 54.21.

5. The feasible PGPs of CCGT-Nuclear-Coal are shown in the following fig-

ure:
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Figure 3: Feasible PGP of CCGT-Nuclear-Coal

6. The parameters of the efficient frontier are presented in figure 4.
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o0% 400
SEEEEEEEC s
TO% i

1 2 3 4 5 [ 7 8 9 10
memm ShareMu 054 053 052 050 047 044 040 035 029 022
mmmm ShareCC | 016 019 023 028 033 03% 046 053 062 072
mmm ShareCo 030 028 025 022 020 017 014 012 005 006
St.Dev. 21997 22100 22462 23172 24328 26032 28379 31448 353.06 400.09
e E N P -41.13 -3478 -2762 -1555 -1047 -027 1116 23957 3827 5421

Figure 4: Efficient Frontier of PGP of CCGT—Nuclear-Coal

At this stage of the paper we are able to provide a geometric intuition about
the parametric formulation of the efficient frontier stated in Proposition 6. We



start by plotting the ENPV and the SD of the NPV of the PGP of CCGT-
Nuclear-Coal given as follows

_ 2 2 2 ;2 2 2
Oy = \/accgcc + anuanu + (1 — Olee — anu) Ucoa
Ky = Qcclbee + Cnutby, + (1 — O¢ce — anu) Heo-

The red surface in Figure 5 corresponds to the risk of the PGP, oy, while
the blue plane corresponds to the its ENPV, py-.

Figure 5: Efficient Frontier of PGP of CCGT-Nuclear-Coal

The green line in the risk of the PGP depicts the risk of the PGP of CCGT-
Coal. The green line in the ENPV of the PGP depicts the ENPV the PGP
of CCGT-Coal. Then, placing together the corresponding points of the green
lines, we obtain the feasible PGP of CCGT-Coal shown in Figure 1.

The yellow line in the risk of the PGP links the risk of Coal, o.,, to the risk
of CCGT, 0., and the minimum risk of the portfolio, o}-. The yellow line in the
ENPYV of the PGP links the ENPV of Coal, 4., to the ENPV of CCGT, ..,
and the ENPV corresponding to the minimum risk of the portfolio, 1 ([a*ﬂ 14%1)

Then, placing together the corresponding points of the yellow lines, we obtain
the feasible PGP of CCGT-Nuclear-Coal shown in Figure 3.

The fact that p; = pioe > fny > lheo = M3 guarantees that: 1) the efficient
frontier of the PGP of CCGT-Nuclear-Coal is a segment of the feasible PGP of
CCGT-Nuclear-Coal shown in Figure 3; 2) the efficient frontier does reach the
maximum ENPV for a given level of risk, and; 2) the PGP of CCGT-Nuclear-
Coal is less risky than any other PGP containing less than three technologies.

5 Portfolios of four technologies

Following result exploits the fact that the SD of the PGP is a convex function
of the shares of technologies 1, 2, 3, and 4, (a1, as, a3, ay).
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Proposition 7 From expression (4) the SD of the NPV of the PGP of four
technologies is given by oy = \/a3a3 + a3c3 + a2a? + ajo3. Assume that the
NPV of technology 2 is the less risky. Assume that o; ; =0, for any values i and
J, from 1 to4, such thati < j. If a; € [0,1] fori=1,2,3,4, and Zle a; =1
it holds that

a) The risk of the NPV of the PGP, oy, reaches its global minimum at

y 2.2 2
aj agagaé
*

(0% 1 U%USJ%
| T A

a3 [Aal | oiog0]
o oioio}

where |Ay| = 030303 + 020202 + 030303 + 030303.

b) The minimum risk of the NPV of the PGP is
2

PP)
* 01959304
Oy = [A] < 03.

Proof. See appendix. m

5.1 Efficient frontier

Following result provides the parametric formulation of the efficient frontier for
PGP of four technologies.

Proposition 8 Let oy = \/a}0? + 203 + a3o? + a3o? the SD of the NPV of
the portfolio. Assume that the ENPV of technology 1 is the greatest while the
ENPV of technology 4 is the lowest, then following holds:

a) The efficient frontier corresponds to the following parametric equation of
the shares of technologies 1,2,3 and 4,

a altz

Qs a — alts

Qs - amg _ al-l—xg ’
oy 1—a—a® +alte

1
where the parameter a is such that [af] ™ 1 < a < o < 1. Let 1 and
] g ||
ln[oq-&-(x;] ln[(xf-l-a;]

of a that guarantees certain amount of the ENPV of the PGP.

To be given by r1 = and To = . oY refers to the value

b) The SD in the efficient frontier is given by oy < 0y < o (adf), Note that
o (adf) <o0q.

c) The maximum ENPYV for every corresponding level of risk is given by u ([a’{]ﬁ) <
By < (adf), Note that p (adf) < py.

Proof. See appendix. m
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5.2 Illustrative Portfolios: Wind-CCGT-Nuclear-Coal

From Table 1, the corresponding ENPV and variance of the Wind (wd), CCGT
(cc), Nuclear (nu) and Coal (co) are: p,,4, = 400, u.. = 100, p,, = —50,
foy = —100, 02, = 202500, 2, = 302500, 2, = 90000, and o2, = 160000.

1. Following Proposition 7, Wind corresponds to technology 1 and Coal to
technology 4. Then, the shares of the four technologies that ensure the
minimum risk are

(0% gy O oy ) = (0.19286,0.129 11, 0.433 94, 0.244.09) .

