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Abstract. A concept of a kernel was re-visited for coalition formation in a
game of interconnected participants characterized by monotonic contribution

functions. We focused on special coalitions that have an advantage over the
remaining, due to yielding higher contribution of each individual participant.
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In multi-person games (Owen 1971, 1982) a coalition is formed by a
subset of participants. Among all coalitions, rational coalitions are of par-
ticular interest, as these allow all participants to gain individual benefits. It
can further be stipulated that extraction of this benefit is ensured inde-
pendently of the actions of players that are not coalition members. In this
note, we will deal with one of the simplest cases of player-formed coali-
tions, all of which can be considered as “outstanding” in terms of bounded
rationality. Bounded rationality is the idea that rational decision making of
people is limited by people’s irrational nature.

The class of games proposed is subjected to an additional monotonic
condition, which has been studied in previous work of Mullat 1979. How-
ever, it should be noted that no prior knowledge of the subject matter dis-
cussed here is presupposed. Still, the formal theory of monotone systems
adopted in this note is identical to that described earlier by Mullat 1971-
1977; the only difference arises in interpretation, and pertains to the ab-
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The concept of kernel

stract indices of interconnection of the system elements, which are treated
as donation intentions. The approach developed in this note enables us to
establish, in one particular case, the possibility of finding rational coali-
tions in accordance with the principle of independence of rejected alterna-
tives according to Nash 1950. However, for the purpose of simplicity, the
following scenario might be informative.

PEDAGOGICAL SCENARIO

Here we are dealing with participants who intend to finance a specific
project by providing donations. Each participant, in principle, is ready to
donate a certain amount in favor of the project being developed. It is as-

sumed that the donation amount p, for each participant i =1,n must cor-

respond to some distribution defined by the exponential density function:

1
F(x.B) = B-eXp(—%) for XZO.
0 for x<0

Thus, in favor of the project it is expected to collect a certain fund to fi-
nance the project. However, as a result of negotiations about the appropri-
ateness of the planned project with like-minded participants, their prefer-
ences will be reoriented. It is assumed that a certain coalition game arises
here in accordance with the monotonic game scheme, the solution of
which is the concept of a kernel, Mullat 1979. The kernel is a somewhat
remarkable subset of the participants.

Intricacies of financing interests of the participants are presented in the
form of a solution called, as said, the kernel, that will constitute a certain
group of participants who agree to finance the project, but perhaps not to
the extent to which they were originally intended, but still within reason-
able limits. In fact, this reasonable limit is the best of all possible options
for financing the project in its final version. It should be noted here that
the best option is understood as a certain guaranteed payment at which
each kernel participant guarantees contribution to the total amount. For
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the participant je H™ belonging to the kernel H', the guaranteed pay-

‘ *

ment will be equal to F(H") = minjEH* e p;- Thus, the total guaranteed

payment constitutes ‘H*‘ -F(H"). Nevertheless, the question may arise

whether this total payment will be the largest of all possible options. It is,
however, conceivable that a larger number of participants with a lower
guaranteed payment intentions will be able to fund the project to a greater
extent than the kernel participants. The kernel, on the other hand, is re-
markable. Indeed

H" = arg max,_,, F(X).

XcW

The global maximum for the project funding by the kernel participants
will form the basis of independence in accordance with the hypothesis of
the so-called rejected alternatives, that is, regardless of the preferences of
the participants not included in the kernel, if any are found, which never-
theless consider it appropriate to participate in the kernel. But we should
not particularly believe them, as they will not be very reliable, and may
seek to change their preferences not in favor of the project.

Therefore, we assume that non-kernel participants refusing to partici-
pate in the project will not affect those who belong to the kernel, i.e., the
views and activities of the kernel members. Here we are dealing, as said,
with the so-called principle of bounded rationality, that is, the principle of
independence from rejected alternatives, cf. Nash 1950. In essence, this
principle in our particular case of project financing, ensures that project
participants are kept abreast of developments. The kernel participants will
not change their decisions on financing regardless of what is happening or
what change the conditions for participation in the project, despite the fact
that some participants in the project refused to participate. If we give this
last consideration a somewhat more formal character, then we can say that
the stability property of decisions made by the kernel participants is noth-
ing but the well-known so-called idempotent principle. After the decision
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is revised in the conditions when the commitments and priorities assumed
remain unchanged, it will not require any new adjustments, and this deci-
sion will be made in the same form in which it was adopted earlier.

