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Abstract

We introduce a new family of cooperative games for which there is
coincidence between the nucleolus and the Shapley value. These so-
called clique games are such that agents are divided into cliques, with
the value created by a coalition linearly increasing with the number
of agents belonging to the same clique. Agents can belong to multi-
ple cliques, but for a pair of cliques, at most a single agent belong to
their intersection. Finally, if two agents do not belong to the same
clique, there is at most one way to link the two agents through a
chain of agents, with any two non-adjacent agents in the chain be-
longing to disjoint sets of cliques. We provide multiple examples for
clique games. Graph-induced games, either when the graph indicates
cooperation possibilities or impossibilities, provide us with opportu-
nities to confirm existing results or discover new ones. A particular
focus are the minimum cost spanning tree problems. Our result al-
lows us to obtain new correspondence results between the nucleolus
and the Shapley value, as well as other cost sharing methods for the
minimum cost spanning tree problem.
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1 Introduction

The Shapley value (Shapley, 1953) and the (pre)nucleolus (Schmeidler, 1969)
are two well known values for cooperative games. The Shapley value is an
average of the contributions of an agent, while the prenucleolus is the value
that minimizes the dissatisfaction of the worst-off coalitions. The nucleolus
differs from the prenucleolus by only taking into account individually rational
imputations.

Coincidence between the Shapley value and the (pre)nucleolus is uncom-
mon and, in general, difficult to check without computing both values. Re-
cently, Yokote et al. (2017) provide a sufficient and necessary condition for
this coincidence to hold, but it requires the computation of both the Shapley
value and of a parametric family of sets, for which the computation mimics
that of the (pre)nucleolus.! This characterization can be applied in order
to identify the correspondence in some particular classes of games, such as
airport games (Littlechild and Owen, 1973), bidder collusion games (Gra-
ham et al., 1990) and polluted river games (Ni and Wang, 2007). Cséka
and Herings (2017) also find coincidence is some three-agent games based on
bankruptcy problems. As discussed by Kar et al. (2009), for general coali-
tional form games we have coincidence if the game only has two agents or
if all agents are symmetric within the normalized game. Some other games
have also been proposed (Deng and Papadimitriou, 1994; van den Nouweland
et al., 1996), all having in common that the value of a coalition is equal to
the sum of the values created by the pairs composing that coalition. The co-
incidence persists in games that satisfy the so-called PS property (Kar et al.,
2009). These games are such that the contributions of agent i to any coali-
tion and its complement sum up to an agent-specific constant. A particular
instance of such games is studied by Chun et al. (2016).

Gonzélez-Diaz and Sanchez-Rodriguez (2014) also study the coincidence
from a geometric point of view. Instead of providing classes of games where

both values coincide, they study the properties that lead to this result in some

! Additionally, the condition also requires to check whether the sets in this parametric
family are balanced.



already existing classes, as for example PS-games. A similar, yet different
problem, is the invariance of the payoff assigned by an allocation rule to a
specific player in two related games. See Béal et al. (2015) for the case of the
Shapley value.

In this paper, we present another family of games, called clique games,
in which the Shapley value and the nucleolus coincide. The family can be
described as follows: the set of agents is divided into cliques that cover it. A
coalition creates value when it contains many agents belonging to the same
clique, with the value increasing linearly with the number of agents in the
same clique. Agents may belong to more than one clique, but the intersection
of two cliques contains at most one agent. Finally, if two agents are not in
the same clique, there exists at most one way to “connect” them through a
chain of connected cliques.

The family of clique games has a non-empty intersection with PS-games,
but some clique games are not PS-games, and some PS-games are not clique
games.

A clique game is convex, and hence its Shapley value is the average of
the extreme points in its core. We thus obtain a link between three crucial
concepts of cooperative game theory: the nucleolus, the core, and the Shapley
value.

Naturally, graph-induced games provide a fertile ground to apply our re-
sult. We first consider the graph-restricted cooperative games introduced by
Myerson (1977). In these games, a coalitional value function is accompa-
nied by a graph that summarizes the cooperation possibilities: a coalition S
cannot fully cooperate if some of its members have no path between them
that uses only the vertices of agents in S. When we consider a symmetric
coalitional value function, assigning shares of the value created among agents
is akin to defining centrality measures (Gomez et al., 2003). We show that
when the coalitional value function increases linearly with the number of
agents in a coalition (starting with the second one) we obtain coincidence
of the Shapley value (known as the Myerson value in this context) and the
nucleolus for a family of graphs.

Another graph-induced game that we study is the minimum coloring game



(Deng et al., 1999), in which the graph represents conflicts between pairs of
agents. We wish to assign agents to facilities, but cannot assign agents that
are in conflict to the same facility. As facilities all have a cost of one, we
wish to minimize the number of facilities used. Okamoto (2008) noticed a
coincidence between the Shapley value and the nucleolus for a particular
family of graphs. We explain this coincidence by the fact that the graphs
induce clique games.

Our third example is the one we mainly focus on: the minimum cost
spanning tree (mcst) problem (Bird, 1976). This well-studied problem has
agents connecting to a source through a network, with the cost of an edge
being a fixed amount that is paid if the edge is used, regardless of the number
of users of the edge. Any such problem has a non-empty core even though
it may not be convex. Moreover, its Shapley value is not always in its core
(Dutta and Kar, 2004).

Nevertheless, Bergantinos and Vidal-Puga (2007a) and Trudeau (2012)
propose Shapley value-based solutions that are in the core, by first modifying
the costs of the edges. For any pair of nodes in the network, Bergantinos
and Vidal-Puga (2007a) look at the paths going from one to the other and
ranks them according to their most expensive edge. The edge between the
pair of nodes is then assigned the cost of that cheapest most expensive edge,
allowing to obtain the so-called irreducible mcst problem. The Shapley value
of that problem yields the so-called folk solution. The solution proposed by
Trudeau (2012) is similar, but looks at cycles instead of paths, yielding a
cycle-complete mest problem and the cycle-complete solution.

