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Preface

This manuscript covers selected topics in advanced macroeconomics at
the undergraduate level. It builds on materials in intermediate macroeco-
nomics textbooks (e.g., Barro et al., 2017) by covering the mathematics
of some basic dynamic general-equilibrium models, which are designed to
give undergraduate students a firm appreciation of modern developments in
macroeconomics.
Chapter 1 begins with a simple static model to demonstrate the concept

of general equilibrium. Then, Chapter 2 to 4 cover the neoclassical growth
model to explore the effects of exogenous changes in the level of technology.
Chapter 5 to 7 use the neoclassical growth model to explore the effects of
fiscal policy instruments, such as government spending, labour income tax
and capital income tax. Chapter 8 develops a simple new Keynesian model
to analyze the effects of monetary policy.
Chapter 9 begins the analysis of economic growth by reviewing the Solow

growth model. Chapter 10 to 12 present the Ramsey model and introduce
different market structures to the model to lay down the foundation of the
Romer model. Chapter 13 incorporates an R&D sector into the Ramsey
model with a monopolistically competitive market structure to develop the
Romer model of endogenous technological change. Chapter 14 to 15 examine
the implications of the Romer model. Chapter 16 concludes this manuscript
by presenting the Schumpeterian growth model and examining its different
implications from the Romer model.
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1 A static general-equilibrium model

Dynamic general equilibrium is the foundation of modern macroeconomic
models. In this chapter, we first explore the concept of general equilibrium
using a simple static model. Our simple economy involves two groups of eco-
nomic agents: consumers and firms. We consider a representative household,
which determines the behaviours of consumers. We also consider a repre-
sentative firm, which determines the behaviours of firms. The representative
household supplies labour and capital to the representative firm, which then
uses these factor inputs to produce output and sells the output back to the
household. We use this model to explore how changes in the level of technol-
ogy affect the labour market and the capital market and how the two markets
interact with each other.

1.1 The model

In general, the representative household maximizes utility. For now, we sim-
ply assume that the household supplies labour Ls and capitalKs inelastically
to earn a wage income W and a capital rental income R. Perfectly inelastic
supply implies a vertical labour supply curve (i.e., Ls = L) and a vertical
capital supply curve (Ks = K), where L and K are exogenous parameters.
We now consider the firm’s optimization problem. The representative firm

hires labour L and rents capital K from the household to produce output Y
using the following Cobb-Douglas production function:

Y = AKαL1−α, (1.1)

where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. The profit function Π is

Π = PY −RK −WL. (1.2)

We consider a perfectly competitive product market, in which the firm takes
the market price P as given.
To maximize profit, we differentiate (1.2) with respect to K and L:

∂Π

∂K
= P

∂Y

∂K
−R = 0, (1.3)
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∂Π

∂L
= P

∂Y

∂L
−W = 0. (1.4)

Rewriting (1.3) and (1.4) yields

∂Y

∂K
= αAKα−1L1−α =

R

P
, (1.5)

∂Y

∂L
= (1− α)AKαL−α =

W

P
, (1.6)

which states that a profit-maximizing firm would equate the marginal prod-
uct of capital to the real rental price R/P and the marginal product of labour
to the real wage rate W/P .
Equation (1.5) and (1.6) are the demand curves for capital and labour.

To see this, they can be re-expressed as

Kd =

(
αA

R/P

)1/(1−α)
L, (1.7)

Ld =

[
(1− α)A

W/P

]1/α
K, (1.8)

where capital demand Kd is decreasing in the real rental price R/P and
labour demand Ld is decreasing in the real wage rate W/P . In other words,
the demand for capital and labour is determined by the profit-maximizing
behaviours of firms. We also have the following implications from (1.7) and
(1.8). First, an increase in the level of technology increases the demand for
capital and labour. Second, an increase in the level of labour increases the
demand for capital. Third, an increase in the level of capital increases the
demand for labour.

1.2 Equilibrium

Combining the demand and supply curves of capital (labour) yields the equi-
librium level of the real rental price (real wage rate) as follows:

R

P
= αA

(
L

K

)1−α
, (1.9)

W

P
= (1− α)A

(
K

L

)α
. (1.10)
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Together with the production function

Y = AK
α
L
1−α
, (1.11)

we have the following results. First, an increase in the level of technology A
increases the level of output Y , the real rental price R/P and the real wage
rate W/P ; see Figure 1.1 and 1.2.

Figure 1.1 Labour market Figure 1.2 Capital market

Second, an increase in the level of capital K increases the level of output
Y and the real wage rate W/P but decreases the real rental price R/P .
Third, an increase in the level of labour L increases the level of output Y
and the real rental price R/P but decreases the real wage rate W/P . As
we can see, changes in the supply of one factor input (e.g., labour) not only
affect its own market (e.g., labour market) but also affect the other market
(e.g., capital market). This interaction between the two markets represents
a general-equilibrium effect.

1.3 Elastic labour supply

Suppose we generalize the model by allowing for elastic labour supply. Then
we have an upward-sloping labour supply curve in the labour market. In this
case, an increase in the level of technology A raises the real wage rate and
the equilibrium level of labour by shifting the labour demand curve to the
right; see Figure 1.3. The resulting increase in the equilibrium level of labour
in turn has a general-equilibrium effect on the capital market by shifting the
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capital demand curve further to the right and causing an additional positive
effect on the real rental price; see Figure 1.4.

Figure 1.3 Labour market Figure 1.4 Capital market

1.4 Neutrality of money

So far, we have only determined the rea1 wage rate W/P and the real rental
price R/P . However, we haven’t determined the nominal wage rate W and
the nominal rental price R, which in turn are determined by the price level
P . To determine the price level, we introduce the quantity theory of money
given by

MV = PY , (1.12)

where M is the level of money supply and V is the velocity of money in the
economy. For simplicity, we set V = 1.1

Substituting (1.11) into (1.12), we have

P =
M

Y
=

M

AK
α
L
1−α , (1.13)

which shows that the level of money supply in the economy determines the
price level. When the central bank increases the level of money supply M ,
the price level P increases by the same proportion without affecting the level

1Our analysis would hold so long as the money velocity V is exogenous.
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of output Y . The rea1 wage rate W/P and the real rental price R/P also
remain unchanged, whereas the nominal wage rateW and the nominal rental
price R increase by the same proportion as the level of money supply M . To
see this, we substitute (1.13) into (1.9) and (1.10) to derive

W = (1− α)A

(
K

L

)α
P = (1− α)

M

L
, (1.14)

R = αA

(
L

K

)1−α
P = α

M

K
. (1.15)

This neutrality of money would also hold when the supply of capital and/or
labour is elastic. The neutrality of money arises because the price level in
the economy changes immediately to offset any change in the money supply.2

1.5 Exercise

How do changes in the level of technology affect the labour and capital mar-
kets when both labour supply and capital supply are elastic?

1.6 Summary

In this chapter, we use a simple static general-equilibrium model to explore
the effects of technology on the economy. We find that an increase in the
level of technology raises the level of output, the real rental price and the
real wage rate. In the case of elastic labour supply, the equilibrium level of
labour also increases, which in turn has a general-equilibrium effect on the
capital market by shifting the capital demand curve further to the right and
causing a larger increase in the real rental price. We also explore the effects
of changes in the level of money supply and find that money supply only
affects nominal variables (such as the price level, the nominal rental price
and the nominal wage rate) without affecting any of the real variables (such
as the level of output, the real rental price, the real wage rate, the level of
labour and the level of capital).

2In chapter 8, we will consider a new Keynesian model in which the neutrality of money
does not hold because prices do not adjust immediately.
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2 The neoclassical growth model

In this chapter, we convert the static general-equilibrium model into a dy-
namic general-equilibrium model, which is the foundation of modern macro-
economics. Specifically, we consider the neoclassical growth model, in which
the representative household chooses consumption and saving to maximize
lifetime utility. To solve this dynamic optimization problem, we use a math-
ematical tool known as the Hamiltonian.3 This analysis enables us to endog-
enize the equilibrium levels of macroeconomic variables, such as capital and
output, in order to explore their determinants, such as the level of technology
and the preference of the representative household.

2.1 Household

In the neoclassical growth model, there is a representative household, which
has a utility function ut at time t. For simplicity, we consider a log util-
ity function ut = lnCt that depends on consumption Ct. In other words,
increasing consumption makes the household better off. Furthermore, the
log utility function has a number of nice properties. For example, it features
diminishing marginal utility, and the log of zero is negative infinity so that
the household would avoid zero consumption.
A forward-looking household should not only care about utility at time t

but also lifetime utility, which is given by

U = u0 + u1 + u2 + ... =
T∑

t=0

ut, (2.1)

where T is the length of a lifetime. Equation (2.1) assumes that current
utility and future utility carry the same weight, which is unrealistic because
future consumption is often discounted. To capture discounting, we introduce
a discount rate ρ > 0 so that (2.1) becomes

U = u0 +
u1
1 + ρ

+
u2

(1 + ρ)2
+ ... =

∞∑

t=0

ut
(1 + ρ)t

, (2.2)

3In intermediate microeconomics, students often use the Lagrangian for solving static
constrained optimization problems. In the case of dynamic optimization problems, we use
the Hamiltonian instead.
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where we assume that a lifetime is long enough to be approximated by in-
finity.4 In the rest of the analysis, we will use a mathematical tool known as
Hamiltonian that solves dynamic optimization problems in continuous time.
Therefore, we need to rewrite (2.2) in continuous time using integral.

U =

∫
∞

0

exp(−ρt)utdt =

∫
∞

0

exp(−ρt) lnCtdt, (2.3)

where the continuous-time discount factor exp(−ρt) replaces the discrete-
time discount factor (1 + ρ)−t.
The household inelastically supplies L units of labour to earn a wage

incomeWt. Furthermore, it accumulates capital Kt and rents it to the repre-
sentative firm to earn a capital-rental income Rt. We assume that capital is
the only productive asset in the economy.5 Therefore, the asset-accumulation
equation is

K̇t = RtKt +WtL− Ct, (2.4)

where K̇t ≡ ∂Kt/∂t is the change in the level of capital with respect to time
t. Here we have assumed a zero depreciation rate of capital (i.e., δ = 0).6

2.2 Hamiltonian

The household maximizes (2.3) subject to (2.4). To solve this dynamic opti-
mization problem, we use the Hamiltonian. The Hamiltonian function Ht is
given by7

Ht = lnCt + λt(RtKt +WtL− Ct). (2.5)

In other words, the Hamiltonian function at time t consists of (a) the utility
function lnCt, (b) the right-hand side of the asset-accumulation equation
RtKt+WtL−Ct, and (c) a multiplier λt for the asset-accumulation equation.

8

4As t becomes very large, the discounting would make ut/(1 + ρ)
t not to matter too

much in the utility function U .
5Introducing a bond that is in zero net supply would allow us to determine the real

interest rate but would not affect the rest of our analysis.
6In general, the asset-accumulation equation is given by K̇t = (Rt − δ)Kt +WtL−Ct.
7This is the current-value Hamiltonian. One can also use the present-value version.
8Formally, λt is referred to as a co-state variable.
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To maximize the household’s utility, we derive the first-order conditions,
which include9

∂Ht
∂Ct

=
1

Ct
− λt = 0, (2.6)

∂Ht
∂Kt

= λtRt = λtρ− λ̇t. (2.7)

Note thatKt is a state variable (i.e., a variable that accumulates over time),
10

so we have to treat its first-order condition differently. Instead of equating
∂Ht/∂Kt to zero, we set ∂Ht/∂Kt = λtρ− λ̇t. Taking the log of (2.6) yields

lnCt = − lnλt. (2.8)

Differentiating both sides of (2.8) with respect to t yields11

Ċt
Ct
= −

λ̇t
λt
. (2.9)

Substituting this equation into (2.7) yields

Ċt
Ct
= −

λ̇t
λt
= Rt − ρ, (2.10)

which is known as the Euler equation and determines the optimal path of
consumption chosen by the household.
The optimal consumption path in (2.10) states that when the rental price

Rt is greater than the discount rate ρ, the household’s consumption should
be increasing over time (i.e., Ċt > 0). Intuitively, when the return to cap-
ital is high relative to the household’s discount rate, the household should
decrease current consumption and increase saving in order to invest in capi-
tal. As a result, consumption is increasing over time. Conversely, when the
rental price Rt is less than the discount rate ρ, the household’s consumption
should be decreasing over time (i.e., Ċt < 0). Intuitively, when the return to
capital is low relative to the household’s discount rate, the household should
increase current consumption and decrease investment in capital. As a result,
consumption is decreasing over time.

9 ∂Ht

∂λt
= RtKt +WtL− Ct = K̇t, which simply yields the asset-accumulation in (2.4).

10In contrast, Ct is a control variable that can jump to a different value at any time t.
11Note that ∂ lnCt∂t = 1

Ct
∂Ct
∂t =

Ċt
Ct
.

11



2.3 Firm

To derive the equilibrium of the economy, we also need to consider the firm’s
optimization problem, which is quite simple because of its static setting.
There is a representative firm in the economy, and this firm hires labour
Lt and rents capital Kt from the household to produce output Yt using the
following Cobb-Douglas production function:

Yt = AK
α
t L

1−α
t , (2.11)

where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. The profit function Πt is

Πt = Yt −RtKt −WtLt, (2.12)

where we have chosen Yt as the numeraire (i.e., the price of Yt is normalized
to unity).12 Differentiating (2.12) with respect to Kt and Lt yields

∂Πt
∂Kt

=
∂Yt
∂Kt

−Rt = αAK
α−1
t L1−αt −Rt = 0, (2.13)

∂Πt
∂Lt

=
∂Yt
∂Lt

−Wt = (1− α)AK
α
t L

−α
t −Wt = 0. (2.14)

These two equations are the demand functions for Kt and Lt.

2.4 Steady-state equilibrium

Substituting (2.13) into (2.10) yields

Ċt
Ct
= αAKα−1

t L1−α︸ ︷︷ ︸
=MPKt

− ρ, (2.15)

where we have set Lt = L. Equation (2.15) shows that the optimal path of
consumption is determined by the return to capital, which in turn is deter-
mined by the marginal product of capital MPKt. Substituting (2.13) and
(2.14) into (2.4) yields the capital-accumulation equation:

K̇t = αAK
α
t L

1−α + (1− α)AKα
t L

1−α − Ct = AK
α
t L

1−α − Ct, (2.16)

12Recall from chapter 1 that money supply determines the price level without affecting
any of the real variables in the economy.
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which shows that the accumulation of capital is determined by capital invest-
ment, which is the difference between output and consumption. Equations
(2.15) and (2.16) are two differential equations in Ct and Kt, and these two
equations determine the behaviours of the economy.
Now we solve for the steady-state equilibrium.13 In the steady state, all

variables are constant, such that Ċt = 0 and K̇t = 0. Imposing Ċt = 0 on
the optimal consumption path in (2.15) yields the steady-state equilibrium
level of capital:

K∗ =

(
αA

ρ

)1/(1−α)
L, (2.17)

which is increasing in the level of technology A and decreasing in the dis-
count rate ρ. Intuitively, a higher level of technology A increases the return
to capital and encourages the household to accumulate more capital. In con-
trast, a higher discount rate makes future consumption less attractive to the
household, which prefers current consumption and accumulates less capital.
Using the production function in (2.11), we can derive the steady-state

equilibrium level of output:

Y ∗ = A(K∗)αL1−α =

(
αA

ρ

)α/(1−α)
AL, (2.18)

which is also increasing in A and decreasing in ρ because a larger capital
stock K∗ produces a higher level of output Y ∗. Imposing K̇t = 0 on the
capital-accumulation equation in (2.16) yields the steady-state equilibrium
level of consumption:

C∗ = A(K∗)αL1−α =

(
αA

ρ

)α/(1−α)
AL, (2.19)

which is also increasing in A and decreasing in ρ because C∗ = Y ∗. In
this special case of δ = 0, the steady-state equilibrium level of investment is
I∗ = Y ∗ − C∗ = 0. However, in the more general case of δ > 0, the steady-
state equilibrium level of investment would be positive; see the exercise at
the end of this chapter.

13One can use the phase diagram of (2.15) and (2.16) to show that the economy converges
to this steady state.
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2.5 Exercise

Consider a positive capital depreciation rate δ > 0. In this case, the asset-
accumulation equation becomes

K̇t = (Rt − δ)Kt +WtL− Ct. (2.20)

Show that the optimal consumption path is given by

Ċt
Ct
= Rt − δ − ρ (2.21)

and that the steady-state equilibrium levels of {K∗, Y ∗, I∗, C∗} are given by

K∗ =

(
αA

ρ+ δ

)1/(1−α)
L, (2.22)

Y ∗ = A(K∗)αL1−α =

(
αA

ρ+ δ

)α/(1−α)
AL, (2.23)

I∗ = δK∗ =

(
αA

ρ+ δ

)1/(1−α)
δL, (2.24)

C∗ = Y ∗ − I∗ =
ρ+ (1− α)δ

ρ+ δ

(
αA

ρ+ δ

)α/(1−α)
AL. (2.25)

2.6 Summary

In this chapter, we explore the concept of dynamic general equilibrium by
developing the neoclassical growth model. The model features a utility-
maximizing representative household, which chooses consumption and sav-
ing optimally. We use the Hamiltonian to solve this dynamic optimization
problem and derive the household’s optimal consumption path, in which the
growth rate of consumption is increasing in the rental price of capital and
decreasing in the household’s discount rate. A profit-maximizing represen-
tative firm interacts with the utility-maximizing household in the market
economy that determines the allocation of resources in equilibrium. Then,
we derive the steady-state equilibrium levels of capital and output, which are
both increasing in the level of technology but decreasing in the household’s
discount rate and the depreciation rate of capital.
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3 Dynamics in the neoclassical growth model

In the previous chapter, we focused on the steady state of the neoclassi-
cal growth model. In other words, we only looked at the long-run effects
of changes in the level of technology. In this chapter, we use a graphical
approach to demonstrate the short-run effects of technology, which is a po-
tential source of economic fluctuations in business cycles. We also graphi-
cally demonstrate the long-run effects of technology for a comparison with its
short-run effects. This analysis enables us to compare the effects of changes
in the level of technology on the macroeconomy at different time horizons.
In summary, we find that the short-run and long-run supply curves of capital
are drastically different, which in turn have interesting implications on the
macroeconomic effects of technology.

