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Abstract

It is well known that Local Projections (LP) residuals are autocorrelated. Conventional wisdom says
that LP have to be estimated by OLS with Newey and West (1987) (or some type of Heteroskedastic and
Autocorrelation Consistent (HAC)) standard errors and that GLS is not possible because the autocorrelation
process is unknown. I show that the autocorrelation process of LP is known and that autocorrelation
can be corrected for using GLS. Estimating LP with GLS has three major implications: 1) LP GLS can be
substantially more efficient and less biased than estimation by OLS with Newey-West standard errors. 2)
Since the autocorrelation process can be modeled explicitly, it is possible to give a fully Bayesian treatment
of LP. That is, LP can be estimated using frequentist/classical or fully Bayesian methods. 3) Since the

autocorrelation process can be modeled explicitly, it is now possible to estimate time-varying parameter LP.
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1 Introduction

Vector Autoregressions (VARs) were proposed in Sims (1980) as an alternative to the large scale simultane-
ous equation models of the time. Since then, VARs have been a major tool used in empirical macroeconomic
analysis, primarily being used for causal analysis and forecasting through the estimation of impulse response
functions. In a seminal paper, Jorda (2005) argued that impulse response functions could be estimated
directly using linear regressions called Local Projections (LP) and that LP are more robust to model mis-
specification than VARs.!? LP have been growing in popularity ever since, and the two methods often give
different results when applied to the same problem (Ramey, 2016, Nakamura and Steinsson, 2018). If the
true model is a VAR, then a correctly specified VAR is more efficient than LP because VARs impose more
structure than LP (Ramey, 2016).° If the true model is not a VAR or if the lag length of the VAR is not
sufficiently long, then LP can outperform VARs (Plagborg-Mgller and Wolf, 2019). Being that LP impulse
responses nest VAR impulse responses, the choice of whether to use impulse responses from LP or VARs can
be thought of as the bias-variance tradeoff problem with VARs and LP lying on a spectrum of small sample
bias variance choices.

It is well known that LP residuals are autocorrelated. Practitioners exclusively estimate LP via OLS with
Newey-West standard errors (or some type of Heteroskedastic and Autocorrelation Consistent (HAC) stan-
dard errors) (Ramey, 2016). Jorda (2005) argues that since the true data generating process is unknown,
Generalized Least Squares (GLS) is not possible and HAC standard errors must be used. Lazarus et al. (2018)
claim that LP have to be estimated with HAC standard errors because GLS estimates would be inconsistent.”
I show that under standard time series assumptions, the autocorrelation process is known and autocorrela-
tion can be corrected for using GLS. Moreover, I show the consistency and asymptotically normality of the
LP GLS estimator, as well as the asymptotic efficiency of LP GLS relative to LP OLS.

Being able to specify the autocorrelation process for LP has 3 major implications. First, LP GLS can be
substantially more efficient than LP estimated via OLS with Newey-West standard errors. Moreover, once
autocorrelation is corrected for, it can be shown that if the data is persistent and the true model is a VAR,
LP GLS impulse responses can be approximately as efficient as VAR impulse responses. Whether or not LP
GLS impulse responses are approximately as efficient depends on the persistence of the system, the horizon,

and the dependence structure of the system. All else equal, the more persistent the system, the more likely

1As noted in Stock and Watson (2018), LP are direct multistep forecasts. However, the goal of direct multistep forecast is an optimal
multistep ahead forecast, whereas the goal of LP is a consistent estimate of the corresponding impulse responses.

2In the case of stationary time series, Plagborg-Mgller and Wolf (2019) show if the sample size is infinite, linear time-invariant
VAR(o0) and LP(o0) estimate the same impulse responses. This equivalence does not hold if the models are augmented with non-linear
terms.

3If one is willing to assume a likelihood function for the model, this is just the Cramer Rao Lower Bound argument.

4Lazarus et al. (2018) assume strict exogeneity (which neither LP or VARs satisfy) is necessary for GLS. Even though strict exogeneity
is often assumed for GLS, it is not a necessary condition for GLS (see Hamilton (1994), Stock and Watson (2007) for discussions on the
strict exogeneity assumption for GLS).



LP GLS impulse responses will be approximately as efficient for horizons typically relevant in practice. It
follows that the efficiency of the VAR relative to the LP has been overstated in the literature.

Second, since the autocorrelation process is known, LP GLS can be estimated using fully Bayesian meth-
ods.” Bayesian LP have many advantages such as allowing the researcher to incorporate prior information
for impulse responses at each horizon. Prior information can be used to shrink impulse responses at any
horizon to prevent overfitting. Economic theory can be incorporated into the prior to inform the shape of the
impulse responses (e.g. the impulse response is monotonic or hump shaped) and to discipline the long-run
behavior. Priors can be used to shrink parameter estimates when the number of parameters is large relative
to the number of observations making it possible to use LP to estimate systems with big data or panel data
with large cross sections over relatively short time frames (e.g. the Eurozone). Moreover, methodologies
used for Bayesian VARs (i.e. big data, sparsity, and variable selection methods) can now be carried over to
LP. Lastly, Bayesian methods do not need to do anything special to take into account unit roots.

Third, since autocorrelation is explicitly modeled, it is now possible to estimate time-varying parame-
ter LP. Time-varying parameter models are useful for several reasons. Researchers are often interested in
whether there is parameter instability in regression models. As noted in Granger and Newbold (1977), macro
data encountered in practice are unlikely to be stationary. Stock and Watson (1996) and Ang and Bekaert
(2002) show many macroeconomic and financial time series exhibit parameter instability. It is also common-
place for regressions with macroeconomic time series to display heteroskedasticity of unknown form (Stock
and Watson, 2007), and in order to do valid inference, the heteroskedasticity must be taken into account.
Parameter instability can occur for many reasons such as policy changes, technological evolution, changing
economic conditions, etc. If parameter instability is not appropriately taken into account, it can lead to
invalid inference, poor out of sample forecasting, and incorrect policy evaluation. Moreover, as shown in
Granger (2008), time-varying parameter models can approximate any non-linear model (non-linear in the
variables and/or the parameters), which makes them more robust to model misspecification. Bayesian meth-
ods are the primary methods used to estimate time-varying parameter models, and since autocorrelation is
explicitly corrected for in Bayesian LP, it is straightforward to apply time-varying parameters to LP.°

In this paper, I make several contributions. I show that the autocorrelation process of LP is known and
that autocorrelation can be corrected for using GLS. Estimating LP with GLS has three major implications:
First, LP GLS can be substantially more efficient and less biased than estimation by OLS with Newey-West
standard errors. Second, LP GLS can be estimated using fully Bayesian or frequentist methods. Third, it is

now possible to estimate time-varying parameter LP. The paper is outlined as follows: section 2 contains

5Miranda-Agrippino and Ricco (2018) introduce a method called Bayesian LP, but the method is not fully Bayesian, because they
replace the estimated scale matrix in the inverse-Wishart posterior with the Newey-West variance covariance matrix. Using plug-in
estimates for hyper—parameters is well known to cause probability intervals to underrepresent uncertainty (Koop and Korobilis, 2009,
Hoff and Wakefield, 2013). Furthermore, I will show why autocorrelation should be explicitly corrected for in LP.

6Time-varying parameter LP do not have to implemented using Bayesian methods.



the core result showing that the autocorrelation process of LP is known and illustrates why GLS is possible.
Section 3 explains how to estimate LP GLS using both frequentist and Bayesian methods. Section 4 discusses
the relative efficiency of LP estimated by OLS with Newey-West standard errors vs LP GLS. Section 5 contains
Monte Carlo evidence of the small sample properties of LP GLS. Section 6 discusses issues in regards to non-
stationarity. Section 7 explains how time-varying parameter LP can be estimated and illustrates a Bayesian
procedure to do so. Section 8 concludes.

Some notation: N (-, -), IW(-,-), are the normal, and inverse-Wishart distributions, respectively. T,(-,-)
is the T-distribution with n degrees of freedom. y,.7 = {y1,...,yr}- 2, is converges in probability, and 2 s

converges in distribution.

2 The Autocorrelation Process, OLS, and GLS

2.1 LP and Newey-West Standard Errors

To illustrate how LP work, take the simple VAR(1) model

Y = Arye-1 + e, €h)

where y, is a demeaned r x 1 vector of endogenous variables and ¢, is an r x 1 vector white noise process and
var(e;) = ¥..” Assume that the eigenvalues of A; have moduli less than unity and A; # 0. Iterating forward
leads to

h+1 h
Yt+h = A1 Y1 + A15t + .o+ A1Etiho1 + Etehn.

To estimate the impulse responses of a VAR, one would estimate A; from equation (1) and then use the
non-linear delta method, bootstrapping, or Monte Carlo integration to perform inference on the impulse
responses: {A;, A2,..., A"}, To estimate impulse responses using LP, one would estimate the impulse

responses directly at each horizon with separate regressions

Yi = Bfl)yt—1 + B,EO),

2
Yes1 = B% )yt—l + 68)1,

oo = B Dy + )

Yt-1 + €iihr

7Without loss of generality, y; is demeaned in order to remove the constant and simplify notation.



where h is the horizon, and when the true data generating process is a VAR(1), {Bil),BF), . .,B£h+1)}
and {A;,A2,..., A"} are equivalent. Even if the true data generating process is not a VAR(1), Bil) =4
because the horizon 0 LP is a VAR. In practice, it is common for more than one lag to be used. A VAR (k) and

the horizon h LP(k) can be expressed as
Ye = A1yt + ..+ ApYi—g + €4,

and

h+1)

yt+h:B§ Y1 +...+B

h+1 h
¢ e e

respectively. Bear in mind that any VAR(k) can be written as a VAR(1) (companion form), so results and
examples involving the VAR(1) the can be generalized to higher order VARs.

LP have been advocated by Jorda (2005) as an alternative to VARs. There are several advantages of using
LP as opposed to VARs. First, LP do not constrain the shape of the impulse response function like VARs, so it
can be less sensitive to model misspecification (i.e. such as insufficient lag length) because misspecifications
are not compounded in the impulse responses when iterating forward.® Second, LP can be estimated using
simple linear regressions. Third, joint or point-wise analytic inference is simple. Fourth, LP can easily be
adapted to handle non-linearities (in the variables or parameters).

LP do have a couple of drawbacks. First, because the dependent variable is a lead, a total of h observations
are lost from the original sample when estimating projections for horizon h. Second, the error terms in LP
for horizons greater than 0 are inherently autocorrelated. Assuming the true model is a VAR(1), it is obvious
that autocorrelation occurs because the LP residuals follow an VMA (/) process of the residuals in equation
(1). That is

(h) _ gh
€iih = A15t +...0+ A15t+h71 + Et+h,

or written in terms of LP
(h)

Cith

(h) (1)
=By et +...+B) etin1 +Epen-

Frequentists account for the inherent autocorrelation using Newey-West standard errors, which will yield
asymptotically correct standard errors in the presence of autocorrelation and heteroskedasticity of unknown
forms.” Autocorrelation can be corrected for explicitly by including {&;,&¢41,...,6¢4n_1} in the conditioning
set of the horizon h LP. Obviously {e,&¢41,...,&t4n-1} are unobserved and would have to be estimated, but
this issue can be ignored for now and is addressed later.

There are two major advantages of correcting for autocorrelation explicitly. The first is that it fixes what

8In the case of the linear time-invariant estimators, VAR(co) and LP(co) estimate the same impulse responses asymptotically
(Plagborg-Mgller and Wolf, 2019). This result does not hold if the models are augmented with nonlinear terms.

9This is assuming that a large enough lag truncation parameter for the autocorrelation is chosen. There is a major line of research
indicating that Newey-West standard errors perform poorly in small samples with persistent data (Miiller, 2014).



I dub the “increasing variance problem”. To my knowledge, the increasing variance problem has not been
(h)

noticed in the literature. If the true model is a VAR(1), then var(e,.;) = Z?:o AﬁIEEAi , Which is increasing
in h.' Newey-West standard errors are valid in the presence of autocorrelation because they take into
account autocorrelation is present when estimating the covariance matrix; they do not, however, eliminate

autocorrelation.''>'? To illustrate, let the true model be an AR(1) with

Yo = 9yi-1 + €4,

where var(e;) = 1. The var(e!")) = ¥  A'S. A} = ¥ 992, The table below presents the asymptotic

variance of the residuals for different horizons when estimated by OLS with Newey-West standard errors vs

LP estimated with GLS.

Table 1: Asymptotic Variance of Residuals for LP Horizons

Horizons 5 10 20 40
LPNW 57093 9.9683 17.3036 28.2102
LP GLS 1 1 1 1

Even if Newey-West standard errors are used, the increasing variance problem persists. In terms of the
MLE and OLS, correcting for autocorrelation explicitly is asymptotically more efficient because var(e;) <
var(egh) ), where the equality only binds when A; = 0.

The second major advantage of correcting for autocorrelation explicitly is that it helps remedy what I
dub the “increased small sample bias problem”. When LP are estimated with OLS and Newey-West standard
errors, the small sample bias from estimating dynamic models increases relative to the model with no auto-

correlation. To see why, let us first review the finite sample bias problem with VARs (see (Pope, 1990) for

detailed derivations). Assume the true model is a VAR(1). The OLS estimate for the VAR is

Ay = Ay + i 8t9£-1(i Yie1yi_1)
t=2 t=2
This estimate is biased in finite samples because E(¥ [, e,y 1 (Xroye1yi1)~") # 0 because e, and (Xo yi-19s 1) "
are not independent. The stronger the correlation between ; and (XX, 5, 1y, ,)~", the larger the bias. In
macroeconomic applications, the bias is typically downward. The bias disappears asymptotically since &;
would be correlated with an increasingly smaller share of (37, v,-1y/_ ;)"

If one were to estimate a LP via OLS with Newey-West standard errors at horizon h, the OLS estimate

10since A1 has moduli less than unity, geometric progression can be used to show that the sum is bounded asymptotically.

U This is a major reason why Kilian and Kim (2011) found that LP had excessive average length relative to the bias-adjusted bootstrap
VAR interval in their Monte Carlo simulations. I provide Monte Carlo evidence of this in section 5.

