MPRA

Munich Personal RePEc Archive

Low sample size and regression: A
Monte Carlo approach

Riveros Gavilanes, John Michael

Corporacion Centro de Interés Publico y Justicia -CIPJUS-

17 November 2019

Online at https://mpra.ub.uni-muenchen.de/99465/
MPRA Paper No. 99465, posted 08 Apr 2020 11:28 UTC



OURNAL ¢

of Applied Economic Sciences

JAES

VolumeV
Issu€l(67) Sprindg020

ISSNL 18436110
ISSN 2393162



Editorial Board

Editor in Chief
PhD Professor Laura NICGRAVRIL

Executive Manager:
PhD Associate Professor Rajmund MIRDALA

Managing Editor
PhD Associate Professotdlina CONSTANTINESCU

Proobreaders
PhD Andaria TRANTES®Hnglish

Redactors
PhDCristiana BOGNOIU
PhD Sorin DINC
PhD Loredand @ RESCtHOBEANU

European Research Center of Managerial Studesss Bdisiinistration
Emailjaes_secretary@yahoo.com




Low Sample Size and Regression: A Monte CppimAch

John MichaBIVEROS GAVILANES

Corporation Center of Public Affairs and JustamajdEResearch, Bogott
Universidad Colegio Mayor de Cundinamarca, Bogdi&, Colo

imriveros@unicolmayor.eduneg2992 @ hotmail.com

ArticleOsistory:

Received9Januar020Receiveih revised forbFebruar202QAccepted March2020;
Publishe@d0Marct2020 All rights reserved to the Publishing House.

Suggesteditation:

Riveros GavilanegylJ2020. Low sample size and regression: A Moaigp@adblournal of Applied Economic
Scienced/olume ¥, Sprindl(67: 2244 DOl https://doi.org/10.14505/jaes.v15.1(67).02

Abstract:

This article performs simulations with diffefestsipi@s considering the regression techniQu&s dackknife,
Bootstrap, Lasso and Robust Regression in estilish the best approach in terms of lower biasstoal stat
significance wiltprespeified data generating process (Ddjnethodology consists of a DGP with 5 varidbles and
constant parameter which was regressed among thessiwitilaioset of random normally distributed variables
considering sample sizes of 6, 18d2808. Using the expected values discriminated by each sample size, the accurac
of the estimators was calculated in terms of the relative bias for eatheeesnitgiendicate that Jackknife epproa

is more suitable for lower samplevdidlethe Bootstrap approach reported to be sdosithedower sample size

indicating that it might not be suitadd&afisimgstatisticallyignificant relatibijssin the regressiofifie Monte Carlo
simulations also reflected that when aasigmifationship is found in small samples, this relationship willetsaitend to r
significant whehe sample size is increased.

Keywordssmall sample size; statistical significance; regressiammssibiatat
JEL dassificationC15C19C63
Introduction

One situation that might happen while we@ranafiymgifferent typesdifta and make empirical inferences
over a phenomenon is that we may have a low (or reduced) number of observatalysagdusiatacs
with the lack of confidence in the estimatiocig/lgspeen weOre opting for the regressionratiaysis
multivariate framewdéykpossiblanswer to avoid this problem is to perform descriptive statistics and procee
with the deduction patterns, hoviteeeticbeasled Are we really sure that our estimations are uhDgiable
they really lack of comfed®These are usual questions in the cohtgxantitative analysisen weOre
regressing a model in the presence of low obséteatiadly, the literature supports this idedféremt di
perspectives, as an example Bujangasatnidbu Bakasidik (2017) stugliate that in order to obtain
coefficients closer to the population parametersanainde?D0 observatimnise sure theyOre reliable

But if our phenomenon has not been studied @mntddgpnoperly in order to obtainifécsigt number
of observationshouldve discard immediately the multiple regressiquetgohemalyze it? The aim of this
paper is to provide evidence that regression can have consistent estimatésra$atiervdetficwveOre
dealing withlow number of observations. The methodology cingstthmuse of Monte Carlo simulations
derived from lmear data generating process (loGfeyform conclusions about the bias of the estimated
coefficients in the regression frameithardtifferenbumber of observatiofse estimation techniguesve
ordinary least squares (Ql&kknife, Bootstrap, Robust Regrassidiasso approaches.

1.Research &ckground

The sample sizan be classified in general terms depending obehefrimservations, as itbeafound

in the study of MasonReadeau(tl991,)a sample size of@iservations lesser is considerate small, samples
around 150 observations can be considered as moderate and finally, samplé§ loig§e6 thentagged

as largeOne interesting problem that arises in smallisaefglie® to the statistical inferendestOusing

a sample smaller than the ideal increases the chance of assuming as true a(falberpaathiBeseca
2014)This implies considering the two types of statigtioal hypothesis testing, the type Iramd .l
simple wosdl the first type of error refers that our null lsypoinelsitive to a specific proposition) is true but
we reject it, while the second type of error exfayatwhis false but we donOt reject it.
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Small sample size and incorrect inferetieeparametersO significansarestudied by Colquhoun
(2014)ndicating that avplue lesser than 5% might not be stigtstjndlcant since the results are derived
from Ounderpowered statistical inferencesO. Froisktbisysirggra small size would be theepgpsidl
error in the regression framework.

More from this idea can be found in anothef BmdtmeieNagenmakers, datkef2017Wwhere
the problem of fajsesitive findings can be derived from a decreased sample size andinesrraistop
the problem of statistical inferences is correlatedepithtitve procedure, in other words, the last two types
of errors seem to be sensitive to the number of replications in a waystdgrilieddésarh one inference
might not match the result of a similar exercisgéngpacgmilar set of data. Taiais point in the analysis,
the number of replications might affect the statistical amfgrére overall converge rate to the population
parameters of the estimattbeseforé should be taketoiaccount. This idea ketala basic statemeat:
we increase the number of replications of areekpeei®re getting closer and closer to the lmipeditad
of the population parameters in the infereseauftiors also make a valid point regarding some underlying
assumptions of the estonatifor exampéeitocorrelation, correct specifications, no omitted variables in general
In this case, small sample size inferences can bevharenflso the ordinary least squares assunaptions ar
not satisfied.

