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Abstract. A sufficient issue in studies of economic development is whether econ-
omies (countries, regions of a country, etc.) converge to one another in terms of 
per capita income. In this paper, nonlinear asymptotically subsiding trends of in-
come gap in a pair of economies model the convergence process. A few specific 
forms of such trends are proposed: log-exponential trend, exponential trend, and 
fractional trend. A pair of economies is deemed converging if time series of their 
income gap is stationary about any of these trends. To test for stationarity, stand-
ard unit root tests are applied with non-standard test statistics that are estimated 
for each kind of the trends.  

Keywords: Income Convergence, Time Series Econometrics, Nonlinear Time-
Series Model, Unit Root. 

1 Introduction 

A sufficient issue in studies of economic development is whether economies (countries, 
regions of a country, cities, etc.) converge to one another in terms of per capita income. 
There are a number of methodologies to test for the convergence hypothesis. The most 
widespread one in the literature is the analysis of a negative cross-section correlation 
between initial per capita income and its growth, the so-called beta-convergence (see, 
e.g., [1]). An alternative methodology is the distribution dynamics analysis that ex-
plores the evolution of cross-economy income distribution [2]. Both approaches pro-
vide only an aggregated characterization of convergence. If the whole set of economies 
under consideration is found to converge, it is not possible to reveal economies with a 
deviant behavior (e.g., diverging or randomly walking). On the other hand, if the con-
vergence hypothesis is rejected, it is not able to detect a subset (or subsets) of converg-
ing economies. 

Methodologies based on time-series analysis make it possible to overcome this prob-
lem. They consider time series of the income gap, i.e., the difference of logarithms of 
per capita incomes in a pair of economies r and s, yrst = yrt – yst = ln(Yrt/Yst), t denoting 
time. To discriminate between logarithmic and real (e.g., percentage) terms, Yrt/Yst – 1 
is called income disparity. One element of the pair can be an aggregate, for instance, 
the national economy when economies under consideration are country’s regions.   

Bernard and Durlauf [3] have put forward a formal definition of convergence: econ-
omies r and s converge if the long-term forecasts of per capita income (conditionally 
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on information available by the moment of the forecast, I) for both economies are equal, 
that is  

 lim௧→ஶ E൫𝑦௥௦௧𝐼൯ ൌ 0.   (1) 

Despite this definition of convergence is general, procedures of testing for conver-
gence applied in [3] in fact detect only a particular class of processes satisfying (1), 
namely, stationary processes with no trend (implying that yrt and yst have a common 
trend). Thus, such procedures are not able to classify the most interesting case of catch-
ing-up as convergence.  

As a way out, [4] proposes to model the (square of) income gap by a trend h(t) of an 
a priory unknown form, approximating it by a power series of degree k. The respective 
econometric model looks like (t denotes residuals with standard properties, i is a co-
efficient to be estimated): 

 𝑦௥௦௧ଶ ൌ ℎሺ𝑡; 𝑘ሻ ൌ 𝛼଴ ൅ 𝛼ଵ𝑡 ൅ 𝛼ଶ𝑡ଶ ൅ ⋯ ൅ 𝛼௞𝑡௞ ൅ 𝜀௧ ሺ𝑡 ൌ 1, … , 𝑇ሻ. (2) 

Albeit the trend may be nonlinear, equation (2) is linear with respect to coefficients. 
Convergence takes place if dh/dt < 0 holds for all t. This condition is supposed to be 
equivalent to negativity of the time average of dh(t)/dt: 

 ଵ் ∑ ௗ௛ௗ௧௧்ୀଵ ൌ ∑ 𝛼௜ ௜்௞௜ୀଵ ∑ 𝑡௜ିଵ௧்ୀଵ ൏ 0. (3) 

However, the equivalence is not the fact. It is obvious, considering a continuous-time 
counterpart of (3):  

 
ଵ் ׬ ௗ௛ௗ௧ 𝑑𝑡ଵ் ൌ ଵ் ൫ℎሺ𝑇ሻ െ ℎሺ1ሻ൯ ൏ 0.   

Hence, the mere fact that h(T) < h(1) suffices to accept the convergence hypothesis. 
In the general case, this does not evidence convergence. For instance, a U-shape path 
of the income gap may satisfy (3). Moreover, even if dh/dt < 0 is true for every t = 
1,…T, condition (1) knowingly does not hold, as h(; k) =  for any finite k. 