12Macro variables tend to be persistent, so A will more likely decay slowly leading to the increase in the variance to be pretty
persistent as h increases.



would be
A (h+1) (h+1) = (h) =h 1
! A -
B; =B; + Z et+hyt—1( Z Ye-1Yi-1) -
=2 t=2
If one were to correct for autocorrelation by including {e;,&¢41,...,&1+n-1} , the estimate would be

A (h+1) (h+1) =h =r 1
! A -
B; = B; + Z Et+n¥p1( Z Yt1Yi-1) -
t=2 t=2

(h)

1.y, and (X _1yl_ )~ is larger than the absolute value of

(h)
t+h

The absolute value of the correlation between e
the correlation between ¢, and (ZtT:"zh yi1yi_1) " because e, ) = Ale; + ...+ Ajegyn 1 + 4y is correlated
with a larger share of (X75"y,_1y/_,)~'."® To illustrate, I conduct a simple Monte Carlo simulation where I

generate 1,000 samples of length 200 for the following AR (1)
Yr = -99Yi-1 + €4,

where var(e;) = 1. I then estimate the impulse responses using a VAR, LP estimated with OLS, and LP
estimated with GLS. To correct for autocorrelation using GLS, I include the estimated residuals. Below is the

table of the mean impulse responses at different horizons for the different methods.

Table 2: Mean Impulse Response Estimates for T=200

Horizons 5 10 20 40
True 951 .9044 .8179 .6690
VAR .8355 .7072 .5231 .3148

LPNW  .8259 .6713 .4223 .0787
LPGLS .8347 .7045 .5160 .2965

All of the estimated can be substantially biased, but not correcting for autocorrelation can make the bias
substantially worse. Even if autocorrelation is corrected for in LP, there can still be a small sample bias due
to the correlation between ¢;,; and (ZtT;zh Y¢-1Y,_1) "' not being 0 in finite samples, but additional bias due

to not explicitly correcting for autocorrelation would be eliminated.'*

2.2 The Autocorrelation Process of LP

This subsection presents the core result: the autocorrelation process of LP is known under standard time

series assumptions and can be corrected for via GLS. First, I will show that even when the true data

13This is probably a major reason why Kilian and Kim (2011) found that LP impulse responses were more biased than the VAR impulse
responses in their Monte Carlo simulations.

14LP GLS tends to be a little more biased than the VAR because LP estimated at horizon h loses h observations at the end of the
sample.



generating process is not a VAR, including the horizon O LP residuals (or equivalently, VAR residuals),
{€t,€t41,---,E¢+h-1, in the horizon h conditioning set will eliminate autocorrelation as long as the data
are stationary and the horizon 0 LP residuals are uncorrelated. Second, I will show that the autocorrelation

h) .
process of eg :})L is known.

Assumption 1. The data {y;} are stationary and purely non-deterministic so there exists a Wold representation

[}

Ye =&t + Z O

i=1
Assumption 1 implies that by the Wold representation theorem, there exists a linear and time-invariant
Vector Moving Average (VMA) representation of the uncorrelated one-step ahead forecast errors {¢;} . It fol-
lows from the Wold representation theorem that &; = y; — Proj(yt|ys-1, yt-2, . . .) where Proj(yilys-1, yt-2, - . .)
is the (population) orthogonal projection of y; onto {y;—1,v¢—2,...}.
Consider for each horizon h =0, 1,2, ... the infinite lag LP

h h h
Ytrh = B§ +1)yt,1 + B; +1)yt,2 +.+ eEJl.

Proposition 1. Under Assumption 1, including {e;,&¢+1,- - .,€t+n-1} in the conditioning set of the horizon h LP

will eliminate autocorrelation in the horizon h LP residuals.

Proof. 1 first show that

Proj(yeenleteh-1s-- 1€t Yt=1,Yt—2, - - .) = Proj(Yesn|€tsh=1, - -+ Et, Ytrh1s Yt+h—-25 - - -)-

From the Wold representation we know that e¢1,-1 = ysn-1 — Proj(Yesh-1|Yt+h-2, Yt+h-3, - - .), which implies
that {e¢+h-1,Yt+h-1,Yt+h-2, Yt+h-3, - - -} are linearly dependent. This implies that y;,,-; can be dropped from

Proj(yesnl€tsh-ts-- s €ty Yt+h-1, Yt+h-2, - - -) Since it contains redundant information. Therefore,
Proj(yesnletsh-1s- - €6, Yten-1,Ytsh-2, - - -) = Proj(Yeenl€isn-1, - €6, Yesh-2, Yesn-3, .- .)-

Similarly, e14n-2 = Yerh—2—Pr0j (Yt+n—2|Yt+h-3, Yt+ha, - - .), which implies that {e, p—2, Yrsn-2, Yt+h-3, Yt+h-a, - -}

are linearly dependent. This implies that y;, 5,2 can be dropped from Proj(yeinletsh-1;-- - Ets Ytrh-2, Yt+h-3; - -

since it contains redundant information. Therefore,

Proj(yesh|eten-1s- - €t Ytah=2, Yth=3, - - -) = Proj(Yesn|€tah-1,- -, €, Ytsh=3, Yerh—ds - - -)-

)



This process is repeated until y; is being dropped due to linear dependence yielding

Proj(yeenletsh-1s- -1 €6:Yt, Y1, - - ) = Proj(Yesnl€tan-1, - -, €, Ye-1,Yt-2, - . .)-

Therefore, if the data are stationary and the horizon 0 LP residuals are uncorrelated,

Proj(yeenleteh—1s-- 1€t Yt=1,Yt—2, - - .) = Proj(Yesn|€tsh=1, - -+ Et, Ytrh1s Yt+h—-25 - - -)-

Since conditional independence is satisfied it follows that

[Wean=Proj(Yesnl€tsn—1s- -6, Yt=1,Yt=2, - - )] L [Yearni=P10J (Ytan—il€tan—i-1s- -+ Etmis Ytmio1, Yt—i2, - - ) Vi 2 1,

where 1 is the orthogonal symbol. O

Therefore, if the data are stationary and the residuals {¢;} are uncorrelated, autocorrelation can be
eliminated in the horizon h LP by including {&;,e¢41,...,6¢+n-1} in the conditioning set. Of course, if the
true model requires only finitely many lags in the LP specification, then the proof above applies to that case

as well, since the longer lags will all have coefficients of zero in population.

Theorem 1. The autocorrelation process of the horizon h LP residuals ( egf,)z) is known.

Proof. We know from the Wold representation that ; 1 y;_1,¥:_2,..., hence ¢; L &5 fort # s. Recall that the

infinite lag horizon h LP is

(h+1) (h) (h)

h+1 .
Ytrh = B; Yy + By yra ey = Proj(Yeenlyi-1, Y-, .- ) ey (2)
By Proposition 1, including {e¢,e¢41,...,€t+n-1} in the conditioning set eliminates autocorrelation, so the

horizon h LP can be rewritten as

. h
Yern = Proj(yssnletsn—1, - €6, Ye-1,Ye-2,-..) + UEJ,;)L, (3)
where u") = ") _ Pro i (Yeen) ) = () _ proj | —...— Proj | The Proj
t+h t+h ) \Yt+h|Et+h-1y -+ Et €iih TOJ(th 5t+h—1) cee TO](.’UHh 52&)- € ["roj can
be broken up additively because {e;,...,e¢+n-1} are orthogonal to each other and to {y:-1,y:-2,...}. By
(h)

Proposition 1, u,,; is not autocorrelated. By the Wold representation we know that

t+h

Proj(ys+nlet) = Oney. 4



This implies, the horizon & LP can be written as

(h+1)

Yeen = By Yi-1 + B§h+1)

Yo+ ...+ Oper + ...+ O16p-1 + ugf})l, (5

which implies

(h)

(h)
=Opgp+ ..+ O1Epo1 T UL

Ctvn =

. h) . . . .
As a result, the autocorrelation process of eg +,)L is known. Using the same linear dependence arguments as in

Proposition 1, it can be shown that

Proj(yinletsh-1, - 1€t Yt=1:Yi-2, - - -) = Proj(Yesn|Yesh-1, Ytsn-2, - - .),

which implies that

(h) _
Upip = Etths

in population. O

Thus in population, the error process is a VMA(h) even if the true model is not a VAR. In population
BYL) = @hv

which implies

(h)

(h) (1)
tan = DB1 ge+ ..+ B 1+ Eine

(&

2.3 LP GLS and Its Properties

(h)

1+, €an be written as

Since e

e = BMe v+ BWMepp g +u) (6)

GLS can be used to eliminate autocorrelation in LP while avoiding increasing the number of parameters by
including {e¢,&441,...,€14n-1} in the horizon h conditioning set. To understand how, I'll first explain what
happens when {e;,&¢41,...,&t+n-1} is included in the conditioning set. Just like it is impossible to estimate
a VAR(o0) in practice, one cannot estimate LP with infinite lags since there is insufficient data. In practice
truncated LP are used where the lags are truncated at k. The proofs of consistency and asymptotic normality
discuss the rate at which & needs to grow with the sample size to ensure consistent estimation of the impulse

responses. In practice, k, needs to be large enough that the estimated residuals from the horizon O LP are

10



uncorrelated, which is what will be assumed for now. From Theorem 1 we know the horizon i LP is

R+l htl h 1 h
Yirh = B§ Dy vt B,(c Dy e+ Bf ey bt B§ D eiint + “Eu)z @)
Due to {e¢,&¢41,- .., Et4n-1 ; Deing unobserved, the estimates {&;, &1, ...,&tin-1 } from the horizon 0 LP must

be used instead. Estimates of the impulse responses are still consistent (see appendix for proof), how-
ever, even if the sample size is large, inference on the parameters will underrepresent uncertainty because
{&t,€t41,- - Etsn-1}, are generated regressors (Pagan, 1984). In order to do valid inference, one must take
into account that the generated regressors were estimated.'®

For now, I will ignore the additional uncertainty from the generated regressors {&;,é:41,...,E¢4h-1]-
Including {&;,&s41,-..,&wn-1} in the conditioning set increases the number of parameters in each equation
in the system by & x r. If consistent estimates of {th’)7 B;h_1)7 e ,Bgl)} are obtained in previous horizons,
one can do a Feasible GLS (FGLS) transformation. Let g‘/ﬁ% = Y — th)ét - = Bil)éﬁh_l. Then one can
estimate horizon h via the following equation

g =By, v+ By ealh) (8)

@ff})b is just a GLS transformation that eliminates the autocorrelation problem in LP without having to sacrifice

degrees of freedom and ﬂgf,)l is the error term corresponding to this GLS transformation. If the impulse

responses are estimated consistently, then by the continuous mapping theorem, g“]t(f})z converges in probability

to the true GLS transformation yfff)b = Yprh — th)gt - - Bfl)eﬁh_l asymptotically. For clarification LP can

be estimated sequentially horizon by horizon as follows. First estimate the horizon 0 LP

Y = B%l)yt,l +.. 4+ B,il)yt,k + ugo),
and due to the horizon 0 LP being a VAR ¢, = u,EO). Bfl) and &; are estimates of B%l) and ¢; respectively .
Horizon 1 can be estimated as

T =BPy 4.+ By +all),

(1)

where §,,1 = Ye+1 — Bfl)ét, and Bf) is the GLS estimate of B§2). Horizon 2 can be estimated as

32 =By .+ BPy @),

151n the proof of asymptotic normality of the limiting distribution, it can be seen that the impact of the generated regressors does not
disappear asymptotically.

11



where Qﬁ% = Yo — Bf)ét - Bil)étﬂ, and Bf’) is the GLS estimate of Bfg). Horizon 3 can be estimated as

g3 = BWy, 4+ BWy, o+,

where g}fi’; = Y3 — Bf?’)ét - B§2)ét+1 - B%l)ét.'_Q, and so on.

The LP GLS estimator has the following three properties:

Theorem 2. Under the assumptions stated in Lewis and Reinsel (1985), the LP GLS estimator is consistent. In

particular

Theorem 3. Under the assumptions stated in Lewis and Reinsel (1985), the limiting distribution of the LP GLS

estimates are asymptotically normal.

Theorem 4. Under the assumptions stated in Lewis and Reinsel (1985), the limiting distribution of the LP GLS

estimates are asymptotically more efficient than the limiting distribution of the LP OLS estimates.

Under the assumptions stated in Lewis and Reinsel (1985), Jorda and Kozicki (2011) show the consis-

tency and asymptotically normality of {B§h+1), Béhﬂ), e B,ih+1)} when estimated via OLS.

Remark. The assumptions are general enough to include most stationary invertible VARMA models. Jorda
and Kozicki (2011) proof is an extension of Lewis and Reinsel (1985), who show consistency and asymptotic
normality of the VAR(o0). The conditions in Lewis and Reinsel (1985) state the rate at which the lag length,

k, needs to grow in order for the estimates to be consistent and asymptotically normal.
Proof. See appendix. The explicit assumptions and proofs are in section A.4 of the appendix. O

As noted earlier, the parameters used in the GLS correction are not known, and their uncertainty should
be taken into account in order to do valid inference. To take into account the uncertainty in the generated
regressors, frequentist can use bootstrapping, multi-step estimation (Murphy and Topel, 1985), or joint esti-
mation (Newey and McFadden, 1994). Bayesian’s can marginalize uncertainty via Monte Carlo integration.

Estimation for both frequentist and Bayesian methods will be discussed in the next section.
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3 LP GLS Estimation

3.1 Frequentist Estimation via Bootstrapping

For frequentist estimation, LP GLS can be implemented using a circular block bootstrap scheme (Politis and
Romano, 1994). Bootstrap samples are first created using the circular block scheme, then for each boot-
strap sample, FGLS estimates of the LP horizons are constructed. To illustrate, first one must decide on the
number of bootstrap draws, .J, the maximum number of of impulse response horizons to be estimated, H,
and the number of consecutive blocks, L. There are no good rules of thumb for choosing L in general, so
I follow Berkowitz et al. (1999) and set L = T/3. To construct the bootstrap data sets, the original data,
{y1,Y2,Yt-2,...,yr}, is wrapped around in a circle so that y; follows yr. By construction, the horizon h LP de-
pends on the {ys+n, Yt-1,Yt-2, - -, Y-k ; tuple. Since LP will be estimated using FGLS and the transformation
must be done using the same data, one must first construct all possible {y;,fr,...,v:—x} tuples. Then to pre-
serve correlation in the data blocks of L consecutive tuples are drawn at random and concatenated to gener-
ate a bootstrap sample. Then for each bootstrap sample, the impulse responses {Bih +1), Béh +1), ce B,(J”l)}
are estimated for each horizon using the FGLS estimation described in the previous section. This is done for

each of the J bootstrap draws. To clarify,

Algorithm 1: Block Bootstrapping Without Bias Adjustment

1: for each bootstrap replication j =1,...,J

2: draw blocks of L consecutive {y;+m, yt-1,Yt-2,- - -, Yi-k ; tuples to generate a bootstrap sample.