Bergantinos and Vidal-Puga (2007b) also provide another Shapley value-
based definition of the folk solution, by defining a cost game assuming that
any coalition can connect either to the source or to any other node.

We identify mcst problems that generate clique games. In particular, it
turns out that if we consider elementary mecst problems (in which all edges
have a cost of 0 or 1), which form a basis for all mest problems, the subset
of cycle-complete problems (which include irreducible problems) generates
clique games. Our result on clique games then applies, yielding that the

nucleolus coincides with the cycle-complete solution for cycle-complete prob-



lems and with the folk solution for irreducible problems.

We can extend the correspondence one step further: for all elementary
mest problems, the folk (cycle-complete) solution corresponds to the nucleo-
lus and the permutation-weighted average of the extreme points of the core
of the public (private) mest game.

The paper is divided as follows: preliminary definitions are in Section
2. Section 3 describes and illustrates clique games. Section 4 contains the
correspondence results. Applications to graph-induced games are discussed
in Section 5. The application and extension of the results to mcst problems

are described in Section 6.

2 Preliminaries

Let N = {1,---,n} be a set of agents. A transferable utility game (TU
game, for short) is a pair (N, v) where v is a real-valued function defined on
all subsets S C N satisfying v()) = 0. Given i € N and S C N \ {i}, the

contribution of agent 7 to S is defined as
AY(S) =ov(SU{i}) —v(S).

A game is conver if AY(S) < AY(T) forallie N and SCT C N\ {i}.

A wvalue is a function that associates with each TU game (N, v) an alloca-
tion x € RY. Two well-known values are the Shapley value (Shapley, 1953)
and the (pre)nucleolus (Schmeidler, 1969).

The Shapley value of the game (N, v) is the allocation Sh(v) defined as

Shi(v) = = 3" AY(P(m))
rell
for all i € N, where II is the set of all orderings of N and P;(r) is the set of
predecessors of agent ¢ in 7, i.e. Pi(m) = {j:7(j) <7(i)}.
The excess of a coalition S in a TU game (N, v) with respect to an al-
location x is defined as e(S,z,v) = >, yzi — v(S). The vector 6(x) is

constructed by rearranging the 2" excesses in (weakly) increasing order. If



z,y € RY are two allocations, then 6(z) > 0(y) means that 0(z) is lexi-
cographically larger than 6(y). As usual, we write 6(z) > 6(y) to indicate
that either 0(x) >, 6(y) or z = y.

The nucleolus of the game (N, v) is the set

Nu(v) ={z € X :0(x) >, 0(y)Vy € X}

where X = {z e RN : Y, v z; =v(N),z; > v({i})Vi € N} is the set of in-
dividually rational allocations. When X # (), as it is the case for the TU
games we study here, it is well-known that Nu(v) is a singleton, whose unique
element we denote, with some abuse of notation, also as Nu(v).

By contrast, the prenucleolus of the game (N, v) is the set
Pre(v) = {z € X°: 0(x) >, 0(y)Vy € X°}

where X0 = {z € RV : 3",y x; = v(N)} is the set of allocations. Whenever
the prenucleolus is individually rational, which will be the case in all games
that we consider, it coincides with the nucleolus. Therefore, from now on,
we focus exclusively on the nucleolus.

The core is the set of allocations such that no coalition is assigned less

than its stand-alone value. Formally,

Core(v) = {x €X°: sz > v(S)VS C N} :
i€s
When Core(v) # 0, for each m € II, let y™ € Core(v) be the allocation
that lexicographically maximizes the individual allocations with respect to
the order given by the permutation. The permutation-weighted average of

extreme points of the core is the average of these allocations:
_ r .
)= 3 )
well(N)

If the game is convex, 7 is the Shapley value. This average is also closely
related to the “selective value” (Vidal-Puga, 2004) and the “Alexia value”



(Tijs, 2005). All of these values coincide for the minimum cost spanning tree
problem studied in Section 5.

On some occasions, we work with transferable cost games (N, C'), where
C is a real-valued function defined on all subsets S C N satisfying C'(()) = 0.
We then define v¢ as follows: For all S C N, v9(S) = Y,.4 C({i}) — C(9).
An allocation x for the cost game C is equivalent to an allocation z¢ for the
TU game v© if ¥ = C ({i}) — x; for all i € N. We then say that x € Nu(C)
iff z° € Nu (v7). We say that € Core(C) iff ¢ € Core(v?). Finally, we
say that C is concave iff —C' is convex. It is straightforward to check that C

is concave iff v is convex.

3 Clique games

Let Q = {Ql, ceey QK} be a cover of N. For each Q* € Q, the interior of
QF, Int (Qk), is the set of agents who only belong to Q*, i.e.

Int (Q¥) ={ieQ":i¢ QVI#k}.

A path between QF and Q' is a list P¥ = {le, ceey Q’“M} such that Q' =
QF, Q" = Q' and ‘ka N kaﬂ‘ =1forallm=1,..., M —1. Analogously,
a path between Q* and Q' through agent i is a list P* = {le, e ,Q’W} such
that Q¥ N Q* = {i}. The set of agents connected to QF via a path through
agent i € Q¥ is denoted as

Nl;={j € N:3l, P/ such that j € Q'} .

Example 1 Let Q = {Q',Q* @3} with Q' = {1,2}, Q* = {2,3,4} and
Q% =1{4,5,6} (see Figure 1).
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Figure 1: Example of a cover represented as cliques.