Thus, there is a want of developing an alternative methodology. This paper puts for-
ward such a methodology, namely, modeling the convergence process by asymptoti-
cally subsiding trends. This leads to nonlinear econometric models that need nonstand-
ard distributions of test statistics to test models for unit roots. 

2 Modeling Convergence 

Actual convergence processes are in fact a superposition of two processes that can be 
called long-run, or deterministic, convergence, and stochastic, or short-run, conver-
gence. Long-run convergence is a deterministic path of the income gap yrst that tends to 
zero over time: 𝑦௥௦௧∗ ൌ ℎሺ𝑡ሻ, ℎሺ𝑡ሻ ௧→ஶሱ⎯ሮ 0. In [4], only this process is considered (albeit 
with no latter condition). Short-run convergence is an autocorrelated stochastic process 
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containing no unit root (i.e., a stationary process), t =  t–1 + t, where  is the auto-
correlation coefficient,  < 1, and t  N(0, 2) with finite . Intuitively, short-run con-
vergence characterizes the behavior of transient random shocks. A unit shock deviates 
the income gap from its long-run path, dying out over time with half-life  = 
ln(0.5)/ln(), so that the income gap eventually returns to its long-run path. Only such 
processes are considered in [3] (assuming 𝑦௥௦௧∗ ൌ 0). 

Superposition of these two processes gives a process that is stationary around an 
asymptotically subsiding trend h(t). That is, albeit random shocks force the process to 
deviate from the trend, it permanently tends to return to the trend, thus satisfying (1). 
The following econometric model of the class AR(1) describes such a process:  𝑦௥௦௧ ൌ ℎሺ𝑡ሻ ൅ ௧  ሺ𝑡 ൌ 0, … , 𝑇 െ 1ሻ, ௧ ൌ 𝜌௧ିଵ ൅ 𝜀௧  ሺ𝑡 ൌ 1, … , 𝑇 െ 1; ଴ ൌ 𝜀଴ ሻ. 

Applying the Cochrane-Orcutt transformation to this equation, the following model 
is arrived at: 

 ∆𝑦௥௦௧ ൌ ℎሺ𝑡ሻ െ ሺ ൅ 1ሻℎሺ𝑡 െ 1ሻ ൅ 𝑦௥௦,௧ିଵ ൅ 𝜀௧  ሺ𝑡 ൌ 1, … , 𝑇 െ 1ሻ, (4) 

where yrst = yrst – yrs,t–1 and  =  – 1.   
To make model (4) operational, a specific function h(t) has to be taken from the class 

of asymptotically subsiding functions. A few such functions are preferable in order to 
model more adequately properties of a process under consideration. The following three 
functions seem convenient from the practical viewpoint: log-exponential trend h(t) = 
ln(1 + et),  < 0, exponential trend h(t) = et,  < 0, and fractional trend h(t) = /(1 + 
t),  > 0. The respective models are nonlinear with respect to coefficients, having the 
forms:     

 ∆𝑦௥௦௧ ൌ ln൫1 ൅ 𝛾𝑒ఋ௧൯ െ ሺ ൅ 1ሻlnሺ1 ൅ 𝛾𝑒ఋሺ௧ିଵሻሻ ൅ 𝑦௥௦,௧ିଵ ൅ 𝜀௧ ; (4a) 

 ∆𝑦௥௦௧ ൌ 𝛾𝑒ఋ௧ െ ሺ ൅ 1ሻ𝛾𝑒ఋሺ௧ିଵሻ ൅ 𝑦௥௦,௧ିଵ ൅ 𝜀௧ ; (4b) 

 ∆𝑦௥௦௧ ൌ ఊଵାఋ௧ െ ሺ ൅ 1ሻ ఊଵାఋሺ௧ିଵሻ ൅ 𝑦௥௦,௧ିଵ ൅ 𝜀௧ . (4c) 

An advantage of the log-exponential trend is the ease of interpretation. Parameter  
is the initial (at t = 0) income disparity. Parameter  characterizes the convergence rate 
which can be simply expressed in terms of the half-life time of the (deterministic) in-
come disparity, i.e., the time the disparity takes to halve:  = ln(0.5)/. A shortcoming 
of this trend is in that is has no symmetry properties with respect to a permutation of 
the economy indices. Albeit yrst = –ysrt, the permutation changes absolute values of  
and  (and may change the estimate of  in regression (4a)). 