3.1 Short-run effects of technology

We define the short run as the moment when a parameter (e.g., the level
of technology A changes). At this moment, the level of capital Kt in the
economy is predetermined and cannot be changed immediately. In other
words, the short-run supply curve of capital is vertical. The assumption of
perfectly inelastic supply of labour (i.e., Lt = L for all t) implies that the
labour supply curve is also vertical. As for the demand curves of capital and
labour, they are given by14

Rt = αA

(
Lt
Kt

)1−α
, (3.1)

Wt = (1− α)A

(
Kt

Lt

)α
, (3.2)

which equate the rental price Rt to the marginal product of capital and the
wage rate Wt to the marginal product of labour.
An increase in the level of technology A shifts the demand curves of

capital and labour to the right. As a result, the wage rate Wt and the rental
price Rt go up. However, given the vertical supply curves of capital and
labour, the levels of capital and labour do not change in the short run; see
Figure 3.1 and 3.2.

14Recall that we have normalized Pt to unity.
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Figure 3.1 Labour market Figure 3.2 Capital market

Then, the production function

Yt = AK
α
t L

1−α
t (3.3)

implies that an increase in technology A gives rise to an increase in the level of
output Yt despite the fact that capital and labour do not change in the short
run. The short-run effects of technology A can be summarized as follows:

Short-run effects of an increase in A
Y K R W L

increase no change increase increase no change

3.2 Long-run effects of technology

In the long run, the level of capital fully adjusts to its steady-state equilib-
rium level. So, what does the long-run supply curve of capital look like?
Recall that the optimal consumption path derived from the household’s util-
ity maximization is given by

Ċt
Ct
= Rt − ρ, (3.4)
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where the parameter ρ > 0 is the household’s discount rate. In the steady
state, we have Ċt = 0. Therefore, the steady-state version of the optimal
consumption path is given by

Rt = ρ, (3.5)

which gives us a horizontal long-run supply curve of capital. In other words,
the long-run supply curve of capital is perfectly elastic.
The increase in the level of technology A has shifted the demand curves

of capital and labour to the right. The horizontal long-run supply curve of
capital implies that the rental price returns to the initial level whereas the
equilibrium level of capital increases in the long run; see Figure 3.4. The
increase in the equilibrium level of capital has an additional positive effect
on the wage rate by shifting the labour demand curve further to the right in
the long run; see Figure 3.3.

Figure 3.3 Labour market Figure 3.4 Capital market

Then, the production function Yt = AK
α
t L

1−α
t implies that the increases

in technology A and capitalK both give rise to an increase in the steady-state
equilibrium level of output Y ∗. Furthermore, the increase in the steady-state
equilibrium level of capital K∗ implies that the long-run increases in the level
of output and the wage rate are larger than their short-run increases. The
long-run effects of technology A can be summarized as follows:

Long-run effects of an increase in A
Y K R W L

increase increase no change increase no change

17



3.3 Dynamics

We can also conjecture what happens as the economy moves from the short
run to the long run.15 After the level of technology A increases, the level
of output Yt increases immediately whereas the level of capital Kt increases
gradually, which leads to a further gradual increase in output Yt. As we
move along the capital demand curve, the rental price Rt gradually decreases
towards the initial level. The increase in the level of capital gradually shifts
the labour demand curve further to the right. As we move along the labour
supply curve, the wage rate Wt increases further and gradually converges
towards the new steady-state equilibrium level.

3.4 Exercise

What are the short-run and long-run effects of an increase in the level of
labour supply L on {Yt, Kt, Rt,Wt}?

3.5 Summary

In this chapter, we use a graphical approach to examine the effects of technol-
ogy in the neoclassical growth model. We find that the effects of permanent
changes in the level of technology vary across time because the short-run
and long-run supply curves of capital are very different. In the short run,
the capital supply curve is perfectly inelastic, so that changes in the level
of technology do not affect the equilibrium level of capital. In this case, an
increase in the level of technology increases the level of output, the wage
rate and the rental price without affecting the equilibrium levels of labour
and capital. In the long run, the capital supply curve becomes perfectly
elastic, so that an increase in the level of technology raises the equilibrium
level of capital, which in turn has a general-equilibrium effect on the labour
market by shifting the labour demand curve further to the right and causing
a larger increase in the wage rate. In this case, an increase in the level of
technology increases the level of output, the wage rate and the equilibrium
level of capital without affecting the rental price and the equilibrium level of

15For a more precise analysis, one could use the phase diagram of (2.15) and (2.16) to
explore the dynamics of the economy.
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labour (due to the assumption of perfectly inelastic labour supply). Finally,
an unrealistic implication of the neoclassical growth model is that the level
of labour (i.e., employment) never changes. In the next chapter, we will
consider elastic labour supply.

19



4 Elastic labour in the neoclassical growth

model

In the previous chapter, we considered perfectly inelastic labour supply in
the neoclassical growth model, in which case the level of labour (i.e., employ-
ment) never changes. In this chapter, we generalize the neoclassical growth
model to allow for elastic labour supply chosen by the utility-maximizing
household. In summary, the supply of labour is determined by a substitu-
tion effect and an income effect, which are both influenced by changes in
technology. Therefore, this modification of elastic labour supply allows for
fluctuations in employment, which are an important feature of business cy-
cles. The neoclassical growth model with elastic labour supply is essentially
a special case of the real business cycle (RBC) model.16

4.1 Household

We introduce the choice of leisure into the household’s utility function:

U =

∫
∞

0

e−ρt[lnCt + θ ln(L− lt)]dt, (4.1)

where the parameter ρ > 0 is the household’s discount rate and the parameter
θ > 0 determines the importance of leisure L− lt relative to consumption Ct
in the utility function. lt is the level of employment chosen by the household.
The household elastically supplies lt units of labour to earn a wage income
Wt. Furthermore, it accumulates capital Kt and rents it to the representative
firm to earn a capital-rental income Rt. The asset-accumulation equation is
modified as follows:

K̇t = RtKt +Wtlt − Ct, (4.2)

where we have assumed a zero depreciation rate of capital (i.e., δ = 0).17

16The RBC model was developed by Finn Kydland and Edward Prescott (Economet-
rica 1982), who received the Nobel Memorial Prize in Economics in 2004 partly for this
contribution.
17In general, the asset-accumulation equation is given by K̇t = (Rt − δ)Kt +Wtlt −Ct.
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4.2 Hamiltonian

The Hamiltonian function is given by

Ht = lnCt + θ ln(L− lt) + λt(RtKt +Wtlt − Ct). (4.3)

The first-order conditions include

∂Ht
∂lt

= −
θ

L− lt
+ λtWt = 0, (4.4)

∂Ht
∂Ct

=
1

Ct
− λt = 0, (4.5)

∂Ht
∂Kt

= λtRt = λtρ− λ̇t. (4.6)

Recall thatKt is a state variable (i.e., a variable that accumulates over time),
so we have to set ∂Ht/∂Kt = λtρ− λ̇t.
Combining (4.4) and (4.5) yields the labour supply curve lst given by

lst = L−
θCt
Wt

, (4.7)

which is increasing in the wage rate Wt (i.e., a substitution effect) and de-
creasing in consumption Ct (i.e., an income effect). Intuitively, a higher
wage rate increases the opportunity cost of leisure and causes the house-
hold to supply more labour, whereas a higher level of consumption decreases
the marginal utility of wage income and causes the household to enjoy more
leisure. If leisure is not important to the household (i.e., θ = 0), then we
have lst = L, in which case we are back to the case of perfectly inelastic
labour supply in the previous chapter. If leisure matters to the household
(i.e., θ > 0), then unemployment L − lst is positive. Taking the log of (4.5)
and substituting it into (4.6) yields the optimal consumption path:

Ċt
Ct
= Rt − ρ, (4.8)

which is the same as in the previous chapter.
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4.3 Firm

The firm’s optimization problem is the same as before. There is a represen-
tative firm in the economy, and this firm hires labour and rents capital from
the household to produce output using the following production function:

Yt = AK
α
t l
1−α
t , (4.9)

where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. The profit function Πt is

Πt = Yt −RtKt −Wtlt, (4.10)

where we have chosen Yt as the numeraire (i.e., the price of Yt is normalized
to unity). Differentiating (4.10) with respect to Kt and lt yields

∂Πt
∂Kt

=
∂Yt
∂Kt

−Rt = αA

(
lt
Kt

)1−α
−Rt = 0, (4.11)

∂Πt
∂lt

=
∂Yt
∂lt

−Wt = (1− α)A

(
Kt

lt

)α
−Wt = 0. (4.12)

These two equations are the demand functions for Kt and lt.

4.4 Short-run effects of technology

Once again, we define the short run as the moment when a parameter (e.g.,
the level of technology A) changes. At this moment, the level of capital in
the economy is predetermined. In other words, the short-run supply curve of
capital is vertical as before. However, we now have an upward-sloping labour
supply given by

Wt =
θCt
L− lt

. (4.13)

As for the demand curves of labour and capital, they are given by

Rt = αA

(
lt
Kt

)1−α
= α

Yt
Kt

, (4.14)

Wt = (1− α)A

(
Kt

lt

)α
= (1− α)

Yt
lt
. (4.15)
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An increase in the level of technology A shifts the demand curves of
labour and capital to the right. In the labour market, the wage rate Wt and
the equilibrium level of labour lt increase.

18 Therefore, elastic labour supply
gives rise to a positive effect of technology A on employment lt, which in turn
has a general-equilibrium effect on the capital market. In the capital market,
the rental price Rt increases, whereas the equilibrium level of capital does
not change in the short run; see Figure 4.1 and 4.2.

Figure 4.1 Labour market Figure 4.2 Capital market

Then, the production function

Yt = AK
α
t l
1−α
t (4.16)

implies that the increases in technology A and labour lt both give rise to an
increase in the level of output Yt. The short-run effects of technology A can
be summarized as follows:

Short-run effects of an increase in A
Y K R W l

increase no change increase increase increase

18Technically, the labor supply curve may shift due to changes in consumption Ct. We
ignore this effect in the short run.
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4.5 Long-run effects of technology

In the long run, the level of capital fully adjusts to its steady-state equilibrium
level K∗. Recall that the optimal consumption path is given by

Ċt
Ct
= Rt − ρ. (4.17)

In the steady state, we have Ċt = 0. Therefore, the long-run supply curve of
capital is perfectly elastic and given by

Rt = ρ. (4.18)

The increase in the level of technology A shifts the demand curves of
capital and labour to the right. In the capital market, the rental price Rt
returns to the initial level whereas the equilibrium level of capital increases in
the long run; see Figure 4.4. In the labour market, we now allow the labour
supply curve to shift. As we show below, the labour supply curve shifts
to the left (due to an increase in the level of consumption) and completely
offsets the shift in the labour demand curve. Therefore, the equilibrium level
of labour lt returns to the initial level. However, there continues to be a
positive effect on the wage rate Wt in the long run; see Figure 4.3.

Figure 4.3 Labour market Figure 4.4 Capital market

To see that the steady-state equilibrium level of labour returns to the
initial level, we substitute (4.15) into (4.7) to derive

lt = L−
θCt
Wt

= L−
θCt

(1− α)Yt
lt. (4.19)
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Given the assumption of a zero capital depreciation rate (i.e., δ = 0), the
steady-state equilibrium level of investment I∗ is zero. Therefore, the steady-
state equilibrium levels of consumption and output are the same such that
C∗ = Y ∗. Therefore, (4.19) implies that the steady-state equilibrium level of
labour l∗ is given by

l∗ =
L

1 + θ/(1− α)
, (4.20)

which is independent of technology A. In other words, changes in the level
of technology A do not affect the steady-state equilibrium level of labour
l∗. Furthermore, the steady-state equilibrium level of labour l∗ is decreasing
in leisure preference θ and capital intensity α. Intuitively, if leisure becomes
more important (i.e., a larger θ) to the household, it would supply less labour
to the labour market. Similarly, if labour becomes less important in produc-
tion (i.e., a larger α), the firm would demand less labour in the labour market.
Finally, the production function Yt = AK

α
t l
1−α
t implies that the increases

in technology A and capitalK both give rise to an increase in the steady-state
equilibrium level of output Y ∗. Furthermore, the increase in the steady-state
equilibrium level of capital K∗ and the leftward shift in the labour supply
curve imply that the long-run increase in the wage rate is larger than its
short-run increase. The long-run effects of technology A can be summarized
as follows:

Long-run effects of an increase in A
Y K R W l

increase increase no change increase no change

4.6 Dynamics

As before, we can conjecture what happens as the economy moves from
the short run to the long run. After the level of technology A increases,
the level of output Yt increases immediately whereas the level of capital Kt

increases gradually. As we move along the capital demand curve, the rental
price Rt gradually decreases towards the initial level. The increase in the
level of capital gradually shifts the labour demand curve further to the right.
Simultaneously, the labour supply curve gradually shifts to the left. These
shifts in the labour demand and supply curves give rise to a gradual increase
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in the wage rate Wt towards the new steady-state equilibrium level and a
gradual decrease in the level of labour lt towards the initial level.

4.7 Exercise

Consider a positive capital depreciation rate δ > 0. In this case, the asset-
accumulation equation becomes

K̇t = (Rt − δ)Kt +Wtlt − Ct. (4.21)

Show that the steady-state equilibrium level of labour l∗ is given by19

l∗ =
L

1 + θ
1−α

(
1− αδ

ρ+δ

) , (4.22)

which continues to be independent of technology A. In other words, changes
in the level of technology A do not affect the steady-state equilibrium level
of labour l∗ even in the presence of capital depreciation.

4.8 Summary

In this chapter, we extend the neoclassical growth model by allowing for
elastic labour supply. In the model, the representative household chooses
leisure in addition to consumption and saving. Maximizing the household’s
utility, we derive the labour supply curve. The household’s supply of labour is
increasing the wage rate, which captures a substitution effect, and decreasing
in the level of consumption, which captures an income effect. Given the
upward-sloping labour supply curve, an increase in the level of technology
shifts the labour demand curve to the right and increases the equilibrium
level of labour in the short run, which in turn has a general-equilibrium
effect on the capital market by shifting the capital demand curve further
to the right and causing a larger increase in the rental price. In this case,
an increase in the level of technology increases the level of output, the level
of labour, the wage rate and the rental price without affecting the level of
capital in the short run. In the long run, the higher level of consumption

19Hint: note that C∗/Y ∗ = 1− I∗/Y ∗ = 1− δK∗/Y ∗.
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gives to rise an income effect on labour supply and shifts the labour supply
curve to the left. As a result, the equilibrium level of labour returns to the
initial level. However, the long-run capital supply becomes perfectly elastic,
and the equilibrium level of capital increases in the long run. In this case,
an increase in the level of technology increases the level of output, the level
of capital and the wage rate without affecting the rental price and the level
of labour in the long run.
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5 Government spending in the neoclassical

growth model

The neoclassical growth model not only allows us to analyze the effects of
technology but also allows us to perform policy analysis. We now begin our
analysis of government policies in the neoclassical growth model. We will
consider a number of fiscal policy instruments. The policy instrument that we
consider in this chapter is government spending. Specifically, we analyze the
macroeconomic effects of changes in government spending in the neoclassical
growth model with elastic labour supply, which is a crucial feature because
the expansionary effects of government spending operate through an income
effect on labour supply.

5.1 Household

The representative household’s utility function U is given by

U =

∫
∞

0

e−ρt[lnCt + θ ln(L− lt)]dt, (5.1)

where the parameter ρ > 0 is the household’s discount rate and the parameter
θ > 0 determines the importance of leisure L− lt relative to consumption Ct
in the utility function. lt is the level of employment chosen by the household.
The household elastically supplies lt units of labour to earn a wage income
Wt. Furthermore, it accumulates capital Kt and rents it to the representative
firm to earn a capital-rental income Rt. The asset-accumulation equation is

K̇t = RtKt +Wtlt − Ct − Tt, (5.2)

where the capital depreciation rate is zero and Tt is a lump-sum tax.20

5.2 Government

The government collects tax revenue Tt to pay for government spending Gt.
The balanced budget condition is Gt = Tt. We define the ratio of government
spending to output as γ ≡ Gt/Yt. We are interested in the effects of changes
in γ on other macroeconomic variables.