In this case, Py® = {Q',Q?* Q3} is a path between Q' and Q* through
agent 2. The other paths are Py? = {Q',Q*}, P = {Q* Q'}, P?® =
{Q% Q%}, PP = {@Q3 Q%}, and P} = {Q3 Q* Q'}. Moreover, Nfl =0,
N{:Q ={1,2}, NfQ ={2,3,4,5,6}, N{;L = {4,5,6}, and so on.

A game (N,UQ) is a clique game if there exists Q = {Ql, ey QK} that
covers N, {vi};cny C Ry and {vg},eo C Ry such that:

i) forall k € {1,..., K} and all 4,5 € QF, leiﬂN,fj = () (there is at most

one path between any two elements of Q),

ii) for all SC N,

vAS) =) wit+ Y (1QNS| -1 (1)

€S QeQ(S)
with Q(S)={Q € Q: SNQ # 0}.

We write Q(i) for Q ({i}).
Let C be the set of all clique games.

We conclude this section by proposing an example of a clique game.

Example 2 (Trading goods) The agent set is N = {1,2,3,4,5}, with 1 and
2 being producers and 3,4 and 5 being buyers. Producer 1 has a capacity to
produce two units at constant marginal cost ¢, while producer 2 can produce
a single unit at cost co. Fach buyer i is interested in a single unit that she
values at R;. We suppose that these valuations are larger than the marginal
cost of the producers.

Producers 1 and 2 have exclusive territories (because of vertical restraints

or collusion) and buyers 3 and 4 are on the territory of producer 1 and buyer
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5 on the territory of producer 2. The producers’ unused capacity can be sold
to external buyers at price q and buyers have the option of buying from an
external supplier at price p, with R; > p > q > ¢;.

When a coalition forms, trades occur between buyers and sellers in the
same territory, with unsatisfied demands and unsold supply resolved on the
outside market. For example, coalition {1,2,3,5} can organize trades be-
tween 1 and 3 and 2 and 5, generating a surplus of R3 + R —c; — co. In
addition, producer 1 can sell its extra unit on the outside market, generating
an additional surplus of ¢ — c;.

The game can thus be represented (see Figure 2) by a clique game, with
cover @ = {{1,2},{1,3},{1,4},{2,5}} and vi = 2q — 2¢;, vy = q — ¢,
v;=R; —p fori=3,4,5, vi19y = 0 and vg = r = p — q otherwise.

@r
JD--G-r-@
O

Figure 2: Clique cover of a trading goods game.

4 Correspondence between the Shapley value

and the nucleolus

In this section we show that for clique games, the Shapley value and the
nucleolus coincide, and we provide a closed-form expression for their value.

To get to this result, we first calculate the contributions in a clique game.

Lemma 1 Given a clique game (N,v<), the contribution of agenti € N to
S CN\{i} is

)
AY(S) = v + Z vQ.
QeQ(S)NQ(4)



Proof. By definition of a contribution,

AY(S) = v2(SU{i}) — v2(S)
Yot Y denSuinl-Due— Y (@S| - 1vg
QeQ(SU{i}) QeQ(S)
=i+ Y. QN (SU{-1) - (QNS|—1)]vg
QeQ(S)NAO(7)
+ Y (Qn(SU{ih-1)vg
QZQ(S),ieQ

=v+ ) (leNS) = (Qns| 1]

QeQ(S)NA(7)

+ > (i -1

QREQ(5),icQ

=v; + Z Q-

QeQ(S)NQ(4)

We are now ready for the main result of this section.

Theorem 1 For all v€ € C and all i € N,

Shi(vQ)Z?]i( ) N“z =vi+ Z

QeQ(4)

|c2| o

Proof. It is obvious from Lemma 1 that v? is a convex game. Thus, the
Shapley value is the average of extreme points of the core (Shapley, 1971;
Ichiishi, 1981) and Sh (UQ) =7 (UQ). We show that for all i € IV,

Shi( ) NuZ —vl—i— Z |Q|_1UQ.
oo 1€

We suppose that for all k € {1,..., K}, U;cor N,fi = N\ Int(QF), that
is, there is a (unique) path between any two elements of Q. Without that
assumption, we can partition our agents into groups unconnected by paths,
and we can compute the Shapley value and the nucleolus independently on

each component of the partition.
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We start with Sh (UQ). Given w € II, under Lemma 1, the contribution of
agent i to P;(m) is UH—ZQGQ (P ’UQ For each ) € Q(i), the probability
that @ € Q (P;(m))NQ(2) is |Q\

We now focus on Nu (v ) Let x € RY defined as z; = U,;—l—ZQGQ(i) ‘(ﬂ?‘ 1UQ
for all © € N. We have that

e(S,a:,vQ):Z Z+Z Z |Q|_1UQ Z Z (1QNS|—1)ug

we obtain the desired result.

€S €S QeQ(i) €S QeQ(S)
— Z ('QHS||S|Q| —1_ (1@ NS —1)>v

QeQ(S)

(NS -1) — IQﬂS!—DIQI

-2 Q)

QeQ(5)

—QnNs
5 L | 52 g
QeQ(S)

<z

for all S C N, S # 0. Assume without loss of generality -2 | 2 <. <
K

u
‘For each i € Q',let S} = N\ (N{, U {i}). Note that for all Q € Q\{Q'},
either S} N Q = (D or S} NQ = Q. In addition, S} N Q' = Q' \ {i}. Thus,
e (Sil, x, UQ) | Ql By construction, this is the lowest excess value. To see
why, note that any S C N has at least one @ € Q (.S) such that |QNS| < |Q|.
That generates an excess of WU@ > ‘1’5' > |UQ11|
For each i € Q', let T} = N{; U{i} = N\ S}. Take {T}'},.i. This
is a partition of N. To see why, note that each T is nonemtpy (because
i € T} for all i € @), their union is N (because all cliques are connected
through a path), and they are pairwise disjoint (because of assumption 1)).
Thus, we have |Q'| coalitions whose complements have the minimal excess,
with each agent belonging to exactly one of of these coalitions. Therefore,
to increase the excess of one of these coalitions we would need to decrease
the excess of another coalition, and the corresponding allocation could not

be the nucleolus.
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We repeat the process for all Q* to obtain that

S Ny (02) = 3 @)

: k ; k
JESZ‘ ]65’1-

for all Q% € Q and all i € QF. In case i € Int(Q*) for some k € {1,..., K}, we
have SF = N\ {i}, from where (2) and efficiency of  imply Nu; (v¢) = ;.