3: estimate {B"*1 B{"D | B,ﬁh’ *1 for each horizon via the FGLS procedure.

4: end.

Denoting {B{"*1)<7> p{h+h.<i> .,B,i’”l)‘j ”} as jth bootstrap replication for the impulse responses,

95% confidence intervals can then be constructed by taking the 2.5% and 97.5% quantiles of the param-
eter(s) of interest. The bootstrap can also be implemented with bias adjustment. The bias adjustment of
the LP GLS bootstrap follows the general procedure of Efron and Tibshirani (1993), and bias adjustment is
implemented for each horizon. The bias of any parameter, for example BYL), can be calculated via bias =
T2 BM”) ~ B, The bias adjusted bootstrap replications are then B{""/>#4 = B> _pjqs. To

summarize how to block bootstrap with bias adjustment,
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Algorithm 2: Block Bootstrapping With Bias Adjustment

1: for each bootstrap replication j =1,...,J
2: draw blocks of L consecutive {y:+m,. ..,y } tuples to generate a bootstrap sample.
3: end

4: for each LP horizon h=0,...,H -1

5: for each bootstrap replication j =1,...,J

6: estimate { BV B . B} via the FGLS procedure.

7: end

8: calculate the bias and bias adjust the bootstrap estimates as in Efron and Tibshirani (1993).
9: end

The Monte Carlo simulations analyzing the finite sample properties implements the bias adjustment version

of the bootstrap.

3.2 Bayesian Estimation

3.2.1 The Likelihood

Despite LP growing in popularity, there has not been a fully Bayesian treatment, which is probably due to the
belief that Newey-West standard errors must be used because the autocorrelation process is unknown. Since
LP can be estimated using GLS, it is now possible to give a fully Bayesian treatment of LP. Due to LP being
standard linear regressions, one just needs to be able to set up the likelihood and elicit a prior. The default
prior used in this paper is the conjugate normal inverse-Wishart prior. Conjugate priors need not be used. LP
are linear regressions, so any prior that can be used with a linear regression can be used with Bayesian LP.

LP at horizon O are equivalent to VARs. To estimate LPs at horizon O just estimate

Yt = Bf)yH + Bél)ytfz +...+ B](Cl)yt—k + u,fo),

4 ’
as one would a standard Bayesian VAR. Define 3(*) = vec( [B%l), Bél), . ,Bél)] ) Xt(o) = 1n®Yi-1,Yt-2,- - Y-k’
then
i = X;(O)B(O) +u§0)7

where ugo) ~ N (0, EQ(LO)). Assume a conditional normal inverse-Wishart prior for p(3(®), 220)). That is

p(BOBO) ~ N1, 2 © Q),
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p(ED) ~ IW (0, ¥),

where b, Q, ¥, and n are prior hyperparameters. The posterior is also conditional normal inverse-Wishart
p(BOZ, yr) ~ N3, 2P @),

p(z(uo)\yhT) ~IW (1, V),

where b, Q, U, and 7 are posterior hyperparameters whose formulas are well known and can be found in
the appendix. After estimating horizon 0, one can obtain J posterior draws of residuals {ej.1,...,e7} using
the fact that ;77 = y; - X;(O)ﬁ(o)‘jﬁ where 5():<7> is the jth posterior draw of 3(°). Now posterior draws
of yt(ﬂ can be constructed via g}t(ﬂ’q T =y - Bfl)‘j "e57”. To understand why posterior draws for yt(ﬂ are
needed, note that in GLS, one uses parameter estimates in the transformation and treat the transformation
as known. The transformation, however, does not take into account uncertainty in the parameters used for
the transformation, so to properly take into account uncertainty, one must marginalize out uncertainty in the
transformation.
(1) _ ~(1),<5>

For each J, define y;, = 7,,7"’~ and Bil) = Bil)‘j ”, which means for each J we treat the GLS transfor-

mation as known. The horizon 1 LP is
yfﬂ = B%z)yt_l + B§2)yt_2 +...+ B,(Cz)yt_k + uﬁ)l,

/ ’
where u{) ~ N(0,5("). Define g = vec([Bf),BgQ),...,BéQ)] )yand X, = 1, @ [ys1, Y12, yei]’-

Then the horizon 1 LP can be rewritten as

1 "(1 1
= X( OB ol

Again, assume a conditional normal inverse Wishart prior for p(3("), Eq(f))
p(BV ) ~ N, 20 @ 20),
p(ED) ~ W (@ D).
The posterior is conditional normal inverse-Wishart. That is

p(BIED ) ~ NG 20 00,

—(1
p(EDyrr) ~ TW ED, T,
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One Monte Carlo draw is obtained from the conditional posterior for each .J, which marginalizes out uncer-
tainty in the GLS transformation.

This is done at each horizon in the LP. Before estimation of horizon h, one can obtain posterior draws
of y M) via g9 =y, - B> S>> For each J, define ) = ) and BV =
W=~ B" = "< The horizon h LP is

t(f})L B(h+1)y 1+ B( )yt_g +...+ Bé’”l)yt_k + ugf,)l,

! ’
where ugf,)l ~ N(0, Z&h)). Define s(" = Uec([BY”l),Béhﬂ), e B]g}‘+1)] ), Xt(h) =1 ® [Yeots Yty Yk ]
The horizon h LP can be rewritten as
Y _ X[ g(h) | ()

Yion = t+h*

Again, assume a conditional normal inverse gamma prior for p(3", Eﬁh))
p(BMIS) ~ N, 5 @ 2™),

PED) = TW (@), 3®).
The posterior is conditional normal inverse-Wishart

p(BPEM 40y ~ NG, 50 g 0™y,

h
p(EP i) ~ TW (@™ T ))

One Monte Carlo draw is obtained from the conditional posteriors for each J, which marginalized out

uncertainty in the GLS transformation. To summarize,

Algorithm 3: Bayesian LP

1: Estimate the Bayesian VAR/horizon 0 LP.

2: Generate .J posterior draws for {BF), Bél), ey B,(Cl)}

3: for each LP horizon h=1,...,H -1

4: for each posterior draw j=1,...,J

5 estimate {B"*) BV B,(ch“)} via the Bayesian version of the FGLS procedure.
6 end

7: end
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3.2.2 Priors

Bayesian LP allow the researcher to incorporate prior information for impulse responses at each horizon.
Incorporating prior information has multiple advantages. Prior information can be used to shrink impulse
responses at any horizon to prevent overfitting, which is often desirable in forecasting or when the number of
parameters is large (Giannone et al., 2015). Economic theory can be incorporated into the prior to inform the
shape of the impulse responses (e.g. the impulse response is monotonic or hump shaped) and to discipline
the long-run behavior (Giannone et al., 2018). Prior information from economic theory can also be used
to smooth impulse responses across horizons, which may be desirable in certain contexts (Barnichon and
Brownlees, 2018, Stock and Watson, 2018).

The default prior used in this paper is a conjugate training sample prior. When using a training sample
prior in Bayesian LP, the researcher must decide how many horizons they are going to estimated before they
choose the size of the training sample. To understand why, assume that the training sample is of size T
The same training sample must be used for each horizon, so the training sample must be large enough to
estimate a training sample prior at each horizon. Recall that when estimating horizon h, h observations will
be lost from the original sample, so the training sample for horizon & has T - h observations.'®

As shown in the previous section, the horizon 0 LP

Yp = B§1)yt_1 + Bél)yt_g +...+ B](Cl)yt_k + ugo).

can be recast as
Y = X;(O)B(O) +u§0)7

I ® [Ye-1,Y1-2: - yei)> and v ~ N(0,5). The

/ ’
where /8(0) = UeC(I:Bgl)’Bél)w . 7B](€1):| )’ Xt(O)

conjugate training sample prior for p(3(%, E&O)) is
p(BOED) ~ N2 ©9),

p(EP) ~ IW (1, ¥).

n is the prior degrees of freedom, b = BO s and ¥ = n3o 15, where Bo s and Yo are the OLS results from

the training sample. Q = %(K 'X)~! where X is the design matrix for the training sample and % rescales
the conditional variance of 3(°) so the conditional distribution will have the asymptotic variance of the OLS
results based on the average of n observations.!” n, which determines the informativeness of the prior, can

be chosen by the researcher or a prior can be placed on n and estimated using Griddy Gibbs or sampling

16This does not account for the k presample observations that will be treating as deterministic in the VAR (k).
17This is in the spirit of the unit information prior (Kass and Wasserman, 1995), but since this is done over a training sample, it does
not make double use of the data.
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importance resampling. In order for the prior mean of 2 to be defined, n > p+2. By default, Iset n = p+2
to make the prior weakly informative but still proper. The diagonal of 2 can be taken to prevent collinearity
issues if the prior is only based on small training sample (Brodersen et al., 2015). When estimating the
training sample prior for horizons 1 and greater, autocorrelation is corrected for in the training sample
estimates using the GLS procedure discussed in Section 2.2.'®

Even though the conjugate normal inverse-Wishart training sample prior is the only prior presented,
many priors can be used with Bayesian LP. The priors need not be conjugate. LP are linear regressions, so
any prior that can be used with a linear regression can be used with Bayesian LP. Again, Bayesian LP allow the
researcher to incorporate prior information for impulse responses at each horizon. Prior information can be
used to shrink impulse responses at any horizon to prevent overfitting. Economic theory can be incorporated
into the prior to inform the shape of the impulse responses and to discipline the long-run behavior, which
would help smooth impulse responses across horizons and alleviate the sometimes erratic impulse responses

estimated from frequentist LP.

3.3 Structural Identification

This subsection briefly discusses structural identification in LP GLS. These techniques can be applied to both
the bootstrapped LP and Bayesian LP. For an extensive review of structural identification in VARs and LP see
Ramey (2016), and for an extensive treatment of identification in VARs and LP using external instruments
see Stock and Watson (2018). Structural identification in Bayesian LP is essentially the same as identification

with frequentist LP. Going back to the horizon O LP

Yt = Bf)yH + Bél)il/tfz oot B](Cl)yt—k + u,fo),

let u§°> = Rs; where s; is a vector of structural shocks and R is an invertible matrix. If R is known, after esti-
mating {Bil), B§2), . B%'”l)}, one can construct the structural impulse responses, {G("), G?) ... Gh+D},
via Monte Carlo integration where G(") = B;h)R. Typically R is not known, but can be estimated, so Monte
Carlo integration can still be applied. An example of R being estimated would be a triangular (recursive) or-
dering.' One would estimated horizon 0 LP, and then apply a recursive ordering to posterior (or bootstrap)
draws of £{") to obtain draws of R, and then draws of G(*) can be constructed via G(") = th)R.

It is often the case that the researcher may not know all of the identifying restrictions in R or may

believe that R is not invertible, but the researcher has an instrument that they believe can trace out impulse

18Uncertainty is not marginalized out in the GLS transformation, @ff,)l, for the training sample.

191n the literature a triangular (recursive) ordering is often called a cholesky ordering because people often apply a cholesky decom-
position to impose the ordering. It should be noted that the cholesky normalizes the variances of the structural shocks to unity. If one
does not want to normalize the structural shocks one can instead use the LDL decomposition to impose recursive the ordering.
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responses of interest. The impulse responses of interest can instead be estimated by LP instrumental variable
regressions (LP-IV). Stock and Watson (2018) show that in order for LP-IV to be valid, 3 conditions need to
be satisfied. Decompose s, into s;; and so; where s, ; is the structural shock of interest at time ¢ and sz ;
represents all other structural shocks at time ¢. Let z; be an instrument that the researcher believes can trace

out the impulse responses of s; ;. The instrument must satisfy the following three conditions
E[Sl,tzt] * 0,

E[Sg,tzt] = 0,
Elstijzt) =0 forj #0.

The first two conditions are just the standard relevance and exogeneity conditions for instrumental variable
regression. The third condition is a lead-lag exogeneity condition, which guarantees that the instrument, z;,
is only identifying the impulse response of the shock s, ;. If the third condition is not satisfied, then z; will
amalgamate the impulse responses at different horizons. It may be the case that these conditions are only
satisfied after conditioning on suitable control variables (e.g. the lags of a VAR/horizon 0 LP).

Frequentist typically estimate LP-IV via two-stage least squares (2SLS). For example, say I want to es-
timate the impulse response, ¢(), the impact a shock to monetary policy has on output at horizon h. Let
output be denoted as output,; and the monetary policy variable mp;. The frequentists approach is to estimate
LP-IV by running

output,p = g(h)mpt + control variables + errorgfl)1 9

via 2SLS and using z; as an instrument for mp;. Newey and West (1987) standard errors are used to account
for autocorrelation, but as shown section 2, this ignores the increasing variance problem. The increasing
variance problem is particularly problematic with LP-IV because the increasing variance can weaken the
strength of instrument for h > 1.?° Alternatively, the impulse responses of shocks to s ; can be recovered if
2 is included as an endogenous variable in the system and ordered first (Paul, ming, Plagborg-Mgller and
Wolf, 2019). Let g, = “ where y, contains mp;, output;, and the control variables at time ¢, then the

Yt
horizon 0 LP/VAR is

o= BP g1+ BG4+ BPg, o+ 0l

Since z; is ordered first due to its exogeneity, the residual for the z, equation, iliot), will be able to trace

out the structural impulse responses of interest.”’ Going back to the monetary policy example, the impulse

20Whether the strength of the instrument is weakened depends in part on the type of impulse response being estimated. For example
if one is estimated a cumulative multiplier directly like in Ramey and Zubairy (2018), the autocorrelation would weaken the strength
of the instrument since the first stage of the 2SLS procedure has an increasing variance problem.

2IEven if the control variables are exogenous to the system, any VARX can be written as a VAR with the exogenous variables ordered
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response ¢() can be constructed as the ratio of the impulse response of outputy,, to aﬁﬂ? divided the impulse
response of mp; to 1‘2502 . Hence by imbedding z; as an endogenous variable in the system and ordering it first,
one can just estimate equation (2) via their preferred LP GLS method and construct the impulse responses

of interest.