20We will consider other tax instruments in the next two chapters.
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5.3 Hamiltonian

The Hamiltonian function of the household is given by

Ht = lnCt + θ ln(L− lt) + λt(RtKt +Wtlt − Ct − Tt). (5.3)

The first-order conditions include

∂Ht
∂lt

= −
θ

L− lt
+ λtWt = 0, (5.4)

∂Ht
∂Ct

=
1

Ct
− λt = 0, (5.5)

∂Ht
∂Kt

= λtRt = λtρ− λ̇t. (5.6)

Recall thatKt is a state variable (i.e., a variable that accumulates over time),
so we have to set ∂Ht/∂Kt = λtρ− λ̇t.
Combining (5.4) and (5.5) yields the labour supply curve lst given by

lst = L−
θCt
Wt

, (5.7)

which is increasing in the wage rate Wt (i.e., a substitution effect) and de-
creasing in consumption Ct (i.e., an income effect). Unless θ = 0, unemploy-
ment L− lst is positive. Taking the log of (5.5) and substituting it into (5.6)
yields the optimal consumption path:

Ċt
Ct
= Rt − ρ. (5.8)

In summary, the labour supply curve and the optimal consumption path are
the same as before.

5.4 Firm

The firm’s optimization problem is also the same as before. There is a rep-
resentative firm in the economy, and this firm hires labour lt and rents cap-
ital Kt from the household to produce output Yt using the following Cobb-
Douglas production function:

Yt = AK
α
t l
1−α
t , (5.9)
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where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. The profit function Πt is

Πt = Yt −RtKt −Wtlt, (5.10)

where we have implicitly chosen Yt as the numeraire (i.e., the price of Yt is
normalized to unity). Differentiating (5.10) with respect to Kt and lt yields

∂Πt
∂Kt

=
∂Yt
∂Kt

−Rt = αA

(
lt
Kt

)1−α
−Rt = 0, (5.11)

∂Πt
∂lt

=
∂Yt
∂lt

−Wt = (1− α)A

(
Kt

lt

)α
−Wt = 0. (5.12)

These two equations are the demand functions for Kt and lt. In summary,
the demand functions for Kt and lt are also the same as before.

5.5 Long-run effects of government spending

For simplicity, we focus on the long-run effects of permanent changes in
government spending. In the long run, the level of capital fully adjusts to its
steady-state equilibrium level. Recall that the optimal consumption path is
given by

Ċt
Ct
= Rt − ρ. (5.13)

In the steady state, we have Ċt = 0. Therefore, the long-run supply curve of
capital is perfectly elastic and given by

Rt = ρ, (5.14)

whereas the labour supply curve is

Wt =
θCt
L− lt

. (5.15)

As for the demand curves of capital and labour, they are given by

Rt = αA

(
lt
Kt

)1−α
= α

Yt
Kt

, (5.16)
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Wt = (1− α)A

(
Kt

lt

)α
= (1− α)

Yt
lt
. (5.17)

Combining labour supply in (5.15) and labour demand in (5.17) yields

lt = L−
θCt
Wt

= L−
θCt

(1− α)Yt
lt. (5.18)

Given the assumption of a zero capital depreciation rate (i.e., δ = 0), the
steady-state equilibrium level of investment I∗ is zero. Therefore, the steady-
state equilibrium level of consumption is given by

C∗ = Y ∗ −G∗ = (1− γ)Y ∗, (5.19)

which is proportional to the steady-state equilibrium level of output. Sub-
stituting (5.19) into (5.18) yields the steady-state equilibrium level of labour
l∗ given by

l∗ =
L

1 + θ(1− γ)/(1− α)
, (5.20)

which is increasing in the government-spending ratio γ.
Intuitively, an increase in government spending γ raises tax T and reduces

the after-tax income (i.e., a negative income effect) of the household, which
then consumes less leisure and supplies more labour l. Graphically, it shifts
the labour supply curve to the right; as a result, the equilibrium level of
labour l increases and the wage rate W decreases; see Figure 5.1. In the
capital market, the increase in the level of labour shifts the capital demand
curve to the right. Given the horizontal long-run capital supply curve, the
rental price R remains at the initial level whereas the equilibrium level of
capital increases in the long run; see Figure 5.2. The increase in capital
shifts the labour demand curve to the right. As a result, the wage rate W
increases and returns to the initial level because the capital-labour ratio K/l
is independent of γ.21

21Note from (5.17) that W is increasing in K/l. Then, note from (5.16) that R is
decreasing in K/l. Finally, note that R = ρ in the steady state.
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Figure 5.1 Labour market Figure 5.2 Capital market

Finally, the production function Yt = AK
α
t l
1−α
t implies that the increases

in labour and capital both give rise to an increase in the steady-state equi-
librium level of output Y ∗. The long-run effects of government spending γ
can be summarized as follows:

Long-run effects of an increase in γ
Y K R W l

increase increase no change no change increase

5.6 Exercise

Consider a positive capital depreciation rate δ > 0. In this case, the asset-
accumulation equation becomes

K̇t = (Rt − δ)Kt +Wtlt − Ct − Tt. (5.21)

Show that the steady-state equilibrium level of labour l∗ is given by

l∗ =
L

1 + θ
1−α

(
1− γ − αδ

ρ+δ

) . (5.22)

which continues to be increasing in the government-spending ratio γ.
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5.7 Summary

In this chapter, we explore the long-run effects of permanent changes in the
level of government spending in the neoclassical growth model with elastic
labour supply. We find that an increase in the level of government spending
is accompanied by an increase in taxation, which in turn gives rise to an
income effect on labour supply and shifts the labour supply curve to the
right. As a result, the equilibrium level of labour increases to cause a general-
equilibrium effect on the capital market by shifting the capital demand curve
to the right. Given the perfectly elastic capital supply curve, the equilibrium
level of capital increases and in turn affects the labour market by shifting
the labour demand curve to the right. At the end, the equilibrium level of
labour increases by an even larger amount whereas the wage rate returns to
the initial level. In summary, an increase in the level of government spending
has an expansionary effect on the macroeconomy and increases the levels of
output, capital and labour without affecting the rental price and the wage
rate in the long run.
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6 Labour income tax in the neoclassical growth

model

In this chapter, we continue our analysis of fiscal polices in the neoclassical
growth model. In the previous chapter, we considered a lump-sum tax, which
is a very rare fiscal policy instrument in reality. Therefore, we now consider a
labour income tax, which is a more realistic tax instrument. Once again, we
use in this policy analysis the neoclassical growth model with elastic labour
supply, which is a crucial feature because the contractionary effects of labour
income tax operate through a substitution effect on labour supply.

6.1 Household

As before, the household’s utility function is given by

U =

∫
∞

0

e−ρt[lnCt + θ ln(L− lt)]dt, (6.1)

where the parameter ρ > 0 is the household’s discount rate and the parame-
ter θ > 0 determines the importance of leisure L− lt relative to consumption
Ct in the utility function. lt is the level of employment chosen by the house-
hold. The household elastically supplies lt units of labour to earn an after-tax
wage income (1 − τW )Wt, where τW > 0 is the tax rate on labour income.
Furthermore, the household accumulates capital Kt and rents it to the rep-
resentative firm to earn a capital-rental income Rt. The asset-accumulation
equation is

K̇t = RtKt + (1− τW )Wtlt − Ct − Tt, (6.2)

where the capital depreciation rate is zero and Tt is a lump-sum tax.

6.2 Government

The government collects tax revenue to pay for government spending Gt.
The balanced budget condition is Gt = Tt + τWWtlt. We define the ratio
of government spending to output as γ ≡ Gt/Yt. We are interested in the
effects of changes in the labour income tax rate τW on other macroeconomic
variables. In the previous chapter, we saw that changes inGt cause an income
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effect on the household. To separate this income effect from our analysis,
we assume that changes in the labour income tax rate τW are balanced by
changes in the lump-sum tax Tt while the government-spending ratio γ does
not change. Therefore, changes in the labour income tax rate τW only give
rise to a substitution effect on the household’s labour supply.

6.3 Hamiltonian

The Hamiltonian function of the household is given by

Ht = lnCt + θ ln(L− lt) + λt[RtKt + (1− τW )Wtlt − Ct − Tt]. (6.3)

The first-order conditions include

∂Ht
∂lt

= −
θ

L− lt
+ λt(1− τW )Wt = 0, (6.4)

∂Ht
∂Ct

=
1

Ct
− λt = 0, (6.5)

∂Ht
∂Kt

= λtRt = λtρ− λ̇t. (6.6)

Recall thatKt is a state variable (i.e., a variable that accumulates over time),
so we have to set ∂Ht/∂Kt = λtρ− λ̇t. Combining (6.4) and (6.5) yields the
labour supply curve lst given by

lst = L−
θCt

(1− τW )Wt

, (6.7)

which is increasing in the wage rate Wt but decreasing in the labour income
tax rate τW . Taking the log of (6.5) and substituting it into (6.6) yields the
optimal consumption path:

Ċt
Ct
= Rt − ρ. (6.8)

In summary, the optimal consumption path is the same as before, whereas
the labour supply curve now depends on the after-tax wage rate (1− τW )Wt.
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6.4 Firm

The firm’s optimization problem is the same as before. There is a represen-
tative firm in the economy, and this firm hires labour and rents capital from
the household to produce output using the following production function:

Yt = AK
α
t l
1−α
t , (6.9)

where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. The profit function Πt is

Πt = Yt −RtKt −Wtlt, (6.10)

where we have implicitly chosen Yt as the numeraire (i.e., the price of Yt is
normalized to unity). Differentiating (6.10) with respect to Kt and lt yields

∂Πt
∂Kt

=
∂Yt
∂Kt

−Rt = αA

(
lt
Kt

)1−α
−Rt = 0, (6.11)

∂Πt
∂lt

=
∂Yt
∂lt

−Wt = (1− α)A

(
Kt

lt

)α
−Wt = 0. (6.12)

These two equations are the demand functions for Kt and lt. In summary,
the demand functions for Kt and lt are also the same as before.

6.5 Long-run effects of labour income tax

For simplicity, we focus on the long-run effects of labour income tax. In the
long run, the level of capital fully adjusts to its steady-state equilibrium level.
Recall that the optimal consumption path is given by

Ċt
Ct
= Rt − ρ. (6.13)

In the steady state, we have Ċt = 0. Therefore, the long-run supply curve of
capital is perfectly elastic and given by

Rt = ρ, (6.14)

whereas the labour supply curve is

Wt =
1

1− τW

θCt
L− lt

. (6.15)
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As for the demand curves of capital and labour, they are given by

Rt = αA

(
lt
Kt

)1−α
= α

Yt
Kt

, (6.16)

Wt = (1− α)A

(
Kt

lt

)α
= (1− α)

Yt
lt
. (6.17)

Combining labour supply in (6.15) and labour demand in (6.17) yields

lt = L−
θCt

(1− τW )Wt

= L−
θCt

(1− τW )(1− α)Yt
lt. (6.18)

Given the assumption of a zero capital depreciation rate (i.e., δ = 0), the
steady-state equilibrium level of investment I∗ is zero. Therefore, the steady-
state equilibrium level of consumption is given by

C∗ = Y ∗ −G∗ = (1− γ)Y ∗, (6.19)

which is proportional to the steady-state equilibrium level of output. Sub-
stituting (6.19) into (6.18) yields the steady-state equilibrium level of labour
l∗ given by

l∗ =
L

1 + θ(1−γ)
(1−τW )(1−α)

, (6.20)

which is decreasing in the labour income tax rate τW .
Intuitively, an increase in the labour income tax rate τW reduces the after-

tax wage rate, which in turn causes the household to substitute leisure for
consumption (i.e., a substitution effect) and supply less labour l. Graphically,
it shifts the labour supply curve to the left; as a result, the equilibrium level
of labour l decreases and the pre-tax wage rate W increases; see Figure 6.1.
In the capital market, the decrease in the level of labour shifts the capital
demand curve to the left. Given the horizontal long-run capital supply curve,
the rental price Rt remains at the initial level whereas the equilibrium level
of capital decreases in the long run; see Figure 6.2. The decrease in capital
shifts the labour demand curve to the left; see Figure 6.1. As a result, the
pre-tax wage rate W decreases and returns to the initial level because the
capital-labour ratio K/l is independent of τW .

22

22Note from (6.17) that W is increasing in K/l. Then, note from (6.16) that R is
decreasing in K/l. Finally, note that R = ρ in the steady state.
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Figure 6.1 Labour market Figure 6.2 Capital market

Finally, the production function Yt = AK
α
t l
1−α
t implies that the decreases

in labour and capital both give rise to a decrease in the steady-state equilib-
rium level of output Y ∗. The long-run effects of labour income tax τW can
be summarized as follows:

Long-run effects of an increase in τW
Y K R W l

decrease decrease no change no change decrease

6.6 Exercise

Consider a positive capital depreciation rate δ > 0. In this case, the asset-
accumulation equation becomes

K̇t = (Rt − δ)Kt + (1− τW )Wtlt − Ct − Tt. (6.21)

Show that the steady-state equilibrium level of labour l∗ is given by

l∗ =
L

1 + θ
(1−τW )(1−α)

(
1− γ − αδ

ρ+δ

) . (6.22)

which continues to be decreasing in the labour income tax rate τW .
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6.7 Summary

In this chapter, we explore the long-run effects of permanent changes in the
labour income tax rate in the neoclassical growth model with elastic labour
supply. We find that an increase in the labour income tax rate gives rise to a
substitution effect on labour supply and shifts the labour supply curve to the
left. As a result, the equilibrium level of labour decreases to cause a general-
equilibrium effect on the capital market by shifting the capital demand curve
to the left. Given the perfectly elastic capital supply curve, the equilibrium
level of capital decreases and in turn affects the labour market by shifting the
labour demand curve to the left. At the end, the equilibrium level of labour
decreases by an even larger amount whereas the pre-tax wage rate returns
to the initial level. In summary, an increase in the labour income tax rate
has a contractionary effect on the macroeconomy and decreases the levels of
output, capital and labour without affecting the rental price and the pre-tax
wage rate in the long run.
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7 Capital income tax in the neoclassical growth

model

In this chapter, we conclude our analysis of fiscal polices in the neoclassical
growth model. In the previous chapter, we considered a labour income tax.
However, labour income is not the only source of income that is taxed by
the government. In this chapter, we consider a capital income tax, which is
another tax instrument that we commonly observe in reality. In this case,
we find that capital income tax is also contractionary by decreasing the ac-
cumulation of capital.

7.1 Household

The household’s utility function is given by

U =

∫
∞

0

e−ρt[lnCt + θ ln(L− lt)]dt, (7.1)

where the parameter ρ > 0 is the household’s discount rate and the parameter
θ > 0 determines the importance of leisure L− lt relative to consumption Ct
in the utility function. lt is the level of employment chosen by the household.
The household elastically supplies lt units of labour to earn a wage income
Wt. Furthermore, the household accumulates capital Kt and rents it to the
representative firm to earn an after-tax capital-rental income (1 − τR)Rt,
where τR > 0 is the tax rate on capital income. The asset-accumulation
equation is

K̇t = (1− τR)RtKt +Wtlt − Ct − Tt, (7.2)

where the capital depreciation rate is zero and Tt is a lump-sum tax.

7.2 Government

The government collects tax revenue to pay for government spending Gt.
The balanced budget condition is Gt = Tt + τRRtKt. We define the ratio of
government spending to output as γ ≡ Gt/Yt. We are interested in the effects
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of changes in the capital tax rate τR on other macroeconomic variables. In
chapter 5, we saw that changes in Gt cause an income effect on the household.
To separate this income effect from our analysis, we assume that changes in
the capital tax rate τR are balanced by changes in the lump-sum tax Tt while
the government-spending ratio γ does not change.

7.3 Hamiltonian

The Hamiltonian function of the household is given by

Ht = lnCt + θ ln(L− lt) + λt[(1− τR)RtKt +Wtlt − Ct − Tt]. (7.3)

The first-order conditions include

∂Ht
∂lt

= −
θ

L− lt
+ λtWt = 0, (7.4)

∂Ht
∂Ct

=
1

Ct
− λt = 0, (7.5)

∂Ht
∂Kt

= λt(1− τR)Rt = λtρ− λ̇t. (7.6)

Recall thatKt is a state variable (i.e., a variable that accumulates over time),
so we have to set ∂Ht/∂Kt = λtρ− λ̇t. Combining (7.4) and (7.5) yields the
labour supply curve lst given by

lst = L−
θCt
Wt

, (7.7)

which is increasing in the wage rate Wt (i.e., a substitution effect) and de-
creasing in consumption Ct (i.e., an income effect). Taking the log of (7.5)
and substituting it into (7.6) yields the optimal consumption path:

Ċt
Ct
= (1− τR)Rt − ρ, (7.8)

which now depends on the after-tax rental price (1− τR)Rt.
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7.4 Firm

The firm’s optimization problem is the same as before. There is a represen-
tative firm in the economy, and this firm hires labour and rents capital from
the household to produce output using the following production function:

Yt = AK
α
t l
1−α
t , (7.9)

where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. The profit function Πt is

Πt = Yt −RtKt −Wtlt, (7.10)

where we have implicitly chosen Yt as the numeraire (i.e., the price of Yt is
normalized to unity). Differentiating (7.10) with respect to Kt and lt yields

∂Πt
∂Kt

=
∂Yt
∂Kt

−Rt = αA

(
lt
Kt

)1−α
−Rt = 0, (7.11)

∂Πt
∂lt

=
∂Yt
∂lt

−Wt = (1− α)A

(
Kt

lt

)α
−Wt = 0. (7.12)

These two equations are the demand functions for Kt and lt. In summary,
the demand functions for Kt and lt are also the same as before.