A remarkabléusly performed by Hmdriinch artldernandez Fing2017stars by analyzing tools like
Lasso, Elastic net, Ridge regression and the Bayesian approach regarding the situatidnigivhen we g
dimensional multivariate data relative to an even bigger number of variables.the thisnlbas of
independent variabhesybe close or equal to the sample size, yielding in unstable coefficients and standi
errors (&se ones are needed to the formulation of the hypothesis testingP¥odetuygjan De Geer
2011)The result ofede experiments tends to demdaesthatheregularization methods, in partithédar
Ridge regression approach were more accurate o temreltbias and type | errors produced in the
estimations with low sample data for multiple regression ana(jl€894ppediistsa contributido the
solution ahe problem &dw sample size in the regression framework, coresidglengegse validation
techniques. These techniques refer to the Jackkndtsimad &wproaches related to thiplmregression
estimation.

An important statement of this autik@sisarchers should note that the overwhelminghedse is
reduction in sample size is far more likely toheedikekhibod of finding any significant repetitireshito
increase it. This is due to the way that samplesizestffiower. The researcher sets the levdlafrtype
(the probability of accepting a hypothesis wharrdality) in any test, normalp%t &nd critical values
calculated for thven size of sample. Small sample sizes are ho monedikklintarrongfully claiming a
relationship exists than is the case for larger. 6apgad994, 91)

This interpretation is indeed useful since thatdtes sample relationshipsaeelikely to be found
when the sample size increases over the expémifaehttheresome literatutieatalso critiques the role of
large samples in the estimations, arguing that acythieg dignificant. Within thisvidegan find the dyu
of Lin, Lucas &mdShmueli2013Where they affirm that as the sample size is)gdtea@alue starts to
decrease drastically to 0, which could lead to Igtatigtifiahnt results which are notisersier the
regression analysis. Meanvahibev sample size is more sensitive to the correlation between the variables (il
implies sensibilization to the changes too) leadindh&b Idigk sample simeight find significant results
when itOs just an overwhelming product of thetpoeampfe without accurately indicating teah@dr s
relationships amahg variables. In fact, FabeFandec#2014pppoits that samples cannot be either too
big or too small in order to perform statistical inferences.

Up to this pojmteOre facing problems on both sides of thezeatgulersich can be misleading and
insensitive to true relatiggemong the variablgvhich can lespecially the casithe regression analysis)
and on the opposite when we got a little sample size, we might have resuftsishetitaieriogs replications
driving to errors of type 1.

2.Methodology

The main idea of the methodology is to perfor@akmaigproximations across different typiesatibast
which involves OLS, Jackknife, Bootstrap, L&ssmuah&egression, assuming a multivariate datiagiener
process in a linear form alaws

#s%&' ()rs" 2)-8" -)ie 1)2g’ 3)as’ Ss 1)
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Equation (1) is calibrated setting the popuftatioetgrs, (,,,., 1, 3 as all equal to 10 forithe
observation$he independent variable§gangth7 % 89+ + «+=>and the residuals are expresdggrine
objective is to identify which of the estimation types suits betteadcteamsof the estimators. In this case,
across the simulations it is assumed that

)6? @(A+90 O)
5;?@BA+9C

From (1) weQre setting the number of replitatidf6 smnd 500 while the number of obsergatibns w
be set #first to 6 in order to induce on purpose the micsdgphemromenon and see how the estimators
react to this problem,rbgtsizeof observations across replications are set to 10, 20 and 500. ThereOs no n«
to test foa higher number of observations since empirical literature has esthigiared gighificance
and unbiasedness iafienced by a large sample size. The relative leatirobthes among the coefficients
would be expressed as a relative difference fiaultison parameter, following a general:idea that

DEFG6 H8“H 3)
J

where M represents thrieparameter associateth®&) ¢ variable contained in equation (M, eepresents
the estimated parameitetbe regressions

The overall bi@P Ddan be expressed in terms of expected values as it follows:

OP DP % HE (4)

wherethe mean value of the estimated parameters woukpbetednal&BN\Cof the coefficients by each

type of regressjon representthe expected value of the true paranmtesiddngthat all of the
population parameters in the DGP are shiet@ftdd % 9A.

In equation (4), the bias would be expressed iparmestafieomparing the true parameters with the
mean of thestimated parameteysthe regressions as a relative diffaraticating that 0 would be closer to
a perfect matelith the absence of bias.

In order to sd¢lkechangsin the statistical significance of the coefficients, siagiafdosimulations
would be presented in the usual regression et figpe of estimation (QdckknifeBootstrapl.asso
andRobusRegression) with the differert isiteeobsevations as mentioned before, then the biaanesults
presented for each type of estimation discrimithasidebgf the sample ameinumber of replicatidpar
the overall calculus, simulations and results, the statisticStaaitiwasaed(StataCorR019.

3.Results
3.1.Statistical significance

The OLS simulation practiced, establish tha¢thepstatistical significance for all estimilat@rmain as
long as the sample size is increasing, the specialicemruofierosity tend to disrupt the statisficalrsigni
as expected, but the yielding estimators seems to be closer to the DGP.