4 LP GLS and Relative Efficiency

To give a sense of potential efficiency gains of estimating LP via GLS, I will compare the asymptotic relative
efficiency of the LP GLS estimator and the standard LP estimator when the true model is an AR(1). The
asymptotic results apply for frequentists and Bayesians estimation due to the Bernstein-Von Mises theorem.
Take the simple AR(1) model

Yt = aYi-1 + &,

where |a| < 1 and a # 0 and ¢, is a white noise error process with E(e;) = 0 and var(e;) = o%. This implies
that F(y;) = 0 and the var(y;) = E(yly:) = ﬁ Define {b(1) 5 ... b("*D} as the LP impulse responses

for the AR(1) model. The limiting distribution of the LP GLS impulse response at horizon h is
VT(H™ = a")y S N(0,[1+ (B - 1)a®2])(1 - a?)),

(follows from Theorem 4). The limiting distribution of the LP impulse response estimated by OLS with

Newey-West standard errors at horizon 5 is
VT (M = ah) S N0, (1-a®) 1+ a2 - {2+ 1}a®" + {2h - 1}a>*2]),

(Bhansali, 1997). The relative efficiency between the LP GLS and LP impulse responses,

[1 + (h2 _ 1)(12h'_2](1 _ a2)2
[1+ a2 {2h+1}a2h + {2h — 1}a2"+2]’

determines which specification is more efficient. Note that the relative efficiency not only depends on the

persistence, a, but on the horizon as well.

first in a block recursive scheme, therefore estimates from this setup are consistent.
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Table 3: Relative Efficiency of LP (GLS) to LP (NW)

Autocorrelation Horizons

Coefficient 3 5 10 20 30 40
a=.99 993 979 945 88 .818 .759
a=.975 983 .948 864 .713 .580 .464
a=.95 966 .896 .735 .475 .288 .165
a=. 931 .792 .508 .179 .061 .029
a=.75 827 .53 .195 .123 .123 .123
a=.5 727 496 45 45 45 45
a=.25 .854 .828 .827 .827 .827 .827
a=.1 971 97 97 97 97 .97

a=.01 1 1 1 1 1 1

The gains from LP GLS can be large but they are not necessarily monotonic. This is because if the persistence
is not that high, the impulse responses decay to zero quickly making the variance of the impulse responses
small, and the gains from correcting for correcting for autocorrelation are not as large.

The efficiency gains of estimating LP via GLS, do not stop there. It turns out that when the true model is
a AR(1) and the system is persistent enough, LP estimated with GLS can be approximately as efficient as the

AR(1). Let a be the OLS estimate, the OLS estimate of a has the limiting distribution
VT(a-a) S N(0,1-a?).
By the delta method, the horizon / impulse response has the limiting distribution
VT(@" - a") & N0, h2a?h2(1 - a?)).

The asymptotic relative efficiency between the AR and LP GLS impulse responses

h2a2h—2

h2aq2h-2 4 (1 _ a2h72) ’

determines which specification is more efficient. Since the true model is an AR(1), if the errors are normal,
the AR(1) model will be asymptotically more efficient due to the Cramer-Rao lower bound (Bhansali, 1997).

Below is a table of the relative efficiency between the AR and LP impulse responses for different values of a.
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Table 4: Asymptotic Relative Efficiency of AR to LP (GLS)

Horizons 5 10 20 30 40
a=.99 .997 .998 .999 .999 .999
a=.975 .991 .994 .996 .996 .996
a=.95 .980 .985 .985 .980 .968

a=.9 95 946 .881 .667 .302
a=.75 .736 .362 .007 0 0
a=.5 0 0 0 0 0

If the data is persistent enough, the LP impulse responses have approximately the same variance for horizons
relevant in macro. For example, the economics profession has still not determined if GDP has a unit root
or not. Assume that GDP is stationary but highly persistent with an AR(1) coefficient of .99. In this case,
the AR(1) impulse responses has approximately the same variance for at least the first 40 horizons. Miiller
(2014) estimates the AR(1) coefficient for unemployment to be approximately .973. This would lead to
the AR(1) impulse responses having approximately the same variance for at least the first 40 horizons.
Other important macroeconomic variables such as inflation and the 3 month interest rate and most macro
aggregates are also highly persistent and would display similar results. It is not until the AR(1) coefficient is
.9 that you can see a notable difference over the first 40 horizons, and even then it is not until about 20 or
so horizons out.

When the true model is a multivariate VAR things become more complicated. Efficiency still depends on
the horizon and persistence, but because persistence can vary across the equations in the system, then for
any horizon, LP could be approximately as efficient for some impulse responses and much less efficient for

others. To see why, let us return to the VAR(1) model
Yt = A1ys-1 + &y

Take the eigenvalue decomposition of A; = EA1E’, where Ay = diag()\, ..., \x) is the diagonal matrix of
distinct nonzero eigenvalues and E = [e1,...,e;] is the corresponding eigenmatrix and EE~! = I where [ is
the identity matrix. As a result A} = EARE’ = ¥ Mieje. Define w; = E~ly; and n; = E~'¢,. For simplicity

assume F is known. This implies the VAR can be transformed into
wi = Aqwi-1 + 1y,
which will be called the transformed model. Consequently
Ween = A wesy + Ay + o Aot + Tern.
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Since A is diagonal, each equation in the transformed VAR(1) is an AR(1) model. Therefore the results
derived earlier in this subsection for the AR(1) model apply.

More generally, it should be noted that, the efficiency gains of impulse responses estimated via LP GLS
impulse for a particular horizon depends on the relative efficiency of the eigenvalues, and how much an
eigenvalue contributes to the variance of an impulse response. So if A; contains different eigenvalues, the
eigenmatrices and the correlation among eigenvalues would determine how much the variance of an eigen-
value contributes to the variance of an impulse responses in the untransformed model and hence determine
the relative efficiency of LP GLS impulse response to the VAR impulse responses. Essentially, the efficiency
gains of the VAR come from the less persistent components. Depending on how many persistent eigenvalues
there are and how much they contribute to the variance of the impulse responses, it is possible for LP GLS
to be approximately as efficient as the VAR, when the true model is a VAR. Whether impulse responses of LP
would be approximately as efficient would depend on the true data generating process, the persistence of the
system, the dependence structure of the variables, and the horizon. In other words, it would be specific to

the situation. It follows that the efficiency of the VAR relative to the LP has been overstated in the literature.

5 Monte Carlo Evidence

In this section I present Monte Carlo evidence of the finite sample properties of the bias adjusted LP GLS
bootstrap. The properties of LP GLS estimator will analyzed along with the properties of the LP estimated
via OLS with Newey-West standard errors (which will be referred to as LP NW), and the bias adjusted VAR
bootstrap (Kilian, 1998). Bayesian LP will not be included in the Monte Carlo exercise because Bayesian
methods do not carry the same interpretation as frequentist confidence intervals and their coverage cannot
be assessed the same way (Rubin, 1984, Hoff, 2009).

The Monte Carlo simulations will deal with AR(1) models since it is easy to isolate the persistence and,
as shown in the previous subsection, the results will be informative toward VARs generally. The population

model is

Yt = aYi-1 + &,

where a € {.99,.975,.95,.9,.75,.5} and ¢; ~ N(0,1) and the sample size T' ¢ {250}. The different values
of a represent a range of eigenvalues encountered in macro. The sample size of 250 is representative of
a quarterly data set dating back to 1960. Even though the most prominent macro variables such as GDP,
inflation, and unemployment date back to at least 1948, many do not date back that far. The comprehensive
McCracken and Ng (2016) data set goes back to 1959, so a sample size of 250 seems reasonable.

Simulations are conducted 1,000 times for each combination of a and T'. For each simulation, I estimated
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the model for each desired horizon using all three methods and then check if the 95% confidence intervals
contain the true impulse response. I then calculate the probability that the 95% confidence interval contains
the true impulse response over the Monte Carlo simulations which gives me the coverage of the different
methods. For each simulation draw, I also save the length of the 95% interval for the the different methods
for each horizon. The lengths are then averaged over each Monte Carlo simulation for each method and
horizon to get the respective average length of the 95% confidence intervals for each method and horizon.
For the bias adjusted LP GLS and VAR bootstraps, I generate 1,000 bootstrap draws. I set the lag truncation
parameter for the Newey-West standard errors to be h — 1, when estimating the horizon h LP. Note that for
correctly specified VARs, this is the true lag truncation parameter. 15 horizons are analyzed, which would be
representative of analyzing four years of impulse responses for quarterly data.

Figures 1 and 2 displays the coverage and average length respectively. In general the bias-adjusted
LP bootstrap has good finite sample properties. It tends to have coverage at or near the nominal level, but
coverage can decline somewhat at longer horizons, dropping as low as 87%, if the autocorrelation coefficient
is very persistent. This decline can be remedied to a degree by increasing the number of bootstraps. It is also
the case that for the most persistent autocorrelation coefficients, coverage tends to be closer to 90% than
95%. The bias adjusted VAR bootstrap has coverage at or near the nominal level at all horizons. Consistent
with the theoretical prediction in the previous section, the relative efficiency of the LP relative to the VAR
depends on the persistence, with high persistence levels tending to have similar average lengths, which is
consistent with asymptotic relative efficiency results in the previous section.

The LP NW estimator’s performance can be much worse than the other two estimators. Coverage can
drop drastically at higher horizons, below 60%, and if the data is persistent enough, coverage can be quite
below the nominal level even at shorter horizons. The lack of coverage is due not only to the small sample
bias but to Newey-West standard errors underestimating uncertainty. Note that the LP NW estimator tends
to have shorter length than the bias adjusted LP GLS and VAR bootstraps. To “test” if this is due to Newey-
West standard errors underestimating uncertainty, I estimate the “true” Monte Carlo variance of the different
methods. That is, for each simulation I generated the AR(1) model and estimated the point estimates for
each horizon using LP GLS, LP via OLS, and VAR via OLS. There is no bias correction here because the
point is to show that even without bias correction, using GLS would lead to efficiency gains. To construct
the VAR impulse responses, the OLS estimate was just raised to it’s respective power. I saved the point
estimates for each horizon for each simulation, and then I calculated the 95% quintiles (95% Monte Carlo
confidence interval) for across the saved simulation estimates. This give me an approximation of the “true”
95% confidence intervals for these methods for the specific model and sample size. Figure 3 displays the
average length for the “true” 95% confidence intervals. The efficiency gains of using GLS are pretty clear and

because the LP GLS and the VAR OLS do not use bias correction in this Monte Carlo, it follows that LP NW
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standard errors is underestimating uncertainty, and the lack of coverage is not solely due to the small sample
bias. Newey-West standard errors underestimating uncertainty is a common problem when the process is
persistent (Miiller, 2014). It is also important to note that Newey-West standard errors are underestimating
uncertainty, even though the true lag truncation parameter is being used.

Even though the bias adjusted LP bootstrap displays good finite sample properties, the Monte Carlo
analysis of the “true” confidence intervals also indicate there is some efficiency loss from using the block
bootstrap. That is, the block bootstrap is not as efficient as it could be. The efficiency loss is probably due to
the chosen block length, particularly the choice of consecutive blocks L = 7'/%. Additional Monte Carlos also
show that changing the block length or implementing the stationary bootstrap can also improve the slight
decline in coverage for the highly persistent processes, but there can also be a loss in efficiency. Since the
block length involves a bias variance tradeoff with longer block lengths yielding less biased test statistics
with larger variances and shorter block lengths yielding the opposite, a rule or a cross validation method

such as Hall et al. (1995) needs to be developed.

6 Issues of Nonstationarity

It is also worth reiterating that the GLS procedure presented in section 2 and the consistency and asymptotic
normality of the procedure assumes stationarity. Nonstationarity can be caused by unit roots or structural
breaks. In the case of unit roots, inference from the frequentist perspective could differ depending on
which variables have unit roots and what the parameters of interest are (Sims et al., 1990, Jorda, 2009).
Consistency of the results can still hold if the errors have enough moments (Sims et al., 1990, Jorda, 2009), so
the procedure can still eliminate autocorrelation, but asymptotic normality of the results could break down,
so inference based on the frequentist procedures presented could be invalid if unit roots are present. If unit
roots are an issue and the order of integration is known, the data could just be difference to stationarity.
However the order of integration is probably not known. One could test for unit roots, but frequentist tests
unit roots lack power and can create considerable coverage distortions depending on the conclusion of the
test (Pesavento and Rossi, 2006). In the case of Bayesian LP, Bayesian methods do not need to do anything
special to take into account “explosive” nonstationarity behavior (e.g. unit roots) (Sims et al., 1990, Del
Negro and Schorfheide, 2011), so estimation and inference involving Bayesian LP could proceed as usual.?

When nonstationarity is caused by structural breaks, both the frequentist and Bayesian methods pre-
sented will break down if they do not properly take into account change(s) in the parameters. Stationarity
guarantees that the model has a linear time-invariant VMA representation. If the data are not stationary and

structural breaks are the cause, then the procedure may not eliminate autocorrelation. To understand why

22There is a lively debate about how to construct priors for Vector Error Correction models (Del Negro and Schorfheide, 2011).
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it matters if structural breaks are present, note that if the data are not stationary, it is possible for the esti-
mated horizon 0 LP residuals to be uncorrelated since the VAR can still produce reasonable one-step ahead
forecasts when the model is misspecified (Jorda, 2005). A “Wold representation” exists for nonstationary
data, but the impulse responses for this VMA representation are allowed to be time dependent (Granger and
Newbold, 1977, Priestley, 1988).?® Assuming there is no deterministic component, any time series process
can be written as

(o]
Ye=¢&¢ + Z O t€t-i,
i=1

where O, ; is now indexed by the horizon and time period and var(e;) = . ;. Using recursive substitution,
the time dependent Wold representation can be written as a time dependent VAR or a time dependent LP.?*

It can be shown that a time dependent version of Theorem 1 exists. The horizon % time dependent LP is
Yern = B Dy + By, p 4 v el (10)

where
(h

6t+

;L =Op et + ... +O11Ein-1 + Etan
(h)
Bl,t = ®h,t~

If impulse responses are time dependent at higher horizons, but a time invariant version of LP GLS is applied,
autocorrelation may not be eliminated at these horizons because the time-invariant LP are misspecified. In
other words, if the data are nonstationary and the nonstationarity is caused by structural breaks, the time
invariant version of LP GLS may not eliminate autocorrelation in the residuals since the estimates of the
impulse responses may not be consistent. In this sense, LP GLS is a type of general misspecification test,
because if one had estimated LP using OLS and Newey-West standard errors, the autocorrelation in the
residuals would not hint toward potential misspecification since the residuals are inherently autocorrelated.