7.5 Long-run effects of capital income tax

For simplicity, we focus on the long-run effects of capital income tax. In
the long run, the level of capital fully adjusts to its steady-state equilibrium
level. Recall that the optimal consumption path is given by

Ċt
Ct
= (1− τR)Rt − ρ. (7.13)

In the steady state, we have Ċt = 0. Therefore, the long-run supply curve of
capital is perfectly elastic and given by

Rt =
ρ

1− τR
, (7.14)
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whereas the labour supply curve is

Wt =
θCt
L− lt

. (7.15)

As for the demand curves of capital and labour, they are given by

Rt = αA

(
lt
Kt

)1−α
= α

Yt
Kt

, (7.16)

Wt = (1− α)A

(
Kt

lt

)α
= (1− α)

Yt
lt
. (7.17)

An increase in the capital income tax rate τR reduces the after-tax capital
rental price and causes the household to accumulate less capital. Graphically,
it shifts the capital supply upwards; as a result, the equilibrium level of
capital K decreases in the capital market; see Figure 7.2. In the labour
market, the decrease in the level of capital shifts the labour demand curve
to the left. However, as we will show below, the labour supply curve shifts
to the right (due to a negative income effect from the reduction in output
Y and consumption C) to completely offset the shift in the labour demand
curve such that the equilibrium level of labour remains at the initial level;23

see Figure 7.1.

Figure 7.1 Labour market Figure 7.2 Capital market

23This result is due to the zero capital depreciation rate; see the exercise at the end of
this chapter.
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To derive the steady-state equilibrium level of labour, we combine labour
supply in (7.15) and labour demand in (7.17) to obtain

lt = L−
θCt
Wt

= L−
θCt

(1− α)Yt
lt. (7.18)

Given the assumption of a zero capital depreciation rate (i.e., δ = 0), the
steady-state equilibrium level of investment I∗ is zero. Therefore, the steady-
state equilibrium level of consumption is given by

C∗ = Y ∗ −G∗ = (1− γ)Y ∗, (7.19)

which is proportional to the steady-state equilibrium level of output. Sub-
stituting (7.19) into (7.18) yields the steady-state equilibrium level of labour
l∗ given by

l∗ =
L

1 + θ(1− γ)/(1− α)
, (7.20)

which is independent of the capital income tax rate τR. In other words,
changes in the capital tax rate τR do not affect the steady-state equilibrium
level of labour l∗ (in the absence of capital depreciation).
Finally, the production function Yt = AK

α
t l
1−α
t implies that the decrease

in capital gives rise to a decrease in the steady-state equilibrium level of
output Y ∗. Therefore, the long-run effects of capital income tax τR can be
summarized as follows:

Long-run effects of an increase in τR
Y K R W l

decrease decrease increase decrease no change

7.6 Exercise

Consider a positive capital depreciation rate δ > 0. In this case, the asset-
accumulation equation becomes

K̇t = [(1− τR)Rt − δ]Kt +Wtlt − Ct − Tt. (7.21)

Show that the optimal consumption path is given by

Ċt
Ct
= (1− τR)Rt − δ − ρ (7.22)
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and that the steady-state equilibrium level of labour l∗ is given by

l∗ =
L

1 + θ
1−α

[
1− γ − αδ

ρ+δ
(1− τR)

] . (7.23)

Therefore, under a positive capital depreciation rate δ > 0, the equilibrium
level of labour l∗ is decreasing in τR. In this case, although the labour supply
curve shifts to the right, it only partly offsets the shift in the labour demand
curve such that the equilibrium level of labour decreases (in the presence of
capital depreciation).

7.7 Summary

In this chapter, we explore the long-run effects of permanent changes in the
capital income tax rate in the neoclassical growth model with elastic labour
supply. We find that an increase in the capital income tax rate causes the
household to accumulate less capital and reduces the steady-state equilibrium
level of capital, which in turn has a general-equilibrium effect on the labour
market by shifting the labour demand curve to the left and by depressing
the wage rate and the equilibrium level of labour. The decrease in the levels
of capital and output reduces the level of consumption and gives rise to an
income effect, which shifts the labour supply curve to the right. As a result,
the wage rate decreases by a larger amount and the equilibrium level of labour
may return to the initial level (depending on the capital depreciation rate).
In summary, an increase in the capital income tax rate has a contractionary
effect on the macroeconomy by decreasing the wage rate and the levels of
output, capital and generally labour but increases in the pre-tax rental price
in the long run.
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8 Monetary policy in the newKeynesian model

In this chapter, we consider monetary policy. Recall that in the neoclassical
growth model, prices are fully flexible. In this case, changes in the level of
money supply do not have any effect on real variables (i.e., the neutrality
of money). Therefore, we need to introduce sticky prices into our model.
However, before we can consider sticky prices, we need to first develop a
model in which firms have price-setting power. In other words, firms need
to have the power to set their prices before they can decide whether or
not to change their prices. Consequently, we need to convert the market
structure from perfect competition to monopolistic competition. In summary,
we find that increasing the money supply has an expansionary effect on the
macroeconomy in the short run by increasing the demand for goods.

8.1 A simple new Keynesian model

Given the complexity of the firm side, we keep the household side as simple
as possible. Specifically, the household has an upward-sloping labour supply
curve and a perfectly inelastic capital supply curve in the short run. We
focus our analysis on the short run because sticky prices are a short-run
phenomenon and monetary policy only has short-run effects. In the long
run, prices become fully flexible, and the effects of monetary policy become
neutral.
On the firm side, we need to distinguish between competitive firms that

produce a final good and monopolistic firms that produce intermediate goods.
There are N monopolistic firms that are indexed by i ∈ [1, N ] and sell dif-
ferentiated intermediate goods yi. The production function of monopolistic
firm i is given by

yi = AK
α
i l
1−α
i , (8.1)

where α ∈ (0, 1) and {Ki, li} are capital and labour employed by firm i. There
is also a representative firm that produces final output Y by combining the
differentiated intermediate goods using the following production function:

Y =

(
N∑

i=1

yεi

)1/ε
, (8.2)

which is known as a CES (constant elasticity of substitution) aggregator in
which the parameter ε ∈ (0, 1) determines the substitution elasticity 1/(1−ε)
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between the differentiated intermediate goods. As ε approaches unity, the
substitution elasticity 1/(1−ε) goes to infinity, in which case the intermediate
goods become perfect substitutes. In other words, the degree of substitutabil-
ity between products is increasing in ε. The less substitutable the products
are (i.e., a smaller ε), the more market power the monopolistic firms have.

8.2 Final output

A representative firm produces final good, and the profit function Π is

Π = PY −

N∑

i=1

piyi = P

(
N∑

i=1

yεi

)1/ε
−

N∑

i=1

piyi, (8.3)

where P is the price of final good Y and pi is the price of intermediate good
yi. The market structure in this sector is perfectly competitive, and the firm
takes the prices as given. The first-order condition with respect to yi is

∂Π

∂yi
=
1

ε
P

(
N∑

i=1

yεi

) 1−ε

ε

εyε−1i − pi = 0, (8.4)

which can be expressed as

pi = PY
1−εyε−1i ⇔ ydi =

(
P

pi

)1/(1−ε)
Y . (8.5)

This is the demand function ydi , in which the demand elasticity is 1/(1− ε).
As ε approaches unity, the demand elasticity 1/(1 − ε) goes to infinity, in
which case the demand curve for yi becomes perfectly elastic.

8.3 Intermediate goods

A monopolistic firm produces intermediate product i. The profit function πi
is given by

πi = piyi −Wli −RKi. (8.6)

Here we make the following assumption to simplify our analysis: the level of
capital supplied to each firm is fixed in the short run. Under this assumption,

47



firm i can only change its labour input whenever yi changes in the short run.
24

The market structure in this sector is monopolistically competitive, so that
the firm has a price-setting power. In other words, the firm sets its own price
pi, instead of taking it as given.
Substituting the demand function in (8.5) into the profit function in (8.6)

yields
πi = PY

1−εyεi −Wli −RKi, (8.7)

where {W,R} are the wage rate and the capital rental price as before. Dif-
ferentiating (8.7) with respect to li yields

∂πi
∂li

= εPY 1−εyε−1i︸ ︷︷ ︸
=pi

∂yi
∂li

−W = 0, (8.8)

which can be re-expressed as firm i’s labour demand:

W = εpiMPLi ⇔ ldi =
ε(1− α)piyi

W
, (8.9)

where ε < 1.25 In other words, a profit-maximizing monopolistic firm would
set its value of marginal product of labour above the wage rate (i.e., W <
piMPLi).
Equation (8.9) can also be re-expressed as

pi =
1

ε

W

MPLi
=
1

ε
MCi, (8.10)

where W/MPLi is the marginal cost MCi of production. Given that ε < 1,
the monopolistic price is above the marginal cost of production (i.e., pi >
MCi). The markup ratio 1/ε > 1 implies that the monopolistic firm makes
a positive profit.
The positive monopolistic profit enables the firm to allow its price to tem-

porarily deviate from its profit-maximizing level without making a loss. For
example, (8.10) shows that when the wage rate W increases, the firm would
want to raise its price pi to maximize profit. However, there may be some

24If both capital and labour inputs can adjust, then we need to first perform cost mini-
mization to derive the marginal cost function before deriving the profit-maximizing price;
see the exercise at the end of this chapter.
25Therefore, aggregate labor demand

∑N
i=1 l

d
i = ε(1−α)PY/W is decreasing in the real

wage rate W/P .
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frictions (e.g., a menu cost) that prevent an immediate price adjustment. We
summarize these frictions as sticky prices. When prices are sticky, monop-
olistic firms may not be able to maximize profit, but they would continue
production so long as pi > MCi.

8.4 Short-run effects of monetary policy

In this section, we explore the short-run effects of monetary policy. We define
the short run as the duration in which the prices of firms do not change.
Recall that the demand function ydi is given by

ydi =

(
P

pi

)1/(1−ε)
Y , (8.11)

which is decreasing in the relative price pi/P and increasing in aggregate
output Y . To relate aggregate output to the level of money supply in the
economy, we introduce the quantity theory of money given by

MV = PY , (8.12)

where M is the level of money supply and V is the velocity of money in the
economy. For simplicity, we set V = 1. Substituting (8.12) into (8.11) yields

ydi =

(
P

pi

)1/(1−ε)
M

P
, (8.13)

which relates the demand function ydi to the level of money supply M .
Given the assumption of sticky prices pi, the aggregate price level P is

also fixed in the short run.26 Therefore, an increase in the level of money
supply M would increase the demand ydi for product i ∈ [1, N ] by increasing
aggregate output Y . Suppose the level of money supply M increases by a
small amount given by ∆M > 0. Then, the increase in the demand ydi is

∆ydi =

(
P

pi

)1/(1−ε)
∆M

P
. (8.14)

26It can be shown that P = [
∑N

i=1 p
ε/(ε−1)
i ](ε−1)/ε.
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To satisfy the increased demand for its product, firm i ∈ [1, N ] needs to
employ more labour, and the increase in the labour demand ldi is

∆ldi =
∆ydi
MPLi

=
1

(1− α)A(Ki/li)α

(
P

pi

)1/(1−ε)
∆M

P
, (8.15)

where we have used the definition of the marginal product of labourMPLi ≡
∆yi/∆li. Given that all firms i ∈ [1, N ] demand more labour, aggregate
labour demand increases by

∑N
i=1∆l

d
i . Graphically, the labour demand curve

shifts to the right. In the labour market, the equilibrium level of labour l and
the real wage rate W/P increase; see Figure 8.1. Therefore, the short-run
effects of an increase in money supply M can be summarized as follows:

Short-run effects of an increase in M
Y l W/P W

increase increase increase increase

Figure 8.1 Labour market

8.5 Long-run effects of monetary policy

An increase in the level of money supply has an expansionary effect on the
economy but only in the short run. When prices become fully flexible in the
long run, the price level P increases by the same proportion as the level of
money supply M . Then, the expansionary effect disappears, and the real
variables {Y, l,W/P} return to their initial levels. Therefore, in the long
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run, an increase in the level of money supply M only causes the nominal
variables {P,W,R} to increase by the same proportion without affecting
the real variables. This result is known as the neutrality of money and the
classical dichotomy.

8.6 Exercise

Suppose all the monopolistic firms i ∈ [1, N ] can now adjust their capital
input Ki in addition to labour input li when yi changes in the short run.
Show that the marginal cost of producing yi is given by

27

MCi =
1

A

(
R

α

)α(
W

1− α

)1−α
. (8.16)

Also, show that the profit-maximizing price pi =MCi/ε continues to hold.

8.7 Summary

In this chapter, we explore the effects of monetary policy in a new Keynesian
model. To allow for sticky prices, we consider a monopolistically competitive
product market in which monopolistic firms have price-setting power. This
price setting power enables each firm to price its differentiated product above
the marginal cost of production. The presence of this markup allows the firm
to let its price temporarily deviate from the profit-maximizing level while still
making a positive monopolistic profit. When prices are sticky in the short
run, an increase in the level of money supply increases the demand for goods,
which in turn increases the demand for factor inputs (e.g., labour). In this
case, an increase in the level of money supply has an expansionary effect
on the economy by increasing the level of output, the level of labour, the
real wage rate and the nominal wage rate. However, this expansionary effect
disappears when prices fully adjust in the long run, in which case the higher
level of money supply increases the price level and the nominal wage rate
without affecting the level of output, the level of labour and the real wage
rate.

27Hint: Minimize TCi ≡ Wli + RKi subject to yi = AKα
i l
1−α
i ≥ Q, where Q is an

arbitrary number. Then, MCi = ∂TCi/∂Q.
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9 The Solow growth model

The level of income varies drastically across countries with the richest country
being more than 100 times richer than the poorest country in the world.
According to the International Monetary Fund, real GDP per capita across
countries ranges from about $700 in the Central African Republic to about
$130,000 in Qatar in 2018. Suppose we consider two hypothetical countries
that have a real GDP per capita of $1,000 in the early 19th century. If one
country grows at 1% per year, then after two centuries this country would
have a real GDP per capita of about $7,300, which is roughly the income
level of India and Vietnam. If the other country grows at 2% per year,
then after two centuries this country would have a real GDP per capita of
about $52,500, which is roughly the income level of Australia and Germany.
Therefore, a small difference in the growth rates accumulated over a long
period of time can lead to very large income differences.
In this chapter, we begin our analysis of economic growth. A seminal

model of economic growth is the Solow growth model.28 We will review
the useful insights that one can obtain from this model and also discuss its
limitations. In summary, the Solow model shows that capital accumulation
cannot sustain long-run economic growth, which is driven by technological
progress; however, the model treats technological progress as exogenous and
does not inform us on its determinants. The Solow model consists of the
following components: an aggregate production function; an accumulation
equation for capital; and an exogenous saving rate.

9.1 The Solow model without technological progress

Output Yt at time t is produced by the Cobb-Douglas production function:

Yt = AK
α
t L

1−α
t , (9.1)

where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. Kt is the stock of capital that
has been accumulated as of time t. Lt is the size of the labour force in the

28The Solow growth model was developed by Robert Solow (Quarterly Journal of Eco-
nomics 1956), who received the Nobel Memorial Prize in Economics in 1987 partly for
this contribution. Trevor Swan (Economic Record 1956) also developed a similar growth
model; therefore, the Solow model is often referred to as the Solow-Swan model.
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economy at time t. For simplicity, we assume that the size of the labour
force is constant, and we normalize Lt to unity so that other variables can
be interpreted as per capita variables (e.g., output per capita).
The second key equation in this model is the accumulation equation for

capital given by
K̇t = It − δKt, (9.2)

where the parameter δ > 0 is the depreciation rate of capital, K̇t ≡ ∂Kt/∂t
denotes the change in the stock of capital with respect to time t, and It is
capital investment. In this closed economy without a government sector, the
national income account is simply

Yt = Ct + It, (9.3)

where Ct is consumption in the economy at time t. The Solow growth model
is quite simple because it assumes an exogenous saving (or investment) rate
denoted by s. In other words,

s ≡
It
Yt
= 1−

Ct
Yt
. (9.4)

To solve this model, we substitute (9.1) and (9.4) into (9.2) to obtain

K̇t = sAK
α
t − δKt, (9.5)

where we have used Lt = 1. Equation (9.5) is an one-dimensional differential
equation in Kt. Imposing K̇t = 0 on (9.5) yields the steady-state level of
capital given by

K∗ =

(
sA

δ

)1/(1−α)
. (9.6)

Equation (9.5) implies that whenever Kt < K
∗, Kt would increase over time

until it reaches K∗; see Figure 9.1. Similarly, whenever, Kt > K
∗, Kt would

decrease over time until it reaches K∗. Equation (9.6) shows that K∗ is
increasing in the saving rate s and the level of technology A but decreasing
in the depreciation rate δ.
When the level of capital converges to its steady state K∗, the level of

output also reaches its steady-state level given by Y ∗ = A(K∗)α. Although
Y ∗ is increasing in the saving rate s, the level of output is stationary in the
long run. Why doesn’t the output keep growing in the long run? To answer
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this question, we rewrite (9.5) to derive an expression for the growth rate of
capital.