In case Q@ = {Q'}, we have N = Int (Q') and hence Nu (v®) = z. So,
we assume |Q| > 1. From condition i) in the definition of clique games, there
exist some i € N and QF € Q(i) such that Q = Int(Q) U {i} for all Q €
Q(i) \ {Q*}. This implies that Nu; (v®) = z; for all j € Q* € Q(i) \ {Q*}.
Under (2) and the efficiency of z, we deduce Nu; (v¢) = z;. Repeating
the reasoning, we can always find a new i € N and Q¥ € Q(i) such that
Nu; (v9) = x; for all j € QF € Q(i) \ {Q*}, so that (2) and the efficiency of
x imply Nu; (UQ) = x;, and so on until we get Nu (vg) =z. n

We next establish the connection between clique games and the PS-games
of Kar et al. (2009). We say that a game (N,v) is a PS-game if there
exists a € RY such that AY(S) + AV (N \ (SU{i})) = a; for all i € N and
S C N\ {i}.

We show the condition needed for a clique game to be a PS-game, which

illustrates that not all clique games are PS-games.

Proposition 1 A clique game v< is a PS-game if and only if for all Q € Q
either |Q] <2 or vg = 0.

Proof. Under Lemma 1, for any clique game v<, we have that

ve
AF(S)=vi+ D g
QReQ(S)NQ(7)

and thus AY°(S) + AV° (N \ (SU {i}))

=vi+ Y. vgtui+t > o

QEQ(S)NQ() QEQ(N\(SUi))NQ(3)
= 2u; + Z vQ + Z Q.
QEQ(N\{iHNQ(3) QEQ(S)NQ(N\(SU{i}))NQ(3)

12



Hence, v€ is a PS-game if and only there exists b € RY such that

Z UQ:bi

QRQeQ(S)NQA(N\(SU{i}))NQ(i)

for all S € N\ {i}. In this case, a; = 2v; + 35 o\ fiy)noq) Ve + bi for all
1€ N.

Fixie N. Let SC N\ {i} and Q € Q(S)NQ(N\ (SU{i})) N Q(q).
If |Q] < 2then |QNS| <1 (because i € @ and ¢ ¢ S). Since Q € Q(95),
we deduce Q NS = {j} for some j # i. Thus, @ = {i,j} € S U {i}, which
contradicts that @ € Q (N \ (SU{i})). Hence, Q(S) N Q(N\ (SU)) N
Q) C{QeQ: Q] > 2

From this, we deduce that if vy = 0 for all ) € Q such that |Q| > 2,
then b; =0 for all 7 € N.

Suppose now that there exists ) € Q such that |Q| > 2 and vg > 0. Fix
i€ Q. IS =0 weobtain 3 o qs)nom suinnom Ve = 0 (as Q(S) = 0).
If S ={j}, j € @\ {i}, we obtain > 5o 5)non\(suipnonm Y@ = vo > 0 (as
Qe QS)NQIN\(SU{i})NQ@)) . =

Moreover, not all PS games are clique games, as the next example shows:

Example 3 (Example 3.12 in Kar et al. (2009)) We consider the TU
game (N,v) with N = {1,2,3,4} and such that v(S) = 0 if |S| =1, 1 if
S| =2, 2 4f|S| =3, and 3 if S = N. This is a PS game with AY(S) +
AY(N\ (SU{i})) = 2 for all i and S. However, it is not a clique game.
To see this, notice that v(S) = 0 if |S| = 1 implies that v; = 0 for all
i € N. Then, v(S) =1 if |S| = 2 implies that any pair i,j belong to some
clique Q with vg = 1. The no-cycle condition of clique games (condition i))
leaves us with a single candidate for the set of cliques: Q = {N}. But then

v(S) =|S| =1 for all S, which is different from the PS-game for |S| = 3.

5 Graph-induced games

We apply our result to two families of games that represent cooperation

possibilities or impossibilities on a graph. We need the following graph theory

13



definitions.

We now interpret N as a set of vertices, and say that a graph on N is
a set of unordered pairs of distinct members of N. Let GV be the complete
graph: GY = {(i,7)|i,j € N, i # j}. A graph G is a subset of GV. For any
S C N, G[S] is the subgraph of G induced by S.

Suppose S C N, G C GV, i,5 € N. We say that ¢ and j are connected
in S by G iff there is a path in G which goes from 7 to j and stays within
S. That is, there is some k& > 1 and a sequence i°,i', ...,i* such that i = 1,
i* = j and (i""1,4d') € G[S] for all = 1,..., k. A coalition T is connected in S
by G if i and j are connected in S by G, for all 7,5 € T If S is connected by
S in G, we simply say that S is connected by G. We say that a connected
coalition 7" in S is maximal if there does not exist a coalition 77 D T that is
connected in S by G.

We say that a graph G is a clique graph if there exists @), a cover of N
with @ = {Ql, ...,QK} such that for all k =1, ..., K, Q¥ is connected by G.
In addition, a clique graph G is said to be acyclical if for all ¢, 7 such that
there does not exists Q% D {7, j}, there exists at most a single path between
them: there does not exist S such that 7 and j are connected in both S and
N\S by G.

We say that a clique graph is disjointed if for all i € N, |Q(7)| = 1. It is
obvious that a disjointed clique graph is also acyclical.

Let GY = GM\G be the complement of graph G.