Contrastingly, the exponential and fractional trends have symmetry properties. A 
permutation of r and s changes only the sign of , leaving its absolute value and the 
value of  (as well as  in (4b), (4c)) intact. However, while is the initial income dis-
parity can be easily calculated from ,  equaling e – 1 in both trends, the half-life of the 
deterministic income gap involves a mixture of  and . This results in hardly interpret-
able expressions. For the exponential trend,  ൌ ଵఋ ln ሺ୪୬ ሺ଴.ହሺ௘ംାଵሻሻఊ ሻ; for the fractional 
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trend,  ൌ ଵఋ ሺ ఊ୪୬൫଴.ହሺ௘ംାଵሻ൯ െ 1ሻ. 

Models (4a)–(4c) are also applicable to the case of deterministic divergence. It takes 
place if  > 0 in the log-exponential and exponential trends, or  < 0 in the fractional 
trend. The time the (deterministic) income disparity takes to double can characterize 
the divergence rate.  

Model (4) encompasses two particular cases. With h(t) = 0, which corresponds to  
= 0 in (4a)–(4c), it degenerates to ordinary AR(1) model with no constant: 

 ∆𝑦௥௦௧ ൌ 𝑦௥௦,௧ିଵ ൅ 𝜀௧ . (5) 

This implies that series yrt and yst are cointegrated with cointegrating vector [1, –1], i.e., 
they have the same trend. Intuitively, this means that convergence as such, i.e., catch-
ing-up, has completed by t = 0 (if it had occurred before). In the further dynamics, per 
capita incomes in economies r and s are equal up to random shocks (hence, only sto-
chastic convergence takes place).    

With h(t) = const, which corresponds to  = 0 in (4a)–(4c), model (4) degenerates to 
ordinary AR(1) model with a constant: 

 ∆𝑦௥௦௧ ൌ  ൅ 𝑦௥௦,௧ିଵ ൅ 𝜀௧ . (6) 

This implies that series yrt and yst are cointegrated with cointegrating vector [1, –], i.e., 
they have a common trend: hs(t) =  + hr(t),  = –/. In other words, the income gap is 
constant (up to random shocks); yrt and yst move parallel to each other with distance 
between their paths equaling . Again, only stochastic convergence takes place here. 
Just models (5) and (6) are considered in [3] (albeit within a more evolved framework).   

Having estimated parameters of a specific model of the form (4), we need to check 
its adequacy. First of all, the question is whether yrst is indeed stationary around the 
given trend (yrst has no unit root). There are a number of tests for unit root (testing 
hypothesis  = 0 against  < 0, or  < 0 against  = 0). Most of them use t-ratio of ,  
= /, as the test statistic. In the case of testing for unit roots, it has non-standard 
distributions, differing from the t-distribution (that is why it is designated , and not t). 
Such distributions (named the Dickey-Fuller distributions) are tabulated for AR(1) 
models with no constant, with a constant, and with a linear and quadratic trends, but 
not for models with proposed nonlinear trends. To estimate them,  in every model with 
a specific trend was estimated for each of 1 million generated random walks yt = yt–1 + 
t. Table 1 reports some values of the -statistic from the obtained distributions for 
sample size T = 204 (used in the empirical analysis reported in the next section). Fig. 1 
plots the 10-percent tails of the distributions, comparing them with the Dickey-Fuller 
distributions for the cases of linear and quadratic trend from [6].  

Table 1. Selected values of the -statistics for models with nonlinear trends, T = 204.  

Probability Log-exponential trend (4a) Exponential trend (4b) Fractional trend (4c) 
1% –3.841 –3.851 –5.152 
5% –3.220 –3.273 –3.820 
10% –2.898 –2.971 –3.297 
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Fig. 1. Distributions of the unit root test -statistics for equations (4a)–(4c) and selected Dickey-
Fuller distributions; T =204. 