As noted in Granger and Newbold (1977), macro data encountered in practice are unlikely to be station-
ary, implying that the Wold representation may be time dependent. If the impulse responses of the Wold
representation are time dependent, since time-varying parameter models can approximate any form of non-
linearity (Granger, 2008), a time varying version of LP GLS may be applied. The time-varying parameter
version of the above GLS procedure presented in section 2 will be able to eliminate autocorrelation as long
as the parameter changes are not so violent that a time-varying parameter model cannot track them. All else

equal, the more adaptive the time-varying parameter model, the better the time-varying parameter model

23Nonstationarity in economics typically refers to explosive behavior (e.g. unit roots), but nonstationarity is more general and refers
to a distribution that does not have a constant mean and/or variance over time (e.g. threshold models or models with stochastic
volatility). Depending on the true model, differencing may not make the data stationarity (Leybourne et al., 1996, Priestley, 1988).
24The lag lengths can be infinite. Obviously in practice, a finite lag length would be chosen.
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will be able to track changes and the better the approximation.”” Time-varying parameter LP are presented
in the next section. If the nature of the time dependence is known, that is, the researcher knows when the
structural breaks occur or the nature of the time variation (i.e. regime switching models for expansions and

recessions), then that specific time dependent model can be applied to the LP GLS procedure.

7 Time-Varying Parameter LP

As noted in the introduction, a researcher may be interested in allowing for time-varying parameters. Stock
and Watson (1996) and Ang and Bekaert (2002) show many macroeconomic and financial time series ex-
hibit parameter instability. It is also commonplace for regressions with macroeconomic time series to display
heteroskedasticity of unknown form (Stock and Watson, 2007), and in order to do valid inference, the het-
eroskedasticity must be taken into account. Parameter instability can occur for many reasons such as policy
changes, technological evolution, changing economic conditions, etc. If parameter instability is not appropri-
ately taken into account, it can lead to invalid inference, poor out of sample forecasting, and incorrect policy
evaluation. Moreover, time-varying parameter models can approximate any non-linear model (non-linear in
the variables and/or the parameters), which makes them more robust to model misspecification (Granger,
2008).

As mentioned in the previous section, for any time series process, there exists a time dependent Wold

representation

oo
Yt =€ + Z @i,t&—ia
i=1

where O, ; is now indexed by the horizon and time period and var(e;) = £, ;. Using recursive substitution,
the time dependent Wold representation can be written as a time dependent VAR or a time dependent LP. It

can be shown that a time dependent version of Theorem 1 exists. The horizon h time dependent LP is

Yieh = szﬂ)yt—l + Béiﬂ)yt—Q ot B;ng)yt—k + eﬁfi, (11)
where
-0 C)
Cioh =90ttt ...+ U1 n-1 + Etan

B" =0y,

Just like the time invariant case, k can be infinite in population but will be truncated to a finite value

in finite samples. Similarly to the time-invariant transformation, one can do a GLS transformation @ﬁ% =

25Baumeister and Peersman (2012) show via Monte Carlo simulations that time-varying parameter models are able to capture discrete
breaks in a satisfactory manner should they occur.
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;(h) A

Yeeh — By e —... - Eft) €:+n_1. Then one can estimate horizon h via the following equation
h h h h _(h
@fH)L = Bit”)yt_l + B;t*l)yt_z Fo+ Bé:l)yt_k + u;,)l (12)

Estimation is carried out in the same way as in the time-invariant case, except the models are being estimated
with time-varying parameters.

Just like a static LP model can be more robust to model misspecification than a static VAR, a time-varying
parameter LP model can be more robust to model misspecification than a time-varying parameter VAR. If
the true model is time varying, then the misspecification of the VAR can extend to the time variation as
well. Due to the iterative nature of the VAR, misspecification in time variation would be compounded in the
construction of the impulse responses alongside other misspecifications in the VAR. Time-varying parameter
LP, however, allow for the amount and nature of time variation to change across horizons. Since time-varying
parameter models can also approximate any non-linear model, time-varying parameter LP can do a to better
job capture the time variation in the impulse responses at each horizon.

There are several ways to estimate time-varying parameter models. Bayesian methods are the primary
methods used to estimate time-varying parameter models, and because autocorrelation is explicitly corrected
for in Bayesian LP, it is straightforward to apply time-varying parameters to Bayesian LP. For the rest of this
section, I will describe a computationally convenient way to estimate time-varying parameter models. This

procedure is based off of Prado and West (2010). Let

Y = X B + vy,

By = Br—1 +wy,

where y; is a r x 1 vector 3; is the p x 1 state vector at time ¢, X; is a p x r vector of regressors at time ¢, v; is
a r x 1 vector observation noise with v; ~ N(0,%;), w, is the state evolution noise with w; ~ N(0,%X; ® W;),
and v, and w; are independent and mutually independent Vs, t. Notice that the variance of v, is allowed to
be time-varying. Stochastic volatility (time-varying variance) is modeled as a beta-Bartlett Wishart random
walk. Define D;_; is the amount of information known at time ¢ — 1. The beta-Bartlett Wishart random walk

is defined using the following ¢ — 1 to time ¢ update

P(E¢-1|Dyo1) ~ IW (ng-1, ¥iq)

and

p(2t|Dt—1) ~ IW(Qnt—la bt\:[/tfl)v
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where 6 is a discount factor for stochastic volatility and b; = (#n;_1 + k —1)/(ns_1 + k- 1).2° The models are
estimated using discount factors and the Forward Filter Backward Sampler (FFBS) algorithm, and details
about the estimation procedure can be found in the Appendix.?” Because discount factors and conjugate
priors are used, MCMC is not needed. This is crucial for three reasons. First, if the number or parameters is
even moderately large, time-varying parameter models such as Cogley and Sargent (2005), Primiceri (2005)
become computationally demanding to estimate if not infeasible (Koop and Korobilis, 2013). Second, LP
are estimated horizon by horizon in a sequential fashion which can make procedures such as Cogley and
Sargent (2005), Primiceri (2005) impractical. Third, in order to do model comparison or hypothesis testing,
it is often necessary to calculate the marginal likelihood, which is no trivial task for models estimated using
MCMC. In recent years discount factors have been used in the as a solution to when the procedures of
Cogley and Sargent (2005), Primiceri (2005) are burdensome (Koop and Korobilis, 2013, Koop et al., 2018).
This is not to suggest that time-varying parameter procedures such as Cogley and Sargent (2005), Primiceri
(2005) or other cannot be used, just that depending on the goal of the analysis and the computational power
available to the researcher, these procedures may not be practical.”®

Discount factors (also known as forgetting factors) are a natural framework for allowing and controlling
for time variation in regression coefficients and the variance and are a core part of the Bayesian forecasting
literature (West and Harrison, 1997, Prado and West, 2010). Discount factors lie in the interval (0,1]. If a
discount factor, say 6 = .99 is used, then from period ¢ - ¢ + 1, % -1~ 1% of information known at time ¢ is
discounted or forgotten in the Kalman filtration process.”” And if # = .99, observations from 20 periods ago
receive approximately 80% as much weight as this period’s observation. The loss of information over time
allows more recent data to have a larger impact on the parameter value and is the crux for controlling for
time variation in the parameters. The discount factors are estimated using Griddy Gibbs. Including the the
discount factor as a parameter to be estimated takes into account uncertainty in the hyperparameters and is
a natural way to safeguard against overfitting (Giannone et al., 2015).

Due to the number of parameters being estimated, the priors for time-varying parameter models are quite
important (Koop and Korobilis, 2009), otherwise parameter estimates may be imprecise if the sample size is
not large. Like Cogley and Sargent (2005), Primiceri (2005), a training sample prior can be used. The prior

is the same as the one presented earlier in section 3.2.%°

26The model uses different discount factors for the regression coefficients and stochastic volatility.

27See West and Harrison (1997), Prado and West (2010) for derivations and more details about time-varying parameter methods
using discount factors.

281f time-varying parameter procedures such as Cogley and Sargent (2005), Primiceri (2005) are used, it is recommended that the
MCMC be implemented using the more computationally efficient precision sampler in Chan and Jeliazkov (2009).

29 discount factor of .99 has properties similar to what Cogley and Sargent (2005) call their “business as usual” prior, and it can
be shown that the choice of prior shrinkage coefficient in Cogley and Sargent (2005) allows for variation in the regression coefficients
roughly similar to that allowed for by a regression coefficient discount factor of .99 (Koop and Korobilis, 2013).

301t should be noted that non-informative priors (such as reference priors) cannot be used in Bayesian model comparison due to
Bartlett’s paradox. If a training sample is not available, other priors can be used. See Koop and Korobilis (2009), Koop (2017) for a
review.
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9 Concluding Remarks

I show that LP can be estimated with GLS. Estimating LP with GLS has three major implications. First, LP
GLS can be substantially more efficient and less biased than estimation by OLS with Newey-West standard
errors. Moreover, if the data are persistent and the true model is a VAR, it can be shown that impulse
responses from LP can be approximately as efficient as impulse responses from VARs. Whether or not the
LP is approximately as efficient depends on the persistence of the system, the horizon, and the dependence
structure of the system. All else equal, the more persistent the system, the more likely LP impulse responses
will be approximately as efficient for horizons typically relevant in practice. Given that most macro data are
nonstationary or nearly nonstationary, even if the true model is a VAR, the efficiency of the VAR relative to
the LP has been overstated in the literature.

Second, because autocorrelation process can be modeled explicitly, it is possible to give a fully Bayesian
treatment of LP. That is, LP can be estimated using fully Bayesian or frequentist methods. Bayesian LP have
many advantages over frequentist LP and/or Bayesian VARs such as allowing the researcher to incorporate
prior information for impulse responses at each horizon. Prior information can be used to shrink impulse
responses at any horizon to prevent overfitting. Economic theory can be incorporated into the prior to
inform the shape of the impulse responses (e.g. the impulse response is monotonic or hump shaped) and to
discipline the long-run behavior. Bayesian methods do not need to do anything special to take into account
nonstationarity.

Third, since autocorrelation process can be modeled explicitly, it is now possible to estimate time-varying
parameter LP. Bayesian LP can easily be adapted to handle time-varying parameter models, but one does
not have to use Bayesian methods. Time-varying parameter LP can take into account structural instability
in the regression coefficients and/or the covariance matrix, and since time-varying parameter models can
approximate any form of non-linearity, makes them more robust to model misspecification (Granger, 2008).

The results in this paper have many potential extensions for both frequentist and Bayesian analysis. It
would be useful for frequentist to have a data dependent rule or cross validation method for the optimal
block length when using block bootstrapping for LP. It may be useful to extend some of the big data, sparsity,
and variable selection methods used for VARs to LP.>! It may also be useful to extend LP GLS to a non-linear
(in the variables) or non-parametric setting. Even though time-varying parameter models can approximate
any non-linear model (non-linear in the variables and/or the parameters), the approximation is for the
conditional mean, so if the true model is non-linear in the variables, estimation of the linear (in the variables)
time-invariant or time-varying parameter LP GLS would lead to inconsistent estimates of the true impulse

responses. One potential solution would be to extend polynomial LP, which are motivated by non-linear

3lgee Koop and Korobilis (2009), Koop (2017) for a review.
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version of the Wold representation (see Jorda (2005) section 3 for more details). If one is does not want to
make assumptions about the functional form or the model, the second potential solution would be to extend
nonparametric LP. Lastly, since LP are direct multistep forecasts, the results in this paper have the potential

to improve the forecast accuracy of direct multistep forecasts.
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Appendix

A.1 Normal Inverse-Wishart Posterior Equations

Let

Yp = B§1)yt_1 + Bél)yt_g +...+ B](Cl)yt_k + ugo)

9

! 7
as one would a standard Bayesian VAR. Define 5(?) = vec( [Bil), B;l), . ,B,gl)] )s Xt(o) = L®Yi-1,Yt-2, - - Y-k
then
Yt = Xt(o)ﬂ(o) + UEO),

where ugo) ~ N(0, E&O)). Assume a conditional normal inverse-Wishart prior for p(3(), ZI(LO)). That is

p(BOIED) ~ N (1,20 ®Q),

p(ED) ~ IW (n, ¥),

where b, Q, ¥, and n are prior hyperparameters. Define y = [y;.,,,...,y7] and X = [X,ig)l, e X;O)]’, The

posterior is also conditional normal inverse-Wishart. That is
p(B1E, y1.7) ~ N(gv X® ﬁ)v

p(2|y1:T) ~ IW(ﬁ,@),

where

Q=(X'Xx+0 "7,
A= (X'X)X'y,
B=Q[Q'B+X'XA],
b =vec(B),
b=vec(B),
S=(y-XA)(y-XA),
T=5+U+AX'XA+BQ'B-B(X'X+Q "B,

n=n+T-k.
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A.2 Forward Filter Backward Sampler (FFBS)

Forward Filtering

More detail about the algorithm can be found in Prado and West (2010). Recall that a TVP model can be

characterized as follows:

Y = X, B¢ + vy,
By = Bi—1 + wy,

where y, is a r x 1 vector (3, is the p x 1 state vector at time ¢, X; is a p x r vector of regressors at time , ¢; is
a r x 1 vector observation noise with v; ~ N(0,%;), w, is the state evolution noise with w; ~ N(0,%X; ® W;),
and v, and w; are independent and mutually independent Vs, t. Notice that the variance of v; is allowed to
be time-varying. Stochastic volatility (time-varying variance) is modeled as a beta-Bartlett Wishart random
walk. Stochastic volatility is modeled as a beta-Bartlett Wishart random walk which is defined as following
t -1 to time ¢ update

p(Et—1|Dt—1) ~ IW(nt—la \I]t—l)

then
p(2t|Dt—1) ~ IW(entfla bt\I}t—l)

where 6 is a discount factor for stochastic volatility and b; = (Ons—1 + k—1)/(ns—1 + k- 1). Let D, represents
initial prior information and the current information set represented by D; = {D;_1,4:}. The estimates of
a standard TVP DLM can be obtained as follows. First recall that for a VAR(k) X; = I,, ® [y;_1,. .- 7y;k].

Imagine we have the posterior distributions of 3; and v, at time ¢ — 1. The posteriors are:
Bi-1]5t-1, De-1 ~ N(my-1, 51 ® C-1),

Yi1|Dyor ~ IW (ny-1, ¥yq),

where

M, = My_y + Age,,
my = vec(My),
Cy =R, — At Ajqy,
Ay = Ry X/,

Rt = Ct—l + Wt = C’t_l/é.
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ng=60n;_1 +1,
Uy =W+ GtG;/Qta
€ =Yt — ft,
fio= X[ M; 4,
q = X{Re X[ +1,

where ¢ is the discount factor for the regression coefficients.The volatility evolves from the ¥, ; posterior to
the prior of X; according to

P(3¢|Dy-1) ~ IW (On4-1,60%;_1)

State evolves from the §;_; prior to the (; posterior as follows:
Be|Et, Doy ~ N(my_1, 2t @ Ry),

B¢|D:-1 and 34| Dy, are now the priors for 5; and ¥; respectively. This leads to the following one-step-ahead
predictive of y;:
Ui g

Ye|Di-1 ~ Ton,, (froq6—),
Ni-1

where The posterior for 5;|D; and ¥;|D; can be now be calculated.