Tablel.OLS Monte Carlo simulation with different sizes

(1) 2 | ©) (4)
VARIABLES v v Y Y
xl 9.549 9.288** | 9.015*** | 0.091**
(0) (0.440) (0.208) | (0.0468)
o 10.36 9.015%* | 10.01%** | 9.961"*
0) (0.491) (0.200) | (0.0499)
3 8.952 9.700%* | 10.27** | 9.979**
0) (0.362) (0.211) | (0.0457)
X4 10.66 10.44** | 9.977"* | 10.04"*
0) (0.295) (0.207) | (0.0453)
5 10.70 9.233"* | 10.59*** | 10.02"**
(0) (0.530) (0.289) | (0.0506)
Constant 8.902 9.979"* | 10.10*** | 9.997**
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(1) 2 3 (4)
VARIABLES v o o

Y
(0) (0.394) (0.225) (0.0463)
Observations 6 10 20 500
Rsquared 1.000 0.999 0.999 0.998

Standard errors in parentheses
***pn<0.01, ** p<0.05, * p<0.1
SourceOwrtonstruction

As an interesting thing to consider, Wadues changes when we estimate the DGP with 20rahservatio
to a lower accuracy (but still closer to 1) in theot&@@xobservations, this is proof that the property of
consistency among the OLS estimator is achievable (smdlb€lamsiadsumptions of the linear regression
model are also satisfied). This tends to ingicdhtedffirmation of Sp@&@4yegarding to the relationships
found in small sample sizes tend to remain as the saaplitthEeases.

Going further with the jackknife estimatidog ibbbaerved that it cannot be computed in tieeepgerfect
micronumerosity, leading to the impossibilityafmpeyach to get a result from observed coe#iniamgs,
the stéistical significance it also remains t@akfferestimple sizesuggesting the same result from OLS.

Table2 Jackknife estimation with different sample size

(1) (2) ©) (4)
VARIABLES Y Y Y Y
«1 - 9.733%* 10.25%** 10.00***
- (0.470) (0.358) (0.0445)
2 - 9.892%** 9.891*** 9.926***
- (0.296) (0.380) (0.0454)
3 - 10.42%*=* 10.33*** 10.02***
- (0.667) (0.296) (0.0445)
" - 11.04%*=* 10.09%** 9.977***
- (0.523) (0.403) (0.0476)
«5 - 10.29%** 9.627** 10.03***
- (0.784) (0.401) (0.0434)
Constant - 9.454x* 9.830*** 10.04***
- (0.433) (0.282) (0.0462)
Observations 6 10 20 500
R-squared - 0.999 0.998 0.998
Standard errors in parentheses
*** p<0.01, ** p<0.05, * p<0.1

SourceOwrtonstuction

The goodness of fit of the model tends to be reduced as #imesarmmdreased considering this type
of estimation, we can also see that the coefficients vary from the ones@EBmateribootstrap estimation
is presented in thable3 and dsplay results a little bit different from the OLSeahkétrtte, in the induced
model with micronumeraosity the coefficients cautesl cbawever, standard errors cannot be estimated.

Table3. Bootstrap estimation witérdiit sizes

(1) (2) ©) (4)
VARIABLES v 5 o v
xl 10.06 10.26" | 9.651** | 10.01*
(0) (4.026) (0.214) | (0.0512)
o 9.375 10.67* | 10.23"** | 9.958
(0) (4.408) (0.264) | (0.0359)
3 10.85 9.744** | 10.40™* | 10.02**
(0) (2.750) (0.200) | (0.0379)
- 10.24 10.27 9.718™* | 10.05"*
) (8.483) (0.177) | (0.0422)
5 10.68 10.15%* | 9.959%* | 10.01%**
() (3.871) (0.238) | (0.0479)
Constant 11.34 10.50%* | 10.04* | 9.093**




/

- Y Y Y Y
(0) (2.564) (0.286) (0.0396)
Observations 6 10 20 500
Rsquared 1.000 0.993 0.999 0.998

Standard errors in parentheses
*** n<0.01, ** p<0.05, * p<0.1
SourceOwrtonstruction

According to the Monte Carlo experiment wittsttaptiechnique, it can be seen that as the sample
size is increasing, the statistical significance wilhalsadesli The variableg . and) , demonstrate this
situation, where for examplenwitt0, fol) , there wasnOt a statistically significanshigaditbe# in the
regression model. Then as soon as we increasepl¢hgizaim = 20 the variable turned to be significant,
the sintar case can be observed)wigimd) . where they only were significant at a 5% WithThen with
n = 20 they become significant at 1%, indicating that the bootstrap approach thesemsibee o
observations regardimg coefficient totpesis testingihismight suggest is not a good idea to perform this
technique with a low sample size since it might discardienstdpretaong the variables.

Following with the Lasso regression, micronuduassy allow the estimatiom adefiicients. And the
overall statistical significance remains equal across regressions satimplé#ferzes. This result indicate
that estimations are consistent across models ugiigréitmbles with the specific function formal equally to

the DGP.
Tabled. Lasso estimations with different sizes

(1) (2) (3) (4)
VARIABLES Y Y Y Y
1 - 11.18*** 10.09*** 10.03***
- (0.832) (0.242) (0.0453)
%2 - 9.605*+* 9.785*** 9.913***
- (0.376) (0.272) (0.0452)
3 - 10.70*** 9.866*** 10.07***
- (0.551) (0.264) (0.0442)
" - 9.441*** 9.585*** 9.873***
- (0.355) (0.235) (0.0421)
%5 - 10.17*** 9.861*** 9.984***
- (0.397) (0.336) (0.0433)
Observations 6 10 20 500
Robust standard errors in parentheses
*** n<0.01, ** p<0.05, * p<0.1

SourceOwrtonstruction

It can be noted that Lasso regression omits the caarsiteipéuis single exerciset the highest
possible goadssof fit has been setsttaccording to the variaffleas, the statistical significance of the
estimators prevails across the models with different sample sizésisHmeessary to appoint that Lasso
regression denOt look directly at-tiadues or the standard errors since its sole objectdlatés danodel
where the predictions become more suitable aochelidgtsStataCorp, 2019).