The minimum risk reached by this PGP is 0} = 197.62. The maximum
ENPYV for such level of risk is py = 43.949.

ln[ 0.19286 ]
0.19286+0.12911

2. From Proposition 8, we obtain z; = Ta[0.199860.12911]

ln[%] 1
0.433944-0.24409

1
Tn[0.19286+0.12911] = 039379, and [O[T] e = [0.19286]1‘45221 = 0.32197.
Then, the efficient frontier corresponds to the following parametric equa-
tion of the shares of the four technologies

= 0.45221, 25 =

Cupd 145221
oo a — 145221

Oy = 0-39379 _ ,1.39379 )
o 1 — o — 0-39379 4 ,1.30379

for 0.32197 < « < 0.732565. The PGP of Wind-CCGT-Nuclear-Coal
reaches the maximum ENPV when a,,q = 1, and py = pt,,4 = 400. In this
case, Wind "weakly dominates" the PGP as it has the greatest ENPV
which is also relatively risky, o,,q = 450. We then propose the upper limit
of the efficient frontier to be a¥ = 0.732565. This fact guarantees that
the PGP reaches a risk equal to o, = 300, the minimum risk of the four
technologies.

3. The SD in the efficient frontier is given by 197.62 < o, < 300.

4. The maximum ENPYV for every corresponding level of risk is given by 43.
949 < p,, < 249.26

5. The feasible PGPs of Wind-CCGT-Nuclear-Coal are presented in Figure

6.
400 .
350 Efficient Frontier o *  Wind
00 \ °
250 a
- 200 - L]
& 150 L]
z [
S 100 a CCaT
50
0 Muclear
F L] " e "
-50150 200 *® 30 3@ 350 400 450 500 550
L
100 ® 4.0 o Coal
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Figure 6: Feasible PGP of Wind-CCGT-Nuclear-Coal
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6. Following figure presents the parameters of the efficient frontier.
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Figure 7: Efficient Frontier of PGP of Wind-CCGT-Nuclear-Coal

6 Portfolios of five technologies

Following result exploits the fact that the SD of the PGP is a convex function
of the shares of technologies 1, 2, 3, 4 and 5, (a1, ag, ag, ag, as).

Proposition 9 From expression (4) the SD of the NPV of the PGP of five
technologies is given by oy = \/a30? + a20% + a20? + a20? + aZo?. Assume
that the NPV of technology 2 is the less risky. Assume that o;; = 0, for any
values i and j , from 1 to 5, such that i < j. If a; € [0,1] fori =1,2,3,4,5,

and 2?21 a; =1 it holds that

a) The risk of the NPV of the PGP, oy, reaches its global minimum at

o 03030302
ol 03030302
of | = | ofosoio?
* |4s] 2 2 2 9
k

Qs 01030304

where |As| = 03030303 + 03030302 + 03030302 + 030i0%0% + 03030302

b) The minimum risk of the NPV of the PGP is

2 3 35 3 3
* 01939309495
9y = [As| < 02

Proof. See appendix. =

6.1 Efficient frontier

Following result provides the parametric formulation of the efficient frontier for
PGP of five technologies.

13



Proposition 10 Let oy = +/a?0? + a303 + o202 + a0 + a2o? the SD of
the NPV of the portfolio. Assume that the ENPYV of technology 1 is the greatest
while the ENPYV of technology 5 is the lowest, then following holds:

a) The efficient frontier corresponds to following parametric equation of the
shares of technologies 1,2,3,4 and 5,

o a1+:t1+xz

Qs a1+r2 _ a1+rl+r2

o3 — a1+13 _ a1+w2+I3

oy a — oitre — gltes + qltzetzs
as 11—«

1
where the parameter o is such that [af] 1772 < a < a¥ < 1. Let z1, z2,

andxg be given by.ﬁl:m, ZEQZW, and.ﬁg:m.
5 5 5
a¥ refers to the value of a that guarantees certain amount of the ENPV

of the PGP.

b) The SD in the efficient frontier is given by o3 < o, < o (adf). Note that
o (adf) <o;.

c) The maximum ENPYV for every corresponding level of risk is given by u ([aﬂm> <
My < (adf). Note that i (adf) < -

Proof. See appendix. m

6.2 Illustrative Portfolios: Hydro-Wind-CCGT-Nuclear-
Coal

From Table 1, the corresponding ENPV and variance of the Hydro (hy), Wind
(wd), CCGT (cc), Nuclear (nu) and Coal (co) are: py, = 500, p,q = 400,
tee = 100, w,, = —50, p., = —100, a,%y = 122500, o2, = 202500, o2, =
302500, 02, = 90000, and o2, = 160000.

1. To apply Proposition 9, consider that Hydro corresponds to technology 1
and Coal to technology 5. Then, the shares of the technologies that ensure
the minimum risk are

(o, a3, ok, ok, o) = (0.24174,0.14624, 0.09 7896, 0.32904, 0.18508) .