K̇t

Kt

=
sA

K1−α
t

− δ. (9.7)

This equation shows that as Kt increases, the growth rate of capital K̇t/Kt

decreases and eventually converges to a long-run value of zero. An increase
in the saving rate s would increase the growth rate of capital in the short
run, but the growth rate of capital always converges to zero in the long run;
see Figure 9.1.

Figure 9.1 Phase diagram

The reason behind this convergence process is decreasing returns to scale
(i.e., α < 1) with respect to capital in the production function. As capital
increases, output increases; however, the additional output that the addi-
tional capital produces is decreasing. This diminishing marginal product
of capital implies that the additional investment created by the additional
output is also decreasing. Given that capital accumulation requires capital
investment, the growth rate of capital decreases and converges to zero. If the
production function instead features constant returns to scale (i.e., α = 1),
then the long-run growth rate of capital would be K̇t/Kt = sA − δ, which
remains positive so long as sA > δ.
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9.2 The Solow model with technological progress

The previous section shows that in the more plausible case of decreasing re-
turns to scale (i.e., α < 1), the stock of capital would converge to a steady
state without economic growth in the long run. This result arises because
there is no technological progress (i.e., A is assumed to be a constant pa-
rameter). In the rest of this section, we analyze the more interesting case
in which At is a variable that grows over time according to an exogenous
growth rate gA ≡ Ȧt/At > 0. Taking the natural log of the production func-
tion Yt = AtK

α
t yields

lnYt = lnAt + α lnKt. (9.8)

Differentiating this equation with respect to t yields29

Ẏt
Yt
=
Ȧt
At
+ α

K̇t

Kt

, (9.9)

where Ȧt/At = gA is an exogenous parameter.
Substituting (9.4) into (9.2) and dividing by Kt yields

K̇t

Kt

= s
Yt
Kt

− δ. (9.10)

In the long run, the economy is on a balanced growth path (BGP) along
which each variable grows at a constant rate.30 Because K̇t/Kt is constant
on the BGP, Yt/Kt is also constant implying that output Yt and capital Kt

grow at the same rate on the BGP. Using this information and (9.9), we can
now derive the long-run growth rate of output Yt and capital Kt on the BGP
given by

Ẏt
Yt
=
K̇t

Kt

=
gA
1− α

. (9.11)

This equation reveals a key insight of the Solow model: economic growth in
the long run is driven by technological progress.
Where does technological progress come from? Unfortunately, the Solow

model cannot be used to analyze this question because technological progress
is exogenous in the model. In chapter 13, we study the Romer model in

29Recall that ∂ lnYt∂t = 1
Yt
∂Yt
∂t =

Ẏt
Yt
.

30Because this constant growth rate can be zero, a steady state is a special case of a
balanced growth path.
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which the technology growth rate gA is endogenously determined by R&D
and innovation in the market economy.
Furthermore, the Solow model features an exogenous saving rate. There-

fore, it also cannot be used to analyze the question on why the saving rate dif-
fers across countries. In the next chapter, we introduce a utility-maximizing
household, which chooses consumption and saving, to explore the determi-
nants of the saving rate.

9.3 Exercise

Use (9.7) and the phase diagram in Figure 9.1 to show the effects of (a) a
one-time increase in the level of technology A and (b) a continuous increase
in the level of technology A.

9.4 Summary

In this chapter, we review the Solow growth model. In the absence of tech-
nological progress, the economy always converges to a steady state, in which
the long-run levels of capital and output are stationary and increasing in the
saving rate and the level of technology but decreasing in the depreciation rate
of capital. The absence of long-run economic growth is due to the decreasing
returns to scale with respect to capital in the production function. There-
fore, unless capital exhibits constant returns to scale in production, capital
accumulation alone cannot sustain economic growth in the long run without
technological progress. In the presence of technological progress, the long-
run growth rate of output and capital is determined by the growth rate of
technology, which however is exogenous in the Solow growth model. There-
fore, one cannot use the Solow growth model to explore the determinants of
technological progress.
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10 The Ramsey model

In this chapter, we continue our analysis of economic growth by developing
the Ramsey model,31 which can be viewed as a generalization of the Solow
growth model. The Solow model assumes an exogenous saving rate, whereas
the Ramsey model features a representative household which chooses the
saving rate optimally. As we saw in the Solow model, although the saving
rate does not affect the long-run growth rate, it affects the levels of capital
and output. Therefore, the Ramsey model allows us to explore the question
on why the saving rate differs across countries, which explains some of the
variation in the level of income across countries. In summary, we find that
the saving rate is determined by the household’s discount rate, the degree
of capital intensity in production and the depreciation rate of capital but
independent of the level of technology. Asides from the endogenous saving
rate, the rest of the Ramsey model is the same as the Solow model.

10.1 Household

In the Ramsey model, there is a representative household, which has a utility
function ut at time t. As in the neoclassical growth model, we consider a log
utility function:

ut = lnCt, (10.1)

which depends on consumption Ct at time t. Given the discount rate ρ > 0,
the lifetime utility function is given by

U = u0 +
u1
1 + ρ

+
u2

(1 + ρ)2
+ ... =

∞∑

t=0

ut
(1 + ρ)t

, (10.2)

where we assume that a lifetime is long enough to be approximated by in-
finity.32 In this rest of the analysis, we will once again use the Hamiltonian
to solve the household’s dynamic optimization problem in continuous time.

31The Ramsey model was developed by Frank Ramsey (Economic Journal 1928) and
further extended by David Cass (1965) and Tjalling Koopmans (1965), so it is often
referred to as the Ramsey-Cass-Koopmans model.
32As t becomes very large, the discounting would make ut/(1 + ρ)

t not to matter too
much in the utility function U .
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Therefore, we need to rewrite (10.2) in continuous time using integral as

U =

∫
∞

0

exp(−ρt)utdt =

∫
∞

0

exp(−ρt) lnCtdt, (10.3)

where the continuous-time discount factor exp(−ρt) replaces the discrete-
time discount factor (1 + ρ)−t.
As in the Solow model, output Yt at time t is produced by the Cobb-

Douglas production function:

Yt = AK
α
t L

1−α
t , (10.4)

where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. Kt is the stock of capital that
has been accumulated as of time t. Lt is the size of the labour force, which
we normalize to unity. The accumulation equation for capital is

K̇t = It − δKt, (10.5)

where the parameter δ > 0 is the depreciation rate of capital, and It is
capital investment. In this closed economy without a government sector, the
national income account is simply

Yt = Ct + It. (10.6)

Substituting (10.4) and (10.6) into (10.5) yields

K̇t = Yt − Ct − δKt = AK
α
t − Ct − δKt, (10.7)

where we have set Lt = 1.
With the above information, we can now set up the dynamic optimiza-

tion problem faced by the representative household. The household chooses
consumption Ct and accumulates capital Kt in order to maximize lifetime
utility. Formally, the optimization problem is

max
Ct

U =

∫
∞

0

e−ρt lnCtdt, (10.8)

subject to
K̇t = AK

α
t − Ct − δKt. (10.9)
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10.2 Hamiltonian

To solve the dynamic optimization problem in (10.8) and (10.9), we use
the Hamiltonian. We proceed as follows. First, we set up the Hamiltonian
function. Then, we derive the first-order conditions. Finally, we use the
first-order conditions to derive the steady-state levels of Ct and Kt. The
Hamiltonian function is given by

Ht = lnCt + λt(AK
α
t − Ct − δKt). (10.10)

The Hamiltonian consists of (a) the utility function lnCt at time t, (b) the
right-hand side of the capital-accumulation equation AKα

t − Ct − δKt, and
(c) a multiplier λt for the capital-accumulation equation.
Now, we derive the first-order conditions with respect to Ct and Kt. The

first-order conditions include

∂Ht
∂Ct

=
1

Ct
− λt = 0, (10.11)

∂Ht
∂Kt

= λt(αAK
α−1
t − δ) = λtρ− λ̇t. (10.12)

Note that Kt is a state variable (i.e., a variable that accumulates over time),
so we have to set ∂Ht/∂Kt = λtρ − λ̇t. From (10.11), we have Ct = λ−1t .
Taking the log of this equation yields

lnCt = − lnλt. (10.13)

Differentiating it with respect to t yields

Ċt
Ct
= −

λ̇t
λt
. (10.14)

Substituting this equation into (10.12) yields

Ċt
Ct
= −

λ̇t
λt
= αAKα−1

t − δ − ρ. (10.15)

Equation (10.15) is the Euler equation, which determines the optimal
path of consumption chosen by the household. The optimal path of con-
sumption states that if the net return to capital (i.e., the marginal product
of capital αAKα−1

t net of depreciation δ) is greater than the discount rate
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ρ, then the household should save more and consume less today. Because
current consumption is relatively low, consumption must be increasing over
time so that Ċt > 0. On the other hand, if the net return to capital is less
than the discount rate, then the household should save less and consume
more today. Because current consumption is relatively high, consumption
must be decreasing over time so that Ċt < 0.

10.3 Steady state

In summary, the Ramsey model provides us with two differential equations:

Ċt
Ct
= αAKα−1

t − δ − ρ, (10.16)

K̇t = AK
α
t − Ct − δKt. (10.17)

Now, we solve for the steady state.33 In the steady state, Ċt = 0 and K̇t = 0.
Imposing Ċt = 0 on the optimal consumption path in (10.16) yields the
steady-state level of capital:

K∗ =

(
αA

ρ+ δ

)1/(1−α)
, (10.18)

which is increasing in the level of technology A and decreasing in the discount
rate ρ and the depreciation rate δ. Intuitively, a higher level of technology A
increases the return to capital and encourages the household to accumulate
more capital. In contrast, a higher discount rate ρ makes future consumption
less attractive to the household, which then accumulates less capital. Finally,
a higher depreciation rate δ also makes capital depreciate more rapidly, so
that the level of accumulated capital becomes lower.
Imposing K̇t = 0 on the capital-accumulation equation in (10.17) yields

the steady-state level of consumption:

C∗ = A(K∗)α − δK∗ =
ρ+ δ(1− α)

ρ+ δ

(
αA

ρ+ δ

)α/(1−α)
A. (10.19)

33One can use the phase diagram of (10.16) and (10.17) to show that the economy
converges to this steady state.
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Using the production function, we can also derive the steady-state level of
output given by

Y ∗ = A(K∗)α =

(
αA

ρ+ δ

)α/(1−α)
A. (10.20)

As for the steady-state level of investment, it is given by

I∗ = Y ∗ − C∗ = δK∗ =

(
αA

ρ+ δ

)1/(1−α)
δ. (10.21)

Finally, to derive the steady-state saving rate s∗, we use

s∗ ≡
I∗

Y ∗
=

δK∗

A(K∗)α
=

αδ

ρ+ δ
, (10.21)

which is increasing in the degree of capital intensity α and the depreciation
rate δ but decreasing in the discount rate ρ. The intuition of these results
can be explained as follows. If capital becomes more important in production
(i.e., a larger α), then the household would save more to accumulate capital.
A higher discount rate ρ makes future consumption less attractive to the
household, which then saves less. As for the capital depreciation rate δ,
it has two effects on the household’s saving rate. First, it reduces the net
return to capital and makes saving less attractive, which is captured by the δ
in the denominator of s∗. Second, capital depreciation requires investment to
replace the depreciated capital. This replacement effect, which is captured
by the δ in the numerator of s∗, implies that a larger δ requires a higher
saving rate s∗. Overall, the positive replacement effect of δ dominates unless
ρ→ 0, in which case the two effects exactly offset each other.

10.4 Exercise

Consider the introduction of leisure to the household’s utility function:

U =

∫
∞

0

e−ρt[lnCt + θ ln(1− lt)]dt. (10.22)

In this case, the capital-accumulation equation becomes

K̇t = AK
α
t l
1−α
t − Ct − δKt. (10.23)
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Show that the steady-state level of labour l∗ is given by

l∗ =
1

1 + θ
1−α

(
1− αδ

ρ+δ

) . (10.24)

10.5 Summary

In this chapter, we explore the Ramsey model, which generalizes the Solow
growth model by featuring an endogenous saving rate that is optimally chosen
by a utility-maximizing household. The Solow growth model shows that an
increase in the exogenous saving rate gives rise to a higher growth rate in the
short run and a higher level of output in the long run. However, one cannot
use the Solow growth model to explore the determinants of the saving rate,
which the Ramsey model allows us to do so. In summary, we find that
the steady-state saving rate is increasing in the degree of capital intensity
and the depreciation rate of capital but decreasing in the discount rate of
the representative household. Therefore, cross-country variation in these
determinants helps to explain some of the variation in income level across
countries.

62



11 The Ramsey model with a perfectly com-

petitive market

In the previous chapter, we cover the Ramsey model, in which the represen-
tative household carries out the production of goods. However, this setting
is unrealistic because goods are often produced by firms in the real world.
In this chapter, we introduce a market economy to the Ramsey model, in
which the representative household supplies labour and capital to a repre-
sentative firm, which then uses these factor inputs to produce output and
sells the output back to the household. As you can see, this familiar setting
is basically the neoclassical growth model in chapter 2. After deriving the
equilibrium allocation of resources in the decentralized market economy, we
can then compare it to the allocation in the centralized economy that is op-
timally chosen by the representative household in the previous chapter. In
summary, we find that the two sets of allocations are the same implying that
the market economy is efficient. In other words, the first fundamental theo-
rem of welfare economics holds in this setting due to the absence of distortion
in the market economy.

11.1 Household

In the Ramsey model, there is a representative household, which has the
following lifetime utility function:

U =

∫
∞

0

e−ρt lnCtdt, (11.1)

where the parameter ρ > 0 is the household’s discount rate and Ct is the
level of consumption at time t. The household inelastically supplies one unit
of labour to earn a wage income Wt. Furthermore, it accumulates capital
Kt and rents it to the representative firm to earn a capital-rental income Rt.
Therefore, the asset-accumulation equation is

K̇t = RtKt +Wt − Ct − δKt, (11.2)

where the parameter δ > 0 is the depreciation rate of capital.
To solve this dynamic optimization problem, we use the Hamiltonian.

The Hamiltonian function is given by

Ht = lnCt + λt(RtKt +Wt − Ct − δKt). (11.3)
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The first-order conditions include

∂Ht
∂Ct

=
1

Ct
− λt = 0, (11.4)

∂Ht
∂Kt

= λt(Rt − δ) = λtρ− λ̇t. (11.5)

Recall once again that Kt is a state variable (i.e., a variable that accumulates
over time). Taking the log of (11.4) yields

lnCt = − lnλt. (11.6)

Differentiating it with respect to t yields

Ċt
Ct
= −

λ̇t
λt
. (11.7)

Substituting this equation into (11.5) yields

Ċt
Ct
= Rt − δ − ρ, (11.8)

which is the Euler equation that determines the optimal path of consumption
chosen by the household.

11.2 Firm

We now consider the firm’s optimization problem. There is a representative
firm in the economy, and this firm hires labour Lt and rents capital Kt from
the household to produce output Yt using the following production function:

Yt = AK
α
t L

1−α
t , (11.9)

where the parameter α ∈ (0, 1) is the degree of capital intensity in production
and A is the exogenous level of technology. The profit function Πt is

Πt = Yt −RtKt −WtLt, (11.10)

where we have once again chosen Yt as the numeraire (i.e., the price of Yt
is normalized to unity). Differentiating (11.10) with respect to Kt and Lt
yields

∂Πt
∂Kt

=
∂Yt
∂Kt

−Rt = αAK
α−1
t L1−αt −Rt = 0, (11.11)
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∂Πt
∂Lt

=
∂Yt
∂Lt

−Wt = (1− α)AK
α
t L

−α
t −Wt = 0. (11.12)

These two equations are the demand functions for Kt and Lt.