The robust regression estimates are similamts tiene wittasso and jackknife in terms that the
model cannot be estimated when micronumerosity.i$lpeestber results related to the statigtifiahace
of the estimators indicate that when weOre in the context of short sstiopktiptheenesignificant as
the number of observations increase.
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Tableb Robustegression with different sizes

(1) (2) ©) (4)
VARIABLES Y Y Y Y
1 - 9.866*** 9.883*** 10.02***
- (0.443) (0.282) (0.0442)
2 - 11.04*** 9.560*** 9.978***
- (0.618) (0.255) (0.0460)
3 - 10.15*** 10.35*** 10.02***
- (0.611) (0.290) (0.0415)
! - 9.315*** 10.16*** 9.972***
- (1.361) (0.333) (0.0441)
5 - 10.88*** 10.25*** 9.963***
- (0.649) (0.215) (0.0430)
- 10.58*** 9.949%** 10.02***
Constant - (0.935) (0.226) (0.0444)
Observations 6 9 20 500
R-squared - 1.000 0.999 0.998
Standard errors in parentheses
*** n<0.01, ** p<0.05, * p<0.1

Source: Owgonstruction

An interesting thing to appoint is that as le@yebaving a large sample regarding our e2dhession
goodness of fit tends tedmewhatduced across estimations. Thisdedftothe conclusion thit is
sensitive to the number of ohliE@rsamong the sample

3.2.Bias behavior of the parameters

This section consists of the results for eachdgpmation (OLS, jackknife, bootstrap, lagsbusid
regression) referring to the distributions acrossnefiicttecoefficiekernel densities were used for each
coefficient of the diffejenariables in order to provide analysis regardingrthecangbthe number of
replications.

3.2.10rdinary Least Squares

Considering a number of 6 observations, thenteédficach variable tend to be somewhat whetalie

number of replications is low, meaning that in the presence of mictbalestnosioys are less likely to be
trustable. As replicatiaresincreased to 100 and 500, the estsrataxs converge to their true value of 10,

the situation clearly implies that across regretssionsmally distributdata, as long as we replicate enough
times the experiments, the expected valueoseemiste to our DGP, it should be noted that OLS estimators
stills covers some extreme valuesoahidbe affecting the consistency across replications, as we can see it in
the graphical patteririgurel

Figurel. OLS- Distributions of treefficients with n=6

@
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These results proofs evidence that under micronumerosiyimates are unstable so it should be
avoided at all cost. Considering the 500 replication®lisethati®ns regression with OLS, the descriptive
statistics for each coefficient reflects an undentgbEheeatinimum and maximum values are out of scale
regarding to our DPG where each coeffereral to 10, even when the mean value isatortaseh, the
results yield unstable.

o 4

_J

b

T
-1000

# of Replications: 500

T T
-500 0
X

T
500

kdensity _b_x1
kdensity _b_x3
kdensity _b_x4

kdensity _b_x2
kdensity _b_x4
kdensity _b_x5

Source©wnconstruction

T
1000

Tables. OLS Descriptive Statistics with n=6

Estimated . Mean Standard ~ Minmum Value ﬁ Maxmum VaIueJ
Parameter Devation the Parameter| of the Paramet

b x1 500 9.78 13.529 -86.594 243.693
b x2 500 13.807| 102.362 -588.518 2199.74¢
b x3 500 7.444 49.54 -1044.307 199.705
b x4 500 10.553 28.372 -306.405 526.281
b x5 500 4.668 62.136 -1043.82¢ 62.116
b _cons 500 5.83 92.71 -2015.36¢ 188.439

SourceOwrtonstruction.

Now considering the number of observations aflldyihg pattern of distributions can bafound

Figure 2

Figure. OLS- Distributions of theefficients with= 10

ﬁ
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There is a quick and stable rate of convergéwneda#he distributions of the estimatorh faredile
which is depicted across replications. Theialistribnd to be normal as the simulation nurebse,inc
leading to the true value oéstimators for alvariables and the constant term. The descriptive statistics ar
shown aheath Table ®onsidering 500 hundred replications of the MonsamGlations with n=10
observations.

Tabler. OLS Descriptive Statistics n=10

Estimated Replications  Mean Standard | Minmum Value ﬁ Maxmum Valuej
Parameter Devation the Parameter| of the Paramet
b x1 500 9.937 575 5.552 11.942
b x2 500 9.994 .599 7.56 12.789
b x3 500 9.957 .688 2.325 12.944
b x4 500 10.007 .583 8.089 14.52
b x5 500 9.999 .582 5.572 12.208
b _cons 500 10.002 .535 7.253 12.053

SourceOwrconstruction.

We can see that the minimum and maximum vaki&®@ohundred replications wittOrtends to
be moretable than wherr® which is the micronumerosity simulation. In this case the mean values are al
more accurate in terms to approach to the datmg@mecass of equation (1).

Now considering the number of observations tpa&terthef thésttibutions for each parameter is
shown ahedd Figure,3ndicating a possibly significant difference frerhQtlexercise because the shape
of the curves for each distribution are different.

Figure8. OLS- Distributions of theefficients with=r20
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The range of the distribution is more accurag tfradn in the x axis) for all replication® with 2
observations, this tends to indicate that the precisestimfates is increasing as expected. However, the
shape of the curve is somewhat different but stilgereli@s Which is a sign of the consistency and
unbiasedness property of the estimator. The descriptivim Stabsidom the 5@@plicion exercise
within this number of observations refleadspasg@ion of the estimators.