5.1 Graph-restricted cooperative game

We consider the graph-restricted cooperation game introduced by Myerson
(1977), in which a coalition of agents can cooperate together only if its mem-
bers are connected.

More precisely, every graph G partitions every coalition S into a set of
maximal connected subcoalitions, Ps in a natural way.

Let V € RiN be a coalition function. A graph restricted problem is

14



(G, V). The graph restricted game V{; is then defined by

Va(S) = > V(T).

TEPS

In words, V' represents the values obtained by each coalition if all of its
members can cooperate. But, in practice, cooperation within a coalition
might reduce to cooperation among subcoalitions, so that a coalition S fails
to extract all of its potential value V'(5).

While any value function can be used, symmetric functions eliminate the
differences coming from the game V', allowing to focus on the graph, thus
defining a centrality measure (Gomez et al., 2003). Gonzalez-Aranguena
et al. (2017) use a family of symmetric functions V* that forms a basis for

all symmetric functions: for k=1,...,n, S C N and a > 0

— 0if [S]=0,....k—1;
(5) = (‘,ﬁ) a otherwise.

For coalition S the function V* assigns a value of a for every group of k
members it contains. Given that these games are meant to represent com-
munication opportunities between members, it is natural to make sure that
a single agent cannot generate value by himself (Gonzalez-Aranguena et al.,
2017). It is the case for all function V* except V!, that we zero-normalize:
V(@) = 0 and VI'(S) = VI(S) —a for all § # S C N. Then, in V1",
a coalition receives a value of a for each of its members, starting with the

second one.

Theorem 2 Let G be an acyclical clique graph. Then, for alli € S,

Q-1
Q|

Shi(VE) = Nu(VE) = Y
QeQ(i)

a.

Proof. It is not difficult to see that the combination of the acyclical clique
graph and the properties of V1" gives rise to a clique game, in which v; = 0

for all © € N and vg = a for all cliques ). The result then follows from
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Theorem 1. m
As both the Shapley value (known as the Myerson value in this context)
and the nucleolus (Montero, 2013) have been proposed as centrality or power

indexes, the result above allows to understand when they coincide.

5.2 Minimum coloring game

We now consider a model in which the graph represents conflict situations.

Agents have to be placed in facilities, but there is potential conflict be-
tween individuals. If two agents are in conflict, they cannot be put in the
same facility. We are trying to find the minimum number of facilities needed
to locate all individuals in N. We assume that facilities cost 1 unit each.

Conflicts are represented in graph G: If (i,7) € G, then agents i and j
are in conflict. The problem is known as the minimum coloring game, as we
attempt to assign colors to all vertices (agents) in the graph, with different
colors for agents in conflict, all while using the minimum number of colors
(Deng et al., 1999).

For all S C N, let ¢X(S) be the minimum number of facilities to locate

all members of S, given conflict subgraph G[S].

Theorem 3 (Okamoto, 2008) If GC is a disjointed clique graph, then, for
allt € N,

Shi(cti€) = Nui(cg©) = Q1]

where Q; 1s the only clique that agent i belongs to.

While Okamoto (2008) notices the coincidence between the Shapley value
and the nucleolus, no explanation is provided. It is obvious that if G¢ is a
disjointed clique graph, we obtain (once we transform the game into a value
game) a clique game in which v; = 0 for all i € N and vg = 1 for all cliques
. Therefore, we now have an explanation on why we have this coincidence.
We can also be pessimistic about coincidence on a larger set of minimum
coloring games, as if an agent belongs to multiple cliques, we do not obtain

the linear form of value creation needed for a clique game.
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6 Minimum cost spanning tree problems

In this section we describe the minimum cost spanning tree (mcst) problem,
showing that an important subset of such games are also clique games. In
turn, this allows us to link the nucleolus to some well-known cost sharing

solutions for mest problems.

6.1 The problem

We assume that the agents in N need to be connected to a source, denoted
by 0. Let Ny = N U{0}. For any set Z, define Z? as the set of all non-
ordered pairs (7, j) of elements of Z. In our context, any element (i, j) of Z?
represents the edge between nodes i and j. Let ¢ = (¢¢).e Ny be a vector in
ng with N§ = (Ny)? and c. € Ry representing the cost of edge e. Let I' be
the set of all cost vectors. Since ¢ assigns cost to all edges, we often abuse
language and call ¢ a cost matrix. A mest problem is a triple (0, N, ¢). Since
0 and N do not change, we omit them in the following and simply identify a
mest problem (0, NV, ¢) by its cost matrix c.

A cycle py is a set of K > 3 edges (iy_1,ix), with & € {1,..., K} and
such that ig = ixg = [ and 41, ...,ix_1 distinct and different from [. A path
Pim between | and m is a set of K edges (ix_1,ix), with k € {1,..., K},
containing no cycle and such that ig = [ and ix = m. Let P,,(Ny) be the
set of all paths between nodes [ and m.

A spanning tree is a non-orientated graph without cycles that connects
all elements of Ny. A spanning tree t is identified by the set of its edges.

We call mest a spanning tree that has minimal cost. Note that a mecst
might not be unique. Let C'(V, ¢) be the minimal cost of a mest. Let ¢ be
the restriction of the cost matrix ¢ to Sy C Ny. Let C(S, ¢) be the cost of the
mest of the problem (S, ¢%). We say that C' is the stand-alone cost function
associated with c.

For any cost matrix ¢, the associated cost game is given by (NN, C') with
C(S) =C(S,c) for all S € N. We then write, with some abuse of notation,
(N, c) instead of (IV,C) and say that it is a mcst game.
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A variant of the mecst problem, called the public mest problem, allows
any coalition to use all nodes, including those belonging to agents outside of
the coalition, to connect to the source. The public cost function associated

with c is defined as

CPu(S,¢)= min C(SUT,c)
TCN\S
for all S C N. By contrast, we sometimes call (N, ¢) the private cost function
associated with ¢ and the mcst problem the private mcst problem.
Abusing language slightly, we use the term mcst game to designate the

cost game generated by a mcst problem.