The minimum risk of this PGP is given by o} = 172.09. And the maxi-
mum ENPYV for such level of risk is py = 154.20.

ln[ 0.24174

2. From Proposition 10, we obtain x; = 1‘;1'[214%4—.4{%5]24} = 2.3115, xy =

1n[0.24174+0.14624 0.097896

] _ Inf[ooriaara | *| TFoTag —
Tmi—o.1s508] ~ — 9-0261, 23 = — A0 5E05] = 7.1958, and [a]] 12 =
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[0.24174]59576 = (0.81492. Then, the efficient frontier corresponds to the
following parametric equation of the shares of the three technologies

o 69376

o 46261 _ 6.9376

as _ 81958 _ ,11.822 ,
o o — 46261 _ (81958 | 11.822

Qs l—«

for 0.81492 < a < 0.97647. The PGP of Hydro-Wind-CCGT—Nuclear-
Coal reaches the maximum ENPV when ap, = 1, and py = g, = 5000.
In this case, Hydro "weakly dominates" the PGP. We propose the upper
limit of the efficient frontier to be a¥ = 0.97647 to guarantees that the
PGP reaches a risk equal to o,, = 300, the minimum risk of the five
technologies.

. The SD in the efficient frontier is given by 172.09 < ¢, < 300.

. The maximum ENPYV for every corresponding level of risk is given by 154.
20 < p,, < 446.87

. Following figure presents the feasible PGPs of Hydro-Wind-CCGT-Nuclear-
Coal

500 - - L ]
. Efficient Frontier e
450 ~————=  Hydro
400 - .
250 . Wind
300 -
250
22".". »
& 200
W 150

wo | e CCGT

50 -
[ Nuclear
0 .

. o, .| . I

50150 200 ..‘Z:U. 3RU 350 400 450 500 550
L]

200 LY T T PPN .Coal

5t. Dev. NPV

Figure 8: Feasible PGP: Hydro-Wind-CCGT—Nuclear-Coal
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6. The parameters of the efficient frontier are presented in figure 9.

50% I 50
80% 400
70% 350
60% 300
50% 250
20% 200

—

20% 100

= 8 B 8 B B 0 B § 8 &

1 2 3 4 5 6 7 B ] 10

I Share Hy 0.24 0.28 033 0.38 0.43 0.50 057 065 0.75 0.85
ShareWd 015 0.15 015 0.14 0.14 0.13 0.12 010 0.08 0.05
ShareNu 033 0.30 0.26 0.22 0.18 0.14 0.10 0.07 0.04 0.01

mm Share CC 0.10 0.11 01z 0.13 013 0.13 0.13 012 0.10 0.07

mm Share Co 019 0.17 015 0.13 011 0.10 0.08 0.08 0.04 0.02

— 5T, DEV. 172.09 17318 17678 | 1B3.32 193.13 20646 22346 24438 26963 300.01

e E N P 15420 17911 20596 23478 26558 258.34 33299 36042 40747 44587

Figure 9: Efficient Frontier of PGP of Hydro-Wind-CCGT-Nuclear-Coal

7 Final remarks and conclusions

Present paper tackle the problem of energy generation diversification by pro-
viding a parametric formulation of the efficient frontier of PGP for up to 5
technologies. Then, the parametric formulation of PGP constitutes a powerful
policy tool for power generation policy-makers. Actually, it could be applied to
portfolios of assets different than power generation technologies.

The paper also shows, implicitly, the source of what is called the "portfolio
effect": risk reduction attained through diversification. The portfolio effect
results from the fact that the risk of the PGP is a convex function of the shares
of the different technologies. Part b) of Propositions 3, 5, 7, and 9 guarantee
the existence of the portfolio effect.

From the structure of the paper, it is straight forward to extend the method-
ology to obtain the shares of technologies to guarantee the minimum risk of PGP
of more than 5 technologies. The reader only have to follow the sequence de-
picted by Propositions 3, 5, 7, and 9. However, the parametric formulation of
the efficient frontier of PGPs of more than 5 technologies should be obtained
doing the corresponding mathematical proofs. They could be done by following
the proof of Propositions 4, 6, 8, and 10.

The complete analysis relies on the assumption that the covariances of the
NPV amongst the different technologies is zero. Depending on computational
availability, future research could be extended to verify the actual effect of the

correlation of the NPVs on the minimum risk of the portfolio.
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Appendix
Proof of Proposition 3. The SD of the PGP of two technologies is given
by oy = \/aioi + a0, Assume that he NPV of technology 2 is the less risky.
For 012 =0, a; € [0,1] for s = 1,2, and a7 + a2 = 1. For tractability, most of
the proof uses the variance of the PGP instead of its SD.

Proof of a) We need to find the shares of technologies 1 and 2, given by
(a1, az), that guarantees the minimum risk (variance) of the NPV of the PGP.
For tractability, we start by assuming that s = 1 — ;. Then, the variance of
the NPV of the PGP is given by 0% = afo? + (1 — a1)2 o3. First, we find the
critical point. The First Order Conditions (FOC) are:

975 — 90102 +2(1 — a1) (~1) 02 = 0, (5)

8a1

From expression (5) we have

Q109 + a103 = o3, (6)

which leads to )
of = 7, ”)

2
Then, a5 =1—aj = 02:_102. The critical point of the variance of the NPV of
1 2
the PGP is
* * 1

(041,042) = %402 (0'%70'%) ) (8)

To verify that the variance of the NPV of the PGP, 0%, has a minimum at
the critical point (af, ) we need the Second Order Conditions (SOC):

2 2
%oy
2
ooy

=2[o}+ 03] >0.