Table8. OLS Descriptivatistics with=n20

Estimated a_ Standard Mirmum Valui Maxmum Valuej
Parameter Devation of the Paramet( of the Paramet

b x1 500 9.979 274 8.95 10.736)
b x2 500 10.018 .269 9.145 11.104
b x3 500 10.003 .284 9.126 11.082
b x4 500 10.007| .268 8.834 11.139
b x5 500 10.002 275 8.8 10.889
b _cons 500 9.998 271 9.262 10.837

SourceOwrtonstruction

Finally, as a comparing exercise, weOre sattimgethef observations to 500 in order to uhttestan
behavior of the coefficientsO distaibittisrshown in Figure 4

Figurel. OLS- Distributions of theefficients with=%00
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As expected, the higher number of observatitmbdgad faster converging rate to the tru value
the parameters than the other simulations witlhéesgations, the accuracy of the regressions are shown in
the descriptive statistics aheadble.9

Tabled OLS Descriptive Statistics n= 500

Estimated . Mean Standard ~ Minmum Value ﬁ Maxmum Valuej
Parameter Devation the Paranmer of the Paramet

b x1 500 10.002 .043 9.883 10.149
b x2 500 9.999 .044 9.857 10.112
b x3 500 9.998 .043 9.878 10.115
b x4 500 10.001] .044 9.86 10.13
b x5 500 10.001] .044 9.807 10.132
b _cons 500 10.001] .044 9.873 10.134

SourceOwrtonstruction.
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3.2.2Jackknife

This type of estimation cannot be performedesetheepf perfect micronumemssitiystribution analysis
cannot be done with the case of 6 observations. Mawingtlatid observations, the behavior of the
distributions of the parameters according to different replications Rigush&wn in

Figures. Jackknife Distributions of theetficients with-i0
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Source©Ownconstruction.

It appears that the range of the different parametetis@sdistifitsucase of 100 replications is higher
than the rest of the simulations considering 10 olsseswamidhing particular but yet over thenlomg
important since the mean vélak @plications stills converge to the true vadhepéhaf the distributions
cannot be established as better from the OLS, sange theries widely. From this, descriptive $matistics
Table 1@vould be useful.

Tablel0Jackknife descriptitatistics & 10

Estimated Replications Standard Minmum Value ¢ Maxmum Value
Parameter Devation the Parameter of the Paramete
b x1 500 9.999 .554 8.398 12.178
b x2 500 10.024 .594 8.152 12.835
b x3 500 9.987 .554 7.092 12.61
b x4 500 10.009 .63 7.176 12.303
b x5 500 10.001] 577 7.451 12.494
b _cons 500 9.997 .565 7.9 13.709
SourceOwrtonstruction.
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The expected value of the parameters is more iadhghckknife simulations than it is Wittsthe
also the standard deviation tends to be lower for the jackknife approach. Considptengiz®wf®8am
observations, the following pattern can be abdégued.6

Figures. Jackknife distributions of theefficients with=20
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Jackknife estimation seems to be more unstable withuasnbmveof replications considering n=20,
however weOre not sure yemibiggitable than OLS by the graphic interpretatignatiadb&idescriptive
statisticeh Table 11 we can have a better approximation.

Tablel1Jackknife descriptitatistics n=20

Estimated . Standard Minmum Value Maxmum Value
Parameter e Mean Devation of the Parameti of the ParametJ
b x1 500 9.985 .284 8.913 10.834
b x2 500 9.986 272 8.936 10.74
b x3 500 9.988 273 9.249 10.867
b x4 500 9.978 274 9.097 10.769
_b x5 500 9.99 276 9.181 10.766
_b_cons 500 10.006) 274 9.219 10.895
SourceOwrtonstruction

The estimations with jackknife seem to be peettytble ones performed with OLS at this number of
observations, however OLS seems to have the advantage to be more stable waiithnie $san régudiknife
does and the expected value wi2l of the estimators is closer to thiobGP3han it is for jackknife.

Finally, with 500 observatlmmpattern is shown in Figlites/moted that jackknife has the counterpart
to require a higher and significant time of computing duriagahs.estim



Figurer. Jackknife distributions of theefficients withe500

15
10
!

10
|

T T T T T T T
10.1 9.8 9.9 10
# of Replications: 100 X

T
9.9 9. 10.05
# of Replications: 10 X

T
10.2

=
o -
© -
< 4
~ -
o 4
T T T T T
9.8 9.9 10 10.1 10.2
# of Replications: 500 X
kdensity _b_x1 kdensity _b_x2
kdensity _b_x3 kdensity _b_x4
kdensity _b_x5 kdensity _b_cons
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Thejackknife distribution with n=500 seems to converbatsmuaivto the OLS estimations. If we
analyze the statistietative to the OLS for the same nunobsenfationseOll find that the OLS performs
better in terms of the standard deviatimmandm and maximum values closer to 10.

Tablel2Jackknife Descriptive Statistics n=500

Estimated Replication: Mean Standard Minmum Value ﬁ Maxmum VaIueJ

Parameter Devation the Parameter| of the Paramet
b x1 500 10.002 .045 9.865 10.126]
b x2 500 10.001] .044 9.814 10.128
b x3 500 9.999 .046 9.848 10.133
b x4 500 10 .043 9.879 10.154
b x5 500 10 .045 9.875 10.154
b _cons 500 10 .043 9.875 10.106]

SourceOwrtonstruction.

3.2.3Bootstrap

Similar to the Jackknife approach, bootstrapestamast be performed if the number of ohseésvéitiso
it is not allowed perfect micronumerosity. Movintatgsibenvith=n10 we can observe the following patterns

of the parameters viatbiwagn Figure.8



Figures. BootstrapDistributions of the Coefficients wit@ n
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The pattern related to the lowest replicatioeisdd ®) be unstable with the bootstrap techhique w
n=10, but as it gets more replications the parameters converge to their truecvigltiee Stedistess are
presented aheadTable 1iBdicéing a similar behlawio the Jackknife technique.

Tablel3 Bootstrap Descriptive Statistics n=10

Estimated . Mean Standard ~ Minmum Value ﬁ Maxmum VaIueJ
Parameter Devation the Parameter| of the Paramet

b x1 500 9.955 .588 7.653 13.115
b x2 500 9.968 .552 7.915 12.409
b x3 500 9.995 .633 6.682 13.314
b x4 500 10.014 .558 7.865 12.28
b x5 500 10.015 .556 7.969 13.482
b _cons 500 9.98 .532 7.794 12.132

SourceOwrtonstruction.