Example. Let we introduce in accord with exponential distribution the
preferences p,, 1= 1,n, of participants” W = {i = ﬁ} We can designate as
X all participants who prefer to participate in the project together with
their like-minded people, while X prefer to reject the project or have other

reasons for participating in the project.

Let we now try to determine the preferences m for the participants j in
X, je X, supposing that their contributions in the project together with
others in X be equal to n(j,X) = (‘X%J p;. Obviously, if some participant
could not at all to find a suitable partner for the project, the intention to
contribute will be equal to n(i,{i}) =" - p.. Conversely, if all partici-
pants contribute to the project and all participants are in an adequate
company W, the estimated contribution will be greater and equal to
(i, W) =V'={ - p.. If now for any reason a participant j€ X decides to
spend the rest of the project development alone, the intention to contribute
to all others remaining participants in X, including those to which some
like-minded  participants X - { ]} still  join, will  decrease:
(1, X — {J}) <n(1,X) for 1€ X—{J} On the contrary, their intentions to
contribute will increase if one je X of the previously single participants
decides to join X and become a member of X + {J} (1, X + {J}) > 71(1, X)

forie X.

The graph below shows the donations of the participants in% relative to
the total amount of their initial intentions on the X-axis with the corre-
sponding contributions in%, as well as to the same amount indicated on
the Y-axis, where their donation preferences were reoriented. As the simu-
lation shows, kernel members are almost always ready to finance approx.
50% of their original intentions.
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The Dilemma Facing Participants Contributing a Project
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Preferences of participants in % relative to donation total amount
Figure 1. The kernel participants contribute at least 52.8% of their initial
intentions to the project. The blue dot is the largest guaranteed contribu-
tion in which participants continue to agree to participate in the project.
To be more precise, in the initial state, the percentage of contribution to
the total amount for financing the project, which reflects, as it was, the

starting point of the participants’ preferences on the X axis—donation
submission of participants.

The procedure for finding the kernel is very easy to set up. First, all the
expected donation preferences p,,i=1n, are sorted in ascending order,
constituting the order <p j>, j= ﬁ, the X-axis, and then a sequence © i is
> (Il +1- _])

n
reoriented w i preferences, j=1,n, the Y-axis. The latter sequence is called

constructed as T, = <p‘

i , which we have already denoted these

defining. We then select the local maximum, i.e. the defining sequence.
This is the kernel of Mullat’s monotonic game, which is represented by a
blue dot in Figure 1.
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Finanseerimise Dilemma
Projekti Toetamisel

Kokkuvotte. Tuuma moistet kiilastati uuesti koalitsiooni moodustamiseks
proekti financeerimise mangus, mida iseloomustavad monotoonsed panuse-
funktsioonid. Keskendusime spetsiaalsetele koalitsioonidele, millel on eelis
tilejadnud osas, kuna iga osalemine koalitsioonis annab suurema panuse.

Mitme-isiku mangudes (Owen 1971, 1982) moodustatakse koalitsioon
osalejate alamriihmast. Koigist koalitsioonidest pakuvad ratsionaalsed
koalitsioonid eriti huvi, kuna need voimaldavad koigil osalejatel saada in-
dividuaalseid eeliseid. Veel voib tapsustada, et selle hiivitise saamine ta-
gatakse sOltumata mangijate tegevusest, kes ei ole koalitsiooni liikmed.
Selles markuses kasitleme mangijate poolt moodustatud koalitsioonide
tihte koige lihtsamat juhtumit, mida voib pidada piiratud ratsionnaalsuse
mottes silmapaistvateks. Ratsionaalsus on piiratud sellega, et inimeste rat-
sionaalset otsustamist piirab inimeste irratsionaalne olemus.