If the unit root test rejects the hypothesis of non-stationarity, the ordinary t-test can 
test parameters  and  for statistical significance. Given that there are three versions 
of model (4), every version is estimated and tested. If they turn out to be completive, 
the version providing the best fit – namely, the minimal sum of squared residuals (SSR) 
– is accepted. Note that valid models with the “incorrect” sign of  suggest deterministic 
divergence. The rejection of all versions because of presence of unit root or insignifi-
cance of  or  evidences the absence of (deterministic) convergence as well. If statis-
tical reasons for no-convergence are of interest, we can estimate and test regression (6) 
and then, if it is rejected, regression (5). In this case, we find whether no-convergence 
is due to coinciding or “parallel” dynamics of per capita incomes in a pair of economies 
under consideration (the same or common trend), or – if both models are rejected – it 
is due to a random walk.  

3 Empirical Application 

This section provides an illustration of empirical application of the proposed method-
ology to analyzing convergence of regional incomes per capita in Russia. The time span 
covers January 2002 through December 2018 with a monthly frequency (204 months). 
The indicator under consideration is real personal income per capita by region. The 
term “real” means that the income is adjusted to the respective regional price level. The 
cost of the fixed basket of goods and services for cross-region comparison of popula-
tion’s purchasing capacity serves as an indicator of regional price level. The official 
statistical data on nominal incomes and the costs of the fixed basket come from [6–8]. 
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Convergence is considered with respect to the national income per capita. Thus, in-
dex s is fixed, denoting Russia as a whole; then yrst is the gap between regional and 
national incomes. To test models for unit roots, the Phillips-Perron test (PP test) is ap-
plied with modifications proposed in [9, 10]. 

Since the whole set of results is cumbersome (involving 79 regions), this sections 
gives them only partially for illustrative purposes. It presents examples of qualitatively 
different cases discussed in the previous section. Table 2 reports these. 

Table 2. Selected results of analyzing regional convergence in Russia.  

Model  PP-test 
p-value 

  /  in (6) p-value 
of  /  

 p-value 
of  

SSR 

Kursk Oblast 
(4a) –0.484 (0.061) 0.000 –0.354 (0.018) 0.000 –0.011 (0.001) 0.000 0.550 
(4b) –0.496 (0.062) 0.000 –0.430 (0.025) 0.000 –0.013 (0.001) 0.000 0.546 
(4c) –0.361 (0.054) 0.000 –0.493 (0.066) 0.000 0.029 (0.008) 0.000 0.592 

Republic of Karelia 
(4a) –0.457 (0.059) 0.000 –0.100 (0.012) 0.000 0.005 (0.001) 0.000 0.680 
(4b) –0.462 (0.059) 0.000 –0.103 (0.013) 0.000 0.005 (0.001) 0.000 0.679 
(4c) –0.423 (0.057) 0.000 –0.122 (0.013) 0.000 –0.003 (0.000) 0.000 0.695 

Saint Petersburg City 
(4a) –0.427 (0.058) 0.000 0.236 (0.035) 0.000 –0.001 (0.001) 0.287  
(4b) –0.427 (0.058) 0.000 0.212 (0.028)  0.000 –0.001 (0.001) 0.288  
(4c) –0.427 (0.058) 0.000 0.212 (0.030)  0.000 0.001 (0.002) 0.365  
(6) –0.419 (0.057) 0.000 0.078 (0.012)  0.000    

Republic of Bashkortostan 
(4a) –0.359 (0.053) 0.000 0.018 (0.033) 0.576 0.000 (0.015) 0.976  
(4b) –0.359 (0.053) 0.000 0.018 (0.032)  0.573 0.000 (0.015) 0.976  
(4c) –0.359 (0.053) 0.003 0.019 (0.032)  0.564 0.000 (0.014) 0.985  
(6) –0.359 (0.053) 0.000 0.006 (0.005)  0.249    
(5) –0.317 (0.052) 0.000      

Moscow Oblast 
(4a) –0.211 (0.043) 0.076 0.018 (0.016) 0.264 0.013 (0.005) 0.012  
(4b) –0.209 (0.043) 0.094 0.019 (0.016)  0.246 0.013 (0.005) 0.013  
(4c) –0.180 (0.040) 0.262 0.041 (0.019)  0.029 –0.004 (0.001) 0.000  
(6) –0.125 (0.034) 0.357 0.010 (0.005)  0.043    
(5) –0.091 (0.030) 0.116      

Standard errors are in parentheses. 