Moving to n=20, the patterns relative to theelggsgiions tend to be more stable than with n=10,
indicating a sensitive behavior of the bootstrap veidmiplesr however stills yielding results similar to OLS
and Jackknife.

Figured. BootstrapDistributions of the Coefficients with n=20
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As happens with the jackknife, the boot$tigyre Seems to have variations for each distribution of
each variable when the replication number is set to 100, however the distributiddlsS andejaykasife
in the case of bootstrap when replications are®set to 5

Tablel4Bootstrap Descriptive Statistics n=20

Estimated . Standard Minmum VaIu Maxmum Value

Parameter Replicanon DAEEN) Devation of the Paramet( of the Paramet
b x1 500 9.977 .288 8.93 11.161
b x2 500 9.986 .288 9.015 10.734
b x3 500 9.998 277 9.019 10.957
b x4 500 10.013 279 9.185 11.261
b x5 500 10.009 275 8.953 10.988
b _cons 500 9.988 273 8.885 10.678

SourceOwrtonstruction

Going further with the bootstrap technique ands@imapservations, the graphical paRe&mure 10
indicates some better adjustment redaetbmget replicatioosmpared to n=10 and n=20
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FigurelQ BootstrapDistributions of the Coefficients with n=500
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The pattern of the distributions ahngefficients when the number of replications @€ $ehtts 5
to be more different from the OLS and the Jackknifesstiftiatianight suggest that bootstrap performs
different distributions for each estimator even when the OLS andddocldanifectge the distribution for all
estimators with the same number of n=500 observations. According to thatdtissipiiadblet 15
bootstraps seems to be as efficient as OLS and Jackknife specially becausalod thictimeccmeitts,
itOs stills as accurate relatieetpécted valwé the estimatdanrscomparison.

Tablel5Bootstrap Descriptive Statistics n=500

Estimated Py Mean Standard ~ Mirimum Value ﬁ Masmum VaIueJ
Parameter | Devation the Parameter| of the Paramet
b x1 500 9.998 .044 9.881 10.099
b x2 500 10.003 .044 9.847 10.128
b x3 500 9.997 .045 9.866 10.14
b x4 500 9.996 .042 9.875 10.112
b x5 500 10.005 .045 9.861 10.141
b _cons 500 10.002 .045 9.878 10.163

SourceOwrtonstruction.
3.2.4Lasso regression

_ As mentioned before, lasso canmgiute the model when the number of observatiaht®i6,espu
weOre going straight to the analysis with 1bobstreairaphical pattern is showniatiégdre 11

Figurell Lasse Distributions of the Coefficients with n=10
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Thefiguresuggest that the distributions are different forigaslehaeanss replications, in that case the
constant coefficient remains with difference rangessoaheerging to the true parameter. The descriptive
statisticen Table 18uggest that from 889 simulations some of them failed and were just covering up to 307
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317, 318eplications, the constant term was tio@@mhich remained acrtss simulationisowever even
when the mean value itOs somewhat accurate, utine améhimaximum valaes varying mone the
coefficients associated with ttagiables.

Tablel6Lasso Descriptive Statistics n=10

Estimated Replications Mean Standard Minmum Value ¢ Maxmum Value

Parameter Devation the Parameter of theParameter
b x1 317 9.484 1.963 .287 20.51
b x2 317 9.444 2.142 014 23.37
b x3 314 9.371 1.921 .657 17.363
b x4 318 9.382 2.063 .29 19.233
b x5 307 9.457 1.841 .894 12.664
b _cons 500 10.108 4,509 -11.102 27.153

SourceOwrtonstruction.

Proceeding with lasso estimations with n=20 wieeveggitghical pattern associated to the distributi

of the parameters as it foliowgure 12

Figurel2 Lasso Distributions of the Coefficients with n=20
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According to the distributions, the estimatdedegbsmehe different variables seem to belnave ove
wide range during the simulations with n=20 aiseRalyiing the descriptive statisiticfable 1We can
find a significaange regardinggt) - variable and the constant term in the regressiomdlsiopgiations
failed to accomplish the main total of 500, whicmt#indtetthat lasso approach is sensitive to the number of
replications attieréore the overall mge of the estimatdiffersaicross replications.

Tablel7Lasso Descriptive Statistics n=20

Estimated Replications Mean Standard Minmum Value ¢ Maxmum Value

Parameter Devation the Parameter of the Paramete
b x1 476 9.889 .635 1.037 10.743
b x2 474 9.908 .296 8.608 10.746
b x3 474 9.904 276 8.965 10.901
b x4 474 9.903 .31 8.986 10.962
b x5 474 9.917 272 8.957 10.609
b _cons 500 9.98 1.002 2.243 19.351]

SourceOwrtonstruction.
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The descriptive statidkirwl to indicate some instability of the lasso regithssidlD and 20, which
would be judge in overall with the 500 obserimtitat®orss. Proceeding with the analysis with n=500
simulations, the graphical pattern is showim &hgack 13

Figue 13 Lasso Distributions of the Coefficients with n=500
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The distribution seems not to converge to tivalegagt the DGP, lasso regression also seems to
perform a different distribution relative to thevatiales and the constant coefficient. This doesnOt mean
Lasso regression is inconsistent;jtéisaeose to 10, however is not as consisterdsismattiens are. The
descriptive statistiesTable 18f the estimated parametensis to confirm this idea since the expected value
of the estimators is not as close to the other typediofigstila it tends to have a standard deviation a little
bit higher than the others.

Tablel8Lasso Descriptive Statistics n=500

Estimated Replications Standard Minmum Value ¢ MaxmunValue
Parameter Devation the Parameter of the Paramete

b x1 500 9.934 .043 9.81 10.075

b x2 500 9.934 .047 9.791 10.097

b x3 500 9.936 .046 9.795 10.067

b x4 500 9.934 .044 9.784 10.059

b x5 500 9.935 .044 9.807 10.054

b _cons 500 9.999 .046 9.873 10.14

SourceOwrconstruction.