Pakutud maéangude klassile rakendatakse tdiendavat monotoonset
seisundit, mida on uuritud Mullati poolt 1979 aasta varasemas t60s. Tuleb
markida, et siin kasitletud teema eelteadmisi ei eeldata. Kasutatud
monotoonsete siisteemide teooria on identne sellega, mida on varem kir-
jeldanud, Mullat 1971-1977; ainus erinevus ilmneb tdlgendamises ja
puudutab siisteemielementide abstraktseid sidumisnditajaid, mida kasitle-
takse annetuste kavatsustena. Selles markuses valja tootatud lahenemis-
viis voimaldab meil iihel konkreetsel juhul luua véimaluse ratsionaalsete
koalitsioonide leidmiseks kooskolas Nash’i 1950 vastavate tagasiliikatud
alternatiivide soltumatuse pohimottega. Lihtsuse huvides jargmine
stsenaarium voib aga olla informatiivne.

PEDAGOGIKA

Siin on tegemist osalejatega, kes kavatsevad annetuste kaudu rahastada
konkreetset projekti. PShimdtteliselt on iga osaleja i=1,n valmis anneta-
ma arendatava projekti heaks teatud summa p,. Kokkuvotlikult voib Gel-

da, et iga osaleja annetussumma peab vastama teatud jaotusele, mis on
maadratletud eksponentsiaalse tiheduse funktsiooniga:
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1

—- —-X7) f >0
5 exp( /B) or x |
0 for x<0

f(x,B) =

Seega loodetakse projekti kasuks koguda teatav fond projekti rahasta-
miseks. Kuid mottekaaslastega kavandatava projekti sobivuse {ile peeta-
vate labiraakimiste tulemusel suunatakse nende eelistused timber. Eelda-
takse, et siin tekib teatud koalitsioonimang vastavalt monotoonsele man-
guskeemile, mille lahenduseks on tuuma moiste, Mullat 1979. Tuum on
osalejate monevorra tahelepanuvaarne alamhulk.

Nagu juba 66ldud on osalejate finantseerimishuvide keerukus esitatud
lahenduse vormis, mida nimetatakse tuumaks, mis moodustab teatud osa-
lejate rithma, kes ndustuvad projekti rahastama, kuid voib-olla mitte selli-
ses mahus, nagu need algselt olid moeldud, kuid siiski moistlikkuse pii-
res. Tegelikult on see moistlik piir parim voimalikest projekti 16ppfinant-
seerimisvoimaluste rahastamise voimalustest. Siinkohal tuleb markida, et
parimaks voimaluseks loetakse kindlat garanteeritud makset, mille korral
iga tuuma osaleja tagab panuse kogusummas. Tuuma H™ kuuluva osaleja

% * . H*
jeH korral on tagatud makse vordne F(H ):mlnjeH* 4 ‘P, —ga.

Seega moodustab kogu tagatud makse ‘H* -F(H"). Sellegipoolest vdib

tekkida kiisimus, kas see kogusumma on koigist voimalikest suurim.
Siiski on moeldav, et mingi suurem arv madalama garanteeritud mak-
sekavatsusega osalejaid suudab projekti suuremal madral rahastada kui
tuuma osalised. Tuum seevastu on tahelepanuvaarne. Toepoolest

H" = arg max,_,, F(X).

XcW

Tuuma poolt projektile eraldatav globaalse maksimumi kogurahastus
moodustab soltumatuse aluse vastavalt nn tagasiliikatud alternatiivide
hiipoteesile, st soltumata tuuma mittekuuluvate osalejate eelistustest, kui
neid leidub, mis peavad tuumas osalemist siiski asjakohaseks. Kuid me ei
tohiks eriti neid uskuda, kuna need ei ole vaga usaldusvaarsed ja voib-olla
soovivad nad oma eelistusi projektis osalemise kohta muuta.
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Seetottu eeldame, et kui tuuma mittekuuluvad osalejad keelduvad pro-
jektis osalemast, siis ei mojuta see neid kes kuuluvad tuuma, st tuu-
maliikmete vaateid ja nende tegevusi. Siin on tegemist nagu juba 66ldud,
niinimetatud piiratud ratsionaalsuse pohimottega, see tdhendab soltu-
matuse pohimottega tagasiliikatud alternatiividest, vrd. Nash 1950. Sisu-
liselt tagab see pohimote meie konkreetse projekti rahastamise puhul, et
projektis osalejad oleksid arengutega kursis. Tuuma osalejad ei muuda
oma rahastamisotsuseid olenemata sellest, mis toimub vo6i mis muudavad
projektis osalemise tingimusi, hoolimata asjaolust, et moned projektis
osalejad keeldusid osalemast. Kui anname sellele viimasele kaalutlusele
monevorra formaalsema iseloomu, siis voime elda, et tuumast osavotjate
tehtud otsuste stabiilsuse omadus pole midagi muud kui tuntud idempo-
tentsuse pohimote. Parast otsuse ldbivaatamist tingimustes, kus voetud
kohustused ja prioriteedid jadvad muutumatuks, ei vaja see uusi muuda-
tusi ning see otsus tehakse samal kujul, nagu see varem vastu voeti.