Then, the variance 0% has a minimum at point (af, a3).
Proof of b) Then, the minimum value of the variance, 032, of the NPV of
the PGP is given by

7 = e (D) o+ (1)),
2
oV =0t = i L7+ 1)

Then



The NPV of the PGP is less risky than the NPV of the less risky technology. =

Proof of Proposition 4. Let oy = y/afo? + a303 the SD of the NPV of the
PGP. From Proposition 3 we know that the risk of the NPV of the PGP, oy,
reaches its global minimum at point (a3, 3). Assume that pq > py.To obtain
the parametric formulation of the efficient frontier, we write the variance of the
portfolio as follows:

0% = a2o? + (1 - )’ o3, (10)

for a € [0,1]. Note that when o = 1, then 03 = 0%, the variance of the NPV
of the PGP equals the variance of technology 1. This scenario ensures that
technology 1, which has the greatest ENPV, receives a share of 100%. On the
other hand, when a = 0, then 02. = o2, the variance of the NPV of the PGP
equals the variance of technology 2. The latter implies that technology 2, which
has the lower ENPV, receives a share of 100%. Then, this way of expressing
the variance of the NPV of the PGP allows to have portfolios assigning a share
of 100% to the technologies with the greater and lower ENPV. To be sure that
expression (10) allows to reach the point (af, @}) where oy reaches its global
minimum, it should hold that

of = a, (11)

Expressions (11) and (12) lead to the fact that the shares of technologies 1 and
2 in this PGPs are given by the following expressions

o] = Q, (13)

From expressions (13) and (11), the PGP with lowest risk (variance or
SD) is given when
a=af. (15)

Now we need to find the PGP with the greatest ENPV. The ENPV of the PGP
is given by:
My = Qifiy + Q2fls, (16)

substituting expressions (13) and (14) into expression (16) leads to
py = apy + (1= a) pig,
it is straight forward to obtain that

d

G =y — kg >0,
because of the assumption that p; > p5. Then, the PGP reaches its maxi-
mum ENPV when o = 1, and py = gy and 0% = o3. However, there could
be an alternative criteria to choose the maximum ENPV of the PGP. For ex-
ample, if the NPV of technology 2 is the less risky, then, the criteria could be
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to choose a¥ such that 0% (a¥) = 03. In this case a¥ < 1. Then, the PGP
with maximum ENPV given when o = a¥. Then, the efficient frontier
is given by expressions (13) and (14) for af < a < a%. As a consequence, the
SD in the efficient frontier is given by o} < 0y < o (adf ) while the maximum
ENPV for every corresponding level of risk is given by u(aj) < p, < p (ad).
Note that p (adf) < pq and o (adf) <o0;. N

Proof of Proposition 5. The SD of the of the NPV of the PGP of three
technologies is given by oy = \/a3o? + o303 + aZo2. Assume that the NPV
of technology 2 is the less risky. For o12 = 013 = 023 = 0, a; € [0,1]
for i = 1,2,3, and Z?zl a; = 1. For tractability, most of the proof uses the
variance of the PGP instead of its SD.

Proof of a) We need to find the shares of technologies 1, 2, and 3, given by
(a1, a2, a3) that ensures the minimum risk (variance) of the NPV of the PGP.
For tractability, we start by assuming that a3 = 1 —a; —as. Then, the variance
of the NPV of the PGP is given by 02 = a?02+a303+(1 — ay — ay)” 02. First,
we find the critical point. The FOC are:

2

S = 20103 +2(1— o1 — o) (1) 0% =0, (17)
2

(?dUTZ =20203+2(1 — a1 —az)(—=1)0% =0, (18)

from expression (17) we have

o [0% + 03] + 03 = 03, (19)
from expression (18) we have

103 + oz [03 + 03] =03, (20)

Expressions (19) and (20) lead to the following system of equations

[a%tag 73 Ha}:[a] (21)

2 2
o3 o5 + 03 (e%) o3

: . . 0% + o} ol .
Calculating the inverse of matrix As = 9 9 9 | we end up with
o3 05 + 03
ai | _ 1 [o3+05 -0} o3 (22)
alb [As] —02  o?+03 af |’

where |A3| = 0303 + 0303 + 0%0%. Leading to the result

ay o202
= ] (23)

0103

Then, a3 =1 —af — a5 = 7. The critical point of the variance of the NPV
of the PGP is
(af, a3, 05) = 117 (0303, 0703, 0703) . (24)
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To verify that the variance of the NPV of the PGP, 0%, has a minimum at
point (af, a3, af) we need the SOC. The Hessian matrix is as follows:

2, 2 2
H—o| 1103 o3
- 2 2 2 9
o3 03 + 03

Following the criteria of the leading principal minors of the Hessian matrix, we
have
Hy =2(c}+03) >0.

Hy = 2|A3] =2 (0303 + 00} + 0303) > 0.

The two leading principal minors of the Hessian matrix are positive for any
(a1, a2, 3). Then, the variance of the NPV of the PGP is a convex function of
the shares of the three technologies, (a1, a2, a3). As a consequence, the variance
of the NPV of the PGP, 0%, has a global minimum at point (a5, o3, o), given
by expression (24).