3.2.5Robust regression

The last type of estimation weOre analyzingpisstiregression, this one cannot be estimateeb with
observations (the perfect micronumeasgijyso weOre going straight forward to set n=1ifnsbsedvat
perform the graphical distribution patterns.
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Figurel4 Robust Regressidbistributions of the Coefficients with n=10

Source©wnconstruction

With 508imulatiorend n=1,5tata calculated 484 replications, the rest of thg replaiations failed
in the maximization process. There are some appakehese, first: the range of the distributionOwith n=1
observations across replications isowdygh in comparison OLS, Jackknife, Bootstrap tgpdssso
estimations, second: some of the distributions of some variables tend tclbssetspikesvalue of 0
indicating that a significant number of times, theg@ssstn adjustwmme coefficients as 0. According to
the descriptive statistic§able 1%he mean value of the coefficients tends to convetbarbkteso,
however Jackknife and Bootstrap performvithettes set of observations.

Tablel9Robust Regression Descriptive Statistics n=10

Estimated Replications Mean Standard Minmum Value ¢ Maxmum Value

Parameter Devation the Parameter of the Paramete
b x1 484 9.704 2.682 -7.252 20.553
b x2 484 9.732 2.689 -2.542 21.981
b x3 484 9.494 2.57 0 19.703
b x4 484 9.794 2.661 -.849 23.795
b x5 484 9.694 2.949 -1.525 24.251
b _cons 484 9.898 2.408 -4.489 23.887

SourceOwrtonstruction.

Moving forward and setting n=20 observationsbsergarthat the graphical pattern of theidigribu
for each estimator of each variable is going mate wittuthe robust regression technique, however no
significant changesn be concludfdm the other types of estimations.



Figurel5 Robust Regressidbistributions of the Coefficients with n=20

SourceOwnconstruction.

The behavior with n=20 observations is far lpettéhthal0, also these results are consistnt with
lesser range over the estimators. The mean valestohalbors is getting closer to 10 as we increased the

number of replications.

Table20Robust Regression Descriptive Statistics n=20

Estimated Replication Sandard Minmum Valuf Maxmum Valu
Parameter Devation of the Paramet| of the Paramet
b x1 500 9.989 .313 8.915 11.808
b x2 500 9.981 .324 8.613 11.054
b x3 500 9.998 .32 8.888 11.283
b x4 500 9.974 .3 8.499 11.044
b x5 500 10.003 317 8.958 10.864
_b_cons 500 9.972 .3 8.808 11.054

Source: Owgonstruction.

Setting the final simulations with n=500, thefréwsistributions with kernel densities are shown ahead
in Figure 1@ he pattern tends to indicate a convergenceuwm \thki¢ of the parameter as the number of
replications are increased, also with the dedatigticénsTable 2ihe mean valuedloser to 10, leading

to think that robust regression is also a good option in lage sample
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Figurel6 Robust Regressidbistributions of the Coefficients with n=500

SourceOwnconstruction.

Table21Robust Regression Descriptive Statistics n=500

Estimated Replication Sandard Minmum Value Maxmum Valu
Parameter Devation the Parametq of the Paramet
b x1 500 9.998 .046 9.802 10.106
b x2 500 9.997 .043 9.851 10.129
_b x3 500 10.002 .048 9.856 10.17
b x4 500 10.002 .046 9.872 10.132
b x5 500 10.002 .047 9.864 10.154
_b_cons 500 10.002 .048 9.83 10.183

Source: Owaonstruction
3.3.Comparing the estimations

In order teynthesizthe previous pante can discrimin#te resultsy the number of observatfomsithe

lowest) and the descriptive statistics for the eiffidieist order of ideas the mean value of the whole
estimators across simulations would be our reference point,\étaiotiaad ttever it is the better, and the
minimum and maximum values closer to 10 would be ranked.

Table22Comparison between Estimations, n=10

Estimation Type n= Expecteq Value o Expegteq Std. Expected Mimum  Expected Miaxum
the Estimators Deviation Value Value

OLS 9,9826666 0,5936666 6,0585 12,742666
Jackknife 10,002833 0,579 7,6948333 12,688166
Bootstrap 9,9878333 0,5698333 7,6463333 12,788666
Lasso 9,541 2,4065 -1,4933333 20,048833
Robust Regression 9,7193333 2,6598333 -2,7761666 22,361666
Best Option Jackknife Bootstrap Jackknife Jackknife

SourceOwrtonstruction

According to Table 28emweOre considering a sample size with n=10 observations in the context of
coefficient estimatinorthe regressiamndd, the best option is the jackknife estimation technigleebet sho
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noted that the number of freedom degrees in thefoedhisalase is equal to 4. It is expected that when this
number gets higher, we might have more accurate estimators from the other techniques.

Table23Comparison between Estimations, n=20

Estimation Type Expected Value o Expected Std. Expected Mmum  Expected Miamxum

n=20 the Estimators Deviation Value Value
OLS 10,001166 0,2735 9,0195 10,9645
Jackknife 9,9888333 0,2755 9,0991666 10,811833
Bootstrap 9,9951666 0,28 8,9978333 10,963166
Lasso 9,9168333 0,4651666 6,466 12,218666
Robust Regression 9,9861666 0,3123333 8,7801666 11,1845
Best Option OLS OLS/Jackknife Jackknife Bootstrap

SourceOwrtonstruction.