Convergence manifests itself in the Kursk Oblast. All three versions of the trend 
model can be accepted, suggesting fast convergence. Choosing model (4b) as providing 
the best fit, the half-life time of the income gap equals 5.3 years (65.3 months). Fig. 
2(a) plots the path of the actual income gap and its estimated exponential trend. Ac-
cording to this trend, income per capita in the Kursk Oblast was below the national 
level by 35% at the beginning of the time span under consideration and by only 3% by 
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its end. The log-exponential and fractional trends suggest even faster convergence with 
half-live times 5.1 and 3.6 years, respectively. 

 
(a) (b) 

 
(c) (d) 

(e) 

Fig. 2. Different cases of behavior of the income gap: (a) convergence (the Kursk Oblast);                                         
(b) divergence (Republic of Karelia); (c) a constant income gap (Saint Petersburg City); (d) no 
income gap (Republic of Bashkortostan); (d) random walking of income gap (the Moscow Ob-
last). 
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Divergence occurs in the Republic of Karelia. Again, all three versions of the trend 
model can be accepted. Model (4b) seems preferable, albeit its SSR differs from the 
SSR in model (4a) only slightly. Fig. 2(b) depicts the dynamical pattern. The income 
gap rises, doubling every 10.4 years. Income per capita in this region was 9% below 
the national level in January 2002 and 28% in December 2018. 

The case of Saint Petersburg City (which is a separate administrative-territorial unit 
considered as a region) illustrates the absence of convergence that is due to “parallel” 
dynamics of the national and regional incomes per capita. Fig. 2(c) shows this case. 
Although the unit root test rejects the hypothesis of nonstationarity with confidence in 
all trend models, high p-values of  in all of suggest the absence of a trend. Model (6) 
proves to be valid, implying the income gap to be time-invariant. It equals 0.186             
(= –/); in other words, real income per capita in Saint Petersburg City remains on 
average constant, being 20.5% above the national level. 

The Republic of Bashkortostan demonstrates a similar pattern, Fig. 2(d), with dif-
ference that there is no income gap; real income per capita here remains on average 
equal to the national per capita income (in fact, the regional income fluctuates around 
the national level). In all trend models, p-values of both  and  are high, thus implying 
rejection of these models. The constant in model (6) has high p-value as well, which 
leads to model (5). It proves to be valid, the unit root hypothesis being rejected with 
confidence. 

At last, no one model seems to describe the behavior of the income gap in the Mos-
cow Oblast, Fig. 2(e). We can reject models (4a) and (4b) because of high p-value of ,  
and models (6) and (5) because of non-rejection of a unit root. The conclusion may be 
that non-convergence here is due to a random walk of the income gap. 

Briefly summing up the results of the full analysis of income convergence in Russia, 
convergence takes place in the whole of Russia, as the Gini index decreases over time. 
Analysis by region yields the “anatomy” of convergence. Among all 79 regions in the 
spatial sample, 44 regions (55.7%) are converging. In 16 regions (20.3%), non-conver-
gence is due to common trends with the national income per capita (in three cases, 
regional trends coincide with the national trend). An unpleasant feature of the pattern 
obtained is a considerable number of diverging regions; there are 17 of them (21.5%). 
Besides, random walks are peculiar to two regions. 

4 Conclusion 

This paper develops a methodology of modeling convergence by asymptotically sub-
siding trends of income gap in a pair of economies. This way conforms to the theoretical 
definition of convergence. Three specific kinds of such trends are proposed, namely, 
log-exponential trend, exponential trend, and fractional trend. This makes it possible to 
select a specific model that most adequately describes properties of an actual dynamics.  

Transformation to testable versions generates nonlinear econometric models that 
represent a superposition of stochastic and deterministic convergence. Such models 
need additional efforts: the application of methods for estimation of nonlinear regres-
sions and estimating distributions of the unit root test statistics for every specific trend. 
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However, these efforts are repaid, providing a theoretically adequate and practically 
fairly flexible and helpful tool for studying processes of convergence between coun-
tries, regions within a country, regions of different countries (e.g., in the European Un-
ion), etc.   

The reported examples of applying the proposed methodology to the empirical anal-
ysis of convergence of real incomes per capita between Russian regions show that the 
results obtained look reasonable and correspond to economic intuition. As regards the 
whole analysis, it has yielded an interesting pattern. In spite of the fact that convergence 
occurs in Russia as a whole, a deviant dynamics is peculiar to a number of regions: 
almost a quarter of regions are found to diverge, either deterministically or stochasti-
cally.    
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