Backward Sampling

Initialize at 7' draw

ET|DT ~ IW(nt7 \I/t),

Br|E7r, Dr ~ N(Mr, X1 Q Cr).

Fort-1to1l
St = 0% +
where
’yt_l ~IW((1-0)ng, Uy),
and

Be=my +0(Bra1 —my) + N(0,5: ® Cf),
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where

C} =Cy = 6*Rysr.

A.3 Choosing Lag Length and Estimating Discount Factors

The optimal the lag length is chosen by maximizing the joint log likelihood functions defined in terms of the

predictive densities

T
log[p(y1.7| Do, 9,0, laglength)] = Z log[p(y¢|D¢-1,9,0,laglength)],
t=1

where

p(yi|Di-1,0,0,laglength),

is the one step ahead predictive density, ¢ is the discount factor that controls for time variation in the
regression coefficients, and D,_; is the amount of information known at time ¢ — 1.%? Maximizing the joint
log likelihood functions is equivalent to maximizing the marginal likelihood. If each model is assumed
to have the same prior probability, it is also equivalent to choosing the model with the highest posterior
probability. Let My, M, ..., My denote I models of the same structure that only differ in their lag lengths.

The posterior probability for model i can be calculated by:

p(M;)p(y1:7|Do, M;)

P(Mi\yLT,Do) = .
521 p(M;)p(yr:7| Do, M;)

Assuming all models have equal prior probability (p(M;) = I7* V4):

p(y1:7| Do, M;)

p(Milyv.7, Do) = :
' >y p(yrr| Do, M;)

Then conditional on the optimal lag length, the posterior distributions for the regression coefficients and the
variance are model averaged over the grid of discount factors in order to take into account the uncertainty
in the discount factors. Model averaging over the grid of discount factors is equivalent to placing a uniform
prior on the discount factors and estimating them using Griddy Gibbs. Ideally one would use sampling
importance resampling (see (Lopes et al., 1999)), but this is computationally impractical.

The regression coefficients’ discount factor is estimated over a default grid of [.7, 1] where the grid is
partitioned by .01. The stochastic volatility discount factor is also chosen over a default grid of [.7, 1] where

the grid is partitioned by .01. The initial grid size and partition are chosen because they cover fairly rapid

32X, is suppressed in the marginal likelihood for clarity.
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parameter changes to no parameter change and should cover most situations (?) .** It is important to
note that if posterior distribution of the discount factors pile up at the bottom of the grid, the grid must
be lowered. For example let us say that the median regression coefficient discount factor is .95, but the
median variance discount factor is .7. The grid for the variance discount factor must be lowered (e.g., to [.6,
11). The reason for this is because the true discount factor for the variance may be .62 and the regression
coefficient discount factor 1, but because the grid initially only searched over [.7, 1], it may be optimal for
the regression coefficients to allow for time variation in order to compensate for the bound on the amount
of stochastic volatility. Theoretically, one could allow just for regression coefficient instability or only for
stochastic volatility. One would just have to restrict the discount factor not of interest to be equal to 1
and then search the grid for the other discount factor. This is not recommended because the restriction
may exaggerate the results of the test. For example, if the true model has stochastic volatility and the test
is restricted not to allow for stochastic volatility, it may be optimal for the time-varying parameter model
to exaggerate the amount of time variation in the regression coefficients in order to compensate for the
restriction.>*

Depending on the situation more flexible time-varying parameter models may be needed. It is possible
to allow subsets of regression coefficients to have different discount factors. To do so one, would use block
discounting (Prado and West, 2010). However, it should be noted that as the number of discount factors
becomes large, the computational demands increase exponentially because a grid must be searched for each
discount factor. It is also possible to change discount factors over the sample period (Koop and Korobilis,
2013). Using cholesky style decoupling and recoupling (Zhao et al., 2016) or simultaneous graphical dy-
namic linear models(Gruber and West, 2016), it is also possible to allow each equation in a system to have

different discount factors.

A.4 Proofs of Consistency, Asymptotic Normality, and Efficiency of LP
GLS

Preliminaries and Assumptions

Let y; be an r x 1 vector with Wold representation given by

oo
Ye =E¢ + Z Onet-n
h=1

33Depending on the context, these grid values may not be appropriate and can be adjusted accordingly. If desired, one can also
conduct a sensitivity analysis with the size of the grid partitions.

34A similar argument is made by Sims and Zha (2006) on an earlier version of Cogley and Sargent (2005) that did not allow for
stochastic volatility in their time-varying parameter model.
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where ¢; is i.i.d. with F(g;) = 0 and E(ec}) = . and the O, satisfy Y52 || O ||< oo where || O} ||?=
tr(©},0y5) with ©g = I,.. Further, assume det{©(z)} # 0 for |z| < 1 where ©(z) = %72, 02" so that process
can be written as an infinite order VAR representation

Yt = Ajyi-j + &

j=1

with 3252, || A; |[< 0o and A(z) = ©(z)" . By recursive substitution
h h
Yerh = B% Dy, + Bé i+t Ern +Orep i+ O e,

where BYL) = Oy, B§h) =0Op14;+ B"V for b > 1 and with B

i1 141 =05 ©g = I with j > 1. The horizon h LP

consists of estimating ©,, from a least squares estimate of A" with truncated regression

h h h
Yirh = B§ )yt +...+ Bl(C )yt_;ﬁl + e,(c’t)m7

where
oo h-1
e,(clft)Jrh = > B§h)yt—j+1 +etan+ ), Ot
j=k+1 =1
For standard LP
> _(p(h) H(h)y _ T -1
B(k,h,OLS) = (By",...,B;"”) =T _; ,I}
Cign=(T-k-H) 'S5 Xwylon
Dp=(T-k-H) 'S5 X0 X[,
Xig = (yé,yé_l, oY)
. [ToH e " h-1 .
B(k,h,OLS) = B(k,h) = {(T =k =H)™" > ( Y B Yr-ju1 +etsn+ ), Orerin-1)X{ 1}
t=k j=k+1 =1

Define

Urr ={(T-k-H) 3 (Y BMy )X}
t=k j=k+1

T-H
UQT = {(T— k- If)_1 Z 5t+hXL{,k}
t=k

T-H h-1

Usp ={(T-k=H)" Y (Y Oeren)Xi 1)
t=k I=1
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Proof of Consistency for LP OLS Correction

Assumption 2. Let y; satisfy the Wold representation as presented above. Assume that in addition,
(1) Eleitejtertcus| < oo

for1<i,jk,l<n.

(i%) k satisfies
k2
T = 0; T,k — o0
(i41) k satisfies

k2 i | Aj |- 0T,k — oo.
J=k+1

These assumptions were used to show consistency of the VAR (c0) (Lewis and Reinsel, 1985) and the LP(o0)

(Jorda and Kozicki, 2011).

Proposition 2. Assume assumption 2 holds, then
| B(k,h,OLS) - B(k,R) ||> 0.

Proof. Lewis and Reinsel (1985) establish that || f;l |1 is bounded in probability, so consistency in standard
LP consists of showing that | Uyt ||, || Uzt ||, and || Usr || converge in probability to 0. This was shown in
Jorda and Kozicki (2011). However, their proof showing || Usr || converging to O is incorrect. It is incorrect

because (Zlhz_ll ©1e¢+n-1) X, ;. is assumed to be independent across time. It is not. A correct proof is

1 T-H h-1
Usp ={(T-k-H)" > () Oeren-1)X}
t=k I=1
) 1 T-H h-1 9
| Usp 1= {(T - k-H)™" Y (Y Oreren-1)X{ 1} |
t=k =1
T-H h-1 T-H h-1
| Usr 1= (T - k- H)*trace{[ 3. (3. Oenn-) X0 )T Y. (3 Otemen-1) X 11}
n=k [=1 m=k =1

h-1
|| UgT ||2: (T - k - H)iQt’)"aCG Z Z Z l5n+hfl),( Z 915m+hfl)XqIn7an,k}
m=k =1

by the cyclic property of traces.

T-HT-H h-1 h-1

E || U3T ||2= (T—k’—H)72tT’a66 Z Z E{(Z ®l5n+h—l)’(z ®l5m+h—l)X7,n7an,k}-
m=k n=k =1 =1
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For [n-m|>h-1
h-1 h-1 h-1 h-1
E{(D. ©Enin-1)' (D Oemen-1) X1 1 Xn i} = E{(D] Oensn-t) YE{(D Otemen-i1) X, 1 Xn i} =0
=1 =1 =1 =1

by independence. So

h-1 h-1
E || U3T ||2 (T k— H) 2tT’CLC€ Z Z E{(Z ®l5n+h l) (Z ®l5m+h Z)Xm an k}
m=k |n-m|<h =1 =1
Note that
h-1 h-1 h-1 h-1

| E{() O1enin-1) (Y Oemen-1) Xy 1 Xn i} |< (B[ {(Z Oien+n-1)( Z OEmn-1) D2 (BHUX ] o Xnse 212
=1 =1

by Cauchy-Schwarz inequality. And
Xk Xk = Y ¥n + Y 1Un-1+ -+ Yy py1 Ynksl

(X:n,an,k)z = (y:'ny’ﬂ + y:n—lyn—l MR y:n—k+1yn—k+1)2
Bl(X 1 Xn,)?] = Op(K?)
and

h-1 h-1
| E([( Z @l€7L+h—l),( Z ®l5m+h—l)]2) |= constant
=1 =1

due to the finite fourth moments of € and Y5, || ©r ||< oo. Consequently for [n —m|<h -1,

trace{(E[{ Z®l5n+h 1) (Z O men-1) DB X x X} D2} = O (k).

This implies there exists some finite constant M such that

h-1 h-1
E || Usp ||°= (T-k-H) trace Z > E{(Y ©nn-t) (Z Oemen-1) X 1 Xnp} < (T-k—=H)™*(T~k-H)(kh)M
l=

m=k |[n-m|<h =1
E || Usg |?< (T = k - H) 'k x constant £o.
P
— || Usr [[=>0

That completes the correction that shows that LP OLS is consistent. O

44



Proof of Consistency for LP GLS

Theorem 2. Assume assumption 2 holds, then for LP GLS

| B(k,h,GLS) - B(k,) |50

Proof. To show consistency in LP GLS, there is an additional term

T-H h-1
Usp ={(T=k=H)™" Y (Y Oidran1) X[}

t=k 1=1

that must be taken into account. To see why note that the horizon A LP GLS is

A A h h ~(h
Yt+h — Z Ojéiht = Bf )yt t.o..F B;(,C )yt—k+1 + u](c7t)+ha

where
0 =) h-1 h-1
Up trh = > B yi—jr + eten + > Owrn-i— Y, Ojén
J=k+1 1=1 =1

and O, = th). To show consistency of LP GLS it suffices to show that || Uyr ||—p> 0 because for LP GLS
| Bk h) = B(k,h) =] Urr Ty + Uar I3 + Usy Iyt - Usr 3|

< Uz 1N TR 1+ I Uor I TR s+ I Use DY = 1 Uare (TR

Lewis and Reinsel (1985) establish that || f;l l1 is bounded in probability. Jorda and Kozicki (2011) show
|| Uyr || and || Usr || converges in probability to 0, and Proposition 2 shows || Usr || converges in probability
to 0. The proof showing || Usr || 0 will be a proof by induction. Assume the consistency for the previous

h — 1 horizons has been proven. Hence || ©, |5 ©, ||< oo for 1 <1 < h - 1. Note

o ko
=4+ Z ]ytfj)_(ZAiyt—i)'
j=1 i=1

Therefore
T-H h-1
Uir ={(T-k-H)™" > (> Oiéren1) X1 1}
=k =1
T-H h-
={(T-k-H)" Y (291(6t+h l+(z AjYiin-i1-j) — (ZAzth =) X{ k)
=k =1
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_ - 0o k
= Z {(T k- H Z (5t+h—l + (Z Ajyt+h7lfj) - (Z; Ainh—l—i)))X{,k}'

=1 t=k j=1

It was shown earlier that

h-1
1 Usz =1 Y ©{(T -k~ H)™ Z eren-1 Xt} 11 0.

=1 t=k

Since h - 1 is finite and || ©, ||—p>|| O ||< o0

h-1 h-1

I (T -k-H)™" Z et X 1€ 10| | {(T-k-H)™ Z etsniXi g} || = 0.
=1 t=k =1 ~—— t=k
bounded
plim=0
To show || Uyr ||£> 0 it suffices to show that
T-H oo
I Z@l (T-k-H)” ! Z (ZA]th -5 ZAzth I- Z)Xt K} ”_)0
t=k j=1
Owing to / - 1 in finite and || ©; ||| ©; ||< co, this simplifies to showing
1T H oo
” {(T k- H) Z (ZAjyt+h l-j ZAzth - z)Xt k} ”
t=k j=1

) (T - k- 1) Zk(( ;Agymu) (B(k1) - BU 1) Xowntr ) Xer) |

T-H oo T-H »
=|l {(T_k_H)_l Z (( Z Ajyt+h—l—j))X£7k}—{(T—k—H)_l Z ((B(k71)_B(ka1))Xt+h—l—1,k)X£,k} [ 0.

t=k  j=k+1 t=k

Jorda and Kozicki (2011) and Lewis and Reinsel (1985) already showed

| (T - k- ) Z(( S Ay XL 12 0.

t=k  j=k+1

Now all that is left to show is

T-H
I {(T-k-H)" ; ((B(k,1) = B(k, 1) Xerni-1,) X1 1} 15 0.