When the number of observations is increasedm nh@@legrees of freeddrigher to a value of
14, the OLS performs quite better in the expected value of theacoeffitignts Table B&anwhile we
got a draw with OLS and jackknife in the cadedsekh@ected value of the standard deviaisomoted
that tke jackknife approach has better performance regarding the minimum expected vatire of the estimat

Table24Comparison between Estimations, n=500

Estimation Type  Expected Value o Expected Std. Expected Mimum  Expected Miaxum

n=500 the Estimators Deviation Value Value
OLS 10,0003333 0,04366667 9,85966667 10,1286667
Jackknife 10,0003333 0,04433333 9,85933333 10,1335
Bootstrap 10,0001667 0,04416667 9,868 10,1305
Lasso 9,94533333 0,045 9,81 10,082
Robust Regression 10,0005 0,04633333 9,84583333 10,1456667
Best Option Bootstrap OLS Bootstrap Lasso

SourceOwrtonstruction.

In Table 24vhen our sample size is sufficiently large {meb00}strap technique performs better than
OLS, Jackknife, Lasso or Robust regraltismmiOLS tersto have a lesser expected deviation than the rest.
Over this stageince sampleszesare large, there are sufficient arguments to prefer one neatbibetiover
but this selection netmibe accounted for specific corfaetsample, robust regression wasnOt scored as the
best in any of these statistics but it would be extremely useful whesrsire thet sartipleshere in such
case the OLS estimator fails to account {édrdepaju & Olaomil20in fact, a new development performed
by Mishré2008pf the robust approach can be more useful in the presence of outliers.

We need to remember that this analysis was petflranednvariablethatfollowed distribution of
@? BA®Cand the main interest was to analyze the estimations for low samplesi¢tbayredexsity case
n=6 and the others with n=10, n=30@vithreplications of IIMO an&00 simulation¥he DGP in equation
(1) was also established to be a-sem$®nal type of data, so no autoregressive probleonsectr in
specifications werssumedbr theaypes oéstimatian

The relative bias analysiigure 1With n=10 observations, suggest that Lasso reagdesins the
worse bias value, reachirsgore of deviatioMd9% calculated from the expected value of the estimators
comparedith the true parameter, followed by the robssibregieh a value of 2.807%. Bootstrap and OLS
perform far betthan thse typesof regressionsith respective scores of 0.173% and 0.122%r thiadowe
was obtained with the jackknife approach with @ Q288wo

Moving to the sample size of n=20 observatiomsd_adsast regression performs also thealase
of the relative bias, respectively with values of 0.832% and 0.138%. Jaciskrnfbenowthird place with a
relative bias of 0.112% while bootstrap has &84 and the OLS with a e€0r@12% indicating a
lesser bias.

Finallywhen the sample size is large (n=500);draais with the worse score in the relative bias with
a value of 0.547%, meanwhile robust regression has a score of 0.005% of relative DiaP a@aigsind
Jackknife have the same relative biaseuth af 0.003%. The best performance in termve tfiaslatithis
case was obtained with Bootstrap with a score off0e€d@2% bias among the simulations, the proceeding
graph summarizes this result.



Figurel?. Relative Bias for each estimation type by sample siz
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Conclusion

This paper performed over 1500 simulationgdiatribog different sample sizes (n=6, n=10, n=20@Gnd n
with a linear Data Generating Process in ordessoaregodel with six coefficients and fivesydhiabde
variables wermrmallgistibuted with zero mean and variance of one, the estimations types for the regressi
across simulations were the approaches of OLS, Jackknife, Bootstrap, Lasgegradsiobust

The statistical significance of the coefficiesgstteemodels tend follow the pattern described by
Speed1994yhere a significant relatiomstupnd in a small sample also will prevail whemptbsige gets
bigger. However, the Bootstrap approach seems to be sensHivel® sfgsince with n=10 observations
it didnOt present a significant seiafianone variable which was part of the DGP, suggeRtintstiap
might discard significant retiiigof certain variabtigring the regressianth a smalbmple size. As soon
as the sample size increased to n=20, the bootstrap approach presented sighifisawitiredabibhs
significance level, and with a larger sample sizéstitte stghificance was of 1%. On the other hand, OLS,
Jackknife, kao and Robust regression performed well in testetisfitia significance of the coefficients for
all the variables in the DGP across the Monte Carlo simulations sathpldfeiznt

Comparing the results with n=10 observations esimbtan type was performed with the Jackknife
approach, since the expected value of the coefficients was the best in temte thebrudogalue of the
DGP, also this approach suggests a lesser iasadiv@bs the replications for theieotdfith this sample
size Bootstrap on the other hand with this sample sizewmast tvepected standard deviation. In this case, it
is confirmed that Sp€E@P4vas right in affirming that Jackknife ancaBdetstniques are more suitable in
small samples, however the drawback of the bootsidpispipecsensitiessin the statistical significance
of the coefficients. According to these results, the jackknife approacmeszeragitakie for émgample
analysis.

In the case of n=20 observations, OLS obtained theelreglasding the accuracy of the estimators
across simulations, as a reference for this, the relative bias wamtbadavesither typésstimatian
In terms of the expected standard deviation, OLS migtckladfthapproach, but the minimum expected value
of the estimators across replications of the jackknife was closeatodhstéae dhe OLS regressions.

In the final simulatiovith Nn=500 observations, Bootstrap approachcpbdtiemthan the rest of the
estimation®pes in terms of the accuracy of the estimator, aiaslafiv@(92% regarding from the true
parameter was calculated with this approach. Also, thexpatdtedmaalue of the estimators was closer from
this approach than the others, suggesting that bootstrap mightriopnated@parge samples.



According to the last results and as it is subygeSpb@1994) researchers should perform also
jackknife and bootstrap approaches when theyQreelaatyrships from a set of variables in the multivariate
regression framework, this in order to obtain moreeattmattss. However, the statisticadaigeiimight
not be a good idea to be checked with the bootstrap approach since from tipisoseaithdt wasensitive
to the size tfiesamples and might indueertroftype 1 more easily. Jackknife approach seems to be the
most reliablaethod to perform correct inferences when thezamEmall.
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