6.2 The irreducible and cycle-complete cost matrices

The Shapley value of a mcst game iis not always in the core, given that the
mest game is typically not concave. The following two modifications to the
problem allow to transform the game into a concave one.

From any cost matrix ¢, we define the irreducible cost matrix ¢* as follows:

c;; = min maxc,
pij €Pi;(No) e€pij
for all 7,5 € Nj.
From any cost matrix ¢, we define the cycle-complete cost matrix ¢** as

follows:

= ma g
“ij keN\{}i(,j} (C )U

for all 7,5 € Ny, and

Coi = kg]lva\%} (C )Oz’

for all 7 € N, where (cN \{’“})* indicates the matrix that is first restricted to
agents in N \ {k} before being transformed into an irreducible matrix.
The cycle complete matrix can also be defined using cycles (Trudeau,

2012): for edge (i,7), we look at cycles that go through agents i and j. If

there is one such cycle such that its most expensive edge is cheaper than a
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direct connection on edge (i,7), we assign this cost to edge (i, j).

Let C* be the characteristic cost function associated with the mcst prob-
lem (N, c¢*). Let C** be the characteristic cost function associated with the
mest problem (N, c¢**). The Shapley values of C* and C** are respectively
called the folk (y/(c)) and cycle-complete (y°°(c)) solutions.

When a coalition builds its mest, it connects one member of each clique
to the source. The condition that agents of different cliques have no benefit
in cooperating allows for the value creation to occur only when members
of the same clique cooperate. The conditions on the cost of edges between
members of a clique and between them and the source guarantee that the
value creation increases by a constant for each additional member of a clique

that cooperates, starting with the second one.

6.3 Minimum cost spanning tree games and clique games

For a mest game to also be a clique game, we need members of a clique to
have the same cost to connect to each other (condition a below), members
of different cliques to have no gain in cooperating (condition b) and within a
clique, there exists either one or two different costs to connect to the source.

In that second case, a single agent has the low cost (condition ¢).

Lemma 2 A mcst game (N, ¢) is associated to a clique game if and only if
there exist Q satisfying condition i) of clique games and {cg}geo C R that

satisfy the following conditions:
a) cij =cq forall@Q € Q and alli,j € Q;
b) ¢ij > max{cg;,coj} for all i,j € N such that there exists no Q) € Q
with 1,5 € Q;

c) forallQ € Q, if cgfgl, cq < cog’ then |argmaxjeq coj| = |Q[ — 1, where

mar __ min __ 3
Coo = Maxjeq Coj and gy’ = minjeq Coj-

Proof. Note first that condition b can be replaced by:

V') ¢;; = max{cy;,co;} for all ¢,j € N such that there exists no @ € Q
with 7,7 € Q.

19



To see why, notice that an edge (4, j) with ¢;; > max {co;, co;} is irrelevant in
the sense that it does not affect the cost function C'. Hence, the associated
game (N,v%) does not change if we reduce c¢;; until equality holds. We
then assume that ¢ has no irrelevant edges. This also implies that cg <
max {cg;, co;} for all Q € Q and all 7,5 € Q.

We first show that the conditions generate a clique game. Suppose that
we want to connect members of S to the source. Conditions a and b’ make it
never optimal to directly connect members of different cliques. Combination
of the three conditions make it always better to connect members of the same
clique to each other. Let {Si,Ss,...,Sk} be a partition of S such that if
1,] € Sk, then there exists a path between nodes ¢ and j for which the most

expensive edge is cq, for some () € Q. Then, the cost of coalition S is

K
C(S’C):Z?elisnchr Z (1N S| —1)co.
k=1 "

QeQ(s)

Under condition ¢, if members of a clique have different costs to connect to
the source, then all but one have the same high cost ¢f'g". We can thus

simplify the cost of coalition S to

C(S, )= coit+ Y. (1QNS|—1)(cq—ci's").

i€S QeQ(9)

We then have that v is such that

oS, = Y (1N S| =1) (5 — co)

QeQ(9)

which corresponds to a clique game with v; = 0 for all « € N and vy =

Co.0 — CqQ-

We next show that these conditions are necessary. Without condition a,
there exist 7, j, k € @ such that ¢;; # cg but ¢ = c¢g. Then, C({i,j},c) =
min{coy;, coj}+¢ij, C({i, k}, ¢) = min{co;, cox } +¢¢ and C' is no longer a clique
game. Without condition b, there exist 4, j belonging to different cliques such

that ¢;; < max{cg;, co;}. Then C({i,7},¢) = min{cy;, coj} + ¢;; and C' is no
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longer a clique game.

Without condition ¢, there exists a clique @) containing m > 3 agents
and such that |arg max;eg coj| < m — 1. There are thus at least two agents,
say i and j, with cf'g"' = co; < co; < & Then, C({i,j},¢) = coi + ¢ <
coi + coj + (cg — cg}g) and C' is no longer a clique game. m

Let I'® be the set of matrices generating clique mcst problems.

Consider the subset of mest problems known as elementary mest (emest)
problems: for any 4, j € Ny, ¢;; € {0,1}. Let I'® be the set of elementary cost
problems.

It turns out that the intersection of clique and elementary mcst problems

is the set of elementary cycle-complete problems,
Lemma 3 I'“N1'° =1, the set of elementary cycle-complete problems.