Proof of b) Then, the minimum value of the variance of the NPV of the
PGP is

o3 = i [(0303)7 03 + (0303)" 3 + (0303) 03],

2 2 2
*2 __ 010503 [ 2 2 2 2 2 2
oy = (4,2 [0102+0103+0203],
2 2 2
*2 _ 0710503 _  _x 2 2
Oy = — 4.~ = 0503 < 03,

Then
oy < 02. (25)

The NPV of the PGP is less risky than the NPV of the less risky technology. m

Proof of Proposition 6. Let oy = \/a?0? + a303 + a2o? the SD of the
NPV. From Proposition 5 we know that the risk of the NPV of the PGP, oy,
reaches its global minimum at point (af, aj, o). Assume that p; > py > us.To
obtain the parametric formulation of the efficient frontier, we write the variance
of the portfolio as follows:

o2 =a? (ﬂ2a% +(1- 5)2 O’%) +(1- a)2 o2, (26)
02 = 028203 + a2 (1- B) o3+ (1) o2,
for o, 8 € [0,1]. Note that when o = 8 = 1, then 03 = 0%, the variance of the
portfolio equals the variance of technology 1. This fact implies that technology
1, which has the greatest ENPV, receives a share of 100%. On the other hand,
when o = 0, then 02, = 03, the variance of the portfolio equals the variance
of technology 3. Then, technology 3, which has the lower ENPV, receives a
share of 100%. Then, this formulation of the variance of the NPV of the PGP
allows to have portfolios that assign a share of 100% to the technologies with
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the greatest and lowest ENPV. To be sure that expression (26) allows to reach
the point (aj, a3, o), where oy reaches its global minimum, it should hold that

aj = af, (27)
az =a(l-p), (28)
o =(1—-a), (29)
from expression (27)
o= (30)

substituting expression (30) into expression (28) leads to

substituting expression (31) into expression (30) leads to

a=af +aj. (32)
Assume that

B=p(a)=a" (33)
to ensure that 5 € [0, 1] for o € [0,1]. Then, from expression (31) and (32) we
have i

a{ojklaz = (Of{ + O‘;)m .
which leads to
In *a’f =
=] (34)

ln[ai‘Jra;} :

Substituting expression (33) into expressions (27), (28), and (29) leads to the
fact that the shares of technologies 1,2 and 3 in this portfolio are given by the
following expressions

o =af =a't, (35)
as=a(l—-pB)=a—at? (36)
a3 = 1—oa. (37)

From expressions (27) and (35), the PGP with lowest risk (variance or
SD) is given when
1
o= [aj] ™. (38)
Now we need to fond the PGP with the corresponding greatest ENPV. The
ENPYV of the PGP is given by

My = a1 + oy + agpg, (39)

substituting expressions (35), (36), and (37) into expression (39) leads to

py = a4 (@ — o) py + (1 - a) ps,
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It is straight forward to obtain that

% = [ +a]a” [ — pp] + py — pg >0,
because of the assumption that p; > py > p3. Then, the PGP reaches its
maximum ENPV when a = 1, and py = pq and 0% = o%. However, there
could be an alternative criteria to choose the maximum ENPV of the PGP. For
example, if the NPV of technology 2 is the less risky, then, the criteria could
be to choose a¥ such that o3 (a¥) = o3. In this case a¥ < 1. Then, the
PGP with maximum ENPYV is given when o = a¥. Then, the efficient
frontier is given by expressions (35), (36), and (37) for [aﬂﬁ <a<a¥. As
a consequence, the SD in the efficient frontier is given by o3, < o, <o (adf)
while the maximum ENPV for every corresponding level of risk is given by

7 ([a’{]lﬁ) <, <p (adf). Note that u(adf) < pq and o (adf) <0;. m

Proof of Proposition 7. The SD of the NPV of the PGP of four technologies
is given by oy = \/a}o? + 2o} + aZo? +a3o?. Assume that the NPV of
technology 2 is the less risky. If o, ; = 0, for any values ¢ and j , from 1 to 4,
such that i < j. If a; € [0,1] for i = 1,2,3,4, and 2?21 a; = 1. For tractability,
most of the proof uses the variance of the PGP instead of its SD.

Proof of a) We need to find the shares of technologies 1, 2, 3, and 4, given
by (a1, s, as,as), that ensures the minimum risk (variance) of the NPV of the
PGP. For tractability, we start by assuming that oy = 1 — a3 — as — a3. Then,
the variance of the NPV of the PGP is given by 02 = afo? + a303 + a3o? +
(1 — s — ay — as)® 02, First, we find the critical point. The FOC are:

2
?;;’1/ =207 +2(1—o1 —ay —as) (—1)o] =0, (40)
2
?322 = 20005 +2(1— oy —ay —az) (1) of =0, (41)
o 2
v = 20303 +2(1 — o1 — ap — az) (1) 03 =0, (42)

from expression (40) we have

o [a% + O'?J + 03 + azol = o7, (43)
from expression (41) we have

a102 + ap [a% + ai] + azo? = o2, (44)
from expression (42) we have

103 + 203 + a3 [03 + 07 = 0. (45)

Expressions (43), (44), and (45) lead to the following system of equations

2 2 2 2 2

o7 —1—204 204 , U% aq a%
o 05+ 0] o ay | =| of |, (46)
O'i O'i a% + ai Qs UZ



ol +oi  of of
Calculating the inverse of matrix A4 = o3 o3+ o3 o3 we end
2 2 2 2
o4 0% o3+ 034
up with
o o%0% + 0303 + 0303 —o%02 —o302
N 2 2 2.2 2 2 2 2 2 2
Q5 | =Tag] —030% 0103 + 0105 + 030} —0710%
o —o030? —o20? o203 + 0303 + 030
(47)

where |Ay| = 030303 + 030303 + 030307 + 030303, The solution is the system

of equations is

o] 030202

o | 2 5 92
a3 | =1a7 | 019305 |, (48)

aj oto3o]

2 2 2
Then, af =1—af —aj —af = Jlljicl'i‘ . The critical point of the variance of the
NPV of the PGP is
% ok s sy 1 (229 2.9 9 9 9 2 9 2 9

(of,ab, 05, a}) = ] (020304,010304,010204,010203) . (49)

To verify that the variance of the NPV of the PGP, 0%, has a minimum at
point (af, o, af, o) we need the SOC. The Hessian matrix is as follows:

oi+oi  of i
H=2 o2 o3+ o} o2 , (50)
02 Ui 0?), + O’Z

Following the criteria of the leading principal minors of the Hessian matrix, we
have
H1:2(0f+oz) >0,

2 2 2

o5 +o o
Ho =2 1 4 4 =2(0%202 + 0202 + 0202) > 0
2 0421 a% ‘7421 ( 103 104 2 4) )

H3:2|A4| > 0.