11.3 Equilibrium

Substituting (11.11) into the Euler equation in (11.8) yields

Ċt
Ct
= αAKα−1

t − δ − ρ, (11.13)

where we have set Lt = 1. Substituting (11.11) and (11.12) into (11.2) yields
the capital-accumulation equation:

K̇t = αAK
α
t + (1− α)AK

α
t − Ct − δKt = AK

α
t − Ct − δKt. (11.14)

Equations (11.13) and (11.14) are two differential equations in Ct andKt, and
these two equations completely characterize the behaviors of the economy.
It is important to note that (11.13) and (11.14) are exactly the same as

(10.16) and (10.17) in the Ramsey model in the previous chapter. Therefore,
the decentralized market economy has the same allocation of resources as the
centralized economy that is optimally chosen by the representative household.
The reason is that the rental price Rt in the market economy is equal to the
marginal product of capital αAKα−1

t . This also implies that the decentralized
economy has the same steady-state equilibrium allocations as the centralized
economy. For example, the household’s saving rate s∗ is the same as before
such that

s∗ ≡
I∗

Y ∗
=

δK∗

A(K∗)α
=

αδ

ρ+ δ
. (11.15)

This above result is an example of the first fundamental theorem of welfare
economics, which states that any competitive equilibrium leads to a Pareto
efficient allocation of resources. This fundamental theorem holds because
the decentralized economy is characterized by perfect competition in the
production sector, so that Rt = αAKα−1

t . In the next chapter, we will
consider another version of the Ramsey model with monopolistic competition
under which the decentralized economy differs from the centralized economy
(i.e., the decentralized economy exhibits market failure).
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11.4 Exercise

Consider the introduction of leisure to the household’s utility function:

U =

∫
∞

0

e−ρt[lnCt + θ ln(1− lt)]dt, (11.16)

where the parameter θ > 0 determines the importance of leisure l− lt in the
utility function. In this case, the asset-accumulation equation becomes

K̇t = RtKt +Wtlt − Ct − δKt. (11.17)

Show that the steady-state equilibrium level of labour l∗ is given by

l∗ =
1

1 + θ
1−α

(
1− αδ

ρ+δ

) , (11.18)

which is the same as (10.24) in the centralized economy of the Ramsey model.
Once again, due to the absence of market failure, the level of employment in
the decentralized market economy is the same as the centralized allocation
of labour that is optimally chosen by the representative household.

11.5 Summary

In this chapter, we introduce a market economy into the Ramsey model.
Specifically, we consider a perfectly competitive product market. In this case,
a representative firm demands factor inputs from the representative house-
hold and supplies output to the household. Therefore, the household and
the firm interact in the labour market, the capital market and the product
market. We find that the equilibrium allocation of resources in the market
economy is the same as the socially optimal allocation in the centralized ver-
sion of the Ramsey model in the previous chapter. In other words, due to
the absence of distortion in the economy, the market equilibrium is efficient.
Therefore, the first fundamental theorem of welfare economics holds in the
Ramsey model with a perfectly competitive product market.

66



12 The Ramsey model with a monopolisti-

cally competitive market

In this chapter, we will consider another form of market structure in the
Ramsey model. Specifically, we consider monopolistic competition. In the
model, there is a representative firm that produces the final good. Also,
there is a number of firms that produce differentiated intermediate goods.
Because each of these intermediate-good firms sells a differentiated product,
it has market power and charges a markup over the marginal cost. This
monopolistic distortion in turn causes the decentralized economy to have
a different allocation of resources from the centralized economy. In other
words, the first fundamental theorem of welfare economics does not hold in
this setting due to the distortion of monopolistic competition, which in turn
gives rise to market failure.
The model has the following components: (a) a representative household,

(b) a representative firm that produces the final good, and (c) a number of
firms that produce differentiated intermediate goods.

12.1 Household

The representative household has the following lifetime utility function:

U =

∫
∞

0

e−ρt lnCtdt, (12.1)

where the parameter ρ > 0 is the household’s discount rate and Ct is the
level of consumption at time t. As usual, the household inelastically supplies
one unit of labour to earn a wage income Wt. Furthermore, it accumulates
capital Kt and rents it to firms to earn a capital-rental income Rt. The
asset-accumulation equation is

K̇t = RtKt +Wt +Πt − Ct − δKt, (12.2)

where the parameter δ > 0 is the depreciation rate of capital. It is useful
to note that the intermediate-good firms generate monopolistic profits Πt,
which are transferred back to the household as it owns the shares of these
firms. We have dealt with this dynamic optimization problem many times
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now, so we will skip the steps and simply write down the result. The familiar
Euler equation is given by

Ċt
Ct
= Rt − δ − ρ, (12.3)

which determines the optimal path of consumption chosen by the household.

12.2 Final good

There is a representative firm that produces the final good Yt. This firm hires
labour Lt and uses intermediate goods as inputs. The production function is
different from before and given by

Yt = L
1−α
t

N∑

i=1

Xα
t (i) = L

1−α
t [Xα

t (1) +X
α
t (2) + ...+X

α
t (N)] , (12.4)

where the parameter α ∈ (0, 1) determines the degree of labour intensity 1−α
in production. In other words, there are N different intermediate goods Xt(i)
that are indexed by i ∈ [1, N ]. The profit function for this final-good firm is

Πt = Yt −WtLt −
N∑

i=1

Pt(i)Xt(i), (12.5)

where we have implicitly chosen Yt as the numeraire and Pt(i) is the price of
Xt(i) for i ∈ [1, N ]. Differentiating (12.5) with respect to Lt and Xt(i) yields

∂Πt
∂Lt

= (1− α)L−αt

N∑

i=1

Xα
t (i)−Wt = (1− α)

Yt
Lt
−Wt = 0, (12.6)

∂Πt
∂Xt(i)

= αL1−αt Xα−1
t (i)− Pt(i) = 0. (12.7)

These two sets of equations are the demand functions for Lt and Xt(i) for
i ∈ [1, N ].
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12.3 Intermediate goods

Each variety of intermediate goods is produced by a firm that has monopo-
listic power over this variety. We refer to each variety of intermediate goods
as an industry, and let’s consider an arbitrary industry i. In industry i, the
monopolistic firm rents capital from the household to produce intermediate
good i. We consider a simple production function given by

Xt(i) = Kt(i). (12.8)

In other words, one unit of capital produces one unit of intermediate good i.
The profit function for intermediate-good firm i is

πt(i) = Pt(i)Xt(i)−RtKt(i). (12.9)

Given that this firm acts as a monopolist, it chooses its price to maximize
profit (rather than taking the price as given). Substituting (12.7) and (12.8)
into (12.9) yields

πt(i) = αL
1−α
t Xα

t (i)−RtXt(i). (12.10)

Differentiating Πt(i) with respect to Xt(i) yields

∂πt(i)

∂Xt(i)
= ααL1−αt Xα−1

t (i)︸ ︷︷ ︸
=Pt(i)

−Rt = 0. (12.11)

Using (12.7), we can re-express (12.11) as Pt(i) = Rt/α > Rt, where 1/α > 1
is the markup ratio. Due to this markup pricing, the intermediate-good sec-
tor generates positive monopolistic profits. As a result of these monopolistic
profits, the decentralized economy has a different allocation of resources com-
pared with the centralized economy as we show below.

12.4 Aggregation

Equation (12.11) shows that Xt(i) = (α
2/Rt)

1/(1−α)Lt is the same across all
i ∈ [1, N ]. Using this information, we impose symmetry on (12.4) to obtain

Yt = L
1−α
t NXα

t (i). (12.12)
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Then, we substitute the resource constraint on capital given by Xt(i) =
Kt(i) = Kt/N into (12.12) to derive the aggregate production function:

Yt = L
1−α
t N

(
Kt

N

)α
= N1−αKα

t L
1−α
t = AKα

t L
1−α
t , (12.13)

where we have relabelled N1−α as A. This aggregate production function
is the same as before. In this economy, it is the number of varieties that
determines the level of technology; in other words, a higher level of technology
is driven by a larger variety of differentiated products.
Setting Lt = 1 in (12.7) yields

Pt(i) = αX
α−1
t (i). (12.14)

From (12.11), we know that Pt(i) = Rt/α. Substituting this equation and
the resource constraint Xt(i) = Kt/N into (12.14) yields

Rt = α
2

(
Kt

N

)α−1
= α2AKα−1

t , (12.15)

where the second equality follows from N1−α = A.
Finally, we can use the Euler equation to derive the steady-state equilib-

rium level of capital.
Ċt
Ct
= 0⇔ Rt = ρ+ δ. (12.16)

Therefore, the steady-state equilibrium level of capital is

K∗ =

(
α2A

ρ+ δ

)1/(1−α)
, (12.17)

which is increasing in the level of technology A and decreasing in the discount
rate ρ and the depreciation rate δ.

12.5 Monopolistic competition vs perfect competition

It may seem that the Ramsey model with a monopolistically competitive
market in this chapter is very different from the Ramsey model with a per-
fectly competitive market in the previous chapter. However, the two models
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have the same aggregate structure: the same aggregate production function;
the same capital-accumulation equation;34 and the same Euler equation (ex-
cept that the equilibrium rental price of capital differs across the two models).
We will use MPKt to denote the marginal product of capital.
The Euler equation in the Ramsey model with a perfectly competitive

market is

Ċt
Ct
= Rt − δ − ρ = αAK

α−1
t − δ − ρ =MPKt − δ − ρ, (12.18)

which implies a steady-state level of capital K∗ = [αA/(ρ + δ)]1/(1−α). The
Euler equation in the Ramsey model with a monopolistically competitive
market is

Ċt
Ct
= Rt − δ − ρ = α

2AKα−1
t − δ − ρ = αMPKt − ρ, (12.19)

which implies that the steady-state equilibrium level of capital is

K∗ =

(
α2A

ρ+ δ

)1/(1−α)
<

(
αA

ρ+ δ

)1/(1−α)
. (12.20)

In other words, the steady-state equilibrium level of capital differs in the
two economies. The reason is that under monopolistic competition, the
rental price of capital is less than the marginal product of capital (i.e.,
Rt = αMPKt < MPKt given α < 1). Intuitively, due to monopolistic
distortion, the market return to capital is lower under monopolistic competi-
tion than under perfect competition; as a result, the household accumulates
less capital.
Finally, we derive the steady-state saving rate under monopolistic com-

petition. In the Ramsey model with a monopolistically competitive market,
the household’s saving rate s∗ is given by

s∗ ≡
I∗

Y ∗
=

δK∗

A(K∗)α
=
α2δ

ρ+ δ
<

αδ

ρ+ δ
. (12.21)

Given an empirically relevant range of capital intensity α ∈ [1/3, 1/2], the
distortion of monopolistic competition can cause the household’s saving rate
to be less than half of the optimal level!

34One can show that K̇t = RtKt +Wt +Πt − Ct − δKt = Yt − Ct − δKt.
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12.6 Exercise

Consider the introduction of leisure to the household’s utility function:

U =

∫
∞

0

e−ρt[lnCt + θ ln(1− lt)]dt, (12.22)

where the parameter θ > 0 determines the importance of leisure l− lt in the
utility function. In this case, the asset-accumulation equation becomes

K̇t = RtKt +Wtlt − Ct − δKt. (12.23)

Show that the steady-state equilibrium level of labour l∗ is given by

l∗ =
1

1 + θ
1−α

(
1− α2δ

ρ+δ

) , (12.24)

which is less than l∗ in (11.18) in the competitive market of the Ramsey
model unless δ = 0. Intuitively, although there is no distortion in the labour
market (i.e., Wt = (1 − α)Yt/Lt), the monopolistic distortion in the capital
market leads to a suboptimally low investment rate s∗ and a suboptimally
high consumption rate C∗/Y ∗ = 1−s∗, which in turn leads to a suboptimally
high level of leisure 1− l∗ unless s∗ = δ = 0.

12.7 Summary

In this chapter, we introduce an alternative market structure into the Ram-
sey model. Specifically, we consider a monopolistically competitive product
market. In this case, each of the monopolistic firms sells a differentiated
product. As a result, the monopolistic firms have market power and charge a
markup over their marginal cost of production. This monopolistic distortion
causes the rental price to be less than the marginal product of capital. As
a result, the household accumulates less capital and chooses a lower saving
rate than the socially optimal levels. In other words, due to the presence of
monopolistic distortion in the economy, the market equilibrium is inefficient.
Therefore, the first fundamental theorem of welfare economics does not hold
in the Ramsey model with a monopolistically competitive product market.
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13 The Romer model of endogenous techno-

logical change

Paul Romer greatly enhances economists’ understanding of endogenous tech-
nological change by developing a growth model in which technological progress
is driven by the invention of new products, which in turn is due to research
and development (R&D) by profit-seeking entrepreneurs. In this chapter, we
cover the Romer model.35 In the previous chapter, we introduced a monop-
olistically competitive market structure to the Ramsey model. If we further
introduce an R&D sector into the model to allow for endogenous growth in
the number of products, then we have the Romer model. In other words, we
have added several layers of structure to gradually extend the familiar Solow
model into the less familiar Romer model.36 Once we derive the endoge-
nous growth rate of technology in the Romer model, we can then perform
comparative statics to explore the determinants of technological progress.
As before, there is a representative firm that produces the final good, and

there is a number of firms that produce differentiated intermediate goods.
The novel element here is that the number of these differentiated goods in-
creases over time due to innovation. Because each of these intermediate-good
firms sells a differentiated product, it generates monopolistic profits, which
serve as the incentives for R&D. In summary, the model has the following
components: (a) a representative household, (b) a representative firm that
produces the final good, (c) a number of monopolistic firms that produce
differentiated intermediate goods, and (d) competitive R&D entrepreneurs
who invest in R&D and create new varieties of intermediate goods.

13.1 Household

The representative household has the following lifetime utility function:

U =

∫
∞

0

e−ρt lnCtdt,

35The Romer model was developed by Paul Romer (Journal of Political Economy 1990),
who received the Nobel Memorial Prize in Economics in 2018 partly for this contribution.
36See Chu (International Review of Economics Education 2018) for this approach of

teaching the Romer model. Some discussion in this chapter follows from Chu (2018).
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where the parameter ρ > 0 is the household’s discount rate and Ct is the level
of consumption at time t. The household inelastically supplies L units37 of
labour to earn a wage incomeWt. Furthermore, it accumulates capitalKt and
rents it to firms to earn a capital-rental income Rt. The asset-accumulation
equation is

Ḟt + K̇t = rtFt +RtKt +WtL− Ct − δKt,

where the parameter δ > 0 is the depreciation rate of capital. Here we have
introduced financial assets Ft (i.e., the shares of monopolistic firms) and its
rate of return given by rt, which is also the real interest rate.
The Hamiltonian function is given by

Ht = lnCt + λt(rtFt +RtKt +WtL− Ct − δKt).

The first-order conditions include

∂Ht
∂Ct

=
1

Ct
− λt = 0,

∂Ht
∂Kt

= λt(Rt − δ) = λtρ− λ̇t, (13.1)

∂Ht
∂Ft

= λtrt = λtρ− λ̇t, (13.2)

where Ft is also a state variable. Combining (13.1) and (13.2) yields a no-
arbitrage condition given by rt = Rt − δ. In other words, the two types of
assets (Ft and Kt) must yield the same rate of return. We have the Euler
equation given by

Ċt
Ct
= rt − ρ, (13.3)

where rt = Rt − δ from the no-arbitrage condition. Usually, the Euler equa-
tion is expressed in rt instead of Rt − δ.

13.2 Final good

There is a representative firm that produces the final good Yt. This firm
hires labour and uses intermediate goods Xt(i) as inputs. The production

37Here we consider L units of labour supply instead of 1 unit for reasons to be explained.
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function is almost the same as in the previous chapter and given by

Yt = L
1−α
Y,t

∫ Nt

0

Xα
t (i)di, (13.4)

where the parameter α ∈ (0, 1) determines the intensity 1− α of production
labour. LY,t is the number of production workers (and we will use LR,t to
denote R&D workers such that the resource constraint on labour is given
by LY,t + LR,t = L). It is useful to note that we are treating the number
of varieties Nt as a continuous number (instead of a discrete number) for
modelling simplicity. The profit function for the final-good firm is

Πt = Yt −WtLY,t −

∫ Nt

0

Pt(i)Xt(i)di, (13.5)

where we have implicitly chosen Yt as the numeraire and Pt(i) is the price
of Xt(i) for i ∈ [1, N ]. Differentiating (13.5) with respect to LY,t and Xt(i)
yields

∂Πt
∂LY,t

= (1− α)L−αY,t

∫ Nt

0

Xα
t (i)di−Wt = (1− α)

Yt
LY,t

−Wt = 0, (13.6)

∂Πt
∂Xt(i)

= αL1−αY,t X
α−1
t (i)− Pt(i) = 0, (13.7)

for i ∈ [0, Nt]. These two sets of equations are the demand functions for LY,t
and Xt(i) for i ∈ [0, Nt].

13.3 Intermediate goods

This sector is exactly the same as in the previous chapter. Each variety of
intermediate goods is produced by a firm that has monopolistic power over
this variety. We will refer to each variety of intermediate goods as an industry,
and let’s consider an arbitrary industry i. In industry i, the monopolistic
firm rents capital from the household to produce the intermediate good. We
consider a simple production function as before.

Xt(i) = Kt(i). (13.8)
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In other words, one unit of capital produces one unit of intermediate good.
The profit function for this intermediate-good firm is

πt(i) = Pt(i)Xt(i)−RtKt(i). (13.9)

Given that this firm acts as a monopolist, it chooses its price to maximize
profit (rather than taking the price as given). Substituting (13.7) and (13.8)
into (13.9) yields

πt(i) = αL
1−α
Y,t X

α
t (i)−RtXt(i). (13.10)

Differentiating πt(i) with respect to Xt(i) yields

∂πt(i)

∂Xt(i)
= ααL1−αY,t X

α−1
t (i)

︸ ︷︷ ︸
=Pt(i)

−Rt = 0. (13.11)

Using (13.7), we can re-express (13.11) as Pt(i) = Rt/α > Rt, where 1/α > 1
is the markup ratio. Due to this markup pricing, the intermediate-good sector
generates positive monopolistic profits.