Proof. “O” We need to show that elementary and cycle-complete mecst
games are clique games. By definition, there exists a cover Q of N that
satisfies condition i) of clique games and such that ¢;; = 0 if i,j € @ and
¢;; = 1 otherwise. Thus, cg = 0 for all € Q and conditions a) and b)
of Lemma 2 are satisfied. Elementary cycle-complete matrices are such that
for each @) € Q, either all members of () have a cost of zero to connect to
the source, all members of () have a cost of one to connect to the source, or
a single agent in () has a cost of zero, with others having a cost of one to
connect to the source. Otherwise, if agents ¢ and j have a cost of zero, but
not k, there are multiple paths of cost zero between the source and k. From
this, condition c) of Lemma 2 only applies when a single agent in @ has a
cost of zero, with others having a cost of one to connect to the source, so
that |argmax;eq coj| = |{j € Q : cjo =1} =|Q| — L.

“C” Let ¢c € IT'°N T Assume c is not cycle-complete. Then, for some
i,7 € Np, we have that ¢;; = 1 but there exist two distinct free paths between
them. If i, j € N, we cannot build Q that satisfies condition i) of clique games
and conditions a) and b) in Lemma 2. If j = 0, we can assume that each
node k in these paths but two (one in each path) satisfy cyo = 1. Let i° and

i' be the nodes with co0 = c;10 = 0. We also assume that cop = 0 for all
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a, f € N in the path (otherwise, we would be in the previous case). We have

the following possibilities:

1. Both paths are contained in the same clique ) € Q. Then, condition
c¢) in Lemma 2 implies |arg max;eq co;| = |@| — 1 and hence all nodes
in () but one should have cost 1 to the source. But there are two nodes

(i° and ') with cost zero to the source, which is a contradiction.

2. There exist two consecutive nodes «a, 5 € N that belong to different
cliques. Since ¢,5 = 0 and max{ca9, cgo} = 1, condition b) in Lemma

2 does not hold, which is a contradiction.

3. There exists a path of at least two cliques between i and . Clearly,
each of these cliques should have at least two consecutive nodes. More-
over, condition i) of clique games implies that i° and ' belong to differ-
ent cliques. Thus, there exist j© € N consecutive node to i® and such
that %, 7° € Q° and ' € Q! with Q°, Q! different cliques. Condition
b) in Lemma 2 implies that 0 = cjo; > max{cyjo, co} = 1, which is a

contradiction.

We then have that, in any mcst problem whose cost matrix is elementary
and cycle complete, the (pre)nucleolus, the Shapley value, the permutation-
weighted average of the extreme points of the core and the cycle-complete

rule coincide. Formally:
Theorem 4 For all c € I'**°, Nu(C) = Sh(C) = y(C) = y“(c).

Proof. The correspondence between the nucleolus, the Shapley value and the
permutation-weighted average of the extreme points of the core is obtained
as a corollary of Theorem 1 and Lemma 3. Correspondence with the cycle-
complete solution is by definition. m

In addition, as soon as the cost matrix is elementary, the (pre)nucleolus,
the permutation-weighted average of the extreme points of the core, and the

cycle-complete rule coincide. Formally:
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Theorem 5 For all c € T, Nu(C) = g(C) = y*(c).

Proof. Correspondence between the cycle-complete solution and ¥y is shown
in Trudeau and Vidal-Puga (2017). We show the correspondence between
the nucleolus and the cycle-complete solution. It is immediate that C** < C.
We show that if C**(S) < C(S), then the excess of coalition S is ignored in
the calculation of Nu(C**).

As shown in Trudeau and Vidal-Puga (2017), there exists T C N\ .S such
that C**(S) = C(SUT)+C(N\T)—C(N) < C(S). This can we rewritten

as

Y ClH)—C(SUT)+ Y ClH)—C(N\T) =Y Ci)+C(N) > > C(i)

iesur iEN\T ieN i€s
v (SUT)+vY(N\T) —v?(N) >
r(SUT) —v(SUT) +2(N\T) —v“(N\T) —z(N) +v9(N) <
e(SUT,z,v%) 4+ e(N\T,2,0°) — e(N,z,0%) < e(S,x,UC)
e(SUT,2,v°) +e(N\T,z,0°) <

Therefore, the excess of S is not taken into account when we find Nu(C).
We also have that

C*(SUT)+ C*(N\T)—-C™(N)<C(SUT)+ C(N\T)—-C(N)=C"(S5)
leading to conclude, in the same manner as above, that
e(SUT,z,C™)+e(N\T,z,C*) < e(S,z,C*)

and thus that the excess of S is not taken into account when we find Nu(C**).
Therefore, Nu(C') and Nu(C**) depend on the same excesses, and Nu(C) =
Nu(C*). Since Nu(C**) = y*(c), we also have Nu(C) = y“(c). =

If we look at public mcst games instead of private mcst games, we obtain
similar correspondence results. First, we consider the subset of elementary
irreducible games, for which C*"* = C'. We have a correspondence between

the (pre)nucleolus, the Shapley value, the permutation-weighted average of
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the extreme points of the core and the folk solution.?

Corollary 1 For all elementary and irreducible matrices ¢, Nu(C) = Sh(C') =
g(C) =y (c).

For elementary mcst games, for which C" is typically different from C,

we obtain the following result:
Theorem 6 For all c € I'°, Nu (CT") = g (CF"*) = y/(c).

The proof is similar to the proof of Theorem 5 and is omitted.

e
mcst ~ ™\

clique-mest

Nu(C) = Sh(C)

emcst cycle-complete emcst

Nu(C) = y*(c) =7(C) Nu(C) = Sh(C) = y*(c) = y(C)

=7 (Opub) irreducible emest

C = CPub
\Nu(C) = Sh(C) =y’ (c) =¥(C)

N )

Figure 3: Summary of the results for mest problems.

The results of this section are summarized in Figure 3. The set of clique-

mest games are those described in Subsection 5.2.