The three leading principal minors of the Hessian matrix are positive for any
(a1, a2, a3, a4). Then, the variance of the NPV of the PGP is a convex function
of the shares of the four, (a1, aa, a3, ay). As a consequence, the variance of the
NPV of the PGP, 6%, has a global minimum at point (o}, a3, a3, aj), given by
expression (49).

Proof of b) Then, the minimum value of the variance of the NPV of the
portfolio is

2 1 2 2 2\2 9 2 2 2\2 2 2 2 2\2 9 2 2 _2\2 9
0¥ = maE [(020304) 0% + (03030%)" 03 + (03030%)" 03 + (010303) 03|,
2 2 2 2
¥2 _ 2 _ 01050304 [ 2 9 9 2 2 2 2 2 2 2 2 2
oy =0y = TALZ [020304 + oio30; + 01050 —&—010203} ,
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2 2 2

2
*x2 _ 01050304 _  _x 2 2
Oy = —a4;] T X032 <03,
Then
*
oy < o3. (51)

The NPV of the portfolio is less risky than the NPV of the less risky technology.
(]

Proof of Proposition 8. Let oy = \/aZo? + o303 + o202 + a3o3 the SD
of the NPV. From Proposition 7 we know that oy reaches its global minimum
at point (af,ad, af, a}). Assume that the ENPV of technology 1 is the great-
est while the ENPV of technology 4 is the lowest. To obtain the parametric
formulation of the efficient frontier, we write the variance of the portfolio as
follows:

0-%/ = a2 [ﬂ20€ + (1 - 6)2 U%] + (1 - O[)2 [720% + (1 - 7)2 0421] ) (52)
oy =a’f0t +a?(1-5) o3+ (1-a) 7?03 + (1-a)’ (1 -7) 0}
for o, 3,7 € [0,1]. Note that when a = 8 = 1, then 0. = 02, the variance of the
portfolio equals the variance of technology 1. This fact implies that technology
1, which has the greatest ENPV, receives a share of 100%. On the other hand,
when oo = v = 0, then 0% = 0%, the variance of the portfolio equals the variance
of technology 4. Then, technology 4, which has the lowest ENPV, receives share
of 100%. Then, this formulation of the variance of the NPV of the PGP allows to
have portfolios that assign a share of 100% to the technologies with the greatest
and lowest ENPV. To be sure that expression (52) allows to reach the point
(aF, ad, of, ) where oy reaches its global minimum, it should holds that

ol = apf, (53)
o3 =a(l-B), (54)
a3 = (1-a)7, (55)
aj=(1-a)(1-7), (56)
from expression (53)
o=, (57)

substituting expression (57) into expression (54) leads to

B = ai‘c-ti-la;’ (58)

substituting expression (58) into expression (57) leads to

a=af +aj. (59)
From expression (55)
l—-a= Cff‘ (60)

25



substituting expression (60) into expression (56) leads to

v= a{:_saz ' (61)

Assume that
B=p(a)=amn (62)
v=7(a) =a (63)

to ensure that § € [0,1] and v € [0,1] for & € [0,1]. Then, substituting
expressions (58) and (59) into expression (62) he have

aitar = (0 +a3)™
which leads to
o i sl | (64)
1= ln[a’l‘+a;] '

Now, substituting expressions (59) and (61) into expression (63) he have

mar = (@i +ap)™.
which leads to
o | e (65)
2= 1n[a{+a;] !

Substituting expression (62) and (63)into expressions (53), (54), (55), and (56)
leads to the fact that the share of technologies 1,2,3 and 4 in this portfolio is
given by the following expressions

ay = aff = ot (66)
as=a(l—-p)=a—a®t 67)
68)

ay=1—a—a" +a®tL (69)

(
(

ag = a®? — a2t

From expressions (53) and (66), the PGP with lowest risk (variance or
SD) is given when
= [af] 7 (70)

Now we need to find the portfolio with the corresponding greatest ENPV. The
ENPYV of the PGP is given by

My = Q1 g + Qg o + Qg flig + Qg fly, (71)
substituting expressions (66), (67), (68), and (69) into expression (71) leads to

Uy = a1+x1#1 4 (Oé . a1+:v1) Lo + (aZL’2 o a1+mg) I + (1 — o — a®2 +a1+932) Ly,
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It is straight forward to obtain that