Naide. Tutvustame vastavalt eksponentsiaalsele jaotusele osalejate

W= {1 = ﬁ} eelistusi p,, i=1,n. Voime X-na tdhistada koiki osalejaid,
kes eelistavad projektis osaleda, et koos oma mottekaaslastega kokku lep-
pida, samal ajal kui X -s olevad osalejad eelistavad projekti tagasi liikata
vOi on neil muud pohjused projektis osalemiseks.

Proovime niitid madrata kindlaks X-s osalejate je X eelistused, eel-
dades, et nende panus projekti koos teistega X-s on voOrdne
n(J, X) = (‘)%)-p ;- Ilmselt kui moni osaleja ei suuda iildse projekti jaoks
sobivat partnerit leida, on kaastoo tegemise kavatsus voOrdne
n(i,{i}) =14 - p,-ga. Ja vastupidi, kui kdik osalejad panustavad projekti
ja koik osalejad on sobivas mottekaaslaste seas W, on nende viimaste eel-
datav panus suurem ja vordne (i, W) = V" - p. -iga. Kui niiiid méni osa-
leja je X soovib v&i otsustab mingil pShjusel veeta iilejadnud projekti
arenduse tiksi, vaheneb kavatsus panustama koigile teistele X -is allesjaa-
nud osalejatele, sealhulgas ka neile, kellega moned mottekaaslased X-ga
endiselt liituvad: 1€ X - {J}, (1, X — {]}) < 7(1,X). Vastupidi, nende pa-
nustamiskavatsused suurenevad, kui tiks varem osalenud tiksiklitkmeline
jeX osaleja otsustab liituda X-iga ja saada X+{j} liikmeks:
(i, X +{j}) > n(i,X).
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Ulaloleval joonisel, Figure 1, on ndidatud osalejate annetused protsen-
tides, vorreldes nende esialgsete kavatsuste suhtes kogusumma panusena
X-teljel koos vastava sissemaksega protsentides, samuti sama summa koh-
ta, mis on ndidatud Y-teljel, kus nende annetuseelistused olid timber
orienteeritud. Nagu simulatsioon nditab, on tuuma liikmed peaaegu alati
valmis finantseerima umbes. 50% nende algsest kavatsusest. Kui tapsem
olla, siis algseisundis on projekti finantseerimise kogusummast tehtud
panuse protsent, mis peegeldab osalejate eelistuste ldhtepunkti X-teljel —
osalejate annetuste esitamine.

Tuuma H’ leidmise protseduuri on véga lihtne {iles ehitada. Esiteks jér-
jestatakse koik arvud p,,i=1,n, kasvavas jarjekorras, muutes jarjestust p,

jarjestuseks <p j>, j=1n, ja seejirel konstrueeritakse jirgmiste arvude
jada, mida me nagu eelpool juba neid arvu tahistanud olime m;-ks:

> (n+1-))

n
timberorienteerimine. Seda jada nimetatakse maaravaks jadaks. Seejarel
valime selle viimase, jarjestatud, st maaratud jada pohjal, lokaalset mak-
simumi. See ongi monotoonse mangu Mullati tuum, mis on Joonisel 1 ta-
histatud sinise punktina.

j=1n, m :<p,

i ; mis on Joonise 1 Y-teljel, nn osalejate panuste
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