2A related result is provided by Subiza et al. (2016). They provide a closed-form
solution for the folk solution in a class of mcst games that are a subset of clique games
in which links between agents have a cost that is either high or low. Their result is a
simplification of our closed-form expression for their family. They extend by considering
games in which the set of agents can be partitioned in independent groups, such that they
can all be connected separately to the source, applying their conditions on every group.
One could do the same thing in our setting.

24



References

Béal, S., Rémila, E., and Solal, P. (2015). Axioms of invariance for TU-games.
International Journal of Game Theory, 44(4):891-902.

Bergantinos, G. and Vidal-Puga, J. (2007a). A fair rule in minimum cost

spanning tree problems. Journal of Economic Theory, 137(1):326-352.

Bergantinos, G. and Vidal-Puga, J. (2007b). The optimistic TU game in
minimum cost spanning tree problems. [International Journal of Game

Theory, 36(2):223-239.

Bird, C. (1976). On cost allocation for a spanning tree: a game theoretic
approach. Networks, 6:335-350.

Chun, Y., Park, N.; and Yengin, D. (2016). Coincidence of cooperative game
theoretic solutions in the appointment problem. International Journal of
Game Theory, 45(3):699-708.

Cséka, P. and Herings, P. J.-J. (2017). Bankruptcy games where the estate
is a player. In Moretti, S., editor, Abstracts of 15th European (formerly
Spain-Italy-Netherlands) Meeting on Game Theory (SING13), page 42.

Paris-Dauphine University.

Deng, X., Ibaraki, T., and Nagamochi, H. (1999). Algorithmic aspects of
the core of combinatorial optimization games. Mathematics of Operations
Research, 24(3):751-766.

Deng, X. and Papadimitriou, C. H. (1994). On the complexity of cooperative
solution concepts. Mathematics of Operations Research, 19(2):257-266.

Dutta, B. and Kar, A. (2004). Cost monotonicity, consistency and minimum

cost spanning tree games. Games and Economic Behavior, 48(2):223-248.

Gomez, D., Gonzalez-Aranguena, E., Manuel, C., Owen, G., del Pozo, M.,
and Tejada, J. (2003). Centrality and power in social networks: a game
theoretic approach. Mathematical Social Sciences, 46(1):27 — 54.

25



Gonzalez-Aranguena, E., Manuel, C., Owen, G., and del Pozo, M. (2017).
The within groups and the between groups myerson values. FEuropean
Journal of Operational Research, 257(2):586 — 600.

Gonzélez-Diaz, J. and Sanchez-Rodriguez, E. (2014). Understanding the
coincidence of allocation rules: symmetry and orthogonality in TU-games.
International Journal of Game Theory, 43(4):821-843.

Graham, D. A., Marshall, R. C., and Richard, J.-F. (1990). Differential pay-
ments within a bidder coalition and the Shapley value. American Economic
Review, 80(3):493-510.

Ichiishi, T. (1981). Super-modularity: Applications to convex games and to
the greedy algorithm for lp. Journal of Economic Theory, 25(2):283 — 286.

Kar, A., Mitra, M., and Mutuswami, S. (2009). On the coincidence of
the prenucleolus with the Shapley value. Mathematical Social Sciences,

57(1):16-25.

Littlechild, S. and Owen, G. (1973). A simple expression for the Shapley

value in a special case. Management Science, 20(3):370-372.

Montero, M. (2013). On the nucleolus as a power index. In Holler, M. J.
and Nurmi, H., editors, Power, Voting, and Voting Power: 30 Years After,
pages 283-299. Springer, Berlin, Heidelberg.

Myerson, R. B. (1977). Graphs and cooperation in games. Mathematics of
Operations Research, 2(3):225-229.

Ni, D. and Wang, Y. (2007). Sharing a polluted river. Games and Economic
Behavior, 60:176-186.

Okamoto, Y. (2008). Fair cost allocations under conflicts - a game-theoretic

point of view -. Discrete Optimization, 5(1):1 — 18.

Schmeidler, D. (1969). The nucleolus of a characteristic function game. SIAM
Journal of Applied Mathematics, 17(6):1163-1170.

26



Shapley, L. (1953). A value for n-person games. In Kuhn, H.K.;Tucker, A,
editor, Contributions to the theory of games, volume II of Annals of Math-

ematics Studies, pages 307-317. Princeton University Press, Princeton NJ.

Shapley, L. S. (1971). Cores of convex games. International Journal of Game
Theory, 1(1):11-26.

Subiza, B., Giménez-Gémez, J.-M., and Peris, J. E. (2016). Folk solution
for simple minimum cost spanning tree problems. Operations Research
Letters, 44(5):598 — 601.

Tijs, S. H. (2005). The first steps with Alexia, the Average lexicographic
value. CentER DP 2005-12, Tilburg University.

Trudeau, C. (2012). A new stable and more responsible cost sharing solution

for mest problems. Games and Economic Behavior, 75(1):402-412.

Trudeau, C. and Vidal-Puga, J. (2017). On the set of extreme core allocations
for minimal cost spanning tree problems. Journal of Economic Theory,
169:425 — 452.

van den Nouweland, A., Borm, P., van Golstein Brouwers, W., Bruinderink,
R. G., and Tijs, S. (1996). A game theoretic approach to problems in

telecommunication. Management Science, 42(2):294-303.

Vidal-Puga, J. (2004). Bargaining with commitments. International Journal
of Game Theory, 33(1):129-144.

Yokote, K., Funaki, Y., and Kamijo, Y. (2017). Coincidence of the Shap-
ley value with other solutions satisfying covariance. Mathematical Social
Sciences, 89:1-9.

27



	Introduction
	Preliminaries
	Clique games
	Correspondence between the Shapley value and the nucleolus
	Graph-induced games
	Graph-restricted cooperative game
	Minimum coloring game

	Minimum cost spanning tree problems
	The problem
	The irreducible and cycle-complete cost matrices
	Minimum cost spanning tree games and clique games