Wy = (14 21) 0™ [y — po] + [2072 71 — (1 + 22) @] [ — pag] + [t — p1a]

because of the assumption that the ENPV of technology 1 is the greatest while
the NPV of technology 4 is the lowest. Then, the portfolio reaches its
maximum ENPV when o = 1, and py = p; and 0 = o?. However, there
could be an alternative criteria to choose the maximum ENPV. For example, if
the NPV of technology 2 is the less risky, then, the criteria could be to choose
a¥ such that o} (a¥) = 03. Then, the PGP with maximum ENPYV is
given when a = a¥. Then, the efficient frontieris given by expressions (66),
(67), (68), and (69) for [of{]ﬁ < a < a?. As a consequence, the SD in the
efficient frontier is given by o3 < 0, < 0o (adf ) while the maximum ENPV for

every corresponding level of risk is given by p ([oﬂ{]ﬁ) <y S (adf ) Note
that u (adf) <, and o (adf) <o0;. W

Proof of Proposition 9. The SD of the NPV of the PGP of five technologies
is given by oy = \/a20? + o203 + 202 + a2o? + a2o2. Assume that he NPV
of technology 2 is the less risky. If 0;; = 0, for any values ¢ and j , from 1
to 5, such that i < j. If a; € [0,1] for ¢ = 1,2,3,4,5, and Z?Zl o; = 1. For
tractability, most of the proof uses the variance of the PGP instead of its SD.

Proof of a) We need to find the shares of technologies 1, 2, 3, 4, and 5, given
by (a1, s, as, aq,as), that ensures the minimum risk (variance) of the NPV of
the PGP. For tractability, we start by assuming that a5 = 1 — a3 —as — a3 — ay.
Then, the variance of NPV of the PGP is given by 0% = af0? + o303 + 303 +
0202+ (1 — ay — ay — ag — ay)’ 02. First, we find the critical point. The FOC
are:

%:20410%‘*‘2(1—@1—042—043—044) (-1) ot =0, (72)
0% — 90503 +2(1— a1 — @z — a3 — ) (~1) 03 = 0, (73)
095 — 20303 +2(1 a1 — @z — a3 — ay) (~1) o2 =0, (74)
aai = 20303 +2(1 — a1 — g —az —ay) (—1) 0F = 0, (75)

from expression (72) we have

oy [0} 4 0] + a0t + azo? + auoi = o2, (76)
from expression (73) we have

o102 + oz [03 + 02| + 302 + ol = o} (77)
from expression (74) we have

o102 + 202 + a3 [03 + 02| + ol = o} (78)
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from expression (75) we have
102 + 202 + +a30? + ay [0F + 2] = 0% (79)

Expressions (76), (77), (78), and (79) lead to the following system of equations

J%Jrog J% Jg Jg aq O’%

2 2 2 2 2 2
%BOTLT T % o2 = % (30)
og Jg 0% —|—205 205 , a3 ag ’
ot (o (o o3+ 0j Oy o5

J%—l—ag Ug Ug Ug
2 2 2 2 2

. . . o o5+ 0 o o
Calculating the inverse of matrix As = 3 2L T8, 3
o3 o5 o3+ 0j3 o3
o2 o2 o2 02+0

5 5 5 1

we end up with
[ [ 00203+ |
2 2 9
05030%+
20305 2 2 9 2 2 2 2 2 2
—05050 —o5050 —05050
U%Jiog—f— 30405 20405 20305
020202
0%0%02—1—
2.2 9
2 2 9 010305+ 2 2 9 2 2 9
—05050¢ —07050% —0%050¢%
OZT 3Y4%Y5 0'%0'4210'%4“ 194%5 1¥3Y5
* 2 29
Qy | _ 4 030405 5 9 5
A
aj 1451 Uéogag—l—
E3
Gy 2.2 9 2 2 2 010505+ 2 2 2
—05050 —of050 —0%050
20405 10405 2 2 9 10205
010405+
030303
orosoi+
2 2 2
2 9 9 2 2 9 2 2 9o 010505+
—030305 —010305 —010305 a%a%a?—i—
9
22 2
L 030305 ]
(81)

where |As| = 02030303 + 03030302 + 03030302 + 03030302 + 03030302, The
solution is the system of equations is

a 03030303
oi | _ 1 | dholatol )
of | T | otodotol |-
o oioioios
Then, o} =1—-0o] —a3—oi —aj = %. The critical point of the variance
of the NPV of the PGP is
o 030300
as oio3oios
af | = ﬁ oiciodo? (83)
o oio3o303
as oto3oio]
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To verify that the variance of the NPV of the PGP, 0%, has a minimum at
point (af, a3, o, o, , af) we need the SOC. The Hessian matrix is as follows:

of+oi o ot o3
N B T I B s
= 2 2 2 2 2 )
o5 o5 o3+ 03 o
0% Jg Jg Ji + 0%

Following the criteria of the leading principal minors of the Hessian matrix, we
have
H1:2(Jf+0§) > 0,

2 2 2
oi+o0 o
Hy =2 1 5 5 =2 (0202 + 0202 + 0202) >0
o2 o2 + o2 ( 102 105 2 5) )
0%+ o2 o2 ol
Hs; =2 o2 03+ of o2 =2 (0’%0’%0% +otodol + 03030k + 0%0%0%) > 0,
2 2 2 2
o3 o3 03+ 03
Hy =2 |A5| > 0.

The four leading principal minors of the Hessian matrix are positive for any
(a1, a9, a3, g, a5). Then, the variance of the NPV of the PGP is a convex
function of the shares of the five technologies (a1, s, as, a4, a5). As a con-
sequence, the variance of the NPV of the PGP, %, has a global minimum at
point (af, a3, o, of, af), given by expression (83).