Note that (B(k,1) - B(k, 1) does not depend on the ¢ subscript so it can be factored out. That is,

IH{(T-k-H)" Z]i ((B(k,1) = B(k, 1) Xern-1-1,6) X1 1) |
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) T-H
= {(B(k.1) - Bk, ))(T - k- H)™! Z;; Xeen-1-16 X1 3} |

T-H
<IH{(B(k,1) = B, 1) |1 (T =k =H)™ Y Xeen-t-16 X7} Il >0,
t=k

plim=0

bounded
Since this is a proof by induction, it was assumed that the first 4 — 1 horizons are consistent, so the first term
converges in probability. The second term is bounded due to || Iy, ||1=|| (T-k-H) ' $1;7 X xX{ . |1 being

bounded and since the autocovariances are absolutely summable. It follows that

T-H oo k
|| 91{(T -k- H)_l Z ((5t+h—l + (Z Ajyt+h—lfj) - (Z Aiyt+h—l—i)))X£,k} ||—p’ 0
t=k j=1 i=1

for each 1 <1 < h - 1. Therefore, || Uy || %> 0 since the sum of a finite number of terms that each converge to

zero also converges to 0. That is

h-1 T-H o0 k
| Usr =l 30T -k-H)™ Y ((erenat + (Y Ajyien-i=j) = (O Ayprana1-1))) X1 1.} |5 0.
i=1 t=k j=1 i=1

To complete the proof by induction, note that the horizon 0 LP is a VAR, and the consistency results for the

VAR were proved in Lewis and Reinsel (1985), so the first step in the induction process was proved. O

Proof of Asymptotic Normality for LP OLS Correction

Assumption 3. Let y; satisfy the Wold representation as presented in the preliminary section. Assume that in
addition,

(%) Eleste jeeneere] < oo
for1<i,jkl<r

(i%) k satisfies
/{3
(i4i) k satisfies
T2 N | A |- 0T,k — oo.
J=k+1

Proposition 3. Assume assumption 3 holds, then for LP OLS

VT —k - Hvec[ B(k,h,OLS) - B(k,h)] > N (0, Q).
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where

oo oo h-1 h-1
Q=% covlvec{(esn + Y. @l€t+h_l)X£7kF;1},vec{(es+h + > @les+h_Z)X;7kF;1}'].
=0 520 =1 =1

These assumptions were used to show asymptotic normality of the VAR(oo) (Lewis and Reinsel, 1985) and
the LP(o0) (Jorda and Kogzicki, 2011). It turns out Jorda and Kogzicki (2011) use the incorrect Central Limit
Theorem. Jorda and Kozicki (2011) proof follows the same argument as Lewis and Reinsel (1985). Lewis and
Reinsel (1985) use a martingale CLT to prove asymptotic normality. This is possible because in the case of a VAR
since

T-H
vec{(T -k - H)fl/2 Z (€t+1th,k)F;1}
t=k

is a martingale, because £;,1 and X, , are independent of each other; and ;.1 is an i.i.d. and is therefore

uncorrelated over time. In order to use the martingale CLT theorem for standard LP

T-H h-1
vec{(T -k - H)™/? > (etan+ Y, @l€t+h—l)Xt,7krgl}
t=k =1

would need to be a martingale. But it is not a martingale. Even though (.5, + 25:11 O,&14+h-1) 1s independent of
Xf: 4> the process is not a martingale because the error term (&4 + Z;‘;ll ©y&44+1-1) 1s correlated across h horizons
and X/, is correlated for potentially infinite horizons. Instead of using the Martingale Central Limit Theorem,
the Gordin Central Limit Theorem should have been used. Given that the ¢, are i.i.d. and strongly stationary,
(etan + 25:11 ©ye441-1) are strongly stationary and ergodic. Due to the assumptions placed on y,, Xt’, & 1S strongly
stationary and ergodic. Hence
h-1
{vec{(cten + lz; Oreren-1) X1 kUi 1%

is strongly stationary and ergodic (Hayashi, 2000, White, 2001). The Gordin CLT states that if a time series

process is strongly stationary and ergodic and satisfies the following three conditions:
1. Asymptotic uncorrelatedness
2. Summability of autocovariances
3. Asymptotic negligibility of innovations,
then it is asymptotically normal (Greene, 2012). The corrected proof of standard LP can be shown as follows.

Proof. To show asymptotic uncorrelatedness need to show that

h-1 h-1

imjoo E[{(gtsn + ) 916t+h—z)X{,k}F£1|{(€t+h—j + > Orin1-5) Xt 13Tk =0,
=1 =1

48



where E [‘] is the conditional expectation. Asymptotic uncorrelatedness is trivially satisfied because when

j is greater than h — 1, the process is independent since (&;.p + 25:11 ©,e¢+1-1) would be independent of
h-1

(Etsh—j + X121 Ot€tsn-1—j)-

To show Summability of autocovariances, need to show

T-H h-1
limpoevar((T =k - H) Pvec{ Y, (exen + Y, Oreren)) X1, Tn'})
t=k =1

is finite and constant. Define

T-H h-1
s =(T-k-H) Yvec{ INCTED @laﬂh_l))X;,kF;l}.

=k i=1
Note that
h-1 3 . h-1
vec{(epan + Y, Oreren-1) X 1 T} = (T Xek ® I )vec((epan + Y, Oteten-1))
=1 =1
SO
T-HT-H X h-1 h-1 )
var(sp) = (T-k-H) Y > E[(Ty' Xpmx®L )vec((Ement Y, Oemen-i))vec((Ensnt Y Oenen)) (X, 1137 ®1,)]
m=k n=k =1 =1

for |n — m| > h — 1 the most future (e44p, + Z?z’ll ©,e¢4+1-1) in the couple is independent of everything else.

Therefore

T-H h-1 h-1
var(sp) = (T—-k-H)™ Z Z E[(F;le’k®Ir)vec((5m+h+Z ®l€m+h_l))vec((€n+h+z @l5n+h—l)),(X;L’kF§g_l®I7'):|~

m=k |[n-m|<h =1 =1

If one conditions on information known up to time n (F,, will denote the time n information set)

h-1 h-1
E[(F;leyk ® IT)Uec((5m+h + Z @l€m+h_l))vec((€n+h + Z (—)lE’I’L‘Fh—l)),(X':]/’kF;C_l ® IT) | fn]
-1 =1

= [(FileJC ® IT)Ze(h),(m—n) (X;L,kF;c_l ® IT)]

where

h-1 h-1
B (mon) = Bl(Emen + Y Oemen-1)(Enen + Y €nn100) | Ful
=1 =1

h-1 h-1
= E[(emsn + ) Ot€men-1)(Enan + Y €nen-1©1)]
= i1

which is constant and finite for all m and n due to the finite fourth moments of € and >;7 || O ||< .
[(FEIXm,k ® I”")Ze(h),(m—n)(X’r,L,kF;€_1 ® Ir)]
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= [(Pngmk ® IT)(l ® Ee(h),(m—n))(XrlL,k:F;c_l ® IT)]
= [(Pile,k ® Ee(h),(m—n))(X:’L,kF;c_l ® IT)]
= T3 Xk X0 T © Semin]

and

E[File,erlL,kF;c_l ® Ze(h),(m—n)] = Filr(m—n),krgc_l ® Ze(h),(m—n)

where E(X,, 1 X}, 1) = I'(m-n) k- Due to
E[File,erlL,kP;c_l ® Ze(h),(m—n)] = Filr(m—n%kr;c_l ® Ze(h),(m—n)
being constant

T-H h-1 h-1
var(sp) = (T-k-H)™ Z Z E[(F;le7k®IT)vec((5m+h+Z ®l€m+h_l))vec((5n+h+z @lsmh_l))'(XT’hkF;_l®IT)]

m=k |[n-m|<h =1 =1
1 h-1 h-1 )
= Y Bl Xme® L)vec((Emen + Y. OEmen-i))vec((Ensn + Y, Oienin-1)) (X 1T © 1,)]
|n-m|<h =1 =
— -1 7 -1
= 2 T Tenenyal " ® Zew (mon)
[n—m|<h

which is finite for finite h.

To show the Asymptotic negligibility of innovations, note that for & > h — 1 , the innovation is zero (this
point ends up not mattering). Since (I';' X, 1 ® I )vec((gpsn + Zf:"ll ©ie1+n-1)) is second order stationary (it
has mean zero and it has been shown that the autocovariances are finite and constant at all horizons), then
there exists a Wold VMA representation. This Wold representation can be written as a stationary VAR (o).
If T write the VAR (o0) as a VAR(1),

Zy=AZi 1 + ey

SO

0 = €t
Tt1 = Aet

2
Tt2 =A €t

Because the VAR is stationary, the impact of an innovation decays over time, and asymptotic negligibility
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trivially follows.

Proof of Asymptotic Normality LP GLS

For LP OLS
VT =k - H[B(k,h,OLS) - B(k,h)] = VT — k = H[UypL'3} + Uap D3t + UspT3 ]
For LP GLS
VT =k - H[B(k,h,GLS) - B(k,h)] = VT - k = H[Uy7L';' + Usp D't + UspDt = Usr T3]

where again
T-H h-1

Usr ={(T-k-H)" 3 (Y. Odren)X{ .}
t=k I=1

Theorem 3. If assumption 3 holds, then for LP GLS
VT —k - Hvec[B(k, h, GLS) - B(k,h)] % N(0,Q5%5),

where

Q55 = var(R) + var(Y) + cov(R, 1) + cov(T,R')

T-H
R=(T-k-H)vec[ ¥ eran X, %]
t=k

h-1
T =vec[ Y, OVT - k- H(B(k,1) - B(k,1))T (4-1-1) 1% "]

=1

Proof. To show that
VT =k =H[B(k,h,GLS) - B(k,h)] =T = k= H[U17T;! + Usr T3t + Usp D2t = Ugr D]
is normally distributed, it will first help to simplify the expression by showing
VT =k = H[B(k,h,GLS) - B(k,h)] > VT =k - H{UyrT;" + Upr Tt + Usyr Tt = Usr T3
This can be done by showing that
| VT =k = H{Uyr + Usy + Usp — Ugr (T3 = T3Y) || 5 0.
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Jorda and Kozicki (2011) already showed that

I VT k- H[Uyr + Usy + Usp) (I3 - T31) 15 0.

So I just need to show

| VT k- HUwp (D3 = T31) |5 0.

To simplify the expression into something more manageable, I'll begin by simplifying

VT =k - H{Usr (T - T3,

Let
oo k
Ev=er+ (D Ajyey) — (O Aiyi),
j=1 i=1
then
. T-H h-1 .
VT — k= HUwp (U =T = {(T = k= H)™? 3 (3 Ouren) X[, H(IR =T,
t=k =1
T-H — [’} k
={(T-k-H)? > ( Z O1(eren—t + (Y Ajyien-i=j) = (O Ayrana1-1))) X, J(F =T,
t=k I=1 Jj=1 =1
T-H h-1
={(T-k-H)* Y (Y Oueren+( Z Ajyein-i-j) — (B(k,1) = B(k, 1)) Xpsn-1-1.6)) X7 H(TR - T1).
ik =1 jok+l
h-1 T-H oo
={(T-k-H)"Y 61 Y (ctrna+ (Y Ajyrenai-s) = (B(k, 1) = Bk, 1) Xesni-1,6)) X, 1 TR - TEH).
=1 ik jek+1
So
| VT -k - HUyr (D5 T3 ||
h-1 T-H oo
= {(T-k-H)? 291 Y (enat+ (Y, Agyren-i—g) = (B(k,1) = B(k, 1)) Xpan-1-1,6)) X, 1 (e = TEH) |
=k Gkl
T-H oo
< {(T-k-H)? 291 Y (esni+ (), Ajyranaig) — (B(k,1) = B(k, 1) Xyin-1-1.%)) X1 i) |l
t=k J=k+1

< | (Tx'=T%Y Il

> Aggenci—s) ~ (B(k1) - Bk, 1) Xeoin i) X 1)

J=k+1

h-1
< T Aol (1@ -k-m)" zk(m”u

{1 (T =T%") I}

Z 1Ol (IHTET =k~ E)T S (eonci+ (Y Agynicy) = (B D) = Bk, D) X)) XL )

t=k j=k+1
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<{EM2 (T =T )

It has already been shown that

| 6 15 61 ||< oo,

for each 1 <1 < h—1. And we know from Lewis and Reinsel (1985) that £'/2 || (I';' =T ||1% 0. Since k-1

is finite, to show

| VT =k - HUsp (T3t - T3 |5 0,

I just need to show that

T-H =)
( | {[k(T - k- H)]/? Zl; (tn-1+ ( ,7%:1Ajyt+h—l—j) — (B(k,1) = B(k, 1)) Xpxn-1-16)) X1 i} | )

is bounded foreach 1<l <h-1.

T-H =)
( | {[k(T - k- H)]'/? ;c (tn-t+ ( 4_;1Ajyt+h—l—j) ~ (B(k,1) - B(k, D) Xesn-1-1.6)) X1 a3 |l )

T-H
<[ [R(T -k -H)]? > cppna Xy |l +

t=k
T-H o T-H
IR (T—k=E)]2 37 (3 Ajygesn-i-) X g | = | [T —k=H)]2 57 (B(k, 1) =Bk, 1) Xesnot-16 X (i |
t=k j=k+1 t=k

The first term is bounded since it was shown in the proof of consistency that

LT =k= 1Y Xy 1= Op((—)")
—K- Et+h-1X¢ | II= .
& PA\T - k-H

Jorda and Kozicki (2011) show that the second term converges in probability to 0. For the final term note

that
L2 T '
I [k(T' - k- H)] >, (B(k,1) = B(k, 1)) Xprn-1-1,4 Xy |
t=k
T-k-H\/2 . I
() 1B -BE) I (T-k-H)" Y Xk Xy -
t=k
bounded bounded
Consequently

| VT =k - HUsp (T3 =T34 |5 0,
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and this completes the proof showing
VT =k - H[B(k,h,GLS) - B(k,h)] 5> VT —k = H{U17T3! + UspD3t + Usp Dt = Usr T3]
From Jorda and Kozicki (2011) we know that
I VT —k - HU T3t |5 0.

As a result

VT =k —=H[B(k,h,GLS) - B(k,h)] 5 VT — k — H{UarT;" + Usp Tyt = Usr T3]

Therefore
. . L Tt ) Lo Tt hel )
VT — k- H[B(k,h,GLS)-B(k,h)] > (T~k-H) (Y. eranX| o) Ti' +(T-k-H) 2 3 (3 Orepen) X[ I
t=k t=k I=1
T-H h-1 _
~(T-k-H)"'"? 3 (Y 6fmn) X, ITi
t=k =1
Since
oo k
Er=¢ep + (Z Ajyt—j) - (Z Aiy—i)
j=1 i=1
=&+ ( Z Ajyt*j) - (B(ka 1) - B(k7 1))Xt*17k)7
J=k+1
it can be shown that
Lo Tl Rl o Lo Tt Rl )
(T-k-H)"'"? 3 (Y 0fin-) X It > (T -k-H) "2 3 (Y Oen-) X, I
t=k =1 t=k 1=1
h-1 .
- Y OT -k -H(B(k,1) - B(k, )T (1)1 T%

=1

(the proof is omitted for brevity). Therefore
A v T-H h-1 A
VT k- H[B(k,h, GLS)-B(k,h)] > (T-k-H) (Y ern X[ )T+ Y. OVT -k = H(B(k,1)-B(k,1))T -1y 4%
t=k =1

Note that

T-H h-1
vee[(T-k-H) 'P{Y epn X, 305+ Y. OVT -k - H(B(k,1) = B(k, 1))T (h-1-1y 4]
t=k =1
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T-H h-1
=vec[(T -k -H) 2L epunX] )00 ] +vec Y VT -k - H(B(k,1) - B(k,1))T(j1-1) 15 ]

t=k =1
T-H h-1 .
= {I,®I yvec[(T—-k—H) {3 st+hxt’7k}r;1]+( ST Eh_l_1)7k®®l})vec[\/T k- H(B(k,1)-B(k,1))]
t=k =1
To show that
VT —k - Hvec[ B(k, h, GLS) - B(k,h)] % N(0,Q8L5),

it suffices to show that the joint distribution of

{Ikr ® I vec[(T - k= H) PS5 ean X[ )T
( ST, H)’k®@l})vec[\/T—k—H(B(k;,1)—B(k:,l))]

converge to a normal distribution.