13.4 R&D

The novel element in the Romer model is the R&D sector. The law of motion
for the number of varieties is given by

Ṅt = θNtLR,t, (13.12)

where LR,t is the number of R&D workers and θ > 0 is an R&D produc-
tivity parameter. Rewriting (13.12) yields the growth rate of Nt given by
gN ≡ Ṅt/Nt = θLR,t; therefore, increasing R&D labour stimulates economic
growth. However, what determines the equilibrium allocation of R&D labour
LR,t?
Let vt denote the market value of a new invention (i.e., a new variety of

differentiated products). The market value of creating Ṅt new inventions is
Ṅtvt. The cost of R&D is WtLR,t. Given that there is free entry in the R&D
sector, this sector generates zero profit such that

Ṅtvt = WtLR,t. (13.13)
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Substituting (13.12) into (13.13), we obtain

θNtvt = Wt (13.14)

where we have cancelled LR,t from both sides.
We will see that the R&D condition in (13.14) determines the equilibrium

allocation of R&D labour. To show this result, we will need to find out the
value of vt. The value of an invention is the present value of all the future
monopolistic profits. Formally,

vt =
πt

r − gπ
, (13.15)

where gπ is the steady-state equilibrium growth rate of πt. Substituting
(13.15) into (13.14) yields

θNtπt
r − gπ

= Wt. (13.16)

We already know from (13.6) that Wt = (1− α)Yt/LY,t. We also know from
(13.3) that r = ρ+ gC , where gC is the steady-state equilibrium growth rate
of Ct. Therefore, what we need to do next is to derive an expression for πt.

13.5 Aggregation

Equation (13.11) implies that Xt(i) = (α
2/Rt)

1/(1−α)LY,t is the same across
all i ∈ [0, Nt]. Using this information, we impose symmetry on (13.4) to
obtain

Yt = L
1−α
Y,t NtX

α
t (i). (13.17)

Then, we substitute the resource constraint on capital given by Xt(i) =
Kt(i) = Kt/Nt into (13.17) to derive the aggregate production function:

Yt = L
1−α
Y,t Nt

(
Kt

Nt

)α
= N1−α

t Kα
t L

1−α
Y,t = AtK

α
t L

1−α
Y,t , (13.18)

where we have relabelled N1−α
t as At. Therefore, the growth rate of At in the

Solow model becomes gA = (1 − α)gN , which is endogenous in the Romer
model. Also, you should notice that the aggregate production function is the
same as the one in the Solow model except that Lt is replaced by LY,t.
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Recall that the profit function for the intermediate-good firm i is

πt(i) = Pt(i)Xt(i)−RtKt(i).

Substituting (13.8) and Pt(i) = Rt/α into the profit function yields

πt =
1− α

α
RtKt(i) =

1− α

α

RtKt

Nt
, (13.19)

which uses the resource constraint Xt(i) = Kt(i) = Kt/Nt. Combining
(13.19) and πtNt +RtKt = Yt −WtLY,t = αYt yields

πt = α(1− α)
Yt
Nt
, (13.20)

which also implies that gπ = gY − gN .

13.6 Solving the model

Using (13.20) along withWt = (1−α)Yt/LY,t and r = ρ+gC , we can simplify
(13.16) to

αθ

ρ+ gC − gY + gN
=

1

LY
. (13.21)

On the balanced growth path, the growth rates of output and consumption
are the same such that gC = gY . Using gN = θLR from (13.12), we can
further simplify (13.21) to

αθ

ρ+ θLR
=

1

LY
. (13.22)

Combining (13.22) with the resource constraint on labour LY +LR = L yields

LR =
α

1 + α

(
L−

ρ

αθ

)
. (13.23)

Therefore, the equilibrium allocation of R&D labour has the following com-
parative statics:

LR(ρ
−

, θ
+
, α
+
, L
+
).

The intuition of these comparative statics results can be explained as follows.
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13.6.1 R&D productivity

An improvement in R&D productivity θ increases the growth rate gN of tech-
nology for a given level of R&D labour LR and also makes R&D labour more
productive, which in turn increases R&D labour in the economy. Therefore,
gN is increasing in θ. To see this, recall that the growth rate of technology
is gN = θLR(θ). Therefore, an increase in R&D productivity θ has a direct
positive effect on gN by increasing R&D productivity and also an indirect
positive effect by increasing R&D labour LR. The parameter θ captures the
importance of human capital on the innovation capacity of an economy. To
stimulate economic growth, policymakers could consider devoting more re-
sources to education that improves the innovative capacity of entrepreneurs,
scientists and engineers.

13.6.2 Discount rate

A higher discount rate ρ increases the real interest rate and decreases the
present value of monopolistic profits as well as the value of inventions, which
in turn decreases R&D labour in the economy. Therefore, gN is decreasing
in ρ. To see this, recall that the growth rate of technology is gN = θLR(ρ).
Therefore, an increase in the discount rate ρ decreases the growth rate of
technology by decreasing R&D labour LR. The parameter ρ captures the ef-
fects of household preference and also frictions in the financial market, such
as credit constraints, on innovation. To stimulate economic growth, poli-
cymakers could consider policies that improve the efficiency of the financial
market.

13.6.3 Capital and labour intensity in production

An increase in α increases capital intensity and reduces labour intensity in the
production process, allowing more labour to be devoted to R&D. Therefore,
gN is increasing in α. To see this, recall that the growth rate of the number
of differentiated products is gN = θLR(α). Therefore, an increase in capital
intensity α increases the growth rate of technology by increasing R&D labour
LR. The parameter α captures the effect of structural transformation of an
economy from a labour-intensive production process to a capital-intensive
production process. However, the positive effect of α on R&D is based on
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the assumption that R&D does not require the use of capital. If R&D also
uses capital, then the effect of α on growth may be reversed depending on
the degree of capital intensity in the R&D process.

13.6.4 Labour force

Finally, a larger labour force L increases the supply of labour in the econ-
omy, which in turn increases R&D labour and the growth rate of technology.
Therefore, gN is increasing in L. To see this, recall that the growth rate of
technology is gN = θLR(L). Therefore, an increase in the labour force L
increases the growth rate of technology by increasing R&D labour LR. In
the literature, this is known as the scale effect, which is often viewed as a
counterfactual implication of the Romer model. We will discuss the scale
effect in more details in the next chapter.

13.7 Exercise

Suppose the government imposes an upper bound on the monopolistic price
given by

Pt(i) = µRt < Rt/α, (13.24)

where the parameter µ ∈ (1, 1/α) is the markup ratio, capturing the monop-
olistic power of firms. Show that the equilibrium allocation of R&D labour
becomes

LR = α

[
µ− 1

µ− α
L−

µ(1− α)

µ− α

ρ

αθ

]
, (13.25)

which is increasing in the monopolistic power µ of firms.

13.8 Summary

In this chapter, we develop the Romer model by introducing an R&D sector
into the Ramsey model with a monopolistically competitive product mar-
ket. In this case, the positive monopolistic profit in the economy serves as
an incentive for entrepreneurs to do R&D, which in turn gives rise to tech-
nological progress. We derive the market equilibrium level of R&D labour,
which determines the equilibrium growth rate of technology. In summary,
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the market equilibrium level of R&D labour is increasing in the productivity
of R&D, the monopolistic power of firms, the degree of capital intensity in
production and the size of the labour force but decreasing in the discount
rate of the representative household. Therefore, cross-country variation in
these determinants helps to explain some of the variation in economic growth
across countries.
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14 Scale effect in the Romer model

In this chapter, we will explore an important but counterfactual property of
the Romer model. Recall from the Romer model the following key equation:

gN ≡ Ṅt/Nt = θLR,t,

where LR,t is the number of R&D workers and θ > 0 is an R&D productivity
parameter. This equation implies that the growth rate gN of technology
is increasing in the number of R&D workers LR,t. This property is known
as the scale effect in the literature. Jones (Journal of Political Economy
1995) points out that this prediction from the Romer model is inconsistent
with empirical evidence. Jones (1995) documents that the number of R&D
scientists in the US steadily increased from 1950 to the late 1980’s; however,
the growth rate of technology did not exhibit any positive trend during this
period; see Figure 14.1 and 14.2 in which we look at more recent data from
1990 to 2013.38 Motivated by this empirical fact, Jones developed a modified
version of the Romer model, which is free from the scale effect.

Figure 14.1 Researchers in the US Figure 14.2 TFP growth in the US

14.1 The Jones model

The basic structure of the Jones model is the same as the Romer model.
The only major difference is in the law of motion for the number of varieties.

38The trend of TFP (total factor productivity) growth rates is computed using the HP
filter.
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Romer (1990) assumes the following law of motion:

Ṅt = θNtLR,t. (14.1)

Jones (1995) generalizes this specification to

Ṅt = θN
φ
t LR,t, (14.2)

where the parameter φ < 1 measures the degree of intertemporal knowledge
spillovers. In other words, Romer (1990) implicitly assumes that φ = 1. In
contrast, Jones (1995) relaxes this assumption and considers the general case
of φ < 1. To see the different implications, we divide (14.2) by Nt to obtain

Ṅt
Nt
= θ

LR,t

N1−φ
t

. (14.3)

On the balanced growth path, the growth rate Ṅt/Nt is constant, which in
turn implies that LR,t and N

1−φ
t grow at the same rate; formally,

(1− φ)
Ṅt
Nt
=
L̇R,t
LR,t

⇔
Ṅt
Nt
=

1

1− φ

L̇R,t
LR,t

. (14.4)

Therefore, the long-run growth rate of technology is now determined by the
growth rate of LR,t instead of the level of LR,t, eliminating the scale effect.
Figure 14.3 presents the growth rate of researchers and shows that its trend
exhibits a similar pattern as the trend of TFP growth rates in Figure 14.2.

Figure 14.3 Growth of US researchers
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14.2 Solving the model

As mentioned before, the basic structure of the Jones model is the same as
in the Romer model, so we do not repeat all the equations here. The key dif-
ference is in equation (14.2) above. Furthermore, the Jones model allows for
growth in the labour force Lt, which increases over time at a constant exoge-
nous growth rate n. On the balanced growth path, the resource constraint
on labour given by

LR,t + LY,t = Lt ⇔
LR,t
Lt

+
LY,t
Lt

= 1 (14.5)

implies that LR,t/Lt must be constant. Therefore, LR,t and Lt grow at the
same rate on the balanced growth path. Using this information along with
(14.4), we find that the steady-state equilibrium growth rate of Nt is

gN =
n

1− φ
, (14.6)

which is determined by exogenous parameters n and φ. Therefore, the Jones
model is also known as the semi-endogenous growth model. Increasing R&D
labour LR,t only leads to a higher growth rate in the short run. From the
following equation, we see that for a given Nt, an increase in R&D labour
LR,t raises the growth rate Ṅt/Nt temporarily.

Ṅt
Nt
= θ

LR,t

N1−φ
t

.

However, N1−φ
t increases over time to offset the effect of LR,t. Eventually, the

growth rate Ṅt/Nt returns to gN = n/(1−φ) in the long run; see Figure 14.4
and 14.5 for a comparison between the Romer model and the Jones model.

Figure 14.4 Romer model Figure 14.5 Jones model
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The steady-state equilibrium growth rate gN is easy to determine in the
Jones model. However, we will have to go through the same derivations as in
the Romer model to derive the steady-state equilibrium allocation of R&D
labour, which determines the growth rate of technology in the short run and
the level of technology in the long run.
As in the Romer model, the free-entry condition in the R&D sector is

Ṅtvt = WtLR,t, (14.7)

where Ṅt is now given by (14.2) instead of (14.1). The value vt of an invention
is the same as before and given by

vt =
πt

r − gπ
, (14.8)

where monopolistic profit πt is also the same as before and given by

πt = α(1− α)
Yt
Nt
. (14.9)

Therefore, the steady-state equilibrium growth rate of πt is the same as
before and given by gπ = gY − gN , where gY is the growth rate of output Yt.
Similarly, the wage rate Wt is equal to the marginal product of production
labour LY,t as before and given by

Wt = (1− α)
Yt
LY,t

. (14.10)

Substituting (14.8), (14.9) and (14.10) into (14.7) yields

α

r − gπ

Ṅt
Nt
=
LR,t
LY,t

, (14.11)

where Ṅt/Nt = gN = n/(1− φ). Combining the real interest rate r from the
Euler equation r = ρ+ gC with gπ = gY − gN yields

r − gπ = ρ+ gN = ρ+ n/(1− φ), (14.12)

where we have used the steady-state condition gC = gY , equating the growth
rate of consumption to the growth rate of output. Finally, if we define SR ≡
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LR/LY as the steady-state equilibrium ratio of R&D labour LR to production
labour LY , then equation (14.11) becomes

SR =
αgN
ρ+ gN

=
αn/(1− φ)

ρ+ n/(1− φ)
=

αn

(1− φ)ρ+ n
. (14.13)

Therefore, the steady-state equilibrium ratio of R&D labour to produc-
tion labour has the following comparative statics:

SR(ρ
−

, φ
+
, α
+
, n
+
).

Intuitively, a higher discount rate ρ increases the real interest rate and de-
creases the present value of monopolistic profits. A larger α increases capital
intensity and reduces labour intensity in the production process, allowing
more labour to be devoted to R&D. An increase in either knowledge spillover
φ or population growth n raises the technology growth rate gN , which in turn
increases the benefit of R&D.

14.3 Exercise

Suppose the government imposes an upper bound on the monopolistic price
given by

Pt(i) = µRt < Rt/α, (14.14)

where the parameter µ ∈ (1, 1/α) is the markup ratio, capturing the mo-
nopolistic power of firms. Show that the equilibrium ratio of R&D labour to
production labour becomes

SR =
µ− 1

µ(1− α)

αgN
ρ+ gN

=
µ− 1

µ(1− α)

αn

(1− φ)ρ+ n
, (14.15)

which is increasing in the monopolistic power µ of firms.

14.4 Summary

In this chapter, we explore the scale effect in the Romer model, in which
the steady-state growth rate of technology is increasing in the level of R&D
labour. This implication is inconsistent with the evidence documented in
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Jones (1995), who then generalizes the Romer model by parameterizing the
degree of intertemporal knowledge spillovers and restricting this parameter
value to be less than unity. In this case, the steady-state growth rate of
technology depends on the growth rate of R&D labour (instead of its level),
removing the scale effect in the Romer model. Then, we derive the market
equilibrium allocation of R&D labour and explore its determinants. In this
case, we find that the growth rate of the labour force and the degree of in-
tertemporal knowledge spillovers also affect the market equilibrium allocation
of R&D labour.
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15 R&D underinvestment and subsidies

In this chapter, we will compare the decentralized equilibrium allocation in
the Jones model to its socially optimal allocation chosen by a social planner.
As we will show, due to the presence of R&D externality, the market equi-
librium level of R&D labour is lower than its socially optimal level. In other
words, as a result of market failure, the market economy exhibits a social
problem of R&D underinvestment. In this case, it is socially optimal for the
government to provide policy intervention in the form of R&D subsidy.
Recall that the law of motion for the number of varieties in the Jones

model is given by
Ṅt = θN

φ
t LR,t,

where LR,t is the number of R&D workers and θ > 0 is an R&D productivity
parameter. For simplicity, we will consider a special case of φ = 0 (i.e., zero
knowledge spillovers), so that the law of motion for the number of varieties
simplifies to Ṅt = θLR,t. In this case, the steady-state equilibrium ratio of
R&D labour to production labour in the Jones model simplifies to

SR =
αgN
ρ+ gN

=
αn

ρ+ n
, (15.1)

where we have set φ = 0 and gN = n.