Proof of b) Then, the minimum value of the variance of the NPV of the
portfolio is

2 1 2 2 2 2\2 2 2 2 2 2\2 2
oy = [|A54]2[(02030405) ot + (0f030303)" 03+
2 2 2 9 2 2 2 2 2\2 2 2 2 2 2\2 2
(‘71020405) 03+ (07030303) 04"‘(01020304) os]
g*2 — 0103050503 (03020202 + 02020202 + 02030302 + 02030302 + 0200do?]
Y = T AR 2030403 1030405 1020405 1020305 1020304/,
2 2 2 2 2
¥2 __ 0305030405 __ % 2 2
Oy = T &, T X032 <03
Then
oy < 03. (85)
The NPV of the portfolio is less risky than the NPV of the less risky technology.
[

Proof of Proposition 10. Let oy = \/a307 + o303} + o203 + o307 + aZo?
the SD of the NPV. From Proposition 9 we know that oy reaches its global
minimum at point (af, o}, b, af, af). Assume that the ENPV of technology
1 is the greatest while the ENPV of technology 5 is the lowest. To obtain the
parametric formulation of the efficient frontier, we write the variance of the

portfolio as follows:

o3 =a”(n*[B%07+(1-B)’03]+(1-n)*[v* o3 +(1-7)%0]] )+ (1—a)?0?, (86)
0% =a?n2 8202 +an? (1- B)203+a2 (1-n) 1203 +a? (1-n)2(1-7)? 03 +(1-a)?0?
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for a,n, 8,7 € [0,1]. Note that when @ = 8 = n = 1, then 03 = o3, the
variance of the portfolio equals the variance of technology 1. This fact implies
that technology 1, which has the greatest ENPV, receives a share of 100%.
On the other hand, when a = 0, then 02, = o2, the variance of the portfolio
equals the variance of technology 5. Then, technology 5, which has the lower
ENPV, receives a share of 100%. Then, this formulation of the variance of the
NPV of the PGP allows to have portfolios that assign a share of 100% to the
technologies with the greatest and lowest ENPV. To be sure that expression
(86) allows to reach the point (af, ad,as, o, af) where oy reaches its global

minimum, it should hold that
aj = anp,
Oé; = an (1 - 5) )
az=a(l-n)y,
aj=a(l-=n)(1-7),
Oé?; = (1 - Ot) ’

from expression (87)

= %

arn =

&

substituting expression (92) into expression (88) leads to

=

[e3%
B = aﬂl«_;_la;a
substituting expression (93) into expression (92) leads to
an = aoj + aj.

From expression (91)

J— *
a=1-ajf,

substituting expression (95) into expression (94) leads to

* *
’]’I = (11+(X2
i

1—ag

From expression (89)
—

a(l—n) ==

substituting expression (97) into expression (90) leads to

)

*

v = Q3
- * * 9
aztaj

Assume that

(99)
(100)



v=7(a)=a" (101)

to ensure that 8 € [0,1], 7 € [0,1] and v € [0,1] for o € [0, 1]. Then, substituting
expressions (93) and (95) into expression (99) he have

afojrla* = (1 - a;)wl
which leads to
o] (102)
T1= In[l—a*] '

Substituting expressions (95) and (98) into expression (100) he have

bl (1 ap)

which leads to

_m[EEE . (103)

Substituting expressions (95) and (96) into expression (101) he have

a;c—yi?az = (1 - O‘;)Is .
which leads to
T4 = M (104)
37 Thicaz]

substituting expression (99), (100) and (101) into expressions (87), (88), (89),
(90), and (91) leads to the fact that the share of technologies 1,2,3,4 and 5 in
this portfolio is given by the following expressions,

a; = anf = ol otz (105)

az =an(l—f) =alt® — gltete: (106)

azs =a(l—n)y=alt® — gltrates (107)
ag=a(l—n)(1—7) =a-—alt® — !t 4 glteztes (108)
as=1—a. (109)

From expressions (87) and (105), the PGP with lowest risk (variance or
SD) is given when
a = o] (110)

Now we need to find the portfolio with the corresponding greatest ENPV. The
ENPV of the PGP is given by

Ky = Qafly + Qopig + Q3piy + Qafiy + aspis, (111)
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substituting expressions (105), (106), (107), (108), and (109) into expression
(111) leads to

Ly = (a1+w1+$2) py + (alerz _ a1+$1+w2) Lo+
(a1+z3 _ a1+12+13) s + (a — qltze _ pltes + a1+12+1’3) py + (1 _ a) Hhs,

It is straight forward to obtain that

By — (14 2y + @9) @2 [y — o] + (14 22) 0% [y — pug) +
[(1+23) @™ — (1 + 22 + 23) @™77] [ug — pug] + [pg — p5] > 0,

because of the assumption that the ENPV of technology 1 is the greatest while
the NPV of technology 5 is the lowest. Then, the portfolio reaches its
maximum ENPV when o = 1, and yy = p; and 03 = o?. However, there
could be an alternative criteria to choose the maximum ENPV. For example, if
the NPV of technology 2 is the less risky, then, the criteria could be to choose a¥
such that o% Jgadf) = 02. Then, the PGP with maximum ENPYV is given
when a = a¥. Then, the efficient frontier is given by expressions (105),
(106), (107), (108), and (109) for [aﬂm <a < a¥. Asa consequence, the
SD in the efficient frontier is given by 03 < 0y < o (adf ) while the maximum

ENPV for every corresponding level of risk is given by pu ([a’ﬂ 1+x11+*2) <, <
I (adf) . Note that p (adf) <p, and o (adf) <o0;. m

32