{Itr ® L yvec[(T - k= H) P {E 51 erin X[ 1 3T5 1]
(ZIMT Ty ) © O1} JveelVT =k = H(B(k, 1) - B(k,1))]

_ (I, ® 1} 0 vee[(T k- H) P{E5 eron X T3]
0 (ST @ O0) || vee VT — k= H(B(k,1) - B(k,1))]

Define

(I, ® 1} 0 vee[(T k- H) P{E ern X T3]
ST = .
0 ( {I‘kll"/h 1)k ®@l}) vec[(T -k - H) ?{yxH 5t+1Xt7k}Fk ]

To show asymptotic normality of s, the Gordin’s CLT will be used. Using similar reasoning as for standard
LP,

{ {Ir® 1.} 0 vec[&:“hXt"kF;l]

0 ( TR T o) 0 © 91}) vec[er Xy T5 ']

t=00
t=—o0

is a strongly stationary and ergodic sequence.

To show asymptotic normality for LP GLS, it needs to be shown that

{Ir® 1} 0 vee[(T —k = H) {5 ern X] 13T
ST = ’
0 ( ST Ty ®91}) vec((T - k= H) 7 P{L 5 era X[ 3T ]

is normally distributed. Since st is a strongly stationary and ergodic sequence, all that is left is to show the
following conditions are satisfied:

1. Asymptotic uncorrelatedness
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2. Summability of autocovariances
3. Asymptotic negligibility of innovations.
Asymptotic uncorrelatedness follows along the same lines as the standard LP and is omitted for brevity.

To show Summability of autocovariances, must show that

limp_eovar(sr)
is finite and constant. Note that
{Itr ® 1.} 0 vec[EHhXt"kF;l]
0 ( Z?:]l{rilrzh—z—n,k ® 91}) vecler1 Xy 1T
B {Itr ® I} 0 (Ti' Xi ® I )vec[epsn ]
0 (ST x © O03) || (D7 Xk © L)veclern]
|{Iee 6} 0 (D' Xk ® I )ersn
0 ( Z;L:_ll{rilrzh—l—l),k ® @l}) (T Xk ® 1 )ers
(leXt,k ® I, )eten

( SIS T ) ® @l})(rglxt,k ® I, )era

The autocovariances for lag m — n is

!

E[ (Fngm,k ® [r)5m+h, (Fian,k ® Ir)5n+h
lk(rngm,k ® Ir)5m+1 lk(rngn,k ® Ir)5n+1

(Fngm,k ® Ir)5m+h

=E[
lk(rile,k ® IT)Eerl

[ T Xnk © 1) et (T Xop @ 1)1 ]
(Fngm,,k ® Ir)€m+h5fn+h (Fngn,k ® [T‘), (leXm,k ® Ir)5m+h€;l+1(r;1Xn,k ® Ir),llk
lk(Fngmyk ® Ir)5m+15;+h(P;1Xn,k ® IT), lk(Fngm,k ® Ir)€m+1€;+1(F;1Xn’k ® L«),l;C

where [}, = ( z?;f{r;lrg het-1)5 ® @l}). Now taking the conditional expectation based on the time n infor-

mation set, F,,

_ E( (leXm,k: ® I7')€7n+h5:¢+h(rzlxn,k ® Ir), (Fglxm,k ® I7')5'rn+h€;l+1(F£1Xn,k ® IT),l;C

| Fn
lk(Fngmyk. ®Ir)5m+15{n+h(F£1Xn,k®Ir), lk(rngmJﬂ®Ir)5m+1€;l+1(F;1Xn7k®Ir),l;€ )
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_ ( (Fngm,k ® Ir)257(m—n) (Fngnk ® Ir), (Fngm,k ® Ir)za,(m+1—n—h)(F;1Xn,k ® Ir)’l;c )
lk(l—‘;le,k ® Ir)zg,(m#—l—n—h)(rélX'ﬂ,k ® Ir)l lk(Fngm,k ® IT)EE7(m—7L) (Fngn,k ® Ir)”%

B (F;le,k ® Ir)(l X EE,(m_n))(Fngn,k ® Ir), (F;leJf ® Ir)(l ® Ea,(m-%—l—n—h))(l—‘;an,k X Ir),l;g )
lk(F;IXm,k ® Ir)(l ® 257(7,“,1_”_;1))(1—‘;1)(”7]@ ® Ir)l lk(]-—‘;le,k ® Ir)(l ® Ea,(m—n))(rngn,k ® Ir)ll;c

_ ( (leXm,k ® Efs,(m—n))(1—‘;1)(%]6 ® Ir), (Fngm,k ® Z7rL+h,n+1)(1—‘;14Xn,k ® Ir)’l;c )
lk(]-—‘;le,k ® Em+1,n+h)(F;1Xn,k ® Ir)’ lk(I‘;leyk ® Ee,('rrL—n))(]-—‘;an,k ® Ir),l;f

_ ( (File,kX;L,krgl ® E5,(771—71)) (F;1Xm7kX;L,k;F;1 ® 25,(m+1—n—h))l;q )
lk(FEIXm,kX;l,kFEI ® Zf;‘,(m+1—n—h)) lk(rngm,kX:LkFgl ® Ea,(m—n))l;g

It follows that

E( (FgIXm,kXTIL,kF;I ® E6,(m—n)) (leXm,kXTIL,kFgl ® E5,('rn-¢—1—n—h))l;g )

Ik (File,k:X;,,,kFEl ® Es,(m+1—”—h)) lk(rzlxm,kX;z,,krgl ® Zs,(m—n))l;c

_ ( (Fglr(m—n),kril ® E5,(m—n)) (Fglr(m—n),krgl ® ZJa,(m+1—n—h))l;g )
lk(ler(m—n),kFEI ® Z5,(7n+1—n—h)) L (Fglr(m—n),krzl ® Es,(m—n))l;

which is finite since T';}, T (m-n) k> Ze,(m-n)» Se,(m+1-n-h), and lj, are bounded in probability. Therefore, the

autocovariances of
-1
(T Xk ® I )eran

(T Xk ® I )ers

are finite at all leads and lags.
For notational brevity let
(e Xk ® 1) emsn
(Te X e ® T )Eman |

Note that
T-HT-H
var(sr) = (T —k-H)™* > > Elgma,]

m=k n=k

For [n —m| > h, E[qmq,,] = 0 due to independence so

T-H
var(st) =(T-k-H)™" Y. > Elgnd,].

m=k |[n—m|<h
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Since the expectations are constant and % -0,

limT_onaT(ST) = Z E[qu:z]'

[n—-m|<h

which is finite. This completes the proof of summability of autocovariances.
It was shown in the proof of summability of autocovariances that ¢; is stationary. Hence asymptotic
negligibility of innovations follows along the same lines as the proof of asymptotic normality for standard

LP, so it is omitted for brevity. O

Proof of Asymptotic Efficiency LP GLS Relative to LP OLS

Theorem 4. Under Assumption 3,
var{\'T - k — Hvec[ B(k,h,GLS) - B(k,h)]} - var{\/T — k — Hvec[B(k,h,OLS) - B(k,h)]} <0

in the negative semi-definite sense. That is, the GLS estimator is more efficient than the OLS estimator.

Proof. The Wold representation can be inverted into an infinite order VAR representation

Yt = ‘ Ajyt—j +&¢.

j=1

Any VAR(p) (including a VAR(c0)) can be written as a companion VAR(1). Denote this VAR(1) as
Y, =AY, 1 + Z,.

Take the eigenvalue decomposition of A = EAE~!, where A is the diagonal matrix of distinct nonzero
eigenvalues and E is the corresponding eigenmatrix and EE~! = I where I is the identity matrix. As a result

Al = EA"E~L, Define W, = E~'Y; and 7, = E~'Z,. This implies the VAR can be transformed into
Wi = AW 1 + ;.

Consequently

Wt+h = A}Hthil + Ahﬂt +...0+ A7]t+h—1 + Nt+h-

Theorems 2 and 3 establish the consistency and asymptotic normality of LP OLS and LP GLS. If I can show
the limiting distribution of GLS estimator is more efficient than the limiting distribution of OLS estimator

for a stationary VAR (1) model at every horizon, it follows that the LP GLS estimator is asymptotically more

58



efficient than the LP OLS estimator, since the mapping function from the LP estimates to the Wold coefficients

is continuous and differentiable. Define

VT —k-Hq=\T -k - H[B(k,h,OLS) - B(k,h,GLS)].

Note that
limpeovar[VT — Hvec{B(k,h,OLS) - B(k,h)}]

= limyp o {var[V'T — Hvec{B(k, h, GLS) - B(k,h)} + VT — Hvec{q}]
= limpoe{var[VT — k — Hvec[ B(k, h, GLS) - B(k,h)] + var[\/T — Hvec(q)]
+cov[V'T = k - H[vec{B(k,h, GLS)-B(k,h)},VTvec{q}]+cov[VT — k — H[vec{B(k,h, GLS)-B(k,h)},VTvec{q}]'}.

To show that LP GLS is more efficient, it suffices to show that
limgeeco[VT - k — Hvee{q}, VT - k — Hvec{B(k,h,GLS) - B(k,h)}] > 0,

in the positive semi-definite sense. Note that

T-H h-1
VT —k - H[B(k,h,GLS)-B(k,h)] 5 (T-k-H)*( Y erenX, ) T5'+ >, ONVT k- H(B(k,1)-B(k,1))T -1y 45"
t=k =1
VT —k-Hq3 VT k- HUy T,
» T-H h-1 h-1 )
VT —k =~ HUsr Tt 5 (T-k-H) 2 5 (Y Oeren) X0 (T =2 OVT —k — H(B(k,1)-B(k, 1) (hoio1y 1 T5
t=k 1=1 =1

So

im0 cov[VT — k — Hvec{UyrT3'}, VT - k — Hvec{B(k,h,GLS) - B(k,h)}]

(T=HT-H ) h-1 )
=(T'-k-H)" Z Z E[(T} Xk ®L«)(Z Ormsn-1)€nsn (T Xnk ® I;)']
m=k n=k =1
(T-HT-H ) h-1 ) hal /
— — ! - ! - 4
+(T_k_H) Z Z E[(Fk Xm,k ®Ir)(z ®l5m+h—l)5n+1(rk Xn,lc ®Ir) ( Z{Fk F(h—l—l),k ®®l}) ]
m=k n=k =1 =1
(T=HT-H hal ) )
— - - ! - 4
~(T-k-H) Z Z E[( Z {Fk F,(h—l—l),k ® @l})(rk Xk ® IT)5m+15n+h(Fk Xk ® I}) ]
m=k n=k =1

T- /

H  h-l h-1
E[( Z{Fﬁlrzh—l—n,k@@l})(File,k@Ir)fmﬂff;m(Fian,k@’Ir),( Z{Fglrzh—l—l),k‘g’@l}) 1.
% iz

T-H
ey Y,
m=k =1

n=
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By independence and since the expectations are finite

h-1 1 1
- lz ((r; PN W ®@lzg))
=1

h— h-1

!
+ 2 ((Filrk,(hfm)ril ® 9126))( ; {Te' Ty ® 91})

=

h-1

_[( > ATe Ty 1 ® @l})(rilrl(h—n,kF;l ®Y.)]
i=1

h-1 1 1 h-1 1 /
-[( L ATV Ty @ 0}) (I @ %) ( 2 ATV Ty @ o) 1.
=1 =1

Second and fourth lines cancel so
limpoeecov[VT — k — Hvec{UyrT3' Y, VT — k — Hvec{ B(k,h, GLS) - B(k,h)}]
= iy 1
=Y (T T @ 01%0))
=1

h-1
_[( 2 {Fglrl(h—l—lxk ® @l})(l“;ll‘zh_l))krgl ® )]
i=1

In the case where the true model can be written as a VAR(1) which has been diagonalized then

limpoeecov[VT — k — Hvec{UyrT3' Y, VT — k — Hvec{ B(k, h, GLS) - B(k,h)}]

h-1 h-1
= Y (LT A T @A) ) - [ CATL T A e AT} ) (0 T, AT @ 3,)]
I= =1
h-1 h-1
=Y (T e Al ) - [( AN e A ) (AT @ %)),
=1 =1

h—

=y (gt e alsy)) - [ T AT g A'S,})]
=1 =1

[

h-1

M

((A/l _A2h472)1ﬂ;}1 ®AlZn))
l

Il
=

where E(W,W}/) =T,,, and since the model is a VAR(1), E(WtWt’_j) = A’T,,. Note that the dimensions of
the parameters have been suppressed for simplicity. Premultiply corresponding terms in the sum by identity
matrix

(MoA =T
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yields
h—

—

% ((A2l _A2h—2)1—\;}1 ® En)

h-1
=S (AT %) - (h-1)(A2 T e s,)
=1

which is positive definite since

—1
Z (A2l—2(h—l)A2(h—l)F;}1 ® ET]) _ (h _ 1)(A2(h_1)1—‘1_u1 ® En) >0

h
=1

h-1
S (AN AR @ 3 ) — (h-1)(A* "I e x,) 20
=1

h-1
Y (AP AZCDR T e ) [(h - 1) (AT e %) =120
=1

h-1
(A=) S (AP Q) ~T>0 forh=2,3,...
=1

since A is diagonal matrix where all of diagonal elements are less than one is absolute value and [ + 1 < h .

Therefore GLS is more efficient since
limpeovar[NT —k — H[B(k,h,OLS) - B(k,h)]

= limpoo{var[VT —k — H[B(k,h,GLS) - B(k,h)]+var[NT - Hq] + cov['T =k — H[B(k, h,GLS) — B(k,h),VTq]

pos pos pos—semi

+cov[VT -k - H[B(k,h,GLS) - B(k,h),Tq]'}.

pos—semi
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