15.1 Socially optimal level of R&D

To derive the socially optimal allocation in the Jones model, we first write
down its key equations. The representative household has the following life-
time utility function:

U =

∫
∞

0

e−ρt lnCtdt, (15.2)

where the parameter ρ > 0 is the household’s discount rate and Ct is the level
of consumption at time t. The aggregate production function for output Yt
is given by

Yt = N
1−α
t Kα

t L
1−α
Y,t , (15.3)

where the parameter α ∈ (0, 1) determines the intensity 1− α of production
labour LY,t. The accumulation equation of capital Kt is

K̇t = Yt − Ct − δKt, (15.4)
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where the parameter δ > 0 is the depreciation rate of capital. The law of
motion for the number of varieties is

Ṅt = θLR,t. (15.5)

Finally, the resource constraint on labour is

LR,t + LY,t = Lt, (15.6)

where the labour force Lt grows a constant exogenous growth rate n. Given
that we are deriving the socially optimal allocation, we are solving the cen-
tralized version of the model. In other words, we are not dealing with the
market equilibrium, but instead, we directly maximize the household’s utility
in (15.2) subject to (15.3)-(15.6).
For convenience, we will drop all the time subscripts. The Hamiltonian

function is

H = lnC + λK(N
1−αKαL1−αY − C − δKt) + λNθ(L− LY ), (15.7)

where λK is the multiplier for K̇ and λN is the multiplier for Ṅ . The first-
order conditions are

∂H

∂C
=
1

C
− λK = 0, (15.8)

∂H

∂LY
= λK(1− α)

Y

LY
− λNθ = 0, (15.9)

∂H

∂K
= λK

(
α
Y

K
− δ

)
= λKρ− λ̇K , (15.10)

∂H

∂N
= λK(1− α)

Y

N
= λNρ− λ̇N . (15.11)

Equation (15.9) can be re-expressed as

λK
λN

=
θLY

(1− α)Y
. (15.12)

On the balanced growth path (BGP), the growth rate of Y is given by

gY = gN + n = 2n, (15.13)
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where the second equality holds due to φ = 0 and gN = n. Rewriting (15.11)
yields

λK
λN
(1− α)

Y

N
= ρ−

λ̇N
λN
. (15.14)

Given that Y/N grows at rate n on the BGP, λN/λK must also grow at rate
n on the BGP. From (15.8), we have λ̇K/λK = −Ċ/C = −2n; therefore,
λ̇N/λN = −n. Now we can substitute (15.12) into (15.14) to obtain

θLY
N

= ρ+ n, (15.15)

which also uses −λ̇N/λN = n. We use the law of motion for Ṅ to derive

Ṅ

N
= θ

LR
N
= n⇔ N = θ

LR
n
. (15.16)

Substituting (15.16) into (15.15) yields the socially optimal ratio S∗R of R&D
labour to production labour given by

S∗R =
n

ρ+ n
. (15.17)

15.2 R&D underinvestment

Comparing (15.1) and (15.17) shows R&D underinvestment in the market
economy:

SR =
αn

ρ+ n
= αS∗R, (15.18)

where α < 1. In other words, the decentralized equilibrium allocates too
little labour to the R&D sector because the market economy does not provide
enough incentives. To see this, it is useful to note that the marginal product
of Nt is

∂Yt
∂Nt

= (1− α)
Yt
Nt
, (15.19)

but the market allocates less than this amount to monopolistic profit:

πt = α(1− α)
Yt
Nt
= α

∂Yt
∂Nt

, (15.20)
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where α < 1. Given that the social benefit of R&D is larger than the private
benefit to entrepreneurs, this is a positive R&D externality, which is known
as the surplus appropriability problem. To solve this R&D underinvestment
problem, the government could make use of R&D subsidies, which we will
analyze in the following section.

15.3 R&D subsidies

We now determine the equilibrium allocation of R&D labour in the Jones
model with R&D subsidies. We continue to focus on the special case with
φ = 0. The cost of R&D is (1− s)WtLR,t, where s ∈ [0, 1] is the rate of R&D
subsidies provided by the government. Therefore, the zero-profit condition
in the R&D sector is modified to

Ṅtvt = (1− s)WtLR,t. (15.21)

The value vt of an invention is

vt =
πt

r − gπ
, (15.22)

where the amount of monopolistic profit πt is

πt = α(1− α)
Yt
Nt
. (15.23)

Therefore, the steady-state equilibrium growth rate of πt is gπ = gY − gN .
The wage rate is

Wt = (1− α)
Yt
LY,t

. (15.24)

Substituting (15.22), (15.23) and (15.24) into (15.21) yields

α

r − gπ

Ṅt
Nt
= (1− s)

LR,t
LY,t

, (15.25)

where Ṅt/Nt = gN = n (due to φ = 0). Combining the Euler equation
r = ρ+ gC with gπ = gY − gN yields

r − gπ = ρ+ gN = ρ+ n. (15.26)
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If we define SR ≡ LR/LY , then equation (15.25) becomes

SR =
1

1− s

αgN
ρ+ gN

=
1

1− s

αn

ρ+ n
. (15.27)

Therefore, the steady-state equilibrium ratio of R&D labour to production
labour is increasing in the rate of R&D subsidies as expected.
To equate SR in (15.27) with S

∗

R in (15.18), we need to set the rate of
R&D subsidies to the following value:

s∗ = 1− α. (15.28)

Given that the capital share is α ∈ (1/3, 1/2) in the data, our analysis implies
that the optimal rate of R&D subsidies can be as high as 50% to 67%!

15.4 Exercise

Consider the general law of motion for the number of varieties given by

Ṅt = θN
φ
t LR,t. (15.29)

Show that the socially optimal rate of R&D subsidies is given by

s∗ = 1− α
ρ+ n

ρ+ n/(1− φ)
, (15.30)

which is increasing in φ. Intuitively, φ is an additional force of R&D exter-
nality. When φ > 0, current R&D improves the productivity of future R&D.
The productivity of R&D is determined by

∂Ṅt
∂LR,t

= θNφ
t .

Therefore, when an entrepreneur invests in R&D today, it increases Nt and
R&D productivity θNφ

t in the future. However, the entrepreneur does not
take into account this social benefit of R&D when deciding how much R&D
to do. This positive R&D externality is known as intertemporal knowledge
spillovers.
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15.5 Summary

In this chapter, we derive the socially optimal level of R&D labour in the
Jones specification of the Romer model and compare it with the market
equilibrium level. We find that the market underinvests in R&D due to the
presence of positive R&D externality in the economy. In other words, the
model features market failure in the form of R&D underinvestment. In this
case, policy intervention by the government subsidizing R&D can eliminate
the social problem of R&D underinvestment and restore the optimal level of
R&D labour in the market equilibrium. However, our model predicts that
the required rate of R&D subsidies may be very high.
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16 The Schumpeterian growth model

In this chapter, we cover the Schumpeterian quality-ladder model developed
by Aghion and Howitt (Econometrica 1992) and follow the treatment of the
model in Grossman and Helpman (Review of Economic Studies 1991).39 In
the quality-ladder model, economic growth is driven by the development of
higher-quality products that replace lower-quality products. Joseph Schum-
peter (1942) argues that this process of creative destruction is the main engine
of long-run economic growth.
As we will show, innovation in the form of quality improvement has a

different implication from innovation in the form of new product develop-
ment.40 Specifically, the replacement of lower-quality products by higher-
quality products gives rise to a business-stealing effect, which is a negative
R&D externality. Therefore, in the Schumpeterian growth model, the mar-
ket economy may exhibit R&D underinvestment or overinvestment, which is
different from the Romer model that always exhibits R&D underinvestment.
The Schumpeterian model features the following four components: a rep-

resentative household; final good; intermediate goods; and R&D. The house-
hold supplies labour to the R&D sector and the intermediate-good sector.
Then, monopolistic firms that have the most advanced technologies produce
differentiated intermediate goods. Finally, a representative final-good firm
aggregates intermediate goods into the final good to be consumed by the
household.

16.1 Household

There is a representative household which has a log utility function:

U =

∫
∞

0

e−ρt lnCtdt, (16.1)

where the parameter ρ > 0 is the household’s discount rate and Ct is the
level of consumption at time t. The household maximizes utility subject to41

Ḟt = rtFt +WtL− Ct. (16.2)

39The materials covered in this chapter are relatively advanced.
40Peretto (1994) combines the two dimensions of innovation in quality improvement and

new product development to develop the second-generation Schumpeterian growth model
that removes the scale effect and endogenizes the market structure of the economy.
41We do not consider capital in the baseline model and will add capital in an extension.
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rt is the real interest rate. Ft is the value of financial assets owned by the
household. Wt is the wage rate. The household supplies L units of labour.
Using Hamiltonian, we can derive the familiar Euler equation given by

Ċt
Ct
= rt − ρ. (16.3)

16.2 Final good

This sector is perfectly competitive, and firms take the output and input
prices as given. Final good Yt is produced by aggregating a unit continuum
of differentiated intermediate goods Xt(i) indexed by i ∈ [0, 1]. We consider
a Cobb-Douglas aggregator given by42

Yt = exp

(∫ 1

0

lnXt(i)di

)
. (16.4)

From profit maximization, the demand function for Xt(i) is

∂Yt
∂Xt(i)

=
Yt
Xt(i)

= Pt(i), (16.5)

where Pt(i) is the price of Xt(i) for i ∈ [0, 1].

16.3 Intermediate goods

There is a unit continuum of intermediate goods indexed by i ∈ [0, 1]. Each
industry i is dominated by a temporary monopolistic leader, who holds a
patent on the latest innovation and dominates the market until the next
innovation arrives. The production function for the industry leader is

Xt(i) = z
qt(i)Lx,t(i). (16.6)

The parameter z > 1 is the step size of a quality improvement. qt(i) is the
number of quality improvements that have occurred in industry i as of time

42The aggregator can be re-expressed in a multiplicative form: Yt = Π
1
0Xt(i)di.
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t. In other words, zqt(i) is the highest level of quality in industry i. Lx,t(i) is
production labour in industry i.
The industry leader’s marginal cost of producing Xt(i) is

MCt(i) =
Wt

zqt(i)
. (16.7)

To derive the equilibrium price, we assume that the current and former in-
dustry leaders engage in Bertrand competition. Because the current industry
leader’s product has a higher quality by a factor z, the profit-maximizing
price for the current leader is a constant markup over the marginal cost.

Pt(i) = µMCt(i), (16.8)

where the markup ratio µ ∈ (1, z] is less than or equal to the quality step size,
depending on the level of patent protection, which determines the market
power of the industry leader. Monopolistic profit in industry i is

πt(i) = [Pt(i)−MCt(i)]Xt(i) =

(
µ− 1

µ

)
Pt(i)Xt(i) =

(
µ− 1

µ

)
Yt, (16.9)

where the last equality uses (16.5) and (16.8). Finally, wage income to pro-
duction labour is

WtLx,t(i) =MCt(i)Xt(i) =
Pt(i)Xt(i)

µ
=
Yt
µ
. (16.10)

16.4 R&D

Denote the value of an invention in industry i as vt(i). Due to the Cobb-
Douglas specification in (16.4), the amount of profit is the same across in-
dustries (i.e., πt(i) = πt for i ∈ [0, 1]). As a result, vt(i) = vt in a symmetric
equilibrium in which the arrival rate of innovation is equal across industries.
The value of an invention is given by

vt =
πt

r − gπ + σ
. (16.11)

The present value of monopolistic profits is discounted by r − gπ + σ, where
σ is the arrival rate of innovation, because when an innovation arrives, the
current industry leader loses the market to the next industry leader.
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Competitive R&D entrepreneurs hire R&D labour Lr,t to create inven-
tions. The expected benefit of R&D is vtσt whereas the cost of R&D is
WtLr,t. Zero expected profit in R&D implies that

vtσt = WtLr,t. (16.12)

The arrival rate of innovation is σt = θLr,t, where the parameter θ > 0
determines R&D productivity. Therefore, (16.12) can be re-expressed as

θvt = Wt. (16.13)

This R&D condition determines the allocation of labour between production
and R&D.

16.5 Aggregation

Substituting (16.6) into (16.4) yields the aggregate production function:

Yt = AtLx,t, (16.14)

where the (log) level of aggregate technology At is defined as

lnAt ≡

(∫ 1

0

qt(i)di

)
ln z =

(∫ t

0

σsds

)
ln z. (16.15)

The last equality uses the law of large numbers, which equates the average
number of quality improvements

∫ 1
0
qt(i)di that have occurred as of time t to

the total number of innovation arrivals
∫ t
0
σsds up to time t. Differentiating

lnAt with respect to time yields the law of motion for At given by
43

Ȧt
At
= σt ln z. (16.16)

Therefore, the steady-state growth rate of technology is gA = σ ln z =
(θ ln z)Lr, which is increasing in R&D labour Lr.

43Here we apply the Leibniz rule for differentiation under the integral sign.
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16.6 Market equilibrium level of R&D

In this model without capital, all the final good is consumed by the household
such that

Yt = Ct. (16.17)

Also, the labour market must clear such that

Lx,t + Lr,t = L. (16.18)

To solve for the steady-state equilibrium labour allocation, we use

gπ = gY = gC , (16.19)

where gπ denotes the growth rate of the profit in (16.9). Substituting (16.9),
(16.10), (16.11) and (16.19) into the R&D condition in (16.13) yields

θ(µ− 1)Lx = θLr + ρ, (16.20)

where r − gπ = ρ because gπ = gY = gC . Combining (16.18) and (16.20)
yields the market equilibrium level of R&D labour given by

Lr(ρ
−

, θ
+
, µ
+
, L
+
) =

(
µ− 1

µ

)
L−

ρ

µθ
. (16.21)

The comparative statics are as follows. Lr is decreasing in ρ because
a higher discount rate decreases the present value of future monopolistic
profits. Lr is increasing in θ because higher R&D productivity increases the
incentives for R&D. Lr is increasing in µ because a larger markup increases
the amount of monopolistic profit, which determines the private return to
R&D. Finally, Lr is increasing in L implying the presence of the scale effect.

16.7 Socially optimal level of R&D

In this section, we derive the socially optimal allocation of the model. Sup-
pose a benevolent social planner maximizes the household’s utility U =∫
∞

0
e−ρt lnCtdt subject to the aggregate production Ct = AtLx,t, the law of

motion for technology Ȧt = At(θ ln z)Lr,t and the labour resource constraint
Lx,t + Lr,t = L. Then, setting up the Hamiltonian function

Ht = lnAt + ln(L− Lr,t) + λtAt(θ ln z)Lr,t,
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we can derive the optimal allocation of R&D labour L∗r given by
44

L∗r(ρ
−

, θ
+
, z
+
, L
+
) = L−

ρ

θ ln z
. (16.22)

Comparing (16.21) and (16.22), we see that the market equilibrium alloca-
tion Lr is not necessarily equal to and can be larger or smaller than the
socially optimal allocation L∗r. Specifically, there exists a threshold value of
the markup ratio µ above (below) which the market equilibrium allocation
Lr is above (below) the socially optimal allocation L

∗

r. The threshold µ is

µ ≡

(
1 +

θL

ρ

)
ln z,

which is increasing in the quality step size z.
The reason is that the Schumpeterian growth model features both posi-

tive and negative externalities of R&D. Intertemporal knowledge spillover in
Ȧt = At(θ ln z)Lr,t is a positive externality of R&D, whereas the business-
stealing effect (i.e., new industry leaders taking over the market from current
industry leaders) is a negative externality of R&D. It is useful to note that
this business-stealing effect is absent in the Romer model, which features
only positive externality. When the positive externality dominates the neg-
ative externality, the market underinvests in R&D such that Lr < L

∗

r. R&D
underinvestment happens when the quality step size z, which captures the
social benefit of R&D, is sufficiently large. When the negative externality
dominates the positive externality, the market overinvests in R&D such that
Lr > L

∗

r. R&D overinvestment happens when the markup µ, which captures
the private benefit of R&D, is sufficiently large.

16.8 Capital

The canonical quality-ladder model does not feature physical capital Kt.
In this section, we extend the quality-ladder model by allowing for capital
accumulation. We assume for simplicity that only the intermediate-good
sector employs capital. We modify the production function (16.6) to

Xt(i) = z
qt(i) [Kt(i)]

α [Lx,t(i)]
1−α , (16.23)

44The derivations of L∗r are left as an exercise.
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where the parameter α ∈ (0, 1) determines the intensity of capital Kt(i)
in the production of Xt(i). From cost minimization, the marginal cost of
production is

MCt(i) =
1

zqt(i)

(
Rt
α

)α(
Wt

1− α

)1−α
, (16.24)

whereRt denotes the rental price of capital. The profit income is still given by
(16.9) whereas capital income and production-labour income are respectively

RtKt =
αYt
µ
, (16.25)

WtLx,t =
(1− α)Yt

µ
. (16.26)

Substituting (16.9), (16.19) and (16.26) into (16.13) yields

θ(µ− 1)Lx = (1− α)(θLr + ρ). (16.27)

Combining (16.18) and (16.27) yields the market equilibrium level of R&D
labour given by

Lr(ρ
−

, θ
+
, µ
+
, L
+
, α
+
) =

(
µ− 1

µ− α

)
L−

(
1− α

µ− α

)
ρ

θ
. (16.28)

The comparative statics for ρ, θ, µ and L are the same as before. As for the
capital intensity, Lr is increasing in α because a decrease in labour intensity
in production reduces the usage of labour for production and leads to more
labour available for R&D.
To complete the analysis in this section, we substitute (16.23) into (16.4)

to derive the aggregate production given by

Yt = AtK
α
t L

1−α
x,t . (16.29)

Also, the resource constraint on the final good is

Yt = Ct + It, (16.30)

and the law of motion for capital accumulation is

.

Kt = It − δKt. (16.31)
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Along the balanced-growth path, the growth rate of output equals the growth
rate of capital; therefore, the long-run growth rate of output is

gY =

(
1

1− α

)
gA =

(
θ ln z

1− α

)
Lr, (16.32)

where the market equilibrium level of Lr has been derived in (16.28).

16.9 Exercise

Consider the Schumpeterian growth model without capital. Use the Hamil-
tonian function

Ht = lnAt + ln(L− Lr,t) + λtAt(θ ln z)Lr,t

to show that the optimal allocation of R&D labour L∗r is given by

L∗r = L−
ρ

θ ln z
.

16.10 Summary

In this chapter, we develop the Schumpeterian growth model in which inno-
vation is driven by the quality improvement of existing products, instead of
the development of new products as in the Romer model. In addition to the
usual positive R&D externality, this alternative engine of innovation gives
rise to negative R&D externality in the form of a business-stealing effect, in
which entrants take away the market share of incumbents when inventing
a higher-quality product. As a result of this negative R&D externality, the
market may overinvest or underinvest in R&D. R&D overinvestment occurs
when firms have too much market power which determines the private ben-
efit of R&D, whereas R&D underinvestment occurs given a sufficiently large
quality step size which determines the social benefit of R&